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Chapter 1

Introduction

This thesis is concerned with analytic properties of multiple zeta functions.
The aim of this thesis is to study mean value formulas for the multiple zeta
functions of Euler-Zagier type.

In Section 1 we introduce some basic properties of the Riemann zeta func-
tion and show the mean square value formula for the Riemann zeta function
on the critical line in two different ways.

In Section 2 we collect some analytic properties of the multiple zeta func-
tion.

1.1 Analytic properties of the Riemann zeta
function

Let s = o0 + it be a complex variable with o, ¢ € R. The Riemann zeta
function is defined by

1
((s) = 2 v

Let B,(x) be the Bernoulli polynomial defined by

Tz e}

ze

e —1 n!
n=0

Let B,(0) = B,,. By using the Euler-Maclaurin summation formula we get
the following lemma (see p. 114 in Edwards [6]).
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Lemma 1.1.1. Let s=oc+it € C, m,N € N and M =2m + 1. We have

1 N N % B
Q(S)_m]vﬁ*s—f > §(k+1)!

(S)kN_(S+k)+

+ RMJV(S),

where

Ragw(s) = — (2 / Ba(z — [2])z~"Mdz.
’ M [y
If o > —M — 1 then the integral is absolutely convergent. Hence we
get an analytic continuation of the Riemann zeta function to the region
{s = o+it € Clo > —M — 1}. Riemann [26] first showed that ((s) is
continued meromorphically to the whole complex plane and discovered the
functional equation for the Riemann zeta function

¢(s) = x(s)¢(1 =)

where
x(s) = 2°7° sin(sm/2)T(1 — ).

It is well-known that the distribution of zeros of the Riemann zeta function
is closely connected with that of prime numbers. In fact Koch [16] showed
that the Riemann Hypothesis is equivalent to
m(z) = li(z) + O(z"*log )
where N
li(x) = .
5 logt
and m(x) is the number of primes less than x. The Riemann Hypothesis is
not proved or disproved, but there are some results supporting the Riemann
Hypothesis. Let N(T') be the number of complex zeros of the Riemann zeta
function with multiplicity having imaginary part between 0 and 7', and let
No(T') be the number of those zeros having real part equal to 1/2. The Rie-
mann Hypothesis states that all complex zeros of the Riemann zeta function
are on the critical line 0 = 1/2 i.e. N(T') = No(T'). Selberg [27] proved that
there exists a constant A such that No(T") > AN(T'). Recently Bui, Conrey

and Young [5] proved
.. No(T)
lim inf

T—o0 N(T)

> 0.4105.
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An important problem in the theory of the Riemann zeta function is to
determine the rate of growth of the Riemann zeta function. Let p(o) denote
the infimum of a number ¢ such that

C(o+1it) < t°

The notation f < ¢ means that there exists some constant ¢ > 0 such
that |f| < cg. The Lindelof Hypothesis states that ;(1/2) = 0. The Lindel6f
Hypothesis is not proved or disproved, but it is well known that the Riemann
Hypothesis implies the Lindeloéf Hypothesis. If the Lindelof Hypothesis is
true, then by the Phragmén-Lindelof theorem we have

o (0 >1/2)
”(0)_{1/2—0 (0 <1/2).

Hence, if the Riemann Hypothesis is true then we get the exact rate of growth
of the Riemann zeta function. Take M = [t?] in Lemma 1.1.1, then we have

((s) =D n*+ 0.

n<t?
Divide the sum over the range ¢t < n < t? into < logt subsums of the form
1
>
N<n<Ni
where N; = min(2N,¢?) and use partial summation, we have

Z - L/2it

n<t

C(1/2+1t) < + logt.

Hence, if we get the growth rate of > _, n~1/27% we know that of the Rie-

mann zeta function on the critical line. But it is very difficult to evaluate the

function Y, ., n~Y/%7%. The rate u(1/2) has been studied by many mathe-

maticians. Hardy and Littlewood showed p(1/2) < 1/6, Kolesnik [17] showed

1(1/2) < 139/858, and recently Bourgain [3] showed p(1/2) < 53/342.
Consider mean values of the Riemann zeta function. Define

T
Iow(T) = / C(o + it)[*dt.
2
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It is well known that if Iy 0,(7) < T for any k € N then the Lindelof
Hypothesis holds. This is one of the reasons why the study of mean values
is important. In the case k = 1,2, it is classically well known that

Loo(T) ~ {C(ZJ)T (0 >1/2)
i TlogT (0=1/2)

and .
=T >1/2
L)~ i, 070
oz (0 =1/2).

It is believed that Iy /5 9x(T") ~ CyT log’€2 T where C}, is a positive constant.
Ramachandra [24] [25] proved I, j2.04(T) 3> T(log T)¥ and recently Harper
[7] proved I4/29x(T) < T'(log T)¥, assuming the truth of the Riemann Hy-
pothesis. Littlewood [18] showed

where 7 is the Euler constant defined by

. "1
- (o)

and E(T) < T3/**¢. The function E(T) was further studied by Atkinson [2]
who proved that

1/4 n
E(T) = (£> Z<_1)ni(i’>/2 e(T,n) cos(f(T,n))

m
n<X

—2 Z 1/2 ( 2Tn)_ COS(Q(T> n)) + O(log2 T)

n<l(T,X)

under the condition 7' < X < T', where d(n) is the number of divisors of n,

—1/4 [ ]
e(T,u) = (1 +—= ( garsmh, / g;ﬁ)

f(T,u) = 2T arsinh, / —i— V2ruTl + m2u? — —
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m
R

T
T =Tlog— —T +2
g(T,u) og27m + 7ru+4

T U w2 uT
T, u) = — + = — /& 4+ 22
(Tow)=5_-+3 1o

In order to get this result, Atkinson used the double zeta function of Euler-
Zagier type (the k-ple zeta function of Euler-Zagier type is defined in the
next section). Atkinson also derived the formula

C(s1)C(s2) = (a1, 2) + Cals2, 1) + ((s1 + 82). (1.1.1)

and

This formula is sometimes called the harmonic product formula for the double
zeta function. By using Atkinson’s formula Heath-Brown [8] showed

T 2C43/2)
/2 Ble)dr = L ()

with F(T) = O(T*1og® T).
Here we sketch two different proofs of 115 2(7) ~ T'logT'.

The first method :
This method is based on the following equation (see pp. 81-84 in [12]).

Theorem 1.1.1. Let 0 < 0 < 1 and 27zy =t with x,y > h > 0. Then we
have

C(s) = Z % + x(s) Z nll_s +O0(z77) + O(t%_"y"_l), (1.1.2)

n<x n<y

where the constants in the O-terms depend on h and o.

Take 0 = 1/2,t > 2, « = t/(2my/logt) and y = v/logt in (1.1.2). Since
x(1/2 +it) = O(1) we have

C(1/2 +1it) = Z nz " 4 O(logi t).

n<x

Define T} such that
Ty

2my/log T}

max(m,n) =
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and X = T/(2r/logT). We have

/ Zn “dt Z Tm—%—itn—%—&-itdt

n<x m,n<X Ty
T — T1 (n,n) it
RN I
Tl(nvn)
=TlogT + O(TloglogT) + O(Z —)+
n

n<X

1
O )
(m;KX \/mn log(n/m))

Since T1(n,n) = 2mn/logn, third term on the right side is O(X/log X'). By
using the following lemma we get I/ (T") ~ T logT.

Lemma 1.1.2.
1
Z = O(X log X).
ez v/ mnlog(n/m)

This lemma is proved by dividing the sum into two parts m < 7 and
5 <m < n, and evaluate each part carefully.
The second method :
This method is based on the following equation.
Lemma 1.1.3 (Theorem 5.2 in [12]). Let ay,--- ,an be arbitrary complex

numbers. Then

[l

n<N
and the above formula remains also valid if N = oo, provided that the series
on the right-hand side of (1.1.3) converges.

dt 7Y lan*+0 (Zny@nF), (1.1.3)

n<N n<N

Take m = 2 in (1.1.1) we have

1 1
— +O(T2). (1.1.4)

1
2

C(1/2+it) =

n<T "
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Take a, = n~"? and N = [T] in (1.1.3) we have

/T|Z%|2dt:TZn_l+O(T)

2 a<r n<T

=TlogT + O(T). (1.1.5)

By (1.1.4), (1.1.5) and Cauchy’s inequality we get I1/22(1") ~ T'logT'.
We can observe that the second proof is much simpler. This clearly shows
the importance of Lemma 1.1.3 in the mean value theorem.

1.2 Analytic properties of the multiple zeta
function

Let s; = 0; +it;(j = 1,2, ...,k) be complex variables with o, t; € R. The
k-ple zeta function of Euler-Zagier type is defined by

Ce(s1, s Sk) = v
k\91y 92y «++y Ok niln?---ns’”
1<n;<--<ny
which is absolutely convergent for op > 1, o) + 051 > 2, ..., Ok + Op_1 +

-+ 01 > k. The multiple zeta functions of Euler-Zagier type at positive inte-
gers are closely connected with various fields of mathematics and physics (for
example, knot theory [29] [19] and perturbative quantum field theory [4]).
There are many relations among these values (see [23] [32], for example).
Recently analytic properties of multiple zeta functions have been studied
extensively. Akiyama, Egami and Tanigawa [1] studied the analytic contin-
uation of multiple zeta functions. Zhao [33] also obtained the continuation
independently.

Theorem 1.2.1 (Theorem 1 in [1]). The multiple zeta function (x(s1, .., sk)
continues meromorphically to C* and has singularities on

S = 1, Sk—1 + Sk :2,1,0,—2,—4,...,
and

J
E Sp—it1 € Zi<;
i=1

where Z<; is the set of integers less than or equal to j.
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Matsumoto [21] discovered the functional equation for the double zeta
function. Let

I'(l—s
9(81, 32) = Cz(Sl, 82) - %F(& + S — 1)<(81 + S92 — 1)-
2
Let "
1 ocoe’
V(a,c;x) = / ey (1 4 ) dy
(@.c2) = 55 | (1+y)

be the confluent hypergeometric function, where Ra > 0, -7 < ¢ < m,
¢ +arg x| < m/2. We use the notation o;(k) = >_ . d'.

Theorem 1.2.2 (Matsumoto [21]). We have

9(s1, 82) Cg(l—s9,1—sy) . (m
(27T)31+8271I‘(1 _ 51) - 7;31+3271F(82) + 27 sin 5(81 + SS9 — ].) F+(81, SQ),
(1.2.1)
where i = /—1 = exp(mi/2) and F(u,v) is the series defined by
Fy(u,0) = Gus1(k)¥(v, u+ v; 27ik). (1.2.2)
k=1

The series (1.2.2) is convergent only in the region fu < 0, Rv > 1, but it
can be continued meromorphically to the whole C* space.

We do not know the equation (1.2.1) has significant meaning as the func-
tional equation for the Riemann zeta function, but this equation is an ana-
logue of the functional equation for the Riemann zeta function.

Ishikawa and Matsumoto [11] showed that for a fixed o and any € > 0,

Goit,iat) < (1 + |t])>/*F.
This result was improved by Kiuchi and Tanigawa [13].

Theorem 1.2.3 (Theorem 1.1 in [13]). Let |t;| and |ta| > 2 be real numbers
such that
|t1| = |t2| and |t1 +t2| > 1.

In the case 01 = 09 = 0, we have

CQ(itl,itz) < ‘tly 10g2 ’tﬂ



1.2. ANALYTIC PROPERTIES OF THE MULTIPLE ZETA FUNCTION13

Suppose that 0 < o; < 1(j = 1,2) and o1 + 02 > 0. Then we have

B 5 log? |1 (0< 01 <3,0< 0 < 3)

. » t1[s75(1 202 Jog? ] (L <01 <1,0< 0y < 2)

o1+ ity, 0 +ity) < 2 2
o+ it, 00 + i) 1|55 o [t (0< o <11 <oy < 1)
ta575 Dot 1o (5 <o <15 <o <1).

Note that Kiuchi and Tanigawa [14] studied the triple zeta function and
obtained the upper bound of this function. In the case s; = so = 1/2 + it,
by (1.1.1) we have

205(1/2 +it,1/2 +it) = (*(1/2 +it) — (1 + 2it).
Hence we obtain
Co(1/2 4 it, 1/2 4 it) < [¢[(1/2+
But from Theorem 1.2.3 we only get
Co(1/2 4 it,1/2 +it) < t/3%e,

From the above equations, Theorem 1.2.3 is far from the correct order of
the double zeta function. Kiuchi and Tanigawa considered that under the
condition [t1]| < |to] and |t; + 2| > 1,

Co(s1,80) <€ |t1|“(01)+”(02) log™ |t

holds, where A is some constant (see Remark 1.3 in [13]).

Recently Matsumoto and Tsumura [22] first studied a new type of some
mean value formulas for fQT |Co(s1, 89)|2dty for a fixed complex number s;
and any large positive number T'. They derived two approximate formulas
for (5(s1, s2) and three mean value formulas for (5(sq, s2). Let

oo | k—1
1
(51, 82) = Z s k32 (1.2.3)
k=2 |m=1
Since
k—1 1 1 (0’1 >1
p— <L glogk (op=1
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we have
1y 2 k=202 (o1 >1)
Z mst| k202 L k2 10g2 k (01 = 1)
m=1

22 () < 1),

Hence the right hand side of (1.2.3) is convergent when oy + g9 > 3/2 and
g9 > ]_/2

Theorem 1.2.4 (Theorem 1.1 in [22]). For sy = oo + ity € C with o9 > 1
and s = o +it € C with o > 1, t > 2, we have

/2 (Ca(s0, )Pt = (P (s0,20)T + O(1).

Theorem 1.2.5 (Theorem 1.2 in [22]). For sy = oo + ity € C with oy > 1
and s =oc+it € C with%<a§1,t22 and o¢ + o > 2, we have

T
/ |Ga(s0, 8)2dt = (50, 20)T + O(T* > 1og T) + O(T"?).
2

Theorem 1.2.6 (Theorem 1.3 in [22]). Let sg = o + ity € C with o9 > 1
and s = o +it € C wz’th%<a§ 1,t>2 and%<ao+a§2, Assume that
when t moves from 2 to T, the point (sg, s) does not encounter the hyperplane
So + 8 = 2 (which is a singular locus of (). Then

T
/ |Ca (50, 8)|dt = £2](30,20)T
2

(O(T*20-2)1og T+ O(T"?) (L <a9<1,1<o<1)
O(T*29)(logT)* + O(T?) (A <09 <1l,0=1)
+ 4 O(T*299) (log T)® + O(TY?)  (0g = % <o<1)
O(T"?) (cg=1,0 = 1)
L O(T?72°) log T + O(T"/?) (I<op<2,i<o<l).

They conjectured that when oy 4+ 09 = 3/2, the form of the main term of
the mean square formula would not be CT (with a constant C'; most prob-
ably, some log-factor would appear) (see their conjecture (ii) in [22]). They
also conjectured that we could reduce the error terms O(7/?) by more elab-
orate analysis (see Remark 1.4 in [22]).
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In Chapter 2 we improve upon Theorem 1.2.4, Theorem 1.2.5 and Theo-
rem 1.2.6, and prove that their conjectures are true. Furthermore we study
two mean value formulas for f2T |Ca(oy +ity, o9 +it2) |2dt; and f2T (o +it, o0+
it)|*dt. This is a joint work with Soichi Tkeda and Yoshikazu Nagata.

In Chapter 3 we study f2T |Cx (1, 82, .., s )|*dty. This is a joint work with
Soichi Tkeda.






Chapter 2

Certain mean values of the
double zeta function

In this chapter we discuss three types of mean values of the Euler double zeta
function. In order to get results we introduce three approximate formulas for
this function. This is a joint work with Soichi Ikeda and Yoshikazu Nagata
and the contents of this chapter are based on the paper [10].

2.1 Introduction

Matsumoto and Tsumura studied the mean values

T
/ |Ga(s1, 82)Pdts, (2.1.1)
2

where s1 is a fixed complex number. This is the first study of the mean values
of (2(s1,52). In this chapter we study (2.1.1) in the regions which are not
covered in the work of Matsumoto and Tsumura and introduce new types of
mean values of (5(s1, s2).

In this chapter we prove the following theorems.

Theorem 2.1.1. Let s1 = 01 +it1,80 =09 + ity € C, T'> 2 and

T
1(T) = / (Colsy, )2,
2

17
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Assume that when t; moves from 2 to T, the point (s1,s;) € C? does not
encounter the singularities of (3(s1, s2). In the case o1 + 09 > 2, we have

1Ty = (204, 55)T + O(1),

where, here and below, the implied constants depend on o1, o9, ty and Cz[l](Qal, S9)
is a series which converges o1 + o9 > 3/2 (we define sz(al, Sa) in the next
section). In the case 3/2 < o1 + 09 < 2, we have

O(T*2017202)  (3/2 < 0y + 09 < 2),

1(T) = & 201, )T + {o<<1ogT>2> (01 +02=2).

In the case o1 + 09 = 3/2, we have
(T = |sy — 1|72 T log T + O(T).

Theorem 2.1.2. Let sy =01 +1it1,89 =09+ it € C, T > 2 and

T
12(T) = / (Ga(s1, 52) 2.
2

Assume that when ty moves from 2 to T, the point (s1,s2) € C? does not
encounter the singularities of (3(s1,2). In the case o9 > 1 and o1 + o9 > 2,
we have

IP(T) = ¢ (51,202)T + O(1),

where, here and below, the implied constants depend on o1, o9, t1 and C2[2](51, 20)
is a series which converges o1 + o9 > 3/2 and oy > 1/2 (<2[2](81,0'2) is used
in [22] and we show the definition of <2[2](31, 09) in the next section). In the
case o1 > 1 and 1/2 < 09 < 1, we have

O<T2_202) (02 7é 1)7

1P(T) = ¢f(s1,200)T + {O((log 7)) (02=1).

In the case o1 <1, 3/2 < 01+ 09 <2 and s; # 1, we have

O(T472Uli202) (O'l + 09 7é 2),

19(T) = ¢¥(51,202)T + {omog T?) (ot =2)
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In the case s; =1 and 1/2 < 09 < 1, we have

1B(T) = (51, 20)T + {O(T””Q“@g T7) (o2 D)

O((log T)%) (09 =1).
In the case o1 > 1 and o9 = 1/2, we have

IP(T) = [¢(s1) T log T + O(T).
In the case o1 4+ 09 = 3/2 and o9 > 1/2, we have
1T = |sy — 1|72 Tlog T + O(T).
In the case 09 = 1/2, 01 = 1 and s; # 1, we have
1B(T) = (Isy — 112 + [¢(s1)) T log T + O(T).

In the case o9 = 1/2 and sy = 1, we have

T(logT)?
3
Theorem 2.1.3. Let sy =01 +it,s9 =0y +it € C, T > 2 and

(T = + O(T(log T)?).

T
) = [ [Galon. s
2
In the case 09 > 1 and o1 + 09 > 2, we have
I7(T) = G (01,09)T + O(1),

where, here and below, the implied constants depend on o1, o9 and (5 (01, 02)
is a series which converges if and only if o9 > 1/2 and o1+ 09 > 1 (we define
(5 (01,02) in the next section). In the case o1 > 1 and 1/2 < 09 < 1, we
have

I7(T) = (o1, 02)T + O(T*272+) + O(T'?)

for sufficiently small € > 0. In the case o1 < 1 and 3/2 < o1 + 03 < 2, we
have

I7(T) = G (01,09)T + O(T* 271 722%) + O(T'?)
for sufficiently small € > 0. In the case oy > 1 and o9 = 1/2, we have

((201)C(0y +1/2)?

() ~ ((201 +1)

TlogT.
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Note that we can obtain I#(T) ~ |((s,)[*)T1logT (o1 > 1, 05 = 1/2) by
(1.1.1) and Theorem 2.1.1.
Matsumoto and Tsumura introduced I?/(T) and studied the cases

1. 01 > 1 and 0y > 1 (Theorem 1.1 of [22]),
2. 01 +09>2and 1/2 < g9 <1 (Theorem 1.2 of [22]),

3.1/2<01<3/2,1/2 <0y <1and 3/2 < 0y + 03 <2 (Theorem 1.3 of
[22]).

They conjectured that when o1 + o9 = 3/2, the form of the main term of the
mean square formula would not be CT' (with a constant C'; most probably,
some log-factor would appear)(see their conjecture (ii) in [22]). Our results
include the regions which Matsumoto and Tsumura did not study and give
an improvement on the error estimate. Moreover by Theorem 1.2 we see that
their conjecture (ii) is true.

Outlines of the proof of our theorems are as follows. We can obtain
Theorem 2.1.1 and Theorem 2.1.2 by using the mean value theorems for
Dirichlet polynomials and suitable approximate formulas in each theorem
(cf. Theorem 3.1 and Theorem 6.3 in Matsumoto and Tsumura [22]). The
approximate formulas used in the proof of Theorem 2.1.1 and Theorem 2.1.2
are derived from the Euler-Maclaurin formula and the simplest approximate
formula to ((s) due to Hardy and Littlewood. On the other hand we need a
more elaborate method to get the proof of Theorem 2.1.3. In order to obtain
the suitable approximate formula for (5(o1 +it, o9 +it) we need the technique
of Kiuchi and Tanigawa [13], which enables us to get good estimates of the
error terms in the Euler-Maclaurin formula.

In Theorem 2.1.1 (resp. Theorem 2.1.2) we regard sy (resp. s;) as a
constant term. On the other hand, from the study of Kiuchi, Tanigawa and
Zhai [15], we know that the behavior of |(2(s1, s2)| depends on both s; and
s9 strongly. Therefore it is also important to consider a mean value which
depends on both s; and s,.

From Theorem 2.1.1 and Theorem 2.1.2 we may expect that the behavior
of (5(s1, s2) in the region o1 + 09 = 3/2 is special (Matsumoto and Tsumura
conjectured that oy + 09 = 3/2 might be the double analogue of the critical
line of the Riemann zeta-function (see Remark 1.6 in [22])). The error terms
in Theorem 2.1.3 support their conjecture. However, we can take a different
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point of view. For the Riemann zeta function ((o + it), we know that

/T IC(o +it)]Pdt ~ ((20)T
2

for 0 > 1/2 and
T
/ 1C(1/2 +it)]Pdt ~ T'log T
2

hold (see, for example, Theorem 7.2 and Theorem 7.3 in [31]). The line
o = 1/2 is the critical line for {(o + it) and the series

[e.e]

1
((20) = o

n=1

diverges on o0 = 1/2. On the other hand, (5'(oy,04) converges if and only
if 0o > 1/2 and oy + 09 > 1. Moreover, if o1 = 0y > 1/2 then I°(T) ~
(5 (01, 02)T holds by

/2 |C(o 4 it)[*dt = O(T)

for o > 1/2 (see Theorem 7.5 in [31]) and Carlson’s mean value theorem (see
p. 304 in [30]). Hence we can expect that I9(T) ~ (5(o1,02)T holds for
o9 > 1/2 and 01 + 09 > 1 and the boundary of the region oy > 1/2 and
o1+ 02 > 1 is an analogue of the critical line for (3(oy + it, o9 + it).

2.2 Lemmas for the proof of theorems

In this section, we collect some auxﬂlary results and definitions.
First, we give the definition of §2 (01, $2), Cz (s1,09) and (o1, 09).

We define . . )
s = 3 o -3 1

n=1

for sy # 1. Since we have

o m2720']_720'2 (0.2 > 1)
D(201,50) < Y S m > (logm)? (02 =1) (2.2.1)
m=1 m2—20'1—20'2 (0.2 < 1)7
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the series Cél}(2al, S9) converges in the region o1 4+ o9 > 3/2.

We define
oo n—1 1 2 1
2] _
Gz (s1,00) = Z; 2_:1 et | e

(this definition is the same as [22]). Since we have

0o n=22 ((71 > 1)
Ps1,200) < 3 n 22 (logn)? (o4 = 1) (2.2.2)
n=2 n2—20’1—20’2 (0_1 < 1>’

the series Cg](sl, 209) converges in the region oy > 1/2 and o7 + 05 > 3/2.

We define )
> 1
Slorm)=3( ¥ )

k=2

We note that #{(m,n)|mn =k, m < n} < k° for any € > 0. Since

(2(201,209) < (5 (01, 09)

2
00 oo 1
-2e(2 )

m<vk ( )
2 f—o1—ozte (0'1 < O'2>

for any € > 0, the series (J(01,03) converges if and only if o5 > 1/2 and
01403 > 1. From Lemma (1.1.1), we get the following corollary and lemma.

Corollary 2.2.1. Let s = 1+it. For fized t > 0 we have
1 Nl—s
C(s) =D — = +O(N™) = 0(1),

ns s—1
n<N

where the implied constants do not depend on N.

Lemma 2.2.1. Let s =0 + it € C. We have

1 xlfs
= —— O(x™°
<<S) Z ns 1 — 5 + (.’E )

1<n<zx
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uniformly for o > o9 > 0, x > 1, |t| < 2wx/C, where C is a given constant
greater than 1.

We use the following evaluations in this chapter.
Remark 2.2.1. Let T'> 1 and M > 1 with M < logT. For fixed o, 8 > 0

we have
() (e(B)) <r g2

k<M k<M

T(logT)? (0 #0)
< {(log T (a=0).

2.3 Proof of Theorem 2.1.1

In this section, we regard oy, sy as constants. We divide the proof into two
cases.

Proof of Theorem 2.1.1 for o1 + 09 > 2. We set

in = (6060 - 3 )

n=1

for m € N. If we assume oy > 1 then we have

o0 o0

1 1
42(51,82)=ZW > e

m=1 n=m-+1
00
= E amm~".
m=1

The last series converges absolutely in o1 + g9 > 2. Since

[e’e] [e] 1 m 1 2
2 _

D mlanf? =) s |Cls) = > o

m=1 m=1 n=1

converges by (2.2.1), we have
1T = (204, 55)T + O(1)
by Lemma 1.1.3. O
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In the case 3/2 < 01 4+ 03 < 2, we use the following lemma.

Lemma 2.3.1. Let s; = 01 +itq, 89 = 09 + ity € C witht; > 1 and N € N.
Let C > 1 be a given constant. Assume that the point (s1,s2) € C* does not
encounter the singularities of (a(s1,82). If 1 < |ty + ta| < 20 N/C, then we

have i
Galsrys) = ) mlm (C(Sz) > n12) + Ot N#17o2)
n=1

m<N

for o1+ 09 > 1 and any fized o1, s5.

Proof. Let | € N with 09 > —2[. In order to obtain the analytic continuation
of (5(s1, s9), we regard s; and s, as complex variables and assume 01,09 > 1
temporarily. For any N € N, we have

81’ 82 Z mst ns2 Z mst =Vi+ V2’

n=m-+1 m=N-+1 n= m+1

say. Since

Al "1
=Y o= ).
= n=1
V, is continued meromorphically to C2. By setting M = 2/ + 1 in Lemma

1.1.1, we have

1 i L (mTe m +A§Bk“() 2~k 4 Ragn(s2)
= — So)m mls
2 mst \ s — 1 2 (k+ 112" Mym A2
m=N+1 k=1
1 > 1 - 1
- Sg — 1 Z msi1t+s2—1 o 5 Z ms1ts2 +
N+1 m=N-+1
ISP SII GE S (o)
| 2 s1+s2+k ) 2
k=1 (k + 1)' m=N+1 meee m=N+1
N o)
1 1 1 1
- S — 1 C<81 + 52— 1> o Z m81+82—1> o 5 Z msl+s2+
m=1 m=N+1
DI L LR
(k+1)! (52)x m81+82+'f
k=1 m=N-+1 m= N+1
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say. Since I, converges absolutely for oo > —M +1 = —2[ and 01 + 09 > —1,
V5 is continued meromorphically to oo > —2[ and o;+02 > 1. Now, we regard
01, Sg as constants. By Lemma 2.2.1, we have [} < tlez_Ul_”. Also we
can easily obtain Iy, I3, Iy < t; ' N?771=92_ This implies the lemma. O

Proof of Theorem 2.1.1 for 3/2 < o1 + 09 < 2. Let

t =m " (((s2) = Y _n7%)
n=1
and "
mo = max{m € N | om > |ta] + 1}.
Note that

D lanf* = Y201, 52)
m=1

in the case o1 + 09 > 3/2 and

log T — log(|t2] + 1)
0 <
log 2

hold. We take 7' > 2 and N € N with |t3] + 1 < T and 37 < 27 N/C, where
C > 1, and we assume T' < t; < 2T. Then we have

§m0—|—1

2n N
1<t — |t2| < |t1 +t2| < |t1| + |t2| < 3T < T
Therefore we can use Lemma 2.3.1, and we have
N
Ca(s1, 82) = Z amm~" + Ot 'N?7772) = I + I,
m=1
say. Since a,, < m~1772* by Corollary 2.2.1, we obtain
N N
log N o1+ 09 =2
S mat, < St IR T
m=1 m=1 NEEmse (01 +o2 < 2)

and

N N
o log N (01402 =2)
I < Ay K ml=o172 «
1 Z Z {N20’10'2 (0.1 _|_ o < 2)

m=1 m=1
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Therefore we have

2T N
O(log N) (01409 =2)
LPPdt =T |aw|*+
/T ‘ 1| 1 Tnzﬂ ’ ‘ {O(N4—20'1—20'2> (0-1 + 09 < 2)

by Lemma 1.1.3 and

27
o log N (01 4+ 09 =2)
L I|dt N2-o1mo2 I
J, i < Tﬁg;%T'l'<<{N4—2m—m (01402 <2)

On the other hand, we have

/ |_[2|2dt1 < N4201202/ t_2 < T71N472017202.

T T 1

Therefore we have

2T N
O(log N) (01 4+ 02 = 2)
s th - T m 2 +
/T |<2(81 82)| 1 mzz:l |a | {O(N4201202) (0-1 + 0y < 2),

By setting N = [T] 4+ 1, we obtain

“ O(logT -9
/ Ca(s1, 89)|%dt, =T E : lapm|? + {O( ogT) (o1 + 09 )
T

et (T472017202)  (g) + 79 < 2).
(2.3.1)
Therefore, in the case o1 + 03 > 3/2, we have

O(logT) (014 09 =2)

2T
,89)[2dty = ¢ (204, 80)T +
/ (Caln, s2)l "t = 62200, 52T 4\ (a2 20m) (379 < 0y 4 0 < 2).

T
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By this relation and Remark 2.2.1, we obtain

T
/ |Ca (1, 82)*dt

tal+1

T
:/ |Ca (51, 89)2dty + O(1)

T/2m0

T/2k1
= > / |Ga(s1, 82) [Pty + O(1)

1<k<mq ’ T/2*

O( Z log%) (01409 =2)
1<E<mo 2k O( Z_ (;)4_201_202) (3/2 <01+ 09 <2)

o O((logT)*) (o1 +02=2)
= (5 (201, 82)T + {O<T4—201—2az) (3/2 < o1+ 09 < 2).

= (201, 50)T

This implies the theorem for 3/2 < o1 + 09 < 2.
In the case 01 + 09 = 3/2, since

m ml—01—82
— 01 _ —s2 | _ O(m 1772
i R L e
by Lemma 1.1.1, we have
-1
m _
|am|* = |55 — 12 +0(m™?)

Therefore we have

2T TlogT
/ Calsn sa) Pty = 28T 1 o7
T |32 - 1|

by (2.3.1). By Remark 2.2.1 and this relation we obtain the theorem. O

2.4 Proof of Theorem 2.1.2

In this section, we regard s, s as constants. We divide the proof into three
cases.
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Proof of Theorem 2.1.2 for oo > 1 and o1 + 05 > 2. We set

n—1

m=1

for n € N. We have

o) n—1 o)
s s E = E a,n""2
1, 2 n02+lt2 n .

n=2 “m=1 n=2

Since

00 00 n—1 1 1
> nlan|’ = Z(Z msl)m

n=2 n=2 “m=1

converges by (2.2.2), we have

IPUT) = ¢ (s1,202)T + O(1)
by Lemma 1.1.3. [

We use the following lemma in the cases either oy > 1, 1/2 < 05 < 1 or
o1 S 1, 3/2§O’1—|—O'2 §2

Lemma 2.4.1. Let s1 = o1+it1, So = o9+ity € C withty > 1 and N € N with
N > €2, Let C > 1 be a given constant. Assume that the point (s1, s9) € C?
does not encounter the singularities of (3(s1,82). If 1 < ty < 2eN/C' and
1 < |t; +ta] <27 N/C, then we have

n—1 - N
_ 1\ 1 JO(t'Ntmoe 15 IN?1mon) (51 £ 1)
Ca(s1,52) = Z (Z m51>ns2 + {O(t21N1_U2 log N) (s1=1)

2<n<N ‘“m=1

for oo > 1/2, 01+ 09 > 1 and any fized oy, $1.

Proof. Let | € N with oy > —2[. In order to obtain the analytic continuation
of (o(s1, s2), we regard s; and s9 as complex variables and assume oy,09 > 1
temporarily. For any NV € N, we have

Gals1,80) = Y (nzl mll> n; +3 (ni mll) — U+ Uy, (24.)

2<n<N ‘“m=1 n>N “m=1
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say. The first term U, is obviously holomorphic in C2. By setting M = 2]+ 1
in Lemma 1.1.1, we have

1 1 1 1 1
= ((s1) Z 2 + 1— s Z nsitsa—1 9 Z nsitsz

n>N n>N

M-—1 B ] .
k+1
B (k+1)! (s1)x Z nsitsathk Z ns2 Rasn(s1)
k=1 n>N n>N
ol 1 N 1
— C(Sl) <<(32) - ; TLSZ) 1— s <<(51 + 89 — 1) — ; W) _
M-—1
1 1 Biya 1 1
_ - . -
2 7;\7 ns1+s2 — (k‘ + 1)[ (Sl)k T;V ns1tsatk 7; oy M (81)

=L+ L+ 13+ 1+ Is,
(2.4.2)

say. Since [ converges absolutely for 0y > —M +1 = —2[ and 01 + 09 > —1,
U, is continued meromorphically to g, > 0, 07 > —2[ and o7 4+ 09 > 1. Now,
we regard oy, s; as constants.

In the case s; # 1, by Lemma 2.2.1, we have I} < |s; — 1|71t N1—2
and I, < |s; — 1|7, N?71=92 Also we can easily obtain I3, Iy, [y <
t,'N?791=92 This implies the lemma for s; # 1. In the case s; = 1, we
obtain the lemma by using the maximum modulus principle. ]

We prove Theorem 2.1.2 for oy > 1, 1/2 < 09 < loro; <1, 3/2 <
01 4 09 < 2. We divide the proof into the case s; # 1 and the case s; = 1.

Proof of Theorem 2.1.2 for sy # 1. We prove the theorem by the same argu-
ment as in the proof of Theorem 2.1.1.
Let

3
Il
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Note that

S Janl = P s1,200)
n=2

in the case o1+ 09 > 3/2 and 09 > 1/2. We take T > 2 and N € N with
N > e |t +1 < T and 3T < 2rN/C, where C' > 1, and we assume
T <ty < 2T. Then we can use Lemma 2.4.1, and we have

N
Gls1,82) = Y _ann ™" + O(ty'N'™7 + ;' N*777%) = I + I,

n=2

say. Since

n o2 > 1
%<{ (012 1)
n )

by Corollary 2.2.1, we obtain

log N oy =1,00>1)

. (
N27202 <1 > 1
Znai < (0 o1 = 1)
log N (01 4+02=2,00<1)
N4—201—202 (0'1 + 0o < 2 o1 < 1)

N27(7170'2

and
lOgN (02 = ]-701 > 1)
N
Ni-oz <l,00>1
[1<<Zan<< (02 o1 = )
—~ log N (01 4+ 02 =2,00 <1)
(

o1+09 < 2,01 < 1)

Therefore we have

( (09 = 1,00 > 1)
N — 20
/ZT!Iﬂ?dtz:TZ,a 2+ O(N?7272) (03 < 1,00 >1)
T n=2 ! (log V) (01 4+02=2,00 <1)
( (01 +09<2,00 <1)
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by Lemma 1.1.3 and

((N'72 + N*1=2)log N (05 =1,00 > 1)

/2T Lty < | (N1—0'2 _|_N2—01—02)N1—02 (09 < 1,00 > 1)
ro (N1772 4 N27o17o2) Jog N (o1 +02=2,01<1)
\ (]\/vlﬂ72 + ]\/v2701702)]\727017(72 (01 t02<2,01< 1)

’IOgN (0'2:1,0'121)

N2720'2 <1 > 1

< (0-2 ,01 2 )
log N (01 +09=2,01<1)
(

\N4_201_202 o1+ 09<2,01< 1)

On the other hand, we have

2T
/ |]2|2dt2 < T—l(N2—20’2 + N4_201_202).
T

Therefore we have

O(log N) (09 =1,01 > 1)
2T N 2—20
O(N<*—=72 oy < 1l,002>1
/ |Gal(s1, 82)[*dty = Tz |an|? + ( ) (> 12 1)
T o O(log N) (01 + 09 =201 <1)
O(N4_201_2g2) (Ul + 09 < 2,0’1 < 1)

By setting N = [T] + 1, we obtain

O(logT) (
2T O T27202 0o < 170_ >1
/ |C2(51,82)|2dt2 = TZ |an|2 + ( ) (o2 1 >1)
( (

0'2:1,0'1 Z 1)

= O(logT) o1+ 0y =2,01 <1)
O T4_201_202> o1+ 02 < 2,0’1 < 1)
(2.4.3)
Therefore, in the case o1 + 09 > 3/2 and 0y > 1/2, we have
O(logT') (0g=1,00 > 1)
2T 2—20
O(T4=02 oy <1l,00>1
/ |Ca (51, 80) [Pty = C2[2](Sla 209) T+ ( ) (02 ' )
T O(logT) (01 +09=2,00<1)
O(T*2017202)  (g) + 09 < 2,01 < 1).

(2.4.4)
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In the case o1 > 1,09 = 1/2, since

ap = n " m™ =n""(((s1) + O(n~"t1h)

m=1
by Lemma 1.1.1, we have
Janl* = n7H((s1) + O™ = 07 ((s1)|* + O(n™").

Therefore we obtain

2T
/ Ca(51, 89)[Pdty = |((51)|* T log T + O(T) (2.4.5)
T

by (2.4.3). In the case o1 < 1 and oy + 09 = 3/2, since

n—81+1

a, =n 72 <

+ O~ + 0(1))

S1 — 1
by Lemma 1.1.1, we have

—s1+1 |2
|a,]? = n~?7 ('n

+ O(n7201+1) 4 O(no'lJrl))

S1 — 1
= T +0(n7?) +0(n~ )
|51 — 1] '
Therefore we obtain
= TlogT
/ (Cals0, s2) 2ty = 5L o(T) (2.4.6)
T |51 — 1]

by (2.4.3). In the case 01 = 1 and 09 = 1/2, since

n—81+1

R (C(sl) - + O(n“’l)>

81—1

by Lemma 1.1.1, we have

IED

n<T n<T

C(s1) —
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by Corollary 2.2.1. Since we have

_ positl |2
7;” ! C(s1) — s —1
= (|¢(s1)]* + |81 — 1| %) log T — 2 Z R <m£—j11> +0(1)

n<T

= (IC(s1)I* + |s1 — 1] ™) log T + O(1)

by Corollary 2.2.1, we have

D lanl = (Cs)fF + [s1 = 117 log T+ O(1).

n<T

Therefore we obtain

2T
/ 1Co(s1, 89) 2ty = (IC(s0)2 + 51 — )T log T+ O(T)  (247)

T

by (2.4.3). By (2.4.4), (2.4.5), (2.4.6) and (2.4.7), we can obtain the theorem
by the same argument as in the proof of Theorem 2.1.1. ]

Proof of Theorem 2.1.2 for sy = 1. We prove the theorem by the same argu-
ment as in the proof of Theorem 2.1.1.

Hereafter we use the same notations as in the previous proof. Note that,
in this case, we have I, = O(t;' N'=?2log N) by using Lemma 2.4.1. Since
a, < n~%logn, we obtain

N

s N 2 o < 4 0008 N)°) (02=1)
> nlanf* <y n' "2 (logn) <<{0<N2-2@<1ogzv>2> (02 < 1)

n=2 n=2

and

N
log N)? o9 =1
R IS S N
= N'=72log N (09 < 1).

Therefore we have

ey, JO((log N)?) (02 = 1)
/T |1 dtQ—T;|an| +{O(N22"2(10gN)2) (09 < 1)
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by Lemma 1.1.3 and

- O((log N)?) (02 = 1)
/T |1 L] dty < {O(szagaog N)?2) (05 < 1).

On the other hand, we have

2T
/ |I|2dty < TP N?7272(log N)2.
T

Therefore, by setting N = [T + 1, we obtain

2, O((log 7)*) (02 =1)
/T |Ca(s1, 2) ‘ )|“dts —Tng;‘ anl® + { (T2_2“2(10gT)2) (2 < 1). (2.4.8)

In the case o9 > 1/2, we have

o O((log T)*) (03 = 1)
2dty = (P (s1,205)T ?
[t st = 200 oty (o)
(2.4.9)
In the case o9 = 1/2, since
— 2 (logn)? 1
2 _ -1 _1\? _ (logn) ogn
() < g
and
al logn N (log N)?
> / z (log z)%dz + O(1) = s o)
n=2 1
hold, we have
T T(log T)?
/ ‘CQ(S]_, 52)‘2dt2 = (Tg) -+ O(T(log T)2) (2410)
T

by (2.4.8). By (2.4.9) and (2.4.10), we can obtain the theorem by the same
argument as in the proof of Theorem 2.1.1. m
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2.5 Proof of Theorem 2.1.3
We divide the proof into four cases.
Proof of Theorem 2.1.3 for o5 > 1 and o1 + 05 > 2. We set

1 1
U = ( > m-)k—

mlk

m<\/E

for £ € N. We have
1
42(51, 32) = Z heinez ()it (mn)”

1<m<n

(Y )

k>2 “mn=k
m<n

1
- Z( Z mo1— 0’2) ko2+it

k>2 ~ mlk

m<vk

== Z ak/{iiit.

k>2

> 1\ 1
Zk|ak|2:Z(Z m01—02) k202—-1

k2 k>2 N\ mik
m<vk

Since

converges by (2.2.3), we have
[D<T) = CQI:‘(O'l, O'Q)T + O(l)
by Lemma 1.1.3. [

We use the following lemma in the cases either o > 1, 1/2 < 05 < 1 or
o1 <1, 3/2<0’1+0’2§2.

Lemma 2.5.1. Let o1 +09 > 1, 09 > 0, s = 01 + 1t and s = o9 +1t. Then
O(t=72) (o1 >1)
2(51, S2) Zn o2 Zm THELO ) (07 =1)

n<t O(tl o1— 0'2) (0.1 < 1)

holds for t > 2, where the implied constants depend on o, 0».
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In order to prove Lemma 2.5.1, we use the following lemma and corollary.

Lemma 2.5.2 (Lemma 2.2 in [13]). Let s = o +it, [t| > 1. For N > 1|t|,
m >1 and o > —2m — 1, we have

1 N N % B
=2 = > N~EtR)
¢(s) P to 7 5 ° ‘(S)k +

+ O(|t|2m+1N—U—2m—1)
where the implied constant does not depend on t.

Corollary 2.5.1 (Corollary 2.3 in [13]). Let s = o +it, [t| > 1. For N > 1|t|
and o > —3, we have

1 N=% N 5
_ - o _N—s—l O(It 3N—O’—3
<(s) n<an+s—1 5 T2 +O(1 ):

where the implied constant does not depend on t.

The following proof is similar to that in [13] (section 4.1 Evaluation of
Sa(s1, 82))-

Proof of Lemma 2.5.1. Let | € N with oy > —2]. We use (2.4.1) and (2.4.2).
Hence we obtain the analytic continuation of (3(s1, s2) for o9 > 0, o7 > —2I
and o1 + 09 > 1. Now, we set s; = 01 + it, s9 = 09 + it with £ > 1 and
N = [t]. Then we have

so—1 2 12
< [¢(s1) [t
12 (0’1 > ].)
< tete (g =1)
= (oy < 1)

N1—82 N—82
I =((s1) ( + 22Nl g O(|t|3N“’2‘3)>
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for 09 > —3 by Corollary 2.5.1. Similarly, we have

o 1 N2—s1—52 B lNl—Sl—SQ n 81+ S9 — 1N_81_82+
2T s\ s tsp—2 2 12

+ O<|t|3N1—01—02—3>)

< t1—01—02
for o1 + 09 > —2. Since o1 + 09 > 1, we have
L <t (j=3,4).

On the other hand, Ry, (s1) = O(tMn=t=M) for 0y > —M by Lemma 2.5.2.
Hence we have

1
M E : l—01—0
I5 <t no1toz+M <t T
n>N

This implies the lemma. O

We prove Theorem 2.1.3 for oy > 1, 1/2 < 09 < lor oy <1, 3/2 <
01+ 09 < 2. First we consider the case o1 > 05. In particular, this condition
is satisfied when o7 > 1 and 1/2 < 05 < 1.

Proof of Theorem 2.1.3 for o1 > o5. If we set

n—1
A(sy,82) = Z n= % Z m=*!
m=1

n<t
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then we have

T n1—1 no—1
/ |A(81,82 | dt = / (Z ny =52 Z m;sl anﬁ Z m251) dt
2

ni <t mi=1 no <t mo=1
ni—1 ng—1 T MaTs it
= > D > D T e my / ( )dt
9<n <T m1=12<ns<T ma=1 M(n1,nz2) N1

= > > > nmi%n;m (T M(nl,nQ))

mini=manz 1<m1<n;—11<my<ny—1
2<mi<T  2<na<T

—09 —01 —02 —01
+ E E E Ny SMy Ny "My

mini#Fmang 1<mi1<ni—11<ma<nz—1
2<n <T  2<ns<T

exp <ZT log <m2”2 >) — exp (iM(nl, ns) log (%))

X
ilog (2222 )

= 51T — S5 + S,

say, where M (ny,ns) = max(ny,ns). First, we rewrite

- E(E ) £ (8 o)

2<k<T T<k<T? mn=
m<n<T m<n<T

=§:(z ) (S v 5 (8 e

k=2 “mn=k k>T “mn=k T<k<T? ™~ mn=k
m<n m<n m<n<T
Since
2 2
g ( g m_‘”n_”) = g (g m‘”lm”k_”)
k>T “mn=k k>T “mlk
< E k—202+e < T1_202+E,
k>T
we have

S1 = G (01, 02) + O(T'2727°),
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Next, we rewrite

Sy < Z Z Z n1—02m1—01n2—02m2—010<n1+n2)

mini=man2 1<mi<ni—11<mo<no—1
2<n <T 2<no<T

< Z ( Z malnlog)( Z m01n02>
mn=~k mn=~k

2<k<T? = =
1<m<n<T 1<m<n<T

<E(E ) )

2<k<T mn=

1<m<n<T 1<m<n<T
4 E : ( E : m—O'ln].—O'Q)( E : m—aln—cm)
T<k<T? mn==k mn=k
1<m<n<T 1<m<n<T

:Al +A27

say. Since we have

e (B ()

2<k<T mlk mlk
m<vVk m<vk
< § k1—202+e<<T2—202+e

2<k<T

and

N = (Z n) (Z n)

T<k<T? nlk nlk
n<T n<T

< T1+201—202+e E k—2a1 < T2—202+e
)
T<k<T?
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we have Sy < T?7272%¢ Next, we have

— E E E —02 —01,,—02 —01

miniF#mang 1<m1<n;—11<ma<ns—1
2<n1<T 2<no<T

exp (ZT log <Zfz2 >> — exp (Z'M(m, n») log (2?2? ) )
ilog (222

IO T S e P

mini<msansg 1<m1 <n1—1 1<m2<n2—
2<n1 <T 2<no<T

— > > > nm 7, m;"l—l
log <m>

mini<mana<2mini 1<mi<n;—11<mgo<no—1
2<n1 <T 2<no<T

I SR VD Y e

mon2>2ming 1<mi<ni—11<mo<ngs—1
2<n1 <T 2<no<T

X

ming

ming
= Bl + B27

say. We have By < T?72°2 in the case o; > 1. In the case o; < 1 we have

By <« E E ny 7 my % ny Pmy 7t & TRt (25.1)
1<mi<ni—11<mo<ngs—1
2<m <T 2<no<T
Hence, we have
712_202+6 (0'1 > 1),

B, <
2 T4—20’1—20’2+6 (0.1 S 1)

Next we evaluate B;. In the case oy > 1 we have

L

B, <« Z Z Z Z ny 72mi 7 ng Pmy 7! .

r<T2 monz—r=mini 1<mi<ni<T 1<mo<no<T
- r<mansg

DD DD SR etk

r<T2 2<n1<T 1<m2<n2<T nq|(mana—r)
r<mana

< Z Z Z T102+en202m201% < T27202+e.

r<T22<n1<T 1<mo<n2<T
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If o1 <1 we have

_ _ _ _oq U1
g g (o o
B <« g E E E (I P (P

T

r<T2 1<m1<n1<T 1<mao<no<T manze=mini+r
- r<msong

Z Z Z Z - —oy . — —gy M7 MoT2
<< TLl 02m1 01”2 02m2 71 -
rooming

r<T2 1<m1<n1<T 1<mo<n2<T manz=mini+r
(2.5.2)

T2—01—¢72+e
— — 4—201—2
< E g ny 2my 7 — & T 2o—2ozte

r<T2 1<m1<m1 <T

since we are in the case 09 < o7 < 1. Hence, we have

Bl < T2—202+e (Ul > 1)’
T4—20'1—202+e (O.l S 1)

This implies

P i e )
3 T4—2o‘1—202+e (01 S 1)

Therefore we have

O(T2—20’2+6) (0.1 > 1)7

T
A 2dt = (7 T
/2 |A(sy,s9)] (g (01, 09)T + {O(T4—201—20’2+6> (o < 1).

Now, if we set
—09 (O’l > 1),
A= —0g+e¢ (o1 =1),

1—01—09 (0'1<].)

then we have
T T
[ etonsade = [ 1aGs10) + 00 P
2 2T .
:/ |A(31,52)|2dt +0 (/ |A(31,32)tk|dt) + O(1).
2 2
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By the Cauchy-Schwarz inequality, we have

T T 2 T
/ yA<sl,32)tA|dt<<< / |A(31,52)]2dt) < / t”dt)
2 2 2

< Tx.

=
N

This implies the theorems. [

Next, we consider the case o1 < 0.

Proof of Theorem 2.1.3 for o1 < 05. Hereafter we use the same notations as
in the previous proof. First we evaluate S;. Since

S (S ) = (S moemene)

k>T “mn=k k>T ~ mlk
m<n m<\/E
1 2
< Z k7202 (kﬁ(crgfal)Jre)
k>T
< Z k—oq—ag—&-e < Tl—al—ag—&-e’
k>T

we have
Sl = C;QD(O'l, 0'2) + O(Tliglig?Jre).

Next we evaluate Sy. Since

Z mln o2 — Z N A I k—%(01+02)+€7 (253)
mn=k mlk
m<n m<\/E

fl-ozte (09 —01 —1<0)
—o1,1-02 _ k.l—az oo—0o1—1 >~
Z m n Z m < {k;(10102)+6 (02 — 0y — 1> 0)

mn=k mlk
m<n m<vk
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hold, we have

Z k—%(a1+02)+5]{;1_‘72+6 (02 —o1—1< O)
2<k<T
Al << Z k_%(01+02)+Ek%(1_01_0—2)+6 (0'2 — 0'1 — 1 > 0)
2<k<T
Z kl—%al—%UTi—E (0-2 -0 —1< 0)
_ ) 2<k<T
= 1
Z k§*¢7170'2+€ (0'2 — 0'1 — 1 > 0)
2<k<T

We note that 1 — %al — %02 < —1 is equivalent to gy > —%01 + %. Hence we
have

T2 301-302t¢ (g, — g —1<0and o9 < —20; + 2
Al <K ( 2 1' - 2> 7301 3)’
1 (otherwise)

because o1 + 09 > 3/2. Similarly, we have

Z kl—%al—%oz-i-s (0'2 — 01 — 1 S O)

A, < T<k<T?
2 Z kéigligﬁ?e (0'2 — 01 — 1 > 0)

T<k<T?
< {T4_01_302+6 (0'2 — 01 — 1 S 0 and 09 S —%0'1 —+ %)
1

(otherwise).
Therefore we have
Ti=or=3024e (gy — oy —1 < 0and 05 < —10y + 3)

Sy K
? { 1 (otherwise).

Next we evaluate Ss. Since estimation (2.5.1) remains also valid in this case,
we have By < T#72017292%¢  Gipce we have

1—02
S Y e (M) s g g

1<ma<no<T mona=mini+r

for o1 <1, 09 > 1, 0 # myn; +1r < T?, estimation (2.5.2) remains also valid
in this case. Therefore we have S5 < T4 201=292%¢ GQince 4 — 20¢ — 209 —
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(4 — 01 —309) = 09 — 01 > 0, we have

T
/ |A(s1, 82)2dt = (D (01, 02)T + O(T*201 202+
2

By the same argument as in the case oy > 09, we obtain the theorem. O]

Proof of Theorem 2.1.3 for o1 > 1 and 09 = 1/2. By Theorem 2.2 in [28] we
have

((201)¢ (01 +1/2)
<<20'1 + 1)

T
/ 1C(1/2 4+ it)P[C(or + it) [2dt ~ TlogT.
2

By (1.1.1) and the Cauchy-Schwarz inequality we have

1907 ~/2 1C(1/2 + it)2[C(or + it) 2.

This completes the proof. O



Chapter 3

Certain mean values of the
multiple zeta function

In this chapter we study certain mean values of the k-ple zeta function. This
is a joint work with Soichi Ikeda.

3.1 Introduction

In the theory of the Riemann zeta function ((s), estimation of the bounds

for {(s) in the critical strip is important and difficult. In [13] and [14], Kiuchi

and Tanigawa studied the bounds for (3(s1, $2) and (3(s1, S, s3), respectively,

but it is difficult to determine the correct order of (5(s1, $2) and (3(s1, s2, $3)-
On the other hand it is well-known that

’ ((20)T (0>1/2)
/ (o +it)[Pdt ~ { Tlog T (0 =1/2) (3.1.1)
’ L (2 - 20012 (o < 1/2).

Recently, Matsumoto and Tsumura studied

T
/ |Ga(s1, 82) [Pty (3.1.2)
2

in [22]. In [10] Ikeda, Matsuoka and Nagata improved the results of Mat-
sumoto and Tsumura and studied

T
/ G2 (51, 32)’265751
2

45
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and .
/ |Co(oy + it, oo + it)|dt.
2

More generally, we may consider the mean values

) T
J,E](T;sl,...,aj,...,sk):/ sty - si)2dt; (1< j <k).
2

The following are our main results.

Theorem 3.1.1. Let s1 = o1 + ity,...,8, = op + ity € C with k € N,
k> 2and T > 2. Assume that when t; moves from 2 to T, the point
(s1,...,8K) € CF does not encounter the singularities of Ci(s1,...,5%). In
the case o1 + - - -+ o > k, we have

],E”(T;al, Soy...y Sk) = C,[:](chl, Soy ..., 8k)T + O(1),

where the implied constant depends on o1, Sa, ..., S and C,L”(Qal, S9,...,Sk) 1S

a series which converges o1+ -+ -+ o0 > k—1/2 (we define C,El](al, Sy ..y Sk)

in the next section). In the case k —1/2 < o1+ -+ + o < k, we have

T8 . — Mo T

p (1501, 89,05 8K) = (. (201, 82, ..+, si) T+
O(T?—2atton))y (k—1/2< o)+ + o0, < k),
O((logT)?) (o1+ -+ o0, =k).

In the case o1 + -+ + o, = k — 1/2, we have

IE](T7 01,82+, Sk) = |Fk(527 s 7Sk)|2TlogT + O(T>7

where

k-2 , k .

Fisz, . 5) :H(Z Sj—(i+1)> .

i=0 Nj=k—i

In the case oy + -+ + 0y, < k — 1/2, we have
(27 )20t tor) —2k+1
X

2k—2(01+...+0k)
X C(Qk — 2(01 + -+ O'k))TQk_Q(Ul'*‘""*‘Uk).

[E](T, 01,8592, .. .,Sk> ~ ’Fk(827 .. .,Sk)’2
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In Theorem 1.1 in [10], Ikeda, Matsuoka and Nagata studied Ig} (T; 01, $2)
for oy + 09 > 3/2. Therefore our result includes an improvement of their
result.

By Theorem 3.1.1 we may conjecture that the analytic properties of
Ce(S1, - - -, k) are special in the region o1+« -404, = k—1/2. Matsumoto and
Tsumura conjectured that o1 + 09 = 3/2 might be the double analogue of the
critical line of the Riemann zeta-function (see Remark 1.6 in [22]). In fact,
Theorem 1.2 in [10] and the present Theorem 3.1.1 support this conjecture.

Remark 3.1.1. Theorem 3.1.1 can be proved by the methods similar to those
of [10]. By using the methods similar to those of [10], one can proba-
bly obtain the asymptotic behaviors of I,[cj](T; S1y...,0j,...,5;) for all j
and k. In the case j,k > 2, we guess that the asymptotic behaviors of
[,[Cj] (T;s1,...,04,...,s;) are different from those of I,El] (T; 01, 89,...,8;) and
complicated.

3.2 Lemmas for the proof of the theorem

In this section, we collect some auxiliary results and definitions.

Definition 3.2.1. Let k € N and N € NU {0}. We define

=1 & 1 = 1
Zi(s1,- -5 803 V) = Z 51 Z sz Z Sk
n:N—I—ln1 no=n +1n2 n:n,Jrlnk
1 2 1 k k—1
forop>1l,0p0_1+0r>2,...,00+ -+ 0> k.
Note that we have Zy(s1,...,sx;0) = ((s1, .., Sk),
1 = 1 = 1
Zk(Sl,...,Sk;N) :(k(sh...,Sk)— Z o Z 5 Z n3k
1<ni<N 1 no=ni+1 2 np=ng_1+1 'k
(3.2.1)
and, for £ > 2,
= v~ L Z ; 3.2.2
Colst, ..., sp) _;n? o1(S2, - Sk (3.2.2)

The following lemma is a generalization of (4) in [1].
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Lemma 3.2.1. Letk,l € N and N € NU{0}. The function Zy(s1,...,Sk; N)
is continued meromorphically to C* and satisfies

Za(s1, -+, 8kq13 N)

_ Zi(S1, - Sk—1,8k + Sk1 — LiN)  Zy(s1,. .., Sk—1, Sk + Sk+1; V)

Sky1 — 1 2

Bj |

Z G1(1e, Sk1)

s
nyt---npk
N<ng<---<ng

forogir +20>0,0p +0k1 +20>1,.. .00+ -+ 0k + 20 > k.

Proof. We prove the continuation by induction. Our method is similar to
that of Akiyama, Egami and Tanigawa(see p. 109 in [1]). Since we have

1
Zi(s1; N) = ((s1) — Z S
ni<N s

the function Z;(s1; N) is meromorphic in C. We assume that Z(s1, ..., s;; V)
(k > 1) is continued meromorphically to C*. By Lemma 1.1.1 we have

Zk+1($1, C.e ,8k+1;N)

) oo 1— _
S ¥ (B
— - — _
n n S -1 2
ni=N+1 1 ng=ng_1+1 k k+1
21
B .
j+1 —(sk41+7)
+ (Skt1) 7y, — du(n, Sk41)

= U+

Zi(S15- - k-1, 86 + Sk1 — LN)  Zg(s1,- -, Sp—1, S + Sk:—l-l;N)_'_

Sk+1 — 1 2
2
B, )
+ Z .]—+1ll<5k+1>jzk(517 ce ey Sk—1, Sk + Ske1 + 3 N)+
= G+
Z ¢l(nk73k+1>
51 ... Sk
N<ng<-<ny ™ "k

=1 Ay + Ay + Az + Ay,
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say. By the assumption A, Ay, A3 are continued meromorphically to CF+1.
The sum A4 is absolutely convergent for op1 + 21 > 0,04 + ogyq + 21 >
1,...,01+ -+ 4+ 0gs1 + 2l > k. Therefore, by taking sufficiently large [, the
function Zj;1(s1,...,Ske1; N) is continued meromorphically to C*!. This
implies the lemma. O

The following lemma is an analogue of Theorem 1 in [1].

Lemma 3.2.2. Let k,l € N and N € NU{0}. Let p = (s1,...,s) € CF.
The point p is a singularity of Zy(s1,...,sk; N) if and only if the point p is
a singularity of Cx(s1,. .., Sk).

Proof. We prove the lemma by induction. Our method is similar to that of
Akiyama, Egami and Tanigawa(see p. 110 in [1]). In the case k = 1, the
assertion of the lemma is obviously true. We assume that the assertion of
the lemma is true for £ > 1. We use the notation in the proof of Lemma
3.2.1. Note that, by Lemma 3.2.1, the singular part of Zy.1(s1,...sk1; N)
is Ay + As + Aj for all N € NU{0}. First we show that no singularities
appeared in Ay, Ay or Az identically vanish. This can be shown by changing
variables:

Up = 81, .., Ug—1 = Sk—1, Uk = Sk T Sk41, k1 = Sk+1-
In fact, we see that the singular part of Zyii(uy, ..., ur — tUgy1, ugyr; N) is
given by

2l

Zy(ui,...,up —1;N) B
+ -
Z (7 + 1)

Yot 1 (uk+1)jZk(u1,...,uk +],N) (323)
11—

j=0
By this expression we see that the singularities of Zy(uq,...,ux + j; N) are
summed with functions of u;; of different degree. Thus the singularities, as
a weighted sum by another variable wu,1, will not vanish identically. This
implies the lemma, because, in (3.2.3), the singularities of Zy(u1,...,ux +
J; N) coincide with (g(us, ..., ur + j) by the assumption of induction. O

Remark 3.2.1. By Lemma 3.2.2 and Theorem 1 in [1], we see that the function
Zy(s1, ..., Sk; N) has singularities on

sp=1, Sp_1+S,=2,1,0,—-2,—4,...,
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and .
J
Zsk_i_H EZSJ' (j:3,4,...,]€),
i=1
where Z<; is the set of integers less than or equal to j. In addition, if
Z1(s1,- .., Sk; N) is holomorphic at the point (sq, . .., Sg), then Zx_1(sa, ..., sg; N)
is holomorphic at (s, ..., Sk).

The following lemmas can be obtained by Lemma 3.2.1 and induction.

Lemma 3.2.3. Let k, N € N. For fized s1,...,s, € C, we have

k=1 , k ~1

Zk(s17 ceey SES N) = H( Z S]—(Z—Fl)) Nk—(81+...+8k)_|_O(Nk—1—(01+...+ak))7
i=0 Nj=k—i

where the implied constant depends on sq,...,s; € C.

Proof. We prove the lemma by induction. First we consider the case k = 1.
Let [ € N with o7 > —2[. In order to obtain the analytic continuation of
Z1(s1; N), we regard s; as a complex variable and assume o7 > 1 temporarily.
Then, by Lemma 1.1.1, we obtain the analytic continuation of Zy(sy; V) for
the region oy > —2[. If we regard s; as a constant, then, by Lemma 1.1.1,
we have

N1—51

Zl(Sl;N):S 1
1—

+O(N").

This implies the lemma for k& = 1.

We assume that the assertion of the lemma is true for £ > 1. Let [ € N
with Ok+1 + 21 > 0>0k+0k+1 + 20 > 1,...,01 + o+ Ok41 + 20 > k. In
order to obtain the analytic continuation of Zg.i(s1,...,Sgr1;N), we re-
gard si,...,S,11 as complex variables and assume oq,...,051 > 1 tem-
porarily. Then, by Lemma 3.2.1, we obtain the analytic continuation of
Zs1(81, - -+, Ska1; N) for the region op1+20 > 0,04+ 0k 1 +20 > 1,... 01+
oo 4 opa1 + 20 > k. If we regard sy, ..., sp11 as constants, then, by Lemma
3.2.1 and the assumption of induction, we obtain the lemma. O

Lemma 3.2.4. Letk € Nwithk > 2. Let o1+ -+ o < k—1/2. For fized
01,82,...,S8, we have

Ce(S1y .-y 8K) = Fr(sa, ..., sk)C(s14 - +sg—k+1)+O0(((s1+ - -+ s, —k+2)),

where the implied constant does not depend on t,.



3.3. PROOF OF THEOREM 3.1.1 ol

Proof. This lemma can be obtained by the method similar to that of Lemma
3.2.3. ]

The following lemma can be obtained by Lemma 2.2.1, Lemma 3.2.1 and
the argument similar to that of Lemma 3.2.3. This lemma is a generalization
of Lemma 3.1 in [10].

Lemma 3.2.5. Let N € N and k € N with k > 2. Let C > 1 be a given
constant. Assume that the point (si,...,s;) € CF does not encounter the
singularities of ((s1,. .., S). If1 < |[t1+- - +tx| < 20N/C and o1+ - -+op, >
k — 1 hold for fized o1 € R and ss,...,s; € C, then we have

1
Cr(s1,---,88) = Z o Z—1(89, ..., 8k;n1) + O(tl_lNk_(Ul+"'+Uk))_

ni<N 1
We define
SN
C]E;l}(o-b 59,... ,Sk) = Z n_tln|Zk_1(527 e ,sk;n1)|2,
ni=1
where the point (s, ..., s) € C*lis not a singularity of Z_1(sa, . .., Sg;n1).
By Lemma 3.2.3, the series C,[:] (2071, S2, ..., k) is absolutely convergent in the

region oy + -+ o >k —1/2.

3.3 Proof of Theorem 3.1.1

In this section, we regard o4, s9, ..., S, as constants and we define
01 .
Upy =177 Zi1(S2y -+, Sk 1)

Note that

Z |a7711|2 = l[cl]<201782a ce 7Sk‘)‘

ni=1

We divide the proof into three cases.

Proof of Theorem 3.1.1 for the case o1 + - -+ + o, > k. By (3.2.2) we have

Ck(slv cey Sk) = Z anlnl_itl.
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By Lemma 3.2.3 the last series converges absolutely in oy 4 --- 4+ o > k.
Since the series

S mfanf =Y #yqu(sz, L sem)?

ni=1 ni—1
converges by Lemma 3.2.3, we have

INT; 01,89, 1) = (M (201, 50, ... s0)T + O(1)

by Lemma 1.1.3. O
Proof of Theorem 3.1.1 for the case k — 1/2 < oy + -+ + op < k. Let

mo =max{m € N | T/2™ > |ty +--- +t;| + 1}.
Note that

_ logT —log(|te + -+ -+ tg| + 1)
log 2

my <mg+1

holds. We take T' > 2 and N € N with [to+- - -+t,|+1 < T'and 3T < 27 N/C,
where C' > 1, and we assume T < t; < 27. Then we have

2N

L<ty—l|to+--+te| <|ta| +lta+---+t| <3T < <

Therefore we can use Lemma 3.2.5. We have
N
Ck(Sl, ey Sk) = Z amnf’tl + O(t;lNkiglimiok) = Il + IQ,
ni=1
say. Since a,, < n¥7'77'7"7% by Lemma 3.2.3, we obtain
N N
2 2k—1-2(c1++0%) log N (14 +op=k)
nilap,|” K n <

71121 1]an, | 7; 1 {N2k—2("1+"‘+f’k) (o1 4+ +op <k)
and

N
log N (014 +or=k)
[1 < Z ‘an1| < {Nk—(m-f—'“-f-ffk) (0-1 + o F o < k)

ni=1
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Therefore we have

(log N) (o014 +or,=k)
/T|fl| dtl—TZ|an1|2 { 1

O(NZ*=201+400)) (o) 4 ... 4 g}, < k)

ni=1

by Lemma 1.1.3 and

= log N +-top=k
/ I, L|dt, < %H (0 o = k)
T N (01++oy) (0'1—|-~"+O'k<k).

On the other hand, we have

2T oT dt
/ |L*dt; < N%—2<UI+"'+%>/ 2« I NZE 2ot tok)
32
T T 7

Therefore we have

2T (log N) (14 +or=k)
S ,..., dt *T an1 2
/7: ’Ck( 1 ‘ 1 mzl | ‘ { N2k—2(al+...+ak)) (0-1 +iid o, < k')

By setting N = [T] + 1, we obtain

o7
logT) (o1+--+or=k)
S1,...,8)|%dty =T an, |2+
[ st st =1 e G
(3.3.1)
Therefore, in the case k — 1/2 < 0y + - -+ + 0}, we have
O(logT) (14 +o,=k)

: O(T?—21+401)) (g 4o 4 o < k).

2T
/ (51, - - -y 81)Pdty = <’[€1]<201’ 82y Sk)T+{

Note that 1/2™ = O(1/T). B

T T
/| Gelore oot = [ faoree o) P+ O()

toteetty|+1 T/2mo

T/Zk 1
= Y / (1, - - ., sp)[dty + O(1),

1<k<mg
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and Remark 2.2.1, we obtain the theorem for k —1/2 < o1+ -+ -+ o0, < k.
In the case o1 + -+ 4+ 0, = k — 1/2, since

Qp, = Fk(527 <. 75k)n11€_1_01_82_m_5k + O(nllﬁ—Q—Ul—Uz—"'—Uk)
by Lemma 3.2.3, we have
lan, |* = |Fi(sa, ..., s)*nyt + O(ny?).
Therefore, by (3.3.1), we obtain

2T
/ G0,y s1) [Pty = | Fi(s, ..., s1)*Tlog T + O(T).

T
This implies the theorem for oy + -+ + 0, = k — 1/2. ]

Proof of Theorem 3.1.1 for the case o1 + -+ + o < k —1/2. By (3.1.1), Lemma
3.2.4 and the Cauchy-Schwarz inequality we can easily obtain the theo-
rem. O
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