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ABSTRACT. Let X be a resolving subcategory of an abelian category. In this paper we investigate the
singularity category Dsg(X) = DP(mod X)/KP(proj(mod X)) of the stable category X of X. We consider
when the singularity category is triangle equivalent to the stable category of Gorenstein projective
objects, and when the stable categories of two resolving subcategories have triangle equivalent singularity
categories. Applying this to the module category of a Gorenstein ring, we prove that the complete
intersections over which the stable categories of resolving subcategories have trivial singularity categories
are the simple hypersurface singularities of type (A1). We also generalize several results of Yoshino on
totally reflexive modules.

1. INTRODUCTION

One of the most classical subjects in representation theory of algebras is the study of a stable equiva-
lence of selfinjective algebras, i.e., a triangle equivalence between the stable categories of finitely generated
modules over those algebras. This is extended to (infinite-dimensional) Iwanaga-Gorenstein rings [30] un-
der restriction to Cohen-Macaulay modules; a stable equivalence of Iwanaga-Gorenstein rings is a triangle
equivalence between the stable categories of Cohen-Macaulay modules over those rings.

Let R be a noetherian ring. The singularity category of R is by definition the Verdier quotient

Dsg(R) = DP(mod R)/KP(proj(mod R)),

where mod R denotes the category of finitely generated R-modules, D?(—) the bounded derived category
and K°(—) the bounded homotopy category. The singularity category Dsg(R) is a triangulated category,
which is also called the stable (stabilized) derived category, triangulated category of singularities and
singular derived category. This has been introduced by Buchweitz [23] in the 1980s, and in recent years
it has been related to the mirror symmetry by Orlov [44]. A lot of studies on singularity categories
have been done in various approaches; see [20, 24, 26, 32, 37, 39, 42, 45, 48, 53, 54, 57| for instance. A
celebrated theorem of Buchweitz [23] shows that if R is an Iwanaga-Gorenstein ring, then the stable
category of Cohen-Macaulay R-modules is triangle equivalent to the singularity category of R. Thus,
a stable equivalence of Iwanaga-Gorenstein rings is extended to arbitrary noetherian rings as a triangle
equivalence between their singularity categories, which is called a singular equivalence.

Let C be an additive category with pseudokernels [4]. We denote by modC the category of finitely
presented right C-modules, which is a full subcategory of the functor category of C (see Definition 2.3) and
turns out to be an abelian category with enough projective objects. This category has been introduced
by Auslander [4], and in a series of papers [9-14] Auslander and Reiten have established a lot of deep
studies on this category. The notion of singular equivalences of noetherian rings is further extended to
additive categories C by using mod C as follows: We take the Verdier quotient

Dse(C) = DP(mod C) /K" (proj(mod C)),

and call this the singularity category of C. We say that two additive categories C,C’ are singularly
equivalent if there exists a triangle equivalence Dgg(C) = Dgg(C’). Thus, one of the most natural and
fundamental questions is the following.
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Question 1.1. When are given two additive categories singularly equivalent?

The main purpose of this paper is to explore this question for certain additive categories in relation
to the Gorenstein projective property in an abelian category (see Definition 3.3). In fact, we shall find a
lot of singular equivalences, which should be interesting and remarkable once one takes into account the
fact that triangle equivalences seldom arise over commutative rings. To state our results, let us recall
and introduce several notions.

We say that C is regular (respectively, Gorenstein) if every object of mod C has finite projective dimen-
sion (respectively, Gorenstein projective dimension). A regular (respectively, Gorenstein) category C is
called of dimension at most n if every object of modC has projective dimension (respectively, Gorenstein
projective dimension) at most n, or equivalently, the nth syzygies in modC are projective (respectively,
Gorenstein projective). Any abelian (respectively, triangulated) category is regular (respectively, Goren-
stein) of dimension at most 2 (respectively, 0); see Proposition 3.6. Note that C is regular if and only if
C is singularly equivalent to the zero category 0, that is, Dg(C) = 0. Beligiannis [21] shows that if C is
Gorenstein of dimension at most n for some n > 0, then Dg(C) is triangle equivalent to Gproj(modC),
which is a generalization of the theorem of Buchweitz stated above. Here, for an abelian category A with
enough projective objects, Gproj.A stands for the full subcategory of Gorenstein projective objects of A.
This is a Frobenius category, and its stable category Gproj.A is a triangulated category [21].

A full subcategory of an abelian category with enough projective objects is called resolving if it contains
the projective objects and is closed under direct summands, extensions and kernels of epimorphisms. This
notion has been introduced by Auslander and Bridger [7] to prove that the category of totally reflexive
modules is a resolving subcategory of the category mod R of finitely generated modules over a noetherian
ring R. The category CM(R) of maximal Cohen-Macaulay modules over a Cohen-Macaulay local ring R
is also a resolving subcategory of mod R, and there are many other important subcategories known to be
resolving. The studies of resolving subcategories have been done widely so far; see [2, 15,16, 28,29, 40,
47,49-52,56] for example. For a resolving subcategory X of an abelian category A, let X = X/ proj. A
be the stable category of X. Then X has pseudokernels, and hence mod X is an abelian category with
enough projective objects [16]. In fact, X still has pseudokernels even if one removes the assumption
that X is closed under direct summands and extensions. So we define a quasi-resolving subcategory to
be a full subcategory containing the projective objects and closed under finite direct sums and kernels
of epimorphisms. A resolving subcategory is none other than a quasi-resolving subcategory closed under
direct summands and extensions.

Now, we recall the following two facts. The first one is implicitly given by Auslander and Reiten [9],
while the second one is essentially obtained by Yoshino [56], based on [16] (see also [22,36,38]).

Theorem 1.2 (Auslander-Reiten). Let A be an abelian category with enough projective objects. Let X
be a quasi-resolving subcategory of A. Suppose that every object in X has projective dimension at most n
in A. Then X is regular of dimension at most 3n — 1.

Theorem 1.3 (Yoshino). Let A be an abelian category with enough projective objects. Let X be a quasi-
resolving subcategory of A. Suppose that X is contained in Gproj A and closed under cosyzygies. Then X
is Gorenstein of dimension at most 0, that is, mod X is a Frobenius category.

Motivated by these two theorems, in this paper we first study stable categories of quasi-resolving
subcategories. To be more precise, we shall establish a Gorenstein analogue of Theorem 1.2 which extends
Theorem 1.3. Let X be a quasi-resolving subcategory of an abelian category A and n > 0 an integer.
Denote by Q"X the full subcategory of A consisting of nth syzygies of objects in X. We introduce the
following condition.

(G,) Q"X is contained in Gproj.A and closed under cosyzygies.

A typical example of a quasi-resolving subcategory satisfying (G,,) is the full subcategory of objects of
Gorenstein projective dimension at most n. Every resolving subcategory over a local complete intersection
R satisfies (Gy,) for A = mod R and n = dim R. We shall obtain the following theorem.

Theorem 1.4. Let A be an abelian category with enough projective objects. Let X be a quasi-resolving
subcategory of A satisfying the condition (Gy). Then Q"X = X N Gproj.A holds. Denote this by ).

(1) X is Gorenstein of dimension at most 3n, and there is a triangle equivalence Dsg(X) = Gproj(mod X).
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(2) Y is a Frobenius subcategory of Gproj A, and Y is a triangulated subcategory of Gproj.A.
(3) Y is Gorenstein of dimension at most 0, and there is a triangle equivalence Dsg()) = mod Y.

(4) X and Y are singularly equivalent.

The first assertion of Theorem 1.4(1) is a Gorenstein analogue of Theorem 1.2, and letting n = 0
recovers Theorem 1.3. In relation to this result, we also consider when the condition Exty;" (X, R) = 0 is
equivalent to the condition Ext_3",(mod X, proj(mod X)) = 0 for a resolving subcategory X of modules
over a commutative ring R. For n = 0 the latter condition is nothing but the condition that mod X
is quasi-Frobenius (in the sense of [56]), and we can recover [56, Theorem 4.2]. One also obtains a
characterization of Gorenstein local rings R in terms of modules over the stable category mod R, whose
artinian case is none other than [56, Corollary 4.3].

The second assertion of Theorem 1.4(1) clarifies the structure of the singularity category Dy (X); for
example, each object of Dgg(X) turns out to be isomorphic to a shift of an object in mod X. This is a
key to deduce the remaining assertions in Theorem 1.4.

Using Theorem 1.4(4) one can obtain various singular equivalences. For example, let X be a quasi-
resolving subcategory of A with Q"X C Gproj A C X for some n > 0, e.g., the category of objects of
Gorenstein projective dimension at most n. Then X is singularly equivalent to Gproj. A. In particular,
if R is a commutative Gorenstein local ring and X is a quasi-resolving subcategory of mod R containing
CM(R), then X and CM(R) are singularly equivalent. If R is moreover a complete intersection, then
X is singularly equivalent to X N CM(R) for all resolving subcategories X of mod R. Combining this
with a classification of resolving subcategories given in [50] yields that if R is an isolated hypersurface
singularity, then X is singularly equivalent to either CM(R) or the zero category 0, so there are only at
most two singular equivalence classes.

We are thus interested in asking when R admits exactly one singular equivalence class. More precisely,
for a resolving subcategory X of mod R we consider when X is singularly equivalent to 0, or equivalently,
when X is regular. We shall prove the following theorem, which characterizes the regularity of stable
categories of resolving subcategories.

Theorem 1.5. Let R be a d-dimensional nonreqular complete local ring with algebraically closed residue

field k of characteristic zero. Then the following are equivalent.

(1) R is Gorenstein, and CM(R) is regular.

(2) R is a complete intersection, and X is regqular for every resolving subcategory X of mod R.

(3) R is a complete intersection, and X is reqular for some resolving subcategory X of mod R that contains
a module of maximal complexity.

(4) R is a simple hypersurface singularity of type (A1), namely, R = k[[xo, ... ,zq4)]/(xd + - + 23).

When one of these conditions is satisfied, CM(R) is reqular of dimension at most 0, namely, mod CM(R)

has global dimension 0.

If an additive category C is regular of dimension at most n for some n > 0, then C is regular by
definition. In view of Theorem 1.5, as of independent interest, we also consider when the converse of this
statement holds for C = X.

The paper is organized as follows. In Section 2, for later use we state several fundamental results on
the structure of modules over the stable category of a subcategory of an abelian category. In Sections
3 and 4, we compare many kinds of conditions on quasi-resolving subcategories. The first assertion of
Theorem 1.4 is shown in this section. In Section 5, we study singular equivalence of the stable categories
of resolving subcategories, and give proofs of the remaining assertions of Theorem 1.4. In Section 6, we
consider when the stable category of a resolving subcategory is regular, and prove Theorem 1.5.

Convention. Throughout this paper, unless otherwise specified, we use the following convention: All
subcategories are assumed to be strictly full (i.e., full and closed under isomorphism). Let .4 be an
abelian category with enough projective objects, and denote by proj.A the full subcategory of projective
objects of A. Let Ab and 0 stand for the category of abelian groups and the zero category, respectively.
Let R be a commutative noetherian ring, and denote by mod R the category of finitely generated R-
modules. All R-modules in this paper are assumed to be finitely generated. A maximal Cohen-Macaulay
module is simply called an MCM module. When R is a Cohen-Macaulay local ring, CM(R) stands for
the full subcategory of mod R consisting of MCM modules over R.
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2. MODULES OVER STABLE CATEGORIES

In this section we give several fundamental results on the structure of modules over the stable category
of a subcategory of A. Most of the results are given in [9-14,16] and [56] at least essentially, but we give
proofs for the convenience of the reader. Let us begin with recalling the definition of a stable category.

Definition 2.1. (1) For two objects M, N of A we define the stable hom-set as the quotient group
Hom 4 (M, N) := Hom4(M,N)/PA(M,N), where P (M, N) consists of all morphisms from M to N
that factor through objects in proj.A. For A = mod R, we simply write Hom (M, N) for Hom 4 (M, N).

(2) Let X be a subcategory of A containing proj.A. Then the quotient category X := X'/ proj A is called
the stable category of X; the objects of X' are the same as those of X, and the hom-set Homx (M, N)
of M,N € X is defined as Hom 4(M, N). Hence X is a full subcategory of A.

The following lemma is given in the case where A = mod R by [56, Lemma 2.7], whose proof uses
Auslander transposes of modules and does not work for general abelian categories A.

Lemma 2.2. Let0 — A i) B2 C = 0 be an ezact sequence in A. Let X be an object of A.
(1) The induced sequence Hom 4(X, A) — Hom 4(X, B) — Hom 4(X, C) is exact.
(2) The induced sequence Hom 4(C, X) — Hom 4(B, X) — Hom 4 (A, X) is exact if Ext(C, proj A) = 0.

Proof. (1) The left-exactness of the functor Hom shows that the induced sequence

0 — Hom.(X, A) 22D pom 4 (X, B) 2249, pom (X, 0)
is exact. Let u : X — B be a morphism in A such that u is in the kernel of Hom 4 (X, g) : Hom 4(X, B) —
Hom 4(X,C). Then gu is the composition of some morphisms a : X — P and b: P — C in A, where P
is a projective object in \A. There is a morphism ¢ : P — B with gc = b. Hence g(u — ca) = gu — gca =
gu —ba = 0, and we find a morphism d : X — A such that v — ca = fd. We have u = fd, which is in the
image of Hom 4(X, f) : Hom 4 (X, A) — Hom 4 (X, B). o
(2) By the left-exactness of Hom the induced sequence

Hom 4 (g,X) Hom 4 (f,X)
T T,

0 — Hom4(C, X) Hom4(B, X) Hom 4 (A, X)
is exact. Let u : B — X be a morphism with u € Ker Hom ,4(f, X). Then uf is the composition of some
morphisms a : A — P and b: P — X with P € proj.A. Since Exth(C’, proj A) = 0, the map Hom4(f, P)
is surjective, and there exists a morphism ¢ : B — P such that ¢f = a. We have (u — bc) f = 0, and find
a morphism d : C' — X with u — bc = dg. It follows that u = dg € Im Hom(g, X). |

Next, we recall the definition of the category of finitely presented modules over an additive category.

Definition 2.3. Let C be an additive category. Denote by Mod C the functor category of C, that is, the
objects are additive contravariant functors from C to Ab, and the morphisms are natural transformations.
An object and a morphism of Mod C are called a (right) C-module and a C-homomorphism, respectively.
A C-module F is said to be finitely presented if there is an exact sequence

Home(—, X) — Home(—,Y) - F =0

in the abelian category ModC with X,Y € C. The full subcategory of ModC consisting of finitely
presented C-modules is denoted by mod C. This is sometimes called the Auslander category of C.

Remark 2.4. (1) Foreach X € C the functor Home(—, X) is a projective object of mod C, and conversely,
any projective object of mod( is isomorphic to a direct summand of Hom¢(—, X) for some X € C.
Yoneda’s lemma asserts that the assignment X — Hom¢(—, X) makes a fully faithful functor

C < modC.

This is called the Yoneda embedding of C. Thanks to this, any C-homomorphism Hom¢(—, X) —
Hom¢(—,Y") can be described as Home(—, f) for some morphism f € Hom¢(X,Y).
(2) It is said that C has pseudokernels if for each morphism f : X — Y in C there exists a morphism
g: Z — X in C such that the induced sequence
Home (—, Z) 22229, Home (—, X) Home (—, Y)

is exact. This condition is equivalent to saying that mod C is abelian; see [5, Chapter III, §2].

Home (—, f)
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Here we recall the definition of the syzygies of an object in an abelian category.

Definition 2.5 (cf. Definition 3.1). Let M be an object of A, and let n be a positive integer. Let
f P — M be a right (proj.A)-approximation, which is by definition a morphism such that every
morphism from an object in proj. A to M factors through f. Then the kernel of f is called the first syzygy
of M and denoted by QM. The nth syzygy Q"M of M is defined inductively as Q(Q"~1M). We put
Q"M := M. For a subcategory X of A we denote by Q"X the subcategory of A consisting of all nth
syzygies. Note that Q"X contains proj.A for n > 0.

Remark 2.6. Let M be an object of A, and let n be a positive integer.

(1) Since A is assumed to have enough projective objects, the nth syzygy of M exists, and one has an
exact sequence
0-QM—->P, 14— —>FPh—>M=0

in A with P; € projAfor 0 <i<n—1.
(2) By Schanuel’s lemma, the nth syzygy of M is uniquely determined up to projective summands,
whence in the stable category A it is uniquely determined up to isomorphism.

Now we show the proposition below, which induces from each short exact sequence in A a long exact
sequence in a functor category.

Proposition 2.7. Letoc:0— A 1o B9 C =0 be a short ezact sequence in A.

(1) There is a sequence
TN o LTI o Y LN oY ; JEENY o TOJNY/ RNy JENYG)

of morphisms in A such that one can form a short exact sequence from any consective two morphisms
(consisting three objects) by adding some projective object to the middle object.
(2) Let X be a subcategory of A containing proj A. One has an induced long exact sequence in Mod X :

- — Hom 4(—, Q?B)|x — Hom 4(—, Q?C)|x — Hom 4(—,QA)|x — Hom ,(—,QB)|x
— Hom 4 (=, QC)|x — Hom 4(—, A)|x — Hom 4(—, B)|x = Hom 4(—, C)|x
— Extyy(—, A)|x — Extly(—, B)|x = Exti(—, C)|x — Ext’y(—, A)|x = Ext’y(— B)lx = - .

Proof. (1) Taking a surjection 7w : P — C with P € proj A and making the pullback diagram of ¢g and m,
we get an exact sequence

(<) (/%)

0500 -2 aep LB o

Iterating this procedure gives rise to exact sequences

91 % f1 1%
O%QBQQC@P’MA—M, OAQAQQB@P”MQC%O,

2~ () (f1,%) o () o2 (d1,%)
0—QC 5 QAP 25 QB —0, 0—Q*°B "5 Q°CoP" —5QA -0, ...,
where P', P, P"' P"",... are projective. Thus we obtain a sequence
RN o Lo o ) RN o) NS o TO RN/ RN s ENY o)

of morphisms, which is what we want.
(2) Let X € X. Using Lemma 2.2 for the sequence obtained in (1) yields an exact sequence

(2.7.1) <o+ — Hom 4 (X,Q%C) — Hom 4(X,QA) — Hom 4(X,QDB)
— Hom 4(X,QC) — Hom 4 (X, A) = Hom 4 (X, B) — Hom 4 (X, C).
On the other hand, there is an exact sequence
0 — Hom 4 (X, A) = Hom 4 (X, B) — Hom4(X,C) & Ext (X, A) — Extly(X,B) — -+ .

Let P be a projective object of A, and let a: X — P and §: P — C be morphisms in 4. Then we have
§(Ba) = ExtY(Ba, A)(0) = ExtYy(a, A)(Exty (B, A)(0)) = 0 as Ext'y (8, A)(0) = 0. Hence §(P4(X,C)) =
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0. Therefore, ¢ induces a homomorphism ¢’ : Hom 4 (X, C) — Exti\(X , A) such that the following diagram
commutes, where the vertical maps are canonical surjections.

0 — Hom 4 (X, A) — Hom 4(X, B) — Hom 4 (X, C) —— Ext!y (X, A) — > Ext}(X,B) — - -

| i A

Hom 4 (X, A) — Hom 4 (X, B) — Hom 4 (X, C)
Using Lemma 2.2 and diagram chasing, we obtain an exact sequence

(2.7.2) Hom , (X, A) — Hom 4(X, B) — Hom 4(X,C) -5 Exty (X, A) — Extl(X,B) — - .
Splicing (2.7.1) and (2.7.2) yields an exact sequence as in the assertion. [

Let us give the definitions of quasi-resolving and resolving subcategories, which are the main targets
studied in this paper.

Definition 2.8. (1) A subcategory X of A is called quasi-resolving if X satisfies the following conditions.
(a) X contains proj.A.
(b) X is closed under finite direct sums, that is, for a finite number of objects X1,..., X, in X the
direct sum X; @ --- P X, isin X.
(¢) X is closed under kernels of epimorphisms, that is, for each short exact sequence 0 - L — M —
N —0in A, if M and N are in X, then so is L.
(2) A quasi-resolving subcategory X of A is called resolving if X satisfies the following conditions.
(a) X is closed under direct summands, namely, if X is an object in X and Y is a direct summand
of X in A, then Y is in X.
(b) X is closed under extensions, namely, for each short exact sequence 0 - L - M — N — 0 in
A, if L and N are in X, then so is M.
For a subcategory C of A we denote by resC the resolving closure of X, that is, the smallest resolving
subcategory of A containing all the objects in C.

Remark 2.9. The notion of a resolving subcategory has been introduced by Auslander and Bridger [7],
but we should remark that in [7] a resolving subcategory is defined to be a quasi-resolving subcategory
closed under extensions. In our sense, a resolving subcategory is also assumed to be closed under direct
summands.

As a trivial example, the subcategory of A consisting of objects with projective dimension less than
n for each 1 < n < oo is a resolving subcategory. The catgeory CM(R) of MCM modules over a Cohen-
Macaulay local ring R is a resolving subcategory of mod R. There are a lot of other examples of resolving
subcategories; one can find some of them in [49, Example 2.4].

Remark 2.10. Let X be a quasi-resolving subcategory of A.
(1) Let M € A and P € proj.A. Then the equivalence

MeX — ModPeclX

holds true. Indeed, it is trivial that if M is in X, then so is M & P. The opposite implication follows

from the exact sequence 0 — M M MaeP m> P —0.

(2) Let f: M — N be a morphism in X. Then one can choose a morphism g : P — N with P € proj.A
such that the morphism (f,g) : M & P — N is an epimorphism. Taking the kernel, one gets a short

exact sequence

0L sMarP T N o

in A. Note that all of the three objects in this exact sequence are in X.
Finally, we give a structure result on finitely presented modules over the stable category of a quasi-
resolving subcategory. The following proposition extends the result [56, Proposition 3.3] on module

categories to abelian categories. The first assertion is also a generalization of the result [16, Proposition
1.1] on resolving subcategories to quasi-resolving ones.

Proposition 2.11. Let X be a quasi-resolving subcategory of A.
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(1) The category mod X is an abelian category with enough projective objects.
(2) For each object F' € mod X there exists an exact sequence 0 - A — B — C — 0 in A with
A, B,C € X which induces a projective resolution of F' in mod X :
-+ = Hom 4 (=, Q*C)|x — Hom 4(—,QA)|x — Hom 4(—,QB)|x — Hom 4 (=, QC)|x
- MA(_7 A)'& - MA(_7B)|& - MA(_7 C)l& — F—=0.

Proof. (1) Let f : M — N be a morphism in X. There is an exact sequence 0 - L — M @ P M) N =0

in A with L € X and P € proj A (see Remark 2.10). By Lemma 2.2(1) this induces an exact sequence

Hom , (=, f)|x
N

Hom 4(—, L)|x — Hom 4(—, M)|x Hom 4(—, N)|x

in mod X. Thus X has pseudokernels, and the assertion follows from Remark 2.4(2).

(2) There is an exact sequence Hom 4(—, B)|x 2, Hom 4(—,C)|lx — F — 0 with B,C € X. By
Remark 2.4(1) we find a morphism f : B — C such that ¢ = Hom 4(—, f)|x. We have an exact sequence

0>A—-BoP M) C — 0 with A € X and P € proj A by Remark 2.10. Applying Proposition 2.7(2)
to this short exact sequence, we obtain such an exact sequence as in the assertion. |

Remark 2.12. We should remark that mod X is not necessarily abelian; X does not necessarily have
pseudokernels, even if it is resolving. (For example, consider the subcategory of mod R consisting of
totally reflexive modules in the case where R is not Gorenstein.) This is one of the reasons why we take
the stable category X of X and study X rather than X itself.

We recall here the definition of the singularity category of an additive category.

Definition 2.13. Let C be an additive category such that modC is abelian. The singularity category of
C is by definition the Verdier quotient

Dsg(C) = DP(mod C) /K" (proj(mod C)).

Note that Dsg(mod R) is nothing but the (usual) singularity category Deg(R) of R (see the second
paragraph of Section 1).

Let X be a quasi-resolving subcategory of A. Then mod X is an abelian category by Proposition
2.11(1). So one can define the singularity category Deg(X) of X.

3. SEVERAL CONDITIONS ON QUASI-RESOLVING SUBCATEGORIES

In this section we compare several conditions on quasi-resolving subcategories, motivated by the work
of Yoshino [56]. The point is to investigate the Frobenius subcategory of Gorenstein projective objects,
which is invisible in [56], so that we extend main results of [56]. We also show that one of the conditions
makes a certain equivalence of triangulated categories, which plays an important role in later sections.

To state those conditions, we need to recall the definitions of a cosyzygy and a Gorenstein projective
object in an abelian category.

Definition 3.1 (cf. Definition 2.5). Let M be an object of A, and let n be a positive integer. Let
g : M — P be a left (proj.A)-approximation, i.e., a morphism such that any morphism from M to an
object in proj.A factors through g. Then the cokernel of g is called the first cosyzygy of M and denoted
by Q~'M. The nth cosyzygy Q"M of M is defined inductively as Q=1 (Q~ (=Y M). For a subcategory
X of A we denote by Q"X the subcategory of A consisting of all nth cosyzygies. This contains proj.A.

Remark 3.2. Let M € A and n > 0. Suppose that Q™" M exists. Then a complex
O0—-M-—-P1—--—=P,—>Q"M—=0)
in A with P_; € proj A for 1 < i <n is induced. This complex is not necessarily exact.

Definition 3.3. Let M be an object of A.

(1) The projective dimension of M in A, denoted by pd 4 M, is defined as the infimum of the integers
n > 0 such that there exists an exact sequence

0O—=-PFP,—-P1—- =P =P —=M=0
in A with P; € proj A for all 0 < i < n.
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An exact sequence

1é) o O o_
P:...5p 5P pP

of projective objects of A is called a complete resolution of M if Hom 4(P, Q) is again exact for all
Q € proj A and the image of 0y is isomorphic to M.

An object admitting a complete resolution is called Gorenstein projective. The subcategory of A
consisting of Gorenstein projective objects is denoted by Gproj.A. Since Gproj.A contains proj.A, the
stable category Gproj.A := Gproj.A is defined.

The Gorenstein projective dimension of M in A, denoted by Gpd 4 M, is defined as the infimum of
the integers n > 0 such that there exists an exact sequence

0—-G,—Gp1— -G, —>Gyg— M —0
in A with G; € Gproj A for all 0 < i < n.

Remark 3.4. (1) A Gorenstein projective object of mod R is called a totally reflexive module. The

(2)

(4)

Gorenstein projective dimension of an object M of mod R is called the Gorenstein dimension (G-
dimension for short) of M, and denoted by Gdimpg M.

Let M be a Gorenstein projective object of A. Then M admits the nth cosyzygy for all n > 1, which
is uniquely determined up to projective summands, and the induced complex

O0—-+M-—->P,—--—=P,—>Q"M—0)

in A with P_; € proj A for 1 <i < n is exact. Furthermore, taking € makes an autoequivalence of
the category Gproj A and taking Q! makes its quasi-inverse.

The category Gproj A is a Frobenius category [33, Chapter I, §2] and a resolving subcategory of A, and
the stable category Gproj A is a triangulated category. These statements are shown in [21, Proposition
2.13] except the fact that Gproj A is closed under direct summands (see Remark 2.9). This fact is
proved by noting the following.

Suppose that there is an exact sequence 0 — M & N M P — L — 0in A with P € proj A
and Exti(L, proj A) = 0. Letting X,Y be the cokernels of f, g respectively, we get exact sequences

0MLP X 50and0—N% P Y —0. There is a commutative diagram
0 0

0—>MaN_—T2 p L 0

"
O—>M@N(O—Q)>P@P—>X®Y*>O
(1)
p——p

(1,1)

0 0

with exact rows and columns. The exact sequence 0 - P — X®Y — L — 0 splits as Ext}4(L, P) =0,
and hence Ext}‘l(X ,proj A) = 0. Using this argument, one observes that if there is an exact sequence
0= M®N — PY— P! - P2 5 ... whose dual by each projective is also exact, then there is an
exact sequence 0 — M — P° — PO@ P! — P’ @ P! @ P? — ... whose dual by each projective is
also exact.

Let M € Aand n > 0. Then Gpd 4 M < n if and only if Q"M € Gproj A.

Let us introduce regularity and Gorensteinness for a quasi-resolving subcategory.

Definition 3.5. Let C be an additive category such that modC is abelian. We say that C is regular
(respectively, Gorenstein) if every object of mod C has finite projective dimension (respectively, Gorenstein
projective dimension). A regular (respectively, Gorenstein) category C is called of dimension at most n
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if every object of mod C has projective dimension (respectively, Gorenstein projective dimension) at most
n, or equivalently, Q" (mod C) coincides with proj(modC) (respectively, Gproj(modC)).

Here are typical examples of regular and Gorenstein categories.

Proposition 3.6. (1) Every abelian category is reqular of dimension at most 2.

(2) Every triangulated category is Gorenstein of dimension at most 0.

(3) Let A be an Iwanaga-Gorenstein ring of (selfinjective) dimension at most n. Then the category proj A
of finitely generated projective A-modules is Gorenstein of dimension at most n.

Proof. Let C be an additive category, and pick F' € modC. There is an exact sequence Home(—, M) ER

Hom¢(—, N) — F' — 0. By Yoneda’s lemma we find a morphism g € Hom¢(M, N) with f = Home(—, g).
(1) Suppose that C is abelian. Then there is an exact sequence 0 — L — M 9y N in C, which induces
an exact sequence

0 — Hom¢(—, L) — Home(—, M) EN Hom¢(—,N) - F — 0
in mod C. This shows that F' has projective dimension at most 2.

(2) Suppose that C is triangulated. Then there is an exact triangle L — M 4 N ~~ in C, which
induces an exact sequence

-+« — Home(—, X' N) — Home¢(—, L) — Home(—, M) ER Home(—, N) — Home(—, L) — - - -

in modC, whose dual by each projective object of modC is also exact by Remark 2.4(1) and Yoneda’s

lemma. Hence this exact sequence gives a complete resolution of F', and so F' is Gorenstein projective.
(3) One has Q™ (mod A) = Gproj(mod A) by [30, Theorem 10.2.14]. The assertion follows from this; see

also Lemma 6.4 stated later. |

Auslander and Reiten [10] implicitly prove the following.

Theorem 3.7 (Auslander-Reiten). Let X be a quasi-resolving subcategory of A. Suppose that every
object in X has projective dimension at most n in A. Then X is reqular of dimension at most 3n — 1.

We are interested in establishing a Gorenstein analogue of this theorem. For this, we introduce the
following condition.

Definition 3.8. (1) We say that a subcategory ) of Gproj A is closed under cosyzygies provided that if
Y is an object in Y, then so is QY for all i < 0.

(2) Let X be a quasi-resolving subcategory of A, and let n > 0 be an integer. We say that X satisfies
the condition (G,,) if Q"X is contained in Gproj.4 and closed under cosyzygies.

From now on we fix a quasi-resolving subcategory X of A and an integer n > 0, and name several
statements for convenience.

(A) X satisfies (Gy,).

(B) X is Gorenstein of dimension at most 3n.

(C) Every object in X has Gorenstein projective dimension at most n.

(D) Ext3"(X,proj.A) = 0.

(E) Ext. 37, (mod X, proj(mod X)) = 0.
It is not hard to observe that the implications (A) = (C) = (D) and (B) = (E) hold. In what follows
we consider other implications. Before that, we investigate what the condition (A) means. In fact, this
condition can be interpreted in several other ways.

Proposition 3.9. Let X be a quasi-resolving subcategory of A. The following are equivalent for n > 0.

(1) X satisfies (Gy,).

(2) QX is contained in Gproj A and Q' (Q"X) is contained in X for all i € Z.

(3) Fach object in Q"X has a complete resolution the images of whose differential morphisms are in X.

(4) One has Ext3" (X, proj. A) = 0 and every object M in Q"X admits an exact sequence 0 — M — P —
M'" — 0 with P € proj A and M' € Q" X.

(5) One has Ext" (X, proj A) = 0 and there exists a subcategory Y of A with Q"X C Y C X such that
each Y € Y admits an exact sequence 0 =Y — P —Y' — 0 with P € proj A and Y' € ).
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Proof. (1) = (2): The implication is obvious.

(2) = (3): Let M be an object in Q*X. Then M is Gorenstein projective, and admits a complete
resolution - - - 22 P O, P, Do, P, 221, ... For each i € Z the image of ; is isomorphic to Q'M (up
to projective summands), which is in Q*(Q"X’) and so in X.

(3) = (4): Let M € Q"X. Then M has a complete resolution --- 22 P 2% Py 2% p_; LN
such that ImQ; is in X for all ¢ € Z. Hence ExtiO(M ,proj A) = 0, and there is an exact sequence
0—>M—P_1— N—0with N:=Imd_;. Note that N = Q"*(Im d_,,_1), which belongs to Q" X.

(4) = (5): The implication follows by setting ) := Q" X.

(5) = (1): Let M be an object in Q"X. Take a projective resolution

(3.9.1) 2 p P S M0

of M. Tt is seen that Imd; € Q"X for all i > 0. As Ext7°(Q"X,proj A) = 0, the Q-dual of (3.9.1) is
again exact for all Q € proj.A. Since M is in Y, so there is an exact sequence 0 - M — Py — M’ — 0
with P_; € projA and M’ € Y. Hence there is an exact sequence 0 — M’ — P_5 — M" — 0 with
P_5 € proj A and M"” € ). Tterating this procedure gives rise to an exact sequence

(3.9.2) 0 M—Py 2 p, 22

with P; € proj A and Imd; € Y for all i < 0. Since Imd; = Q"(Im;_,,) € Q"X and Ext;’(Q"X, proj A) =
0, the @-dual of (3.9.2) is an exact sequence for all Q € proj.A. Splicing (3.9.1) and (3.9.2) yields a
complete resolution of M, which shows that M is Gorenstein projective, and QM = Im d; belongs to
Q"X for all i € Z. |

The following result shows that (D) implies (E).

Proposition 3.10. Let n be a nonnegative integer, and let X be a quasi-resolving subcategory of A. If
Ext" (X, proj A) = 0, then Ext;g’g&(mod X, proj(mod X)) = 0.
Proof. Let F' be an object in mod X. By virtue of Proposition 2.11 there is an exact sequence
(3.10.1) 0->Xo—X1—>X0—0
in A with Xg, X1, Xo € X which induces a projective resolution
-+ = Hom 4 (=, Q2X0)|x — Hom 4(—, X3)|x = Hom 4(—, X1)|x — Hom 4(—, Xo)[x = F =0

of F'in mod X. In view of Remark 2.4(1), we have only to show that EXt?anli(F, Hom 4(—,Y)|x) = 0 for
Y € &. The induced complex
(Hommod&(HomA(—7Q”Xo)|&, Hom 4(—,Y)|x) = Hommod x (Hom 4(—, 2" X7)|x, Hom 4(—,Y)
— Hommodi(Hom,.A(_v QnX2>|&’ 7HomA(_7 Y)
is isomorphic to the induced complex
(HomA(Q"XO,Y) — Hom 4(Q"X3,Y) — HomA(Q"XQ,Y))
by Remark 2.4(1) again. This comes from the short exact sequence 0 — Q"Xs — Q"X; — Q"Xy — 0
obtained by applying Q" to (3.10.1). Since Ext} (2" Xo, proj.A) = 0, it is exact by Lemma 2.2(2). [ |

The main result of this section is the following theorem, which is a Gorenstein analogue of Theorem 3.7
due to Auslander and Reiten. It not only shows that the implication (A) = (B) holds, but also establishes
an equivalence of triangulated categories which analyzes the strucuture of singularity categories.

Theorem 3.11. Let n be a nonnegative integer. Let X be a quasi-resolving subcategory of A satisfying
(G,). Then X is Gorenstein of dimension at most 3n, and there is a triangle equivalence

Deg(X) = Gproj(mod X).
Proof. The second assertion follows from the first assertion and [21, Corollary 4.13]. So let us show the

first assertion. It is obvious that Gproj(mod &) is contained in 3"(mod X). Let F be an object in mod X'
Proposition 2.11 yields a short exact sequence

(3.11.1) 0+A—-B—->C—=0
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in A with A, B,C € X which induces a projective resolution
++ = Hom 4 (=, Q%C)[x — Hom 4(—, QA4)|x — Hom 4(—, 2B)|ax — Hom 4(—, Q0)|x
— Hom 4 (=, A)|x — Hom 4(—, B)|x — Hom 4(—,C)[x = F — 0
of F in mod X. Then G := Ker(Hom 4(—, Q" A)|x — Hom 4(—,Q"B)|x) is in 2°"(mod X). We want to
show that G is Gorenstein projective. Applying Q™ to (3.11.1), we have an exact sequence
0o-LLmMS N o,

where L = Q"A, M = Q"B and N = Q"C. Applying Proposition 2.7(1) to the induced short exact
sequence 0 — Q7L — Q7'M — Q7N — 0 of objects in Q"X for each i > 0 (or making a dual argument
to the proof of Proposition 2.7(1)), we obtain a sequence

[+ = QPN -SQL-QM - QN - LM —N—-Q'L—-Q'M - Q'N—-Q?2L—..]

of morphisms in A with Q'C € X for alli € Z and C € {L, M, N} such that any consective two morphisms
become a short exact sequence by adding some projective object. Hence we get an exact sequence

(3.11.2) -++ = Hom 4 (=, Q%N)|x — Hom 4(—, QL)|x — Hom 4(—, QM)|x — Hom ,(—,QN)|»
— Hom (=, L)|x = Hom 4(—, M)|x — Hom ,(—, N)|x — Hom 4(—, Q7 'L)|x
— Hom 4(—, Q7' M)|x = Hom 4(—, Q7 'N)|x — Hom 4 (—, Q72L)[x — - -~

of projective objects in mod X. Applying Hom 4(—,Y")|x with Y € X, we have an exact sequence
-+ = Hom 4 (Q7'L,Y) = Hom 4 (N,Y) = Hom 4(M,Y) — Hom 4(L,Y) = Hom 4(QN,Y) — ---;

see Remark 2.4(1) and Lemma 2.2(2). Therefore (3.11.2) gives a complete resolution of G, and thus G is
a Gorenstein projective object of mod X. |

In the rest of this section, we give several applications of our results. First, applying Proposition 3.10
and Theorem 3.11 for n = 0 yields the following corollary, which recovers [56, Theorems 3.5 and 3.7].

Corollary 3.12 (Yoshino). Let X be a quasi-resolving subcategory of A.

(1) If ExtiO(X, proj A) = 0, then mod X is a quasi-Frobenius category.
(2) Suppose that X satisfies (Gg). Then one has mod X = Gproj(mod X). In particular, mod X is a
Frobenius category, whose stable category is triangle equivalent to Dsg(X).

Recall that a thick subcategory of a triangulated category is by definition a triangulated subcategory
closed under direct summands.

Remark 3.13. The above corollary especially says that the following statements hold for a Gorenstein
local ring R, where CM(R) := CM(R) is the stable category of CM(R).

(1) Let X be a resolving subcategory of mod R contained in CM(R). Then mod X is a quasi-Frobenius
category.
(2) Let C be a thick subcategory of CM(R). Then modC is a Frobenius category.

For each n > 0, denote by Gpd,, (A) the subcategory of A consisting of objects having Gorenstein
projective dimension at most n. Using Remark 3.4 and Theorem 3.11, we have the following result.

Corollary 3.14. (1) The subcategory Gpd,,(A) of A is resolving and satisfies Q"(Gpd,,(A)) = Gproj A.
(2) The subcategory Gpd,,(A) of A satisfies (Gy,).

(3) The stable category Gpd,, (A) is Gorenstein of dimension at most 3n.

(4) There is a triangle equivalence Dsg(Gpd,,(A)) = Gproj(mod Gpd,,(A)).

Next, we apply our theorem to complete intersections. Let R be a local ring with maximal ideal m.
We say that R is a complete intersection if its m-adic completion is the residue ring of a regular local
ring by an ideal generated by a regular sequence. The complete intersection dimension (CI-dimension
for short) of an R-module M, denoted by Cldimg M, is defined as the infimum of the quantities

pdg(M ®@p R') — pdg R,
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where R — R’ < S runs over the quasi-deformations of R. Here, a diagram R i> R’ & S of homomor-
phisms of local rings is called a quasi-deformation of R if f is faithfully flat and ¢ is a surjection whose
kernel is generated by an S-sequence. The notion of Cl-dimension has been introduced by Avramov,
Gasharov and Peeva [19] to which we refer the reader for details of CI-dimension.

Corollary 3.15. Let R be a local ring.

(1) Let n be a nonnegative integer. Let X be a resolving subcategory of mod R all of whose objects have
CI-dimension at most n. Then X satisfies (G,). Hence X is Gorenstein of dimension at most 3n,
and there is a triangle equivalence Dgg(X) = Gproj(mod X).

(2) Let R be a complete intersection of dimension d. Let X be a resolving subcategory of mod R. Then X
satisfies (Gg). Hence X is Gorenstein of dimension at most 3d, and there is a triangle equivalence
Dsg(X) = Gproj(mod &X).

Proof. (1) We have Gdimp M < Cldimp M < n for all R-modules M by [19, Theorem (1.4)]. According
to Remark 3.4(1)(2), the subcategory Q"X of mod R is contained in Gproj(mod R). Since every module
in Q"X has Cl-dimension at most 0 by [19, Lemma (1.9)], it follows from [28, Theorem 4.15] that

QHQ"X) CresQ"X C X

holds. In particular, every module M € Q 'Q"X has Cl-dimension at most n, and Cldimg M =
Gdimp M < 0 by [19, Theorem (1.4)] and the fact that Gproj(mod R) is closed under cosyzygies. Us-
ing [28, Theorem 4.15] again, we obtain

Q2(Q"X) =Q HQT'Q"X) CresQIQ" X C X.

Iterating this procedure shows that the second condition in Proposition 3.9 is satisfied for A = mod R,
and hence X satisfies (G,,). Theorem 3.11 complete the proof of the corollary.

(2) Taking advantage of [19, Theorems (1.3) and (1.4)], one observes that every R-module has CI-
dimension at most d. The assertion thus follows from (1). [

4. VANISHING OF EXT OF MODULES OVER STABLE RESOLVING SUBCATEGORIES

In this section we consider when the converse of Proposition 3.10 holds, in other words, when (E)
implies (D). We focus on the category of finitely generated modules over a commutative noetherian local
ring which is Henselian (e.g. complete). Throughout this section, let R be a Henselian local ring with
maximal ideal m and residue field k.

We say that two R-modules M and N are stably isomorphic if M =2 N in the stable category mod R :=
mod R of mod R, or equivalently, if M & P = N @ @ in mod R for some free R-modules P, Q. Also, for
an R-module X we denote the (Auslander) transpose of X by TrX. This is defined to be the cokernel
of the map Hompg (¢, R), where ¢ appears in an R-free presentation Fj 2, Fy - X — 0 of X. This
is uniquely determined up to free summands, so uniquely determined up to isomorphism in the stable
category mod R.

Let S, (respectively, 7,,) be the subcategory of mod R consisting of modules M with Ext’ (M, R) =0
(respectively, Ext(TrM, R) = 0) for all 1 <4 < n. A module in 7, is called an n-torsionfree module.
There is an intimate relationship between these categories; see [35, Proposition 1.1.1 and Corollary 1.1.2].

Lemma 4.1. For all n,m > 0 there is a diagram of functors

Q
Sn+1 N T ;)1 S, N Tm+1

Q
TrHTr Tr,HTr
Q-1
Sm N 7;14.1 e Sm—i—l N 7;1
Ty —mT. N

which commutes up to isomorphism, whose horizontal arrows are equivalences and whose vertical arrows
are dualities.

The following is the main result of this section, which asserts that (E) implies (D) in a certain setting.
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Theorem 4.2. Let n > 0 be an integer, and let X be a resolving subcategory of mod R satisfying the
following three conditions.

(1) The R-modules of projective dimension less than n are in X.
(2) For each R-sequence x = 1, ...,%, the module R/xR belongs to X .
(3) For all X € X the module Q"1 X is (n + 1)-torsionfree.

If Extiii ) (mod X, proj(mod X)) =0, then Extz" (X, R) = 0.

This theorem is proved in five steps. The first four steps are done by the following four lemmas,
respectively.

Lemma 4.3. Let n be a nonnegative integer. Let X be a quasi-resolving subcategory of mod R with
Extiﬁjk(mod&, proj(mod X)) = 0. Let 0 - Y — E — X — 0 be an exact sequence of modules in X
with pdr Y < n and pdg E > n such that X is an indecomposable R-module belonging to S,,. Then Q"E
is stably isomorphic to Q"X .

Proof. Taking nth syzygies, we have an exact sequence 0 — Q"Y — Q"E® P M Q"X — 0, where P is

a free R-module. (This follows from the horseshoe and snake lemmas.) Since Y has projective dimension
at most n, the R-module Q"Y is free. Proposition 2.7(2) gives rise to an exact sequence

0= MR(_’QHY)‘& - MR(_v QnE)l& i> MR(_v QnX)|& - MR(—7 Qn_lY”&
— -+ = Homp(—, E)|x = Homp(—, X)|x — F — 0.

Then F belongs to mod X. As Q"FE is in X, the assumption implies Extiﬁjli(F, Homp(—,Q"E)|x) = 0.
Therefore the map

Hommod x (Hom 5 (—, Q" X)|x, Homp(—, Q" E)| x) — Hompmed x (Hom p(—, Q" E)| x, Hom (-, Q" E)| x)

induced by « is surjective, which shows that the map Hompgp(f,Q"E) : Homzp(Q"X,Q"E) —
Hom,(Q"E, Q" FE) is also surjective (see Remark 2.4(1)). Hence there exists a homomorphism g : Q"X —
Q"E of R-modules such that 1 = ¢gf in Homz(Q"E, Q" E). Therefore Q" F is stably isomorphic to a direct
summand of Q"X and there is an isomorphism Q"X = Q"E @ C in T Sending this isomorphism by
the nth cosyzygy functor Q=™ we obtain an isomorphism

X=2Q"Q"EeQ "C

in S, by Lemma 4.1. In view of the assumption that F has projective dimension more than n, we
observe that X is a nonzero indecomposable object and Q™ "Q"FE is a nonzero object in mod R. As
mod R is a Krull-Schmidt category, X is stably isomorphic to Q~"Q"FE, which yields isomorphisms
Q"X 2Q"(Q"Q"E) 2 Q"E in mod R by Lemma 4.1. [

Lemma 4.4. Let n > 0 be an integer. Let X be a quasi-resolving subcategory of mod R closed under
direct summands such that Ext® % (mod X, proj(mod X)) = 0. Let X be an R-module in X NS, with

pdp X =n+ 1. Then the R-module TrQ" X is stably isomorphic to a k-vector space.

Proof. Let X = X168 @ X, 8 Xq11P- - P X, be a direct sum decomposition of X into indecomposable
modules with pdp X; =n+1for1 <i<agand pdpX; <nfora+1<:<b Since X is closed under
direct summands, X; is in X N'S,, for all 4, and TrQ"X 2 TrQ" X, & --- d TrQ" X, in mod R. Thus we
may assume that X is an indecomposable R-module.

Let £:0 - QX - F 5 X — 0 be an exact sequence with F free. Fix an element a € m. There is a
pullback diagram

e: 0 Qx F—T5 X 0
ag: 0 QX Y X 0,

and it is seen that Y is in A'. Using the exact sequence

(4.4.1) 0-Y s Fax 2% x 50
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and the fact that a is an element in m, we easily observe that Y has projective dimension n + 1. Hence
we can apply Lemma 4.3 to the short exact sequence ae to get an isomorphism

(4.4.2) Q"Y 2Q"X in mod R.
Applying Exty(—, R) to (4.4.1) induces an exact sequence

Ext’;™ (X, R) % Ext’™ (X, R) & Ext’T (Y, R) — Ext’s%(X, R).

Since X has projective dimension n + 1, the module Ext%“(X , R) vanishes, which implies that the map

B is surjective. Using (4.4.2), we have isomorphisms
ExtiT(X, R) 2 Extp(Q" X, R) = ExtR(Q"Y, R) = Ext;™ (Y, R).

According to [41, Theorem 2.4], the map # is an isomorphism, and hence aExts" (X, R) = 0. It follows
that mExt;™ (X, R) = 0, which means that Exty(Q"X, R) = Ext’s"' (X, R) is a k-vector space. As Q"X
has projective dimension 1, there is an exact sequence

0P —-P—=Q"X =0

with Py, Py free. It is seen from this that ExtR(Q"X, R) is stably isomorphic to TrQ"X. Consequently,
the R-module TrQ2" X is stably isomorphic to a k-vector space. |

Lemma 4.5. Let n be a nonnegative integer. Let X be a resolving subcategory of mod R satisfying
Extiﬁjll(mod X, proj(mod X)) = 0. Then X NS,, contains no module of projective dimension n + 1.

Proof. Suppose that the subcategory X N'S,, contains a module X of projective dimension n + 1. Then
it follows from Lemma 4.4 that TrQ"X is stably isomorphic to k®! for some ¢ > 0. As the projective
dimension of X exceeds n, the integer ¢ has to be positive. There are isomorphisms

X 2 TrQ"TrQ" X = TrQ" k%!

in mod R, where the first isomorphism follows from Lemma 4.1. Since ¢ is positive, X is in X N S,, and
X is closed under direct summands, the module TrQQ"k is in X N S,,.

Let e be the embedding dimension of R; note e > 1. Write m = (z1, 22, ..., 2.), and take the subideal
I = (22,29,...,7.). Then m/I is isomorphic to k, which means that there is an exact sequence

0—-k—R/I—k—0.

As depthR > pdp X = n + 1, we have Ext(k, R) = 0. By [29, Lemma 2.3], applying TrQ2" induces an
exact sequence
0— TrQ"k — TrQ"(R/I) — TrQ"k — 0.

Since the subcategory X N'S,, of mod R is closed under extensions, TrQQ"(R/I) belongs to X N S,,. It
follows from [29, Lemma 2.5] that the R-module TrQ™(R/I) has projective dimension n + 1. Thus one
can apply Lemma 4.4 to this module to see that TrQ"(TrQ"(R/I)) is stably isomorphic to k%" for some
r > 0. As R/I has finite length and depth R > n + 1, we see that R/I is in S,,. Lemma 4.1 implies
that TrQ™(TrQ™(R/I)) is stably isomorphic to R/I. Hence R/I is stably isomorphic to £®". Using the
Krull-Schmidt theorem, we observe that R/I is isomorphic to k as an R-module. Taking the annihilators
yields I = m, which is a contradiction. We conclude that X NS,, does not contain a module of projective
dimension n + 1. [

Lemma 4.6. Let n be a nonnegative integer. Let X be a resolving subcategory of mod R such that
Extf’n’fjli(mod&, proj(mod X)) = 0. If R/xR belongs to X for all R-sequences x = x1,...,%, and
QX NS,) C Toga, then one has Exty™ (X NSy, R) = 0.

Proof. Let X be a module in X NS,. We want to show that Ext};"'(X,R) = 0. Since X NS, is
closed under direct summands, we may assume that X is indecomposable. According to Lemma 4.5,
the R-module X does not have projective dimension n + 1. If pdyp X < n, then it obviously holds that
Ext;P (X, R) = 0. So we may assume that pdz X > n + 2. The module Q"' X belongs to 7,41 by
assumption, and we have grade Ext}s"' (X, R) > n by [7, Proposition (2.26) and Corollary (4.18)].
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Suppose that Ext%+1(X, R) # 0. Then the annihilator Anng Ext%‘“(X, R) is a proper ideal of R, and
one can take an R-sequence © = x1,...,x, in it. Letting K = K(x, R) be the Koszul complex of R with
respect to &, one gets a free resolution

O%KH$K7L_1~>~~~>K1—)KOHR/:BR—)O
of the R-module R/zR. For an R-module M we denote by F*(M) the composition
Extih(M, R/xR) — Ext'i (M, Q(R/zR)) — Ext'y?(M,Q*(R/zR))
— o Extd TN (M, QY (R/2R)) — Extii(M, K,) = Extd ™" (M, R)

of connecting homomorphisms.

We claim that F*(X) : Extp(X, R/xR) — Exts™' (X, R) is an isomorphism. In fact, since X is in S,
the composition f : Exty(X, R/zR) — Exth(X,Q(R/xR)) — --- — Exth(X, Q" '(R/xR)) is bijective
and the map g : Exth(X, Q" '(R/xR)) — Ext%s"' (X, R) is injective. Since x annihilates Ext};" (X, R),
the map Ext%H(X, J) : Ext’éH(X, K,) — Ext%H(X, K,_1) is a zero map, and we see that the injective
map ¢ is surjective. Therefore F*(X) = gf is an isomorphism.

As we assume that Ext};™ (X, R) does not vanish, neither does Ext(X, R/zR), and there exists a
nonsplit short exact sequence

7:05R/aRLE—>X >0

of R-modules. By assumption R/xR is in X', and X is closed under extensions. Hence E is also in X.
One has pdgp(R/xR) = n, and pdp E > n + 2 since pdp X > n + 2. Therefore we can apply Lemma 4.3
to see that Q" F is stably isomorphic to 2" X. There is a commutative diagram

Homg(R/xR, R/xR) —>— Extyp(X,R/xR) —— Exti(E,R/xR) —— Exti(R/xR, R/xR)
FU(R/wR)l Fl(X)l% Fl(E)l Fl(R/wR)l

Exth(R/zR,R) —2— Ext'(X,R) —1— Extit'(E,R) —— Ext;"'(R/zR,R)

with exact rows. The fact that R/xR has projective dimension n implies Ext?{"l(R/ xR, R) = 0, which

shows that the map -~ is surjective. As Q"X is stably isomorphic to Q" FE, the module Ext%H(X, R) is
isomorphic to Extﬁ+1(E, R). Tt is seen from [41, Theorem 2.4] that + is an isomorphism, and hence 5 = 0.
Since F(X) is an isomorphism, diagram chasing implies that o = 0. Hence the map Homg (0, R/xR) :
Homg(E,R/xR) — Homg(R/xR, R/xR) is surjective, which means that the exact sequence o splits.
This contradiction shows that Exts™ (X, R) = 0. [

Now we have reached (the last fifth step of) the proof of the theorem.

Proof of Theorem 4.2. Since X is closed under syzygies, it suffices to deduce that Ext’s" (X, R) = 0 for
each R-module X in X. The assumption (3) implies that Q"X is n-torsionfree; see [7, Corollary (4.18)].
It follows from [7, Proposition (2.21)] that there is an exact sequence

0-Y—>Z72—->X—0

of R-modules with Z = TrQ"TrQ2" X such that Y has projective dimension less than n. The assumption
(1) shows that Y is in X', and hence so is Z. As Q"X is in 7,, Lemma 4.1 implies that Z is in S,,. Thus
we have Z € X N'S,. Thanks to the assumptions (2) and (3), one can apply Lemma 4.6 to see that
Ext’f{rl(Z, R) = 0. Since Ext(Y, R) = 0, the above short exact sequence shows that ExtTIL%H(X7 R) =0,
which is what we want. |

From now on to the end of this section, we give several applications of Theorem 4.2. The first one is
the following corollary, where the assumption on R is satisfied for instance when R is a Cohen-Macaulay
local ring with an isolated singularity. (Recall that a local ring R is said to have an isolated singularity
if for each nonmaximal prime ideal p of R the local ring R, is regular.)

Corollary 4.7. Let R be a d-dimensional Cohen-Macaulay local ring that is locally Gorenstein on the
punctured spectrum. Let X be a resolving subcategory of mod R containing the modules of finite projective
dimension. Then Extz(X, R) = 0 if and only if Ext,,54 » (mod X, proj(mod X)) = 0.
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Proof. The ‘only if’ part follows from Proposition 3.10. As to the ‘if’ part, in view of Theorem 4.2, it is
enough to prove that Q41X is contained in Tg;. We have

QH1x € Q¥ (mod R) = QCM(R) C Ta1.

Indeed, the first inclusion is obvious. It follows from [31, Theorem 3.8] that CM(R) = T3 = Q¢(mod R),
which implies the equality. As for the second inclusion, let M be an MCM R-module. Then there is an
exact sequence

O—-F—>N-—->M-—0

of R-modules such that Ext} (N, R) vanishes and F is free; see [7, Proposition (2.21)]. This short exact
sequence shows that N is an MCM R-module, and we have N € &5 N 7Ty. Lemma 4.1 implies that
QM = QN is in Tgy1, and thus the inclusion considered follows. [ |

The next application is a characterization of Gorenstein rings. Note that the second condition in the
result below corresponds to (B) for n = d.

Corollary 4.8. Let R be a d-dimensional Cohen-Macaulay local ring which is locally Gorenstein on the
punctured spectrum. The following are equivalent.

(1) R is Gorenstein.
(2) mod R is Gorenstein of dimension at most 3d.
(3) Ext?’m'ig(lmiwm(mod(mod R), proj(mod(mod R))) = 0.

Proof. (1) = (2): Since R is Gorenstein, one has Q¢(mod R) = CM(R) = Gproj(mod R), and this is closed
under cosyzygies. Theorem 3.11 shows the implication.

(2) = (3): The implication is straightforward.

(3) = (1): By virtue of Corollary 4.7, one obtains Ext;%(mod R, R) = 0, which especially says that
Ext;?(k, R) = 0. Therefore R is a Gorenstein ring. [

Let n = 0 in Theorem 4.2. Then the three conditions (1)—(3) in the theorem are trivially satisfied;
see [31, Lemma 3.4]. Hence the following result holds, whose two assertions are nothing but [56, Theorem
4.2] and [56, Corollary 4.3], respectively. (The second assertion is shown along the same lines as in the
proof of Corollary 4.8.)

Corollary 4.9. (1) Let X be a resolving subcategory of mod R. If mod X is a quasi-Frobenius category,
then Ext3’ (X, R) = 0.
(2) The following statements are equivalent.
(a) R is an artinian Gorenstein ring.
(b) mod(mod R) is a Frobenius category.
(¢) mod(mod R) is a quasi-Frobenius category.

5. A SUFFICIENT CONDITION FOR SINGULAR EQUIVALENCE

In this section we study singular equivalences among stable quasi-resolving subcategories. First of all,
let us make the precise definition of singular equivalence.

Definition 5.1. Let C and C’ be additive categories such that modC and modC’ are abelian. We say
that C and C’ are singularly equivalent if there exists a triangle equivalence Dgg(C) = Dgg(C').

Our main interest is to ask when this is the case for the stable categories of quasi-resolving subcate-
gories. The main result of this section gives an answer to this question. We begin with a proposition.

Proposition 5.2. Let X and )Y be quasi-resolving subcategories of A. Let n be a nonnegative integer.
The following are equivalent.

(1) One has Q"X CY C XN Gproj A and Y is closed under cosyzygies.
(2) One has Q"X C Y C X N Gproj A and Q"X is closed under cosyzygies.
(3) One has Q"X =Y = X N Gproj A and this is closed under cosyzygies.

When this is the case, X N Gproj A is closed under extensions.
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Proof. It is trivial that (3) implies (1), and we see from Proposition 3.9 that (1) implies (2). Pick an
object M € X N Gproj. A. Then M is Gorenstein projective, so we have M = Q™" (Q"M). As M isin X,
the syzygy Q"M is in Q"X. If Q"X is closed under cosyzygies, then Q" (Q" M) belongs to Q"X and so
does M. This shows that (2) implies (3), and consequently, the conditions (1)—(3) are equivalent.
Suppose that one of the three equivalent conditions is satisfied. Let 0 — L S M = N = 0bean
exact sequence in A with L, N € X N Gproj A. There is an exact sequence 0 — L & P — Q1L — 0
with P € proj A. As Ext}4(N , P) =0, the pushout diagram of f and g gives rise to an exact sequence

0-M-—->PON—-Q 'L 0.

The object P& N is in X, and so is Q1L since X N Gproj A is closed under cosyzygies. By definition X is
closed under kernels of epimorphisms, and hence M belongs to X'. As Gproj A is closed under extensions,
M is in X N Gproj A. Thus X N Gproj A is closed under extensions. |

As an immediate consequence of Proposition 5.2, we have:
Corollary 5.3. Let X be a quasi-resolving subcategory of A. If X satisfies (Gy,). then Q"X = XNGproj A.
Now we state the main result of this section.

Theorem 5.4. Let X be a quasi-resolving subcategory of A satisfying the condition (G,,) for somen > 0.

(1) The equality Q"X = X N Gproj A holds. Denote this subcategory by Y.
(2) One has the following.

(a) Y is a quasi-resolving subcategory of A satisfying (Gy).

(b) Y is a Frobenius subcategory with projy = proj A.

(¢) Y is a triangulated category.

(d) Y is a strictly full subcategory of Gproj.A.
(3) There are triangle equivalences

Dsg(X) = Gproj(mod X) = Q3"(mod X) = mod Y = Gproj(mod )) = Dg(Y),

where the middle equivalence is induced by the restriction functor '+ F|y. In particular, X and Y
are singularly equivalent.

Proof. (1) The assertion follows from Propositions 5.2 and 3.9.

(2) Proposition 5.2 implies that ) is closed under cosyzygies and extensions. Since X’ and Gproj.A are
quasi-resolving, so is ). Thus (a) and (b) hold, while (¢) is a consequence of (b). The induced functor
Y — Gproj A is fully faithful, and via this functor we can regard ) as a full subcategory of Gproj A. In
view of Remark 2.10(1), we easily observe that ) is closed under isomorphism as a full subcategory of
Gproj . A. This shows (d).

(3) Note that Y satisfies (Gg). By virtue of Theorem 3.11, we have equalities Gproj(mod X)
Q%" mod X and Gproj(mod ) = mod ), and triangle equivalences Dsg(X) = Gproj(mod X) and Dgg())
Gproj(mod ))). The restriction F — F|y makes a covariant exact functor

® : Mod X — Mod )Y
of abelian categories. We establish several claims.

Claim 1. The functor ® sends Hom 4(—, X)|x with X € & to Hom4(—,Y)|y with Y = Q7"Q"X € ).
Hence one has ®(proj(mod X)) C proj(mod }).

Il

Proof of Claim. Using Proposition 2.7(2) and the fact that Ext°(), proj A) = 0, we have isomorphisms
Hom 4 (—, X)[y 2 Ext)y(—, QX)[y & Ext}y(—, Q2X)[y = - = Exty(—, Q" X)ly,
Hom 4 (—, Q7"Q"X)|y = Extly (=, Q' 7"Q"X)|y = Exty(—, Q> "Q"X)[y = -+ - = Ext’y(—, Q"X)|y.

Therefore there is an isomorphism Hom 4 (—, X)|y = Hom 4(—, Q27 "Q"X)|y. Since Q"X € Yand Q'Y C
Y, we have Q™ "Q"X € ). O

It is easy to see from Claim 1 that ® induces an exact functor mod X — mod ) and a triangle functor

¢: *" mod X — mod ).
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Claim 2. The functor ¢ is dense.

Proof of Claim. Let G be an object in mod). Take a projective presentation Hom ,(—,Y1)|y LN
Hom ,(—,Yo)ly — G — 0 with Y5,Y; € Y. One can write p = Hom 4(—, f)|y for some morphism
f:Y1 = Yy (see Remark 2.4(1)). Let F' be the cokernel of the morphism

Hom (=, Q7" f)|x : Hom 4(—,Q27"Y1)|x — Hom ,(—, Q27 "Yp)|x.

As Q7"Yp and QY] are in Y and hence in X, it is seen that Hom ,(—, Q7" f)|x is an X-homomorphism

of projective X-modules, and F belongs to mod X. There is an exact sequence 0 — Y5 — Y; & P %

Yy — 0 with P € proj A and Ys € Y (see Remark 2.10), which induces an exact sequence 0 — Q7 "Y, —
Q"Y1 — Q7Y — 0. Proposition 2.7(2) shows that there is an exact sequence

HomA(—,f)|£
_—

Hom ,(—,Y1)|x Hom 4 (=, Y0)|x = Hom 4 (=, Q@ 'Y2)|x — -+

Hom , (—Q7" f)|x.
%

— Hom 4(—,Q7"Y1)|x Hom ,(—, Q7 "Yy)|x — F — 0.

Letting H be the cokernel of Hom 4(—, f)|x, we observe that H is the (3n)th syzygy of F. Thus H is in
Q%" mod X, and it is obvious that ¢(H) = G. Consequently, ¢ is a dense functor. g

Claim 3. The functor ¢ is full.

Proof of Claim. Take objects F,G € Q*" mod X and a morphism p € Hompeq y(F|y, Gly). There exists
an object F’ € mod X whose (3n)th syzygy is F'. Using Proposition 2.11(2), we obtain an exact sequence
0 — Xy — X7 — Xy — 0 of objects in X which induces a projective resolution

Hom , (—.f)lx
o

Hom 4 (—, Q" X1)|x Hom 4 (—, Q" Xo)|x — Hom 4 (—, Q"' X5)|x

— -+ = Hom 4 (—, X3)|x — Hom 4(—, X1)|x — Hom 4(—, Xo)[x = F' =0

of F/ in mod X, where f : Q"X; — Q"Xj is a morphism in A. By Schanuel’s lemma, we may assume
that F' is the cokernel of Hom 4(—, f)|x. Applying the same argument to G, we get two exact sequences

Hom 4 (—,f)|x
—_— s

Hom 4 (—, Q" X1)|x Hom 4(—, Q" Xy)|x = F — 0,

Hom 4 (—,9)|x.
—_—

MA(_vﬂnX{)‘& Hoim.A(_vﬂnX(lJ)liﬁGﬁo

with X}, X € X and g € Hom4(Q"X1{,Q"X(). As Q"X; and Q"X are in ) for i = 0,1, the objects
Hom 4 (—, Q2" X;)|y and Hom 4 (—, Q" X7)|y are projective in mod . Hence there is a commutative diagram

Hom y(—, 97 X3y —2= Hom y (—, 97 Xo) |y Fly 0
Hom . (~ k)l | Hom y(—. 1)l | 0|
Hom y(—, 2" X{)]y =22 Hom \(—, 27 X5)ly Gly 0,
where h; : Q"X; — Q" X/ is a morphism in A for ¢ = 0,1. Substituting Q"X for “—”, we observe that

hof = ghi. Hence the square in the diagram below commutes.

Hom —
Hom (=, Q"X 1) 222402 Hom (-, 97 Xo)|x F 0
HOJA(_vhl)lil HOJA(_vho)‘il
Hom , (—,
Hom 4 (—, 27 X7)|x 22225005 Hom \(— 0 x))|x G 0.

Let £ : F' — G be the induced morphism by this diagram. Then & is in Hommeq x (¥, G) and we have
#(&§) = £|ly = p. This shows that ¢ is a full functor. O

Claim 4. The functor ¢ is faithful.
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Proof of Claim. Let ¢ : F — G be a morphism in mod X with F,G € Q3" mod X. Suppose that £ is sent
to 0 by the functor ¢. Then |y = 0, which says that the morphism |y : F'|y — G|y factors through some

P € proj(mod)). As in the ‘proof of Claim 3, we may assume that F, G have projective presentations

Hom_A(_vf)li
_—

MA(_vyl)‘& HOJ_A(_7YO)|& — F — 07
Hom 4 (—, V)l 22245912, Hom (=, Yg)la = G — 0

with V3, Y/ € Y and f € Hom4(Y1,), g € Hom 4(Y7,Y]), and there is a commutative diagram

Hom , (—
Hom (— Yi)x 2% Hom (-, ¥)lx F 0
mim—,hl)@l mim—,ho)\&l g{
, Hom , (—,9)|x. ’
Hom (— Y{)lx 2% Hom ,(—, ¥9)|x G 0,

where h; € Hom4(Y;,Y;) for i = 0,1. We also have an equality hof = ghi. Sending the above diagram
by the functor ¢, we obtain the following diagram in mod ):

Hom , (—,f)ly
Hom ,(—, ¥1)|y = Hom 4(—, Yo)|y - Fly 0
Hom , (—,0)| -7
Hom  (~ )|y AT ST Homy (< ho)ly P ély
_ ~ g _ - 5
<~ Hom 4 (—,9)|y “ = 5\
Hom 4(—,Y{)[y Hom ,(—,Y7)[y Gly 0

Since P is a projective object of mod), the morphism /5 factors through J; we find a morphism ¢ :
P — Hom 4(—,Yy)|y with 8 = de. Hence there exists a morphism Hom 4(—,£)|y : Hom ,(—,Yp)ly —
Hom 4 (—,Y{)|y with £ € Hom 4(Yp,Y?) such that

Hom 4 (=, ho)ly = Hom 4(—, g)ly - Hom 4 (=, )|y + eay.

Composition with Hom 4(—, f)|y shows that Hom 4(—, hof)|y = Hom 4(—, gff)|y, which implies hof =
glf. The left triangle in the diagram

HoimA(*,f)li

Hom 4 (—,Y1)|x

Hom ,(—,Y0)|x F 0

Hom 4 (—,ho—g£)|x -~ 13

HomA(—,g)\i

HoimA(_’Yl/”& HOJA(_’YE)/”& G 0

commutes, which implies that there exists a morphism ¢ : F — Hom 4(—, Yy)|x such that the right upper
triangle commutes, and so does the right lower one. It follows that the morphism £ factors through the
projective object Hom ,(—,Yy)|x of mod X, and we have { = 0. The functor ¢ is thus faithful. O

Combining Claims 2, 3 and 4 implies that the triangle functor ¢ is an equivalence, and the proof of
the theorem is completed. |

Remark 5.5. The assumption of Theorem 5.4 does not necessarily imply that there is an equivalence
DP(mod X) = D°(mod ).

Indeed, let R be a regular local ring of positive Krull dimension d. Set n = d and A = X = mod R. Then

Gproj A = CM(R) consists of free R-modules, and the assumption of Theorem 5.4 is satisfied. There are

embeddings X < mod X < DP(mod X), and since X # 0, we have D®’(mod X) # 0. On the other hand,
since Y = 0, we have D?(mod ))) = 0. Hence D°(mod X) 2 D®(mod ).
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The remainder of this section is devoted to stating immediate applications of our Theorem 5.4. First
we apply the theorem to a quasi-resolving subcategory containing the Gorenstein projective objects.

Corollary 5.6. (1) Let X be a quasi-resolving subcategory of A with Q"X C Gproj A C X for some
n > 0. Then X is singularly equivalent to Gproj A.

(2) One has Gpd,,(A) is singularly equivalent to Gproj A for each n > 0. In particular, Gpd;(A) and
Gpd,(A) are singularly equivalent for all i,j > 0.

Proof. (1) Since Gproj.A is closed under cosyzygies, Proposition 3.9 guarantees that X satisfies (Gy,).
Theorem 5.4(3) implies the assertion.

(2) The assertion follows by applying (1) to X = Gpd,,(A), or by directly combining Corollary 3.14(2)
with Theorem 5.4(3). [ |

Applying the above result to the module category of a Gorenstein ring, one observes that all resolving
subcategories containing the MCM modules are singularly equivalent:

Corollary 5.7. Let R be a Gorenstein local ring. Let X be a quasi-resolving subcategory of mod R
containing CM(R). Then X and CM(R) are singularly equivalent.

Proof. Putting d = dim R, we have Q¢X C CM(R) C X. Since CM(R) = Gproj(mod R), the assertion
follows from Corollary 5.6(1). [ |

Here we give an example of a singular equivalence which is analogous to Corollary 5.7.

Example 5.8. Let R be a d-dimensional Gorenstein local ring. Let modg(R) stand for the category of
R-modules that are locally free on the punctured spectrum of R, and set CMg(R) = CM(R) N mody(R).
Let X be a quasi-resolving subcategory of mod R contained in modg(R) and containing CMg(R). Then
one has QX C CMy(R) C X and CMg(R) is closed under cosyzygies. Proposition 3.9 implies that X’
satisfies (G,,), and therefore X is singularly equivalent to CM,(R) by Theorem 5.4.

Remark 5.9. In general, the existence of singular equivalences between X and ) for quasi-resolving
subcategories X, Y does not imply that there is an inclusion relation between X and ), as is shown by
the example below.

Let R be a Gorenstein local integral domain of Krull dimension at least 2 with unique maximal ideal
m. Let X (respectively, ) be the subcategory of mod R consisting of modules M satisfying m ¢ Assg M
(respectively, Assg M C {0, m}), where Assg M stands for the set of associated prime ideals of R. Then
it is easy to observe that X and ) are resolving subcategories of mod R containing CM(R). In fact, in
the bijection constructed in [47, Corollary 8.9] the resolving subcategory X (respectively, )) corresponds
to the grade-consistent function f (respectively, g) defined as follows.

(o) = htp if p € Spec R\ {m}, (n) = htp if p e {0,m},

PP\ htp—1 ifp=m, I® =\ hep—1 ifp € Spec R\ {0,m}.

It follows from Corollary 5.7 that X and ) are singularly equivalent; they are also singularly equivalent
to CM(R). On the other hand, the module R/m is in ) but not in X, and the module R/p is in X but

not in Y for any prime ideal p of R different from 0 and m (such a prime ideal exists since R has Krull
dimension at least 2). Therefore, X and ) have no inclusion relation.

From now on, we apply our theorem to complete intersection local rings.

Corollary 5.10. Let R be a local ring. Let X be a subcategory of mod R.

(1) Assume that X is resolving and that all modules in X have Cl-dimension at most n. Then Q"X =
X N Gproj(mod R) holds, and Q"X is resolving. One has that X is singularly equivalent to Q"X .
(2) If R is a complete intersection, then res QX and resQ X are singularly equivalent for all i,j > 0.

Proof. (1) The category Gproj(mod R) consists of totally reflexive R-modules, which is a resolving sub-
category of mod R. Hence X N Gproj(mod R) is also a resolving subcategory of mod R. Corollary 3.15(1)
and Theorem 5.4 yield Q"X = X N Gproj(mod R), and its stable category is singularly equivalent to X.
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(2) Tt suffices to prove that res Q' X is singularly equivalent to res QX for all i > 0, where d := dim R.
By [19, Theorems (1.3) and (1.4)] and (1) we observe that Q%(resQ'X) is resolving, and resQ'X is
singularly equivalent to Q%(res Q*X'). It is enough to verify that

(5.10.1) Ql(resQ'X) = res QX

For this, we establish a claim.

Claim. For any subcategory C of mod R and any integer n > 0 one has the inclusion
Q"(resC) C resQ"C.

Proof of Claim. Let M be the subcategory of mod R consisting of modules whose nth syzygies are in
res Q"C. Then it is easily seen that M is a resolving subcategory containing C. Hence M contains resC,
which deduces the claim. g

Let us prove the equality (5.10.1). Since Q'X is contained in res X, so is res Q'X’. Hence Q¢ (res Q' X)
is contained in Q%(res X'), which is contained in res QX by the claim. On the other hand, since Q%X is
contained in CM(R), it is observed by [28, Corollary 4.16] that Q¢Q%X is contained in res Q4X. Hence
Qlx = QH(QQIX) is contained in Q¥(resQ?X), which is contained in resQ4*?X by the claim. Thus
resQ4X is contained in res Q4T X = res Q4(Q'X), which is contained in res Q%(res Q'X) = Q9 (res Q' X).
This implies that Q%(res Q'X) contains res Q¢X. [

Remark 5.11. It is not known that finiteness of Cl-dimension is preserved by taking extensions; see
[43, Remark 5.1] for example. If this turns out to be true, then the second assertion of Corollary
5.10 will extend to arbitrary local rings R and subcategories X all of whose objects have finite CI-
dimension, because all modules in res QX will have finite CI-dimension. (The same proof will work by
some appropriate replacement; d = dim R should be replaced with depth R, and so on.)

The following result immediately follows from Corollary 5.10(1). This is regarded as a stronger version
of Corollary 5.7 for resolving subcategories. Thanks to this result, to classify singular equivalence classes
over a complete intersection, one has only to consider resolving subcategories consisting of MCM modules.

Corollary 5.12. Let R be a local complete intersection. Let X be a resolving subcategory of mod R.
Then X is singularly equivalent to X N CM(R).

Let R be a local ring with maximal ideal m. Recall that R is called a hypersurface if the m-adic
completion of R is isomorphic to the quotient ring of a regular local ring by a principal ideal. Needless to
say, any hypersurface is a complete intersection. Over a hypersurface with an isolated singularity, there
are at most two singular equivalence classes.

Corollary 5.13. Let R be a local hypersurface with an isolated singularity. Let X be a resolving subcat-
egory of mod R. Then X is singularly equivalent to either CM(R) or 0.

Proof. Tt follows from Corollary 5.12 that X is singularly equivalent to X NCM(R). As X N CM(R)
is a resolving subcategory of mod R contained in CM(R), it is equal to either proj(mod R) or CM(R)
by [50, Corollary 6.9(1)]. Hence X N CM(R) coincides with either 0 or CM(R). |

6. REGULARITY FOR RESOLVING SUBCATEGORIES AND SIMPLE SINGULARITIES

We have learned in Corollary 5.13 that over an isolated hypersurface singularity the stable category X
of a resolving subcategory X is singularly equivalent to either CM(R) or 0. So it is natural to ask when
X is singularly equivalent to 0. The main purpose of this section is to give an answer to this question.

The global dimension (respectively, finitistic dimension) of A is defined to be the supremum of the
projective dimensions (respectively, finite projective dimensions) of objects of A. Let us begin with
investigating the relationships of the condition that X is singularly equivalent to 0 with several other
conditions, including finiteness of the global dimension of mod X.

Proposition 6.1. Let X be a quasi-resolving subcategory of A. Consider the following four conditions.
(1) mod X has finite global dimension.

(2) X is singularly equivalent to 0.

(3) X is regular.
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(4) Every object of X has finite projective dimension in A.
Then the implications (1) = (2) < (3) < (4) hold. The implication (1) < (2) holds if X satisfies the
condition (Gy,). The implication (1) < (4) holds if the finitistic dimension of A is finite.

Proof. First of all, note that the condition (2) is equivalent to the equality D®(mod X) = KP(proj(mod X)).

(2) = (3): It is straightforward to verify the implication.

(3) = (2): We observe that mod X is contained in KP(proj(mod X)) as subcategories of D?(mod X). Let
C=(0—C*—=Cv! — ... = C = 0) be any object of D’(mod X). Then C belongs to the smallest
thick subcategory 7 of D?(mod X) containing M := C*@C**1@-..®C? € mod X. Since K®(proj(mod X))
is a thick subcategory of DP(mod X) containing M, we see that KP(proj(mod X)) contains 7. Hence C
belongs to KP(proj(mod X)). Thus DP(mod X) coincides with KP(proj(mod X)).

(1) = (3): The implication is trivial.

(4) = (3): Let F be an object in mod X. Using Proposition 2.11(2), we have an exact sequence
0—>A— B—C—0in Awith A, B,C € X which induces a projective resolution

-+ = Hom 4 (=, QC)|x — Hom (=, A)|x — Hom 4 (=, B)|x — Hom (=, C)[x — F' — 0.

Since C has finite projective dimension, the nth syzygy Q"C is projective for some n > 0. Hence the
above resolution has length less than 3n.
(2) = (1): Suppose that X satisfies (G,,). Then Theorem 3.11 yields triangle equivalences

0 = Dgg(&) = Gproj(mod X) = Q*"(mod X)

for some n > 0. From this we obtain Q3" (mod X') = proj(mod X)), which implies that mod X has global
dimension at most 3n.

(4) = (1): Assume that A has finitistic dimension m. With the notation of the proof of the implication
(4) = (3), the syzygy Q™C is projective, whence the length of the resolution is less than 3m. [

Thanks to Proposition 6.1, now we know that the stable category of a quasi-resolving subcategory is
singularly equivalent to 0 if and only if it is regular. Thus, in the rest of this section we consistently use
the terminology of regularity instead of singular equivalence to 0.

Applying Proposition 6.1 to categories of modules over rings, we have the following.

Corollary 6.2. (1) Let R have finite Krull dimension. Let X be a resolving subcategory of mod R whose
objects have finite projective dimension as R-modules. Then mod X has finite global dimension.

(2) Let R be a local complete intersection. Let X be a resolving subcategory of mod R. Then X is regular
if and only if mod X has finite global dimension.

Proof. (1) The finitistic dimension of mod R is at most the Krull dimension of R (see [46, Seconde partie,
Théoreme (3.2.6)]), so it is finite. Combining this with Proposition 6.1 shows the assertion.
(2) The assertion follows from Proposition 6.1 and Corollary 3.15(2). [

The following lemma plays an essential role in the proof of the main result of this section.

Lemma 6.3. Let R be a Gorenstein Henselian local ring. Let X be a quasi-resolving subcategory of mod R
contained in CM(R) and closed under cosyzygies. Assume that there exists a nonsplit exact sequence

c0XLySz 0

of R-modules with X,Y,Z € X such that X, Z are indecomposable. If X is regular, then Y is free, and
X is isomorphic to QZ.

Proof. The short exact sequence o induces an exact sequence

Homn (L2, o (= )|

in mod X; see Proposition 2.7(2). The functor F' belongs to mod X, and it is not isomorphic to 0. Indeed,
if F 2 0 in mod X, then there exists a homomorphism h : Z — Y such that gh = 1. So there are
homomorphisms a : Z — P and 8 : P — Z with P a free R-module such that 1 — gh = Sa. One has an
equality 1 = gh + B« in the local ring Endr(Z). Hence either gh or S« is an automorphism, and in each
case it is deduced that o splits. This contradiction shows F' 2 0 in mod X.

Hom ,(—, T
Homp(—, X)|x B9, Homp(—, Z)|x 5 F — 0
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Taking advantage of Theorem 3.11, we have

mod X = Gproj(mod X') = Dg(X) = 0,

which means that all the objects of mod X are projective. Hence F' is a projective object of mod X', which
implies that 7 is a split epimorphism. We establish a claim.

Claim. The morphism 7 : Hompg(—, Z)|x — F is an isomorphism.

Proof of Claim. The claim follows from a similar argument to the proof of [3, Lemma IV.6.5]. Let
0 : F — Homp(—, Z)|x be a splitting of 7, i.e., a morphism with 76 = 1. Then 67 : Homp(—, Z)|x —
Homp(—, Z)|x is represented as Homp(—,¢)|x for some ¢ € Endg(Z); see Remark 2.4(1). We have
(07)? = 9(70)7 = O, which shows that Homp(—, £?)|x = Homp(—,¢)|x. Hence ¢2 = ¢, namely, £ is an
idempotent in Endp(Z). Since Z is a nonfree R-module, we have Endz(Z) # 0, and Endr(Z) is a local
ring as Z is indecomposable. Therefore £ is either 0 or 1. If £ = 0, then 7 = 0, and F = 0 as 0 is a
monomorphism and 7 is an epimorphism. So we must have £ = 1, which shows that 7 is an isomorphism.

U

The claim shows Homp(—, g)|x = 0, and hence Homp(—, f)|x : Homp(—, X)|x — Homp(—,Y)|x is
surjective, and so Y is isomorphic in CM(R) to a direct summand of X. Since X is indecomposable in
CM(R), the object Y is isomorphic to either 0 or X in CM(R). Hence the R-module Y is either free or
stably isomorphic to X.

Suppose that Y is stably isomorphic to X. Then Homp(—,Y)|x is isomorphic to Homp(—, X)|x,
and it is seen from [41, Theorem 2.4] that Homp(—, f)|x is an isomorphism. Let Homp(—,\)|x :
Homp(—,Y)|x — Homp(—,X)|x be a inverse morphism of Homp(—, f)|x. Then we have \f = 1,
which implies that \f + Sa = 1 in Endg(X) for some homomorphisms a : X — L and §: L — X with
L free. Since Endg(X) is a local ring, either Af or S« is an automorphism, and in either case the short
exact sequence o splits, which is a contradiction. Consequently, the R-module Y has to be free. |

For an object X in an additive category C we denote by add¢ X (or simply add X if there is no
confusion) the additive closure of X in C, that is, the full subcategory of C containing X which is closed
under finite direct sums and direct summands. We say that a Cohen-Macaulay local ring R has finite
CM-representation type if there exist only a finite number of isomorphism classes of indecomposable MCM
modules over R.

Lemma 6.4. Let C be an additive category, and let X be an object of C. Then the assignment F' — F(X)
makes an equivalence

mod(add¢ X)) — mod End¢ (X).

In particular, if R is a Cohen-Macaulay local ring of finite CM-representation type, then CM(R) =
addcm(r) G for some MCM R-module G, and one has an exact functor mod CM(R) — mod Endp(G) of
abelian categories which is an equivalence.

Proof. Let A be any ring. Applying [6, Proposition 2.5] to the inclusion {A} C proj A shows that the
assignment F' — F(A) makes an equivalence mod(projA) — mod A. Note that the assignment M +—
Hom¢ (X, M) makes an equivalence adde X = projEndc(X). Now letting A = End¢(X) completes the
proof of the first assertion. The second assertion follows from the first assertion and the fact that any
equivalence of abelian categories is an exact functor; for instance, see the proof of [1, Proposition 21.4]. W

Let R be a local ring. Recall that M is said to have complexity ¢, denoted by cxg M = c, if ¢ is the least
nonnegative integer n such that there exists a real number r satisfying the inequality 3% (M) < ri"~! for
all > 0. It is known that if R is a complete intersection, then the codimension of R is the maximum of
the complexities of R-modules. For details on the complexity of a module, we refer the reader to [17, §4.2].

Let R be a d-dimensional Gorenstein local ring with algebraically closed residue field k of characteristic
zero. Then R contains a field isomorphic to k, and it is known that R has finite CM-representation type
if and only if R is a simple (hypersurface) singularity [55, §8], namely, R is isomorphic to a hypersurface

k[[x()v . ,zd]]/(f),
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where f is one of the following.

) wg+alt byt g,
n) Ty +aiT bl
) xh+at s+t ad,
) T+ Tor] +wy g,
(Es) ap+af+ad+- - +ai.

For each T € {A,,D,,Es, E7,Es}, a simple hypersurface singularity of type (T) is shortly called a (T)-
singularity.

Now we can state and prove the main result of this section, which characterizes the regularity of stable
categories of resolving subcategories.

Theorem 6.5. Let R be a d-dimensional Gorenstein nonregular complete local ring with algebraically

closed residue field k of characteristic zero. Then the following are equivalent.

(1) CM(R) is regular.

(2) R is a complete intersection, and X is regular for every resolving subcategory X of mod R.

(3) R is a complete intersection, and X is regular for some resolving subcategory X of mod R that contains
a module of maximal complexity.

(4) R is an (Ay)-singularity.

When one of these conditions holds, mod CM(R) has global dimension zero.

Proof. (4) = (2): An (A1)-singularity is an isolated hypersurface singularity. In view of Corollary 5.13, it
is enough to show that CM(R) is regular. By Knoérrer’s periodicity [55, Theorem (12.10)] we can assume
that R is isomorphic to either k[[x]]/(2?) or k[[z,y]]/(zy).

First, let R = k[[x]]/(2?). Then all the nonfree indecomposable R-modules are isomorphic to k. Hence
CM(R) = mod R = addmed r(k), and we have mod CM(R) = mod Endy (k) by Lemma 6.4. Note that
Endg (k) is isomorphic to the field k, whose singularity category is 0. Therefore CM(R) is regular.

Next, let R = k[[z,y]]/(zy). The nonisomorphic nonfree indecomposable MCM R-modules are R/(x)
and R/(y), whence Lemma 6.4 implies mod CM(R) = mod End,(R/(z) ® R/(y)). It is seen by using [55,
Lemma (3.9)] that

L (| Endp(R/x)  Homp(R/(), R/ o (K 0 o
Endn(R)(2) 8 1) > (om0 1) Entpi o)) = (o ) %

and we have Dgg(k x k) = 0. Thus CM(R) is regular.
(2) = (1): The implication follows by letting X = CM(R).
(1) = (3): Take an MCM approximation

0—-Y—->X—-k—0

of k, i.e., a short exact sequence of R-modules such that X is MCM and Y has finite projective dimension;
see [8, Theorem 1.8]. Let M be a nonfree indecomposable MCM R-module. There is an exact sequence

Exth(M, X) — Extgp(M, k) — Exth(M,Y),

and Ext;’(M,Y) = 0 since M is MCM and Y has finite projective dimension. As Extp(M, k) does not
vanish, neither does Ext},(M, X). Hence Exty(M, X') # 0 for some indecomposable direct summand X’
of X, and we find a nonsplit exact sequence 0 -+ X' — E — M — 0. As M and X’ are MCM, so is E.
Applying Lemma 6.3 to X = CM(R), the module X’ is isomorphic to QM. Hence M is isomorphic to a
direct summand of QX , which shows that

CM(R) = add(R & Q7' X).

Therefore R has finite CM-representation type, and is a simple hypersurface singularity by [55, Corollary
(8.16)]. In particular, R is a complete intersection. By assumption CM(R) is regular, and CM(R) contains
Q4% which has maximal complexity (see also [17, Remarks 8.1.1(2)])

(3) = (4): Let M be an R-module in X that has maximal complexity. Then Q%M is in X NCM(R) and
has the same complexity as M. By virtue of Corollary 5.12, replacing X with X NCM(R), we may assume
that X is contained in CM(R). It follows from [28, Corollary 4.16] that X is closed under cosyzygies.
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There exists an indecomposable direct summand N of M having the same complexity as M. Replacing
M with N, we can assume that M is indecomposable.

Let X be a nonfree indecomposable module in X', and set ¢ = codim R. Suppose that Extlk(M7 X)=0
for all 1 < i < ¢+ 1. Then we have Extz”(M,X) = 0 by [18, Theorem 4.7], and TorZ,(M,X) = 0
by [18, Theorem III]. The fact that M has maximal complexity forces X to have finite projective
dimension by [25, Proposition 2.7]. This contadicts the fact that X is a nonfree MCM module. Hence
Ext%(M ,X) # 0 for some 1 < ¢ < ¢+ 1, which implies that there exists a nonsplit exact sequence

0=-X—=E—-Q"'M—o0.

Note that Q=1 M is a nonfree indecomposable module in X. Since X is in X, so is E. Lemma 6.3 shows
that X is isomorphic to Q(Q1 M) = Q*M. It follows that the equality

X=addReQM o QPM @ - & QM)

holds, which especially says that X" is contravariantly finite in mod R. By virtue of [51, Theorem 1.2], we
have X = CM(R). Hence R has finite CM-representation type, and is a simple singularity. In particular,
R is an isolated singularity; see [34, Corollary 2].

Let C be a nonfree indecomposable MCM R-module. Take an Auslander-Reiten sequence

0—->7C—L—-C—0

ending in C; see [55, Theorem (3.2)]. This is a nonsplit exact sequence of MCM modules with C' and 7C
indecomposable. Hence we can apply Lemma 6.3 to see that L is a free R-module. Thus for each nonfree
indecomposable MCM R-module D there are no irreducible homomorphisms from D to C and no such
ones from 7C to D. This means that in the Auslander-Reiten quiver of CM(R) there is no arrow between
two vertices different from R. The classification of the Auslander-Reiten quivers of the MCM modules
over simple singularities [55, Chapters 8-12] together with [55, Corollary (12.11.3)] implies that the only
simple singularities R where CM(R) possesses such an Auslander-Reiten quiver are (A;)-singularities.

It now follows that the conditions (1)—(4) in the theorem are equivalent. The last assertion of the
theorem is shown in the proof of the implication (4) = (2) stated above. [

Remark 6.6. The condition in Theorem 6.5(3) that X contains a module of maximal complexity cannot
be removed. In fact, let R be any nonregular complete intersection local ring. Let & be a resolving
subcategory of mod R whose objects have finite projective dimension (e.g., the subcategory consisting
of free modules, the subcategory consisting of modules of finite projective dimension, and so on). Then
the stable category X is regular by Proposition 6.1. However, of course, R is not necessarily an (A1)-
singularity. The reason for this is that all modules in X have complexity zero, and R has positive
codimension, so & does not contain a module of maximal complexity.

Let R be a simple hypersurface singularity. Theorem 5.4 especially says that CM(R) is not regular
unless R is an (A;)-singularity. One can actually confirm this for a 1-dimensional (Ag)-singularity by
direct calculation.

Proposition 6.7. Let k be an algebraically closed field of characteristic zero. Let R be an (Az)-singularity
of dimension 1 over k. Then there is a triangle equivalence

Dsg(CM(R)) = Deg(K[t] /(%))
In particular, CM(R) is not regular.

Proof. One has R 2 k[[xo,z1]]/(z% + 23), and all the nonisomorphic indecomposable MCM R-modules
are isomorphic to the maximal ideal m of R; see [55, Proposition (5.11)]. Hence Dg(CM(R)) is triangle
equivalent to Deg(Endp(m)) by Lemma 6.4.

The ring R is isomorphic to the numerical semigroup ring k[[t?,#3]], which is a subring of the formal
power series ring S = k[[t]]. Note that R and S have the common quotient field K. One has

Endg(m) 2 (m:x m)=(m:gm) =5,

Endp(m) (ﬂ_) Torf(Tr(m), m) (%) Torf(m, m) = Torf (m, k) = k92,
a b

where (a) follows from [55, Lemma (3.9)], and (b) holds since Tr(m) = m. Thus Endy(m) is isomorphic to
a quotient ring of S that has dimension 2 as a k-vector space, so Endp(m) = S/(¢?) = k[t]/(t?). Therefore
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Dsg(CM(R)) is triangle equivalent to Deg(k[t]/(¢?)), which is nonzero since k[t]/(¢?) is an artinian ring of
infinite global dimension. |

Remark 6.8. Let R, S be Gorenstein local rings. Even if CM(R) and CM(S) are singularly equivalent,
the numbers of indecomposable MCM modules over R and S are not necessarily equal. In fact, let
R = E[[z,y]]/(zy) where k is an algebraically closed field of characteristic zero. Then CM(R) is singularly
equivalent to 0 = CM(k) by Theorem 6.5. The isomorphism classes of indecomposable MCM R-modules
are those of R, R/xR and R/yR, so there are three. But k is the only indecomposable MCM k-module.
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