obo0o0O 20150 120 150
googobD 20160 30 20

Juogdootdbod

oo og
gboobooooooooooon

1 00

ugbboboboobuooboobuodbuoobbobooboboboobooboobod
gbooooboboobooboobooobooboboboobobobooooan—
gbobooooboobo—0bobobobobooooboboboboboonooobg
gbooboboobooooooobuoobobooboboobobooboobobg
gbobobobobooooboooooon

gbooboboobobooboobobooboboobobooboobooboboooon
gbooobooooooboboobooooobooobooobooobooobobooboboooo
DDDDDDI%DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD
goboboboobooomobooboobobobboobooboobooobooboobobon
gbodbobobooboboobboooboboobobobobobobobooobobo
gobooboooooooboooon

gboboboboobomooooo20l6ed 20000000000000000000
gooobooobooboboboooboboboboobooboobooboobobo
000 4300000000000 0000000UDO00UODO0O0OUOOOnUO
gboogboogoobobobooboboobobobobooooobobooobobo
gboooboobobooboboooboobooboboobobooobooobobo
gboboobobboooboboobobooboboobobooboboboobobo
gbooobooboobooooobobooooobooboobooboboobobooon
gbobogboboboobouooboboobobbobooboboobobobo
gboooooboboobobooboboobobooboboobobooobooboo
gbobgooboobobooboobobooobobooboboboobboobobo
gooobooobogooboooboobooobooogboooobobooboobooobooo
gboboogboobobobgobooboubobuoboguboboboooobooabo
1927000 2015 00000000000000O000O00DO0ODLOOODOODOODOOODO
gobooboooboboooboobbooboobbobobooboobbooooo

goboob ooooboobbooobuooboboobuoobboooboobbooon
gobobobobobobobobobobobobobobobonnobobooboo
gboobobobobobobobobobo 12000b00bDO0obDOobDOobDObDObDOD



gboobobooboobobooboboobobooboooboobobooboboo
gobooooboooooobobobboooobboboboboooo 11tobooboog
gooboboboboboboboboobobobobobobobbboooo

b pDFOO0OOOOODOOOODOODOOOOOOOOODODODODOLOOOOO
goboooooo

2 Joooboobooodo

gbooboboooboboobobooboobobobbooobooboaoobobon
gboooboboobooobobooobooboobobooobooboobooobooboo
O000000oO00o0o0OADOOUOLOOOUODOOUOOA=R/2n)0000O

O0000000oooooO0ooooOooooooonD (11.)o

pigr ~ h (2.1)

O0000000O00oO0oooooooooooo(Gkano

a(Q)o(P) > =h (2.2)

0000000oooooo (6.1)0
N N 1 . . 1 . a 2
o(APo(B)? = {WHAA ABYY) + | (WIIA, Bllv)] (2.4)

00000000000000000000000000000000000000000
0000 (11.19)0

o (UMDY - (UM NEp0) > [(Q. )| = & (2.5)

0000000000000000000000000000000000000000(8.7),
(8.8)00

Eac(d)-Eac(B) = Z|(IA B, (2.6
(UMD - (O NIp0) = |4, B) (27)
0000000000000 00000O0o(7.6)0
(An(B) +e(A)o(B) + o(An(B) = 3 |{[4, B) 23
00000000000 0000000000O0ODODO0O0O00OOOoOoO(9.1)o
(A)e(B) + £(A)o(B) + o(A)e(B) 2 | (14, B) 2.9




000000 (11.33)0

(o) + i) =

0000000000000 00000000O0OO0O0oOoOOoo(10.1)O

2(A4)0%(B) + 0> (AP (B) + 2:(A(B)y o2 (A)o2(B) — 0 > %, €= (14, B]
0000000000000 0000ooooOOO (10.44)0 o
52(21)02(3)+02(A)52(B)+2g(A)g(B)\/a2(A)a2(B) —C? > (C? (2.12)
00000000000O0O000O0ooooD (11.3H)0
sw(d)ewB) > |4 B[ (2.13)
000000000000000000000 (11.32)0
Ew(A)Dw(B) > [(AB)| (214

Hirschmann-Beckner-Biatynicki-Birula-Mycielski 0 0 00000000000 (11.23)0
H(Q1, -+ ,Qulp) + H(Py,-+ , Polp) > n log(er) (2.15)

Deutsch 000000000000 O0O0OOOOOO (11.24)0

H(A|p) + H(B|p) > 2 1og< . Dup := max ’(a\b>‘ (2.16)

1+DAB> b
DDDDDDDD(Z.Q)DD(2.12)DDDDDDDDDDDD

3 oobobobooooobbd

goooo

000000000000000000000000000000000000 O O
00000000000000000000000000000000000000000
00000000000000000000000000000000000000000
00 (7000000 M

00000000000000000000000000000000000000000
00000000000000000000000003000000000000000

000000000000000000000000000000000000 (Hilbert
space) 0000 0000000000000000000000000000000000
00#0000000000000000000002000000 [¢),|¢) €00

|1) + [iho) € (3.1)
00000000 ceCObOOOOOoOOoOO ’¢>€%DDDDDD

cly) € A (3.2)



00000000 2000000 |¥),|x) e 000000000000

(xlv) € C (3.3)

000000000000000000000000000000000 (xj¢) 000
000 ¢(7000 (bra), 00000 ¢) 0000 (ket) 000000000000
[¥), [1)s [92), Ix), [x1), [x2) OOODOODOO cO0DODOOO0O

(X[¥1 +v2) = (x|¥1) + (x[¢2) (3.4)
(Xley) = e{xi) (3.5)
(x1+x2l¥) = (xalv) + (xalv) (3.6)
{exlv) = " (x|¥) (3.7)
(Wlx) = (xlv)* (3.8)
(Yly)ooo (3.9)
(Wly) =0 (3.10)
(Yl) =0 < [p) =0 (3.11)

0000000 (3.10)00000oo0o0000DbOO000OoO0o0DbOOOOoU0bOODOOD
00000000000 (3.10), (3.11) 00000000000 O0ooooooo

[ 1) ]| = v/t (3.12)

000000 [»)0D0D0000000 (norm)00000000000000000000O
0000000000000000000000000 {|¢), [¢e), [¢s),---} 000000
00 |¢) 0

Jim ) = 9] =0 (3.13)

00000000000000({|¢),|ve),|¢s),---} 0 |¢) 00000 (converge) D000
) 000000000000000000000000000 {|¢1), [, [¢s),---} O

tim | [4m) — o)

m,n— 00

=0 (3.14)

O00o00oooooooood {yr), |ve),lvs),---} 000000 (Cauchy sequence)
oooog

000000 {j1), [¢e),|¢s),---} 00000000000000000000000O0
O0000000000000000000000 (complete) 00000

000 |||¢)||=10000000000 [¢)0000000 (unit vector) 100000
D0000000000000000000000000000 10000000 ¢000
O00D00 W0 ey)00000000000000

0000 |x), v)yODODO (xjy)=0000 |x)O [¢) 0000000 (orthogonal, per-
pendicular) D000 |x) L [)0000O



4 ODO00O0O0OO0oOOoOoObOOOn

000000000000000000000000000000 (Cauchy-Schwarz in-
equality) 00 000000000000 00000000 |¢),|x)0000

(@16) (xIx) > | (x|9)]? (4.1)

000000 (xx)=00000 (x|x)#0000000000000
(x|x)=000000(3.11)000|x)=000000+0=00 (3.6) 000 (0[¢)+ (0]p) =
(0]¢) 0000000 (0]¢)=000000000(4.1)0000000000000000
0000
(x|x)£000000000000¢0000

6) = |6} — t]x) (42)
DOoDO(ee) >0000000000
(dlo) — t(Bx) — t*(x|d) + [t[*(x|x) > 0 (4.3)
godogoodgad tyg <|¢>
X
t‘<mm (44)
00000 (xé) = (¢)* 000000000
_ Xl _ Xlo) (x19) |*
(910) = 21 a1y = XU o) + \ K
iy
(9]®) o) 2 0 (4.5)

0000(41)0000
00000000000000000000000000 |¢)0[x)000000000
0000000 |¢)=¢x)+|¢)0000000000 $)000000000000000

ol
S

tx X
01: 000000000000000000000
00000000000000 (41)00000000000000000000000
O0|x)=00000000000000x)#£000000(¢¢)>0000000000
(41)0000000000000 1) =000000000000 |)=|¢)—tx)=00

) =tl\)000000+¢+0000000000000000J¢)0 [x)00O0000000
00 (41)0000000000000000



5 Uouobbooood

gboobobuooboboboobobooboboobobooooboobobooan
uboobooboobobooboboboooboobobooboobooboobooooboboo
goooooogd (A:AT)DDDDDDDDDDDDDDDDDDDDDDDDDD [¢)
0000000 ADOO0O0OO0DOOO0

(A) = (|Aly) (5.1)
ddooooooobobbbbboboo 2000
V(A) = (A= (4)) = (4%) - (4)? (5.2)

000 [¢)0000000 A00O0OO (variance) 0000000000

o(A) = \/V(A) = (4 - (A)2) (5.3)

000 [¢) 0000000 AOOOOO (standard deviation) 000000000000
000000000000 00000000000000000000000O0V(4) =0,
o(A)=0000000000000000 [¢)0000 ADDO(A0D00O0DO0OOOO0
0oooo

0000000000 |¢)0000 Iy =000 1000000 (identity operator)
DO000DA—(A0DD00ODA—(AJ000ooon

0000000 A, BODOODOOOO 2000000000

o(A)o(B) = |([A. B)) (5.4)

N |

0000000000000000000 (inequality of Robertson) O O O [10]0
goooooooooooooooo

000000000ooooo0oO (41)oooooo

WIAA? ) (EIAB?Y) > |WIAAABW)| (5.9)

000000000000000000 (5.3)00 (|/(AA)?ly) =0(A)20000(5.9)0
oooooo

AAAB = %{AA, AB} + %[AA, AB] (5.10)



gobooboogobooo

OD000000000{AA AB} ={AA AB}, [AAAB]' = —[AAAB00OD0O{AA,
ABYOOOODOO[AAABOOOOOOOOOOW|{AA AB}y)DOOOO(p|[AA, AB][)
000000000000

WIAAAB)| = JWHAL AR + |widAaBw[  (613)

gboooooo

[AA,AB] = [A, B] (5.14)

00000 (5.9), (5.13), (5.14) 0 0

N ~ 1 ~ . 1 o o 2 1 ~ A~ 2
o(A)o(BY = JWHAAABYY)? + 7| WIIAA ABIw)| = 7|WlA,Bllv)| (5.15)
gooooooooboooooo
o(A)o(B) > | wI[A, Bw)] (5.16)

00004000000
D00DA=QUO00000000B=PO000000000OO000000O[Q,P]=
il000000((5.16)00

o(@o(P) > h (5.17)

gbooboboo192robgbobooboobooboooboooooooooooboooboooDon
O 7000000000000 00000U00O0O000D0D0UooOoOoDOOOOn
0000000000 (h.16) 0000000000 ODOO0ODO (b.1)D0ODOOOODO
0000000000000 000000000000U0O000OOUOO0O (515000
0000000000 000OD00O0OOg(G.s) 00000 0Dooo0o0oooDoLooOoOooO
DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDAAW}:ODDD

tAA[Y) = ABJY) (5.18)

O000+¢+eCOO00OOODOOOOOOODO(.15)0000000000000000
0000 W{AAAB}¢)=000000000 (518)000000000

(¢ + ) (0 (AA)* ) = 0 (5.19)

000o0ooooooooo @), (), i)0000b0o0000ooooooooooo
000000 (5.16) 0000000000000 DO0OODOODOOOG)t+t*=00000

~ A~

0000000000000 (518)000000 (i) o(A) =0, (i) ¢(B) =000000



O00000000000 f)0000000000000000 (minimum uncertainty
state) 000000000 (i) 0000000000 ADDODOODOOOO (H)00000
D0000 BOOODOODOOOOODOODG(A)#0,0(B)#0000 ())000000
lp)OODOOODOO00O0

00000000000 0000000000000000000000000 10000
000000000000000 [¢)000000000000000000000 5000
0000000000 ADDDODOOODOOOOOOOOO000OO (AY0D000O0O0
D000000000¢(A)D0000D0DOO00OD 0000000000000 B
000000000000000(B)0000O0 «(B)00000000000DOOOO
000000000000 0000000000000000000000000000
00000000000000000000000000000000000000000
000000000000 00000000000000000000000000000
0000000000 ¢(A) 000000 [¢)000000000000000 A0000
00(A)000000000000000000000000 BOOOOO o(B)0000O
0000000000000 000000000000 (5.4)00000000000000
D00 A BOOODOODOAB#BAODDDO [A,Bj]=AB-BA#000000A,BO
00000000000 [4,B)00000 o(d)e(B) > L([A,B)| 0000000000
000000 20000000000000000000000000000000000
0D0000000000000000
00000000000000000000000000000000 ADOOO BO
0000000000000000000000000ADDOOOD BOOOOOOO
0000000000000000 ADODOODOOOOOOOOOO0OOO BOOOOO
0D0000000000000000000000000000000000

6 UJUouoboogoooon

0D00000000000000000(5.15)00 (5.16)000000 (W|{AA, AB}¢)?
>0000000000000000000000000000000000

o(AVPo(B) > JWI{AA,ABY ) + WA Bllu)| (61)

000000000 0O00000oO0bOO0o0oUD 120000 10000000000
oooo

(W{AA, AB}|y)

I
=
-
N
|
=
o
|
E)
, +
Sy
|
)
=
|
=
—
S

goon



000000000 AD0D0OOOOO (AD00D00D0000BOOOOOOOO (B)O
0000000000000000000000000000000000 3({AA,AB})
0000000 A0 BOOOOOOOO (covariance) 100000 O

T Uooouoooougood

0000000000000000000000000000000000000000
00000000000000000000000000000000000000000
0000000000000000
0000000000000000000000000000000000000000
00000000000000000000000000000000000000000
000000000000000000000000
0000000000000000000000000000000000000000
D00000000000000000000000 (model of indirect measurement) O
D000 [830000000000000000000000D0000O0
0000000000000000000000000000000000000000
O00000#000000000000000000000(y)e00000000
000000000000000 000000000000000))e# 00000
0000000000000 0000000000000000000000000000
DO00D00D0000 YeéeXo 000000OI0 00000 00000
DooooO
00000000000 0000 ADODODOODOOOOOOOOOO0OO000 00
0D0000000000000000 MOOOO000000A000O00O0O0O0O00000
00¢t0000000000000000000000#®.# 000000000000
00U@#)000000+¢+0000000000000000 M@ =U0'JeMU#) OO0
000000 M@#)DOO0DO0O0000 [¢eé)00000000000000000
D000000000000000 A0DOOOODOOO M@#)00000000000
0000000000000 0000000000000000000

E=Mt-AxI (7.1)
DDDDDDDDEDDDDDD(erroroperator)DDDDDDDDDDDDDDD [62] O
00 [79] OO0 O noise operator 0 0 0 00O O O noise operator 00 00 error 0 000
dOd0d0Oerror operator D000 error OO DODOO0O0OOOODODODOOOOOOMOnoise
EIDDEIDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD
oooobooooooobooooooboboooooboobooooooboOoooobooboOoooon
oboobooboobobodobod0naise0O00 eeror0000O00OO0OOOOOO
D000 E0 20000000

c(A) =W e B2 @ &) = /(@ e (M) — APl o¢) (72)



0DA0DDOOO (error) 0000 [79]0
0000000000000 BOOOOOOOOO B@)=U0@®)(BeHUEF) 0000
0000000000

D:=Blt)-B®I (7.3)

ooooo

0
0 0 0000 (disturbance operator) 000000 20000000

n(B) = \Jwe D2l ed) =\ we B - BRlvee) (7.4)

0 BOODOOOO (disturbance) D0 0 O [79]0
0000000000000 A0D0O0O0O00

o(A) = Jwe e(Ad— (A2 ee = Jwediwes - wetipes? (15

goodg
O0000000000000D000 (inequality of Ozawa) [80] O

(A)n(B) +(A)o(B) + o(An(B) > 5 |{[4, B))] (76)

0000000000000 00000000000 (uncertainty relation between error
and disturbance) 0000000000 A=QUO0OO00000B=POO0O0OO0O0O0
0000000[Q,P]=ik00

~ ~

(Q)n(P) +£(Q)a(P) +o(Qn(P) = Sh (7.7)

N | =

0oo [81]0
0000000000000 (76)0000000000000000000000 (7.1),
(7.3)0

B (7.9)

0000000000feMOBeIDODOOOOOUNdeMUD UNBe)UOODO
0oooo

= |[E,D|+[E,B]+[A, D]+ [A, B]. (7.10)

(£, D)) +([E, B]) + ([A, D)) = —([4, B]). (7.11)

10



00000000000000000 ¢,b0000 |a|+b>je+b 00000000

(2. D))| + [(1B.B)| + (4, D])| > |(14, B])|. (7.12)

o(E)o(D) + o(B)o(B) + o(A)o(D) > %MA, B)) ‘ (7.13)
gooo
S(AY = (%) = (B%) — (B)? = o(E)? (7.14)
n(B)* = (D% > (D*) — (D)’ =o(D)’ (7.15)
oooo
e(Am(B) + e(A)o(B) + o(A)n(B)
> o(E)o(D) + o(E)o(B) + o(A)a(D) > 1‘<[A,B]>] (7.16)

-2
0000000ooooooooOo (60000

8 Uubbobbiobbuoobuoobuoobugn

gboooooboobobo200b00b00b0obooooobobobooooooboboo
gbooboobooboboobobooooobooboboobooboooboooboboo
gboobobooobooboboobobooboooooooboboboobobo
goboobooobboobooboooobg

0000000000000000000000000 2000000 Ms4O MpOO
00000000000 2000000 A0 BOOOOOOODOOOOOOOOOOO0O0O
0000000000000 00000000 w)es0 ) ex 0000O0O0O00OOODO
000 peé{,HoOOODoOOOooOo U0000000000000000000000 MuO
MpO0O0OO00OO00O00O0D0O0D0O0O0O0O00O02000000000

O0000[My,Mp)=000000000000000000000 |¢)0000
WREEAp®E =0, (pREERp@E) =0 (8.3)
goddobooddoooodoooogdnobooogooogdad |1/))DDDD

WREUTI@MAU@E) = (AR Iy &), (8.4)
WeeUIToMp)Ulye¢) = (YoEBellyeE) (8.5)
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0000000000000 000M,0000 ADDOOOOOOOOOOOO0O00
000000000000000000000 M,0000000 A0DD0OOOOOOO
000000000000 M,000 ADDDOOOOOO0O0OO00O00O00000000
00000Ms0000000000 ADDDOOOOOOOOOOOOOOOOOOO0
D00000 ¢ 0000000000000000000000000000 (8.3), (8.4)
0000000000000000000000000000M,0 AD0OOOOOO
0 (unbiased estimator) 00 0000000000000 00O00000 ADDOOO
c(A?0000000000000000 o(UtMAU)? 0000000000000000
0000

Exc(A)? = o(UTM4U)? — o(A)? (8.6)

gobooboooboobooooboo
goobooooooon

EaclA) - Exc(B) = S|(IA.B) (8.7)
oo
(UM NIAD) - o (U NL50) = (4, B (8.8)

000000000 (8.7),(88)0000000000000000 (inequality of Arthurs
and Goodman) O 00O [62]0
oooboobooooooooboooooobobooboobooobooooooobooooood
0000000000000 000000000O0O00000000 WB)EOoOOODOO
0000000ooooooooo (81)oo

Ul @ MU = A+ E, (8.9)
pgoog
(UTI @ MA)U)? = A2 + AEy + EAA+ E% (8.10)
0000000 (83)0 (Y@EEAly @€ =00000 [¢)0000000000000
(€|Ealg) =0 (8.11)
ogooooooa
WU MU eE) = Qe+ Wodbilves)  (812)

000000000890 (83)00

(@AY @ €) + (¥ @ | Ealtp @ &)
= YRAlY®¢E) (8.13)

WU @ MA) Ul ®€)

12



OD00000 (8.3)00 o(Ea)? = (E%) — (Ea)?=(F%) 0000 (8.12), (8.13)00

a(UTMAU)? = (€U @ Ma)U) |9 @ &) — (Y @ €U @ Ma)U|Y @ €)?
= (A% +(E7) — (A)?
= o(A) 4 0(E,)? (8.14)

00000000000000000000000 «(0tMy0)2 000000000000
00(A?0002000 o(Fax)?=(£3)0000000000000000000000
00

Exc(A) = \Jo(UINIA0)2 — o (A)2 (8.15)
DDDDD|:|DDDDDDDDDDDDDD(8.14)DDDDDD
Erc(A) = o(En) (8.16)
goooooooooooooooooo

(€|Eple) =0 (8.17)

Eac(B) = \o(UI N0~ (B = o(Lip) (818)
D00000000([My,Mpl=0000000 (8.1), (82)00
0 = UM, MplU = [A, B+ A, Epl + [Ea, B] + [Ea, Bl (8.19)
gooooood
~[Ea, Ep] = [A,B] + [A, Ep] + [Ea, B] (8.20)
00ooooo (8.11), (8.17)00
(@ E|[Ba Epllv®€) = —( &[4 By ©¢€) (8:21)
000000 (8.16), (818) 000000000000 (54000000 (8.21)00
Ex6(A)-Eac(B) = o(Ba)-o(Bm) > L|(1Ba Bsl)| = S[ABY|  (822)

2
O000o0o0oo0Oo ®7oooooooooo

Vo) +o(Ba) - \Jo(B)2 + o(Bp)? > o(A)o(B) + o(Ea)o(Ep) (8.23)

000000000000000O0000 (8.14), (8.18) 00000 OOUOOO (54)00O

(821)000000
c(UTMAU) - o(UTMBU) o(A)o(B) + o(Ea)o(ER)
3|04, B) |+ S [18a, B

‘<[A, B])‘ (8.24)

AVARNY]
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00000000000 00000000000 (8.8)0000000
0000000000000000000000000000000000000000
0 (8.6), Eac(A)? = o(UTMAU)? —0(A)? 0000000000000 O00O0OO00O0

000000000000 00000000000000000000000000000

00000 (87) 000000000 A BOODODOOODOO My, MpOOOOOOODOO

0D00000000A,BOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

0000000000000 0000000000000000000000000000

D00000D000000000 (76)000000000000000000000O0O0

00000000000 87) 000000000000
000000 (88)002000000000 My, MpOOOOOOOODOOOOOOO

000000000000000000 (54)00000000 A BOODOOOOOOO

D00000000O00(G4) 0000 (88)000000020000000000000

00000000000000000000000000000000000000000

0000

9 Judbuoboooooobbod

2000000200000000000000000000000000000000
00000 (815 00000000000000000000000000 (7.2)0000
00000000000000000000000000000000000O000000
0000000000000000000000000000000000 (8.3)0000
0000000000000000000000000000000(M,a,Mg]=0000
00000000000000000000000000
07000000 (7.2), (750000000

~

e(A)e(B) +e(A)o(B) + o(A)e(B) AB‘ (9.1)

)23
00000 [8200000000000000000000000000 (trade-off relation
in simultaneous measurement errors) 0 0 00000

000 9.1)00(r6) 0000000000000 0O0COO00O0OO000O0O0O000O0(7.1)
ooo000000o0200000000

By =UldoM)U-A®I (9.2
Ep = U'leoMp)U—-B®I (9.3)
00000 ([Ma, Mp]=0000
= UMy, Mp)U = [A, B) + [A, Ep] + [Ea, B] + [EA, EB] (9.4)
000000000
[Ea, Ep] + [Ea. Bl + [A, Ep] = —[A, B], (9.5)

14



00000000 peHOoOoOooOo0oooooooooo

((Ba, Bal)| + [((Ba, B)| + [([A, Es])| = |([A, B (9.6)
0000000000ooOoDoooooo (s4)00O
o(EA)r(Ep) + o(Ba)o(B) + o(A)o(Bp) > 1| (4, B])| 97)
googd
S(A)? = (E]) = (E3) - (Ba)* = o(Ea)? (9:8)
OD0O0eB)?>0(Ep)2 0000
S(A)e(B) + =(A)o(B) + o(A)e(B) > 5 [{[A, B)] (9.9)

0000000000 (9.)O0ooooooo

10 OJOooooboogaa

0000000000000000000000000000000000000000
000 (tight) 0000000000000000000000000000000000
0000000 000000042 >-100000000000000000000
000000000022 >c¢00000000000000000 ¢cO00000¢=000
000000000022 >-100000000022>000000000000

000000000000000000000a>bb>cc>d000000000
¢>d00000000000000000e¢=d000000000a=b=c=d00
000000000000000000000000000000O0O0O0O0OOOOO000
0000000000000000000000000000000000000000

0000000000000000000000000000000000000000
0000000000000000000000000000000000000000
00000000000000000000000000000000000000000
0000 (12000000

e2(A)o?(B) + o*(A)n*(B) + 25(,4)7,(3)\/02(/1)0—2(3) - C? > (C? (10.1)

gbobobobobobo

€= 2%,<[A, B)) (10.2)

00000(10.1) 000000000000 (inequality of Branciard) 0000000000
0000000 (5.16)000 o(A)e(B)=|C|000000000000000000O0

ooodgdgoooooo . .
- ) =

15




gboooobbooboooboboobuooboboobob 1o0booboboonog
gopboooo
googboooboboogoboobobooobooboooooboobooboboooboo
gbooboboboboboboboboobobooboboboobooboboobobg
00000000000 OoO0ooO0oOO0oDOO0bOOOOO0OOoOOOOoDO (12000

ooboboboboboboo
goboobooooboooboboooboboooboooboooooboooboooobooboo

w1 w1 + vy 21 1+ Y1
Wy U9 + 19 22 T2 + Y2
o= =T e | T (10.0)
Wn, Up + 10y Zn Tn + 1Yn
goooooooooo
z1 Y1
) Y2 .
Relgy= | |, g =[], W =Re)+imle).  (105)
Tn Yn
gooooooboooooooooooon
(Relo)" = (1,22, ,2n),  (Im|e) " = (yi, 92, yn), (10.6)
(] = (Re|@)) " —i(Im|g)) . (10.7)
gobooooooobooooooobotooobooooooooooooooonouoooooo
—U1 1
—V2 T2
—I — - R
Re[x) uy Im [¢) Y1
Uz Y2
Unp, Yn

gbobobobobobobobo

(xlo) = (Re|x) —iIm|x))" (Re|¢) + i Im|¢))
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The time-energy uncertainty relation AT AE > %h has been a con-
troversial issue since the advent of quantum theory, with respect to
appropriate formalisation, validity and possible meanings. Already
the first formulations due to Bohr, Heisenberg, Pauli and Schrodinger are very
different, as are the interpretations of the terms used. A comprehensive account
of the development of this subject up to the 1980s is provided by a combination
of the reviews of Jammer, Bauer and Mello, and Busch. More recent reviews
are concerned with different specific aspects of the subject. The purpose of
this chapter is to show that different types of time energy uncertainty
relation can indeed be deduced in specific contexts, but that there
is no unique universal relation that could stand on equal footing
with the position-momentum uncertainty relation. To this end, we will
survey the various formulations of a time energy uncertainty relation, with a
brief assessment of their validity, and along the way we will indicate some new

developments that emerged since the 1990s.
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0

00000000000A(#) 0000000000000 A(0)0000O00O00O0
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¥(ga,q) = 6(gB —qa —¢) = /
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000000000000000001988000000000000000000000
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0000 [66,67,68)00000000000000000 [66]0 198900000001991
000000000000 [66)00 Theorem 2, (11) 00 00 Theorem 3, (12) 0000
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000000000000000000 [66], Definition 5, (10)000000000000
(83)0000000000000000000D000000000000OO0 (8.16)

[NIES

Eac(d) = (E2) (11.20)

O00O000ooO [66], Lemma 2 (i) (000000 680000000 O0OOOOOO
0000000000000 00000O000000000UDO0DOOUOUOOOD (68
gogogobbogoobobooouobooooobbooouobboooonbboooobooba
goooooooboobobbotboddooooooboboboboobobtbddooooooo
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H(X) = —Zp(mi)logp(ﬂfi) (11.21)
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00000000 [48) (1)0MOO0 (11.23)000000000000000000000
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Dap = max ‘(a\b>‘ (11.25)

a/7

0D,p00000000A BOOOOOOOOOOOOOOOODAg=10000(11.24)
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(AQ(E?) = (AQW)) + 5 (AP(OP) + —(AQO)AP() + APO)AQ()) (11.27)
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(AQ(P)sar > (AQOP) + -5 (AP(0)?)
> 2 ineoparop > 2 (11.28)
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0000000000000 000000 (@) DO0000noooooougn(P)0ObO

A ODOOOLO-DODODODODbOD (11.29)

N | =

e(@)n(P) >

00000000000000000 [79)0000000000000 [61]000000
00000000000000000000000000000000000000000
00000000000000000000000000000000000000000
000000000000000000000000000000000
00000000000000000000000000198800000000000
00000000000000000000 [63, 64]0
000000000000000000000000000000000000000
00000000000000000000000000000000O0O0O0O0O0O0000
000000000000 20200000000000000000000000000
00000000000 1989000000000 [66)0000000000000-000
000000000 (11.29) 00000000000 [79)000000000-000000
000000 (11.29) 000000000 ¢(Q)000000000000000 »(P)00
00000000000000000000000e(@Q)000000000 p(P)000
00000000

000 200300000000000000000000000000000 (7.6)00
000 [800000000000000000000000000000 (7.7)00000
000000000000000000 [81)000000000000000000000
00000000000000000000000000000000000000000
000000000000000000 (850

11,9 OO0oooooboood

0000000000000000000000000000000000000000
0000000000000 0000000000000000000000000000
00000000000000000000000000000000000000000
00000000000000000000000000000000000000000
00000000000000000000000000000000000

00000000000000000000000000000000000 (7.2)00
0(74)00000000000000000000000000000WernerO 20040
000 [86] 0

The ‘perturbation of momentum’ by the measurement is then represented
by the difference of the momentum operators before and after the measurement

interaction, and quantified by the expectation of the square of this operator.
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This is definitely a departure from the operational approach to quantum me-
chanics, since this difference of non-commuting operators is not accessible in

the given experiment.

D000000000 Werner 0000000000000 n(P)?=((P(t)—P)? 00
00000000000000 POOOOOOOOOO P(#) 0000000000000
00000000000000000000000000000000000 Werner 0O

Nevertheless, there are interesting aspects in Ozawa’s approach. In partic-
ular, his analysis applies to every input state separately, whereas our figures of
merit involve a supremum over all input states. Further relationships remain
to be clarified.

goboobooobboooboooboonoog
oo g
O0000000oo00ooO20050000 [89)p.225 0000000000 (7.2)000O0O

Although this quantity has good mathematical properties, its physical
meaning is not clear enough. For example, suppose that we are given two
pieces of apparatus A and Ald®@! which perform general and ideal measure-
ments, respectively. By performing two experiments, one using A and the
other using A4°@ we can measure all of 67pjag, O7sd, (57';‘3%1 and D(P}geal\PR),
for any states. However, it is impossible to measure the quantity of Eq. (132)

Aideal

using A and for general states.

0000000000000 Eq. (132)0000000000000O0O0O0OO (7.2)0 z—:(fl)2
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ooooo M(t)DDDDD ADDOOODODOOOOO0OODOOOO0DOOOOO0o0OOn
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00000000000 p24000000000000000O0O0O0O0ODOODOODOOO
O O Recently, Ozawa have found certain universal relations among them, using the rather
mathematical definition (132) 0000000
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00000o0000ooo0o0ooooooooooooooooooooooooon
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000000 [103]0 p.b, (8) 0003000000000 0O0UO0OUOODOOOO (74)0
0000000000000 000000O0000O0O 3000 (three-state method) 0 OO
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gbobooboooooboobobobooboobobo3obooboboobobonog 2004
gbooboobobogboooboboboboobooboboobobooobobo
goo

00020120 000000000 [103] p200O

As the output operator O 4 and the observable A to be measured are not si-
multaneously measurable, their difference is not a directly detectable quantity,
and neither is the change of the observable B. On this ground, the notions
of the error €(A) and the disturbance 7(B) have been often claimed to be

experimentally inaccessible!®22.

O000000O0OWerner D00 [86)]0 00000000 8D DOOOOODOOOOOO4
gboooooogooo M(t)DDDDDDDDDDDDDDDDDDDDDDDDDDDD
ggoobbogobogooboboobbooooboooobobooobobooouobooa
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O0000000000D00000000 (weak value)J 000 (weak measurement) 0 O
0000 201000 Lund, Wiseman 000000000 (960 000000000000
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gboboboboboooooooooooooooooon

gooobooobobboboboobuooboobooboosgubooboboboooboo
goooooobobobbobotbtbdoooooooboboooboooououooa
1

(An(B) =

(4,8)| ©oooooooooo (11.30)
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O0000O0ooooo [105, 115)0
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Ew(A) Ew(B) > 1]<[A,B]>‘ (11.31)
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