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Chapter 1

Introduction

1.1 Backgroud

Turbulent boundary layer (TBL) plays an important role in many engineering applica-

tions and geophysical flows. For example, the development and separation of turbulent

boundary layer can significantly affect the lift, drag and also the instability of the aircraft

and vehicle as shown in figures 1.1 (a) and (b), respectively.
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Figure 1.1 (a) Flow passing through an A320 airfoil.[1] (b) Flow around a blade inside a

turbine.[2]

Passive scalar is also important to be investigated for studying turbulence, which is a

diffusive contaminant in a fluid flow. Understanding the behavior of passive scalar is a

necessary step in understanding turbulent mixing, chemical reaction or combustion.[3] For

example, passive scalar can show the mixing degree of two different flows in a reaction

flow.
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Figure 1.2 Instantaneous flow visualization of a spatial developing boundary layer.[4]

1.2 Turbulent/Non-turbulent interface

Over the past few decades, a large number of studies[5–7] have been devoted for un-

derstanding TBL from various points of view. Turbulent boundary layers are known

as highly intermittent flows, where both turbulent and non-turbulent (laminar) fluids

coexist as shown in figure 1.2. This turbulent boundary layer is visualized using fluo-

rescein injected through a spanwise oriented slot.[4] Here, it can be clearly seen that

the turbulent and non-turbulent flows are separated by an apparent boundary. In 1928,

Prandtl[8] firstly pointed out the existence of this sharp interface between turbulent and

non-turbulent flows in the intermittent region, which is called turbulent/non-turbulent

interface (TNTI). After decades, the existence of TNTI was firstly examined in a free

shear layer by Corrsin and Kistler,[9] and the recent studies[10, 11] have revealed that the

TNTI is a thin layer with finite thickness. The turbulent and non-turbulent flow regions

are separated by this TNTI layer, where flow properties, such as enstrophy, kinetic energy

dissipation, scalar concentration, sharply change in this layer so that they are adjusted

between the turbulent and non-turbulent flows.[12] This layer is also important for the

exchanges of substance, energy, and heat between turbulent and non-turbulent flow and

is also related to the spatial development of turbulence.[13] Therefore, it is very important

to understand the characteristics of TNTI.

The spatial distribution of turbulent fluids also plays an important role in scalar mixing

in TBLs. Because the turbulence can create small-scale fluctuating scalar fields, which

enhances turbulent mixing at molecular level. Modeling of turbulent mixing is crucial in

numerical simulations of reacting flows[14] and combustions.[15] One of the key quantiles

in modeling of turbulent reacting flows is scalar dissipation rate, which strongly depends

on the characteristics of turbulence.[16] Many models developed for simulating turbu-
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Figure 1.3 The concept of inner structures in TNTI layer.

lent reacting flows contain the scalar dissipation rate as an unknown variable.[17–20] The

TNTI often appears near the interface that separates two streams with different chemical

substances, the mixing process near the TNTI can be important in chemically reacting

flows,[21–23] where the chemical reaction rate is strongly affected by turbulence. Therefore,

it is also important to investigate the characteristics of scalar mixing near the TNTI.

1.3 Rencent studies on TNTI

The TNTI appears in many canonical flows such as jets, wakes, and boundary layers.

Recently, with the improvement of supercomputer resources and laser-based measurement

techniques, many numerical simulations and experiments have been conducting to inves-

tigate the TNTI in canonical turbulent flows as summarized in the review paper.[10] The

flow properties near the TNTI in these flows have been investigated with the conditional

statistics computed as a function of the distance from the TNTI.[11] The TNTI layer is

found to consists of two (sub) layers with different dynamical characteristics as shown

in figure 1.3. The outer part is called viscous superlayer (VSL), where viscous effects

dominate vorticity evolution, while the region between the VSL and turbulent core region

is called turbulent sublayer (TSL),[24] where the inviscid effects, such as vortex stretching,

become important.

The phenomenon of mass transferred from the non-turbulent region to turbulent re-

gion is called the turbulent entrainment process, by which turbulence spatially grows.

As studied in pervious study,[25] the entrainment caused by large-scale eddies is called
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Figure 1.4 Two type of turbulent entrainment process:[10] (a)Nibbling caused by small-

scale eddies; (b)Engulfment caused by large-scale eddies. (IVS: intense vorticity structure,

LVS: large-scale vortices.)

engulfment, and the entrainment process caused by small-scale eddies near the TNTI is

referred as nibbling(figure 1.4). The nibbling-type entrainment is aroused by the vis-

cous diffusion of vorticity near the TNTI layer while the engulfment is described as the

non-turbulent flow which is drawn into the turbulent side by large-scale eddies before ac-

quiring vorticity. The dominant mechanism for the entrainment process has been argued

for many years. Recent studies have suggested that the nibbling process is responsible

for the entrainment mechanism, and large-scale features of turbulence impose the total

entrainment rate.[13, 25,26]

The geometry of TNTI is also an important issue for understanding the entrainment

process: large pockets structures on the TNTI interface can indraft the non-turbulent flu-

ids into the turbulent region before acquiring vorticity (engulfment) if the TNTI interface

is intensely folded;[27] It is doubtless that the complex geometry of the interface is highly

related to the total entrainment rate because the total entrainment rate can be expressed

as the surface integral of the local entrainment velocity (nibbling). Therefore, it may

need more information for the relation between nibbling and engulfment as mentioned

by Borrell and Jiménez.[28] Some recent studies have revealed the influence of large-scale

structures on the geometry of TNTI in the boundary layer,[29, 30] which can make differ-

ences in the entrainment process between the TBLs and free shear flows, because the

large-scale motions depend on flow types.

Furthermore, the turbulent flow under the TNTI layer contains eddies with a wide

range of scales, and all length scales can affect the properties and geometry of the TNTI

layer. Therefore, motions from the smallest to the largest scales need to be captured
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in measurement or simulations. Especially in the direct numerical simulations (DNS),

all scales should be resolved, and insufficient resolution can directly affect computational

results. With the DNS, researchers are able to access three-dimensional data of all quan-

tities, which is difficult to obtain in experiments especially in high-speed flows. However,

the resolution of TNTI in DNS for TBLs has not been investigated.

Recently, the TNTI in TBLs have been studied in experiments[30–34] and direct numeri-

cal simulations.[28–30,35] Some characteristics of the TNTI in TBLs are found to be similar

with the ones in the free shear flows,[36] e.g., vorticity jump in the TNTI layer, and fractal

features of the TNTI. There are still less studies on the TNTI in the turbulent boundary

layer compared with in free shear flows. Especially, TNTI studies in TBL has been done

in incompressible flows.

1.4 TNTI in high-speed flows

In many aerospace engineering applications, the TBLs often develop in a transonic or

supersonic free-stream, where compressibility is no longer negligible.[37] Compressibility

effects on the TNTI have been studied in compressible mixing layers.[38–41] There is only a

few experimental studies on the TNTI in high-speed TBLs,[34, 42] in which they conducted

fractal analysis on the TNTI of supersonic turbulent boundary layer with the experimental

data. However, the measurement near the TNTI is very limited and difficult especially

in high speed flows so that many characteristics about TNTI in compressible TBLs have

not been investigated.
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1.5 Objectives and structure

1.5.1 Objectives

Even through there are already some DNS studies on the TNTI in TBL,[28, 29,35] the

grid setting has not been evaluated with the consideration of the resolution on the TNTI

in TBL. Since the most DNS studies for TBL focus on the near-wall region, where the

grid spacing are carefully considered in usual DNS for TBL, while the intermittent region

has not been fully considered.

The TNTI has been extensively studied in recent studies on free shear flows and some

similar characteristics of the TNTI are also found in the TBL.[36] However, there are less

studies on the TNTI in the TBL than in free shear flows, and many things remains unclear

for the entrainment process near TNTI layer. Although a high-speed regime is of great

importance in realistic for aerospace engineering applications, most studies on the TNTI

have been done in incompressible flows. However, the TNTI in compressible turbulence

is still less understood compared with the one in incompressible flows.

Understanding the characteristics of the TNTI is greatly important in modeling and

predicting the spatial development of turbulence as well as the flow control based on the

turbulent structures near the TNTI. As described above, it is important to investigate

the TNTI in compressible TBLs. In this study, direct numerical simulations (DNSs) with

two types of grid setting are performed for both the subsonic and supersonic turbulent

boundary layers in order to investigate the spatial resolution effects on TNTI, compress-

ibility effects, entrainment process, as well as the development of the high-speed turbulent

boundary layers.

The main objectives in the present thesis are written in the following list:

a. Develop the DNS code for the compressible TBLs with two types of grid setting.

b. Validate the DNSs code based on the study on fundamental characteristics of the

compressible TBLs.

c. Evaluate a reasonable grid setting for the TNTI study in compressible TBLs.

d. Investigate the compressibility effects on TNTI in compressible TBLs.

e. Elucidate the physical mechanism of the entrainment in compressible TBLs.

1.5.2 Structure

In this study, DNS is performed for temporally developing subsonic and supersonic

TBLs in order to investigate the characteristics of the TNTI in the compressible TBLs

and the influence of the spatial resolution near the TNTI on the analysis on the TNTI. This

thesis is organized as follows. The details of DNS are presented in section 2. In chapter 3,
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the classical statistics of the compressible TBLs are presented and compared with previous

studies. Chapter 4 discusses the effects of DNS spatial resolution and compressibility on

TNTI followed by the statistical analysis. Chapter 5 investigate physical mechanism of

the entrainment in compressible TBLs. The real-world data circulation (RWDC) and the

relation with present study is discussed in chapter 6. Finally, the conclusion is summarized

the Conclusion.
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1.6 Major nomenclature

UW Wall velocity [m/s]

u Streamwise velocity [m/s]

v Wall-normal velocity [m/s]

w Spanwise velocity [m/s]

u Velocity vector [m/s]

ω Vorticity magnitude [1/s]

ω Vorticity vector [1/s]

T Temperature　 [K]

P Pressure　 [Pa]

ρ Density [kg/m3]

t Time　 [s]

µ Viscosity [Pa · s]
ν Kinematic viscosity　 [m2/s]

c Sound speed　 [m/s]

ϕ Passive scalar

f Average

f̃ Favre average

Superscript

′ : Fluctuation
′′ : Fluctuation about the Favre average

Subscript

rms : Root-mean square (RMS)

IB : Irrotational boundary

Other symbols will be explained in the text.
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Chapter 2

Direct numerical simulations of

temporally developing boundary

layers

The numerical method and computational conditions are described in this chapter.

2.1 Governing equations

The governing equations in present simulations are the three-dimensional compressible

Navier-Stokes equations and passive scalar transport equation. The conservation equa-

tions of mass, momentum, energy, and passive scalar ϕ are expressed as following:[43]

∂ρ

∂t
+
∂ρuj
∂xj

= 0, (2.1)

∂ρui
∂t

+
∂ρuiuj
∂xj

= −∂P
∂xi

+
∂τij
∂xj

, (2.2)

∂ρT

∂t
+
∂ρTuj
∂xj

= −(γ − 1)P
∂uj
∂xj

+ γ
∂

∂xj

(
k
∂T

∂xj

)
+ (γ − 1)τij

∂ui
∂xj

, (2.3)

∂ρϕ

∂t
+
∂ρujϕ

∂xj
=

∂

∂xj

(
ρDm

∂ϕ

∂xj

)
, (2.4)

with the equation of state for the perfect gas:

P = ρRT. (2.5)

The viscous stress tensor τij is represented with Stokes hypothesis as below:

τij = µ

(
∂ui
∂xj

+
∂uj
∂xi

− 2

3
δij
∂uk
∂xk

)
. (2.6)

Here, ui is the velocity, ρ is the density, P is the pressure, T is the temperature, µ is the

dynamic viscosity, k is the thermal conductivity, Dm is the molecular diffusivity for the
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passive scalar ϕ, and γ = Cp/Cv = 1.4, R = Cp − Cv = 287 [J/(kg · K)] are the ratio

between specific heats and the gas constant, respectively. The temperature-dependent

viscosity µ is provided by Sutherland’s law:

µ = µs

(
T

Ts

)3/2
Ts + S

T + S
, (2.7)

where µs = 1.742 × 10−5 [Pa·s], Ts = 273 [K], and S = 110.4 [K]. Prandtl number

Pr = µCp/k = 0.71 and Schmidt number Sc = µ/ρDm = 1 are assumed in present study.

2.2 Temporally developing direct numerical simula-

tion

DNS is a powerful tool to analyze the behavior of turbulence, because it directly solves

the full equations which describe turbulence (Navior-Stokes equations) without any tur-

bulence model. DNS also provides three-dimensional data of all quantities, which is very

difficult to obtain in experiments with current technique. Many numerical studies have

investigated spatially developing turbulent boundary layers.[44, 45] However, the DNS of

spatially developing turbulent boundary layer requires a very long computational domain,

which makes the cost of DNS prohibitive for high Reynolds number. In 1988, Spalart[46]

developed a technique, which assumes that the boundary layer grows so slowly in the

streamwise direction that the turbulence can be approximately treated as homogeneous

in this direction. This technique can be realized in numerical simulation by using periodic

conditions in streamwise and spanwise directions. Because of the expensive computational

costs of spatial simulations, temporal simulations are often used in fundamental researches

of turbulence.[47, 48] In recent numerical studies, it has been shown that temporal simu-

lations of both compressible boundary layers[49, 50] and incompressible boundary layers[48]

are able to reproduce important statistics of spatial counterparts of these flows. It should

be noted that the temporal approach is also found to be useful in free shear flows, such

as mixing layer[21] and jet.[51]

In present study, a three-dimensional computational domain with a size of (Lx×Ly×Lz)

is considered as shown in figure 2.1. The wall is at the bottom of the computational

domain, the origin of the coordinate system is set at the center of the wall. The x, y,

and z directions represent the streamwise direction, wall-normal direction, and spanwise

direction, respectively.

The temporal DNS approach[47] is performed for compressible turbulent boundary layers

in this study. This approach is inspired by the temporal simulation of flows which are

generally thought of as developing in space. The flow is the turbulent counterpart to

the Stokes’s first problem, in which a fluid at rest is set into a turbulent motion by a

wall moving at constant velocity UW . Figure 2.2 (a) is the spatially developing boundary
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Figure 2.1 Computational domain.

layer, which grows with the streamwise direction x. In contrast, the proposed temporally

developing boundary layer is developing with time t by applying periodic condition in the

streamwise and spanwise direction as shown in figure 2.2 (b), which shows instances at

two different time in a temporal developing boundary layer. Here δ is the boundary layer

thickness, which is defined as the value of y where the streamwise mean velocity reduce

to 1% of the wall velocity UW .[52]
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Figure 2.2 (a) Spatially developing boundary layer. (b) Temporally developing boundary

layer.
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2.3 Initial conditions boundary conditions

2.3.1 Initial conditions

In DNS studies, proper initial conditions are crucial for replicating the physical phe-

nomenon. The initial conditions in present simulations are similar to the ones introduced

by Kozul et al.,[48] where incompressible boundary layers are studied with temporal DNSs.

The initial velocity profile approximates the velocity induced by a trip wire with a

diameter D installed on the moving wall with velocity UW .[53] The trip wire is often

used in wind tunnel experiments to promote the transition from laminar to turbulence.[54]

Here, the subscript ‘W ’ refers to the properties on the wall. The initial mean streamwise

velocity profile u0 is a function of y as shown in figure 2.3, where u0 is equal to the

wall velocity UW at y = 0 and decreases toward 0 as y increase. The total velocity field

consists of a mean velocity and fluctuating components. On another hand, the mean

spanwise velocity v0 and mean wall-normal direction velocity w0 are zero. Specifically,

the initial velocity components in the three directions, u0, v0, w0, are written as:[48]

u0 = u0(y) + u′0(x, y, z); v0 = v′0(x, y, z); w0 = w′
0(x, y, z). (2.8)

Here, the subscript ‘0’ refers to an initial value. The overbar denotes the averaged value,

where the spatial averaging procedure is applied in the homogeneous (x and z) directions,

the subscript ′ refers to the fluctuation component. The initial mean streamwise velocity

u0 is represents as:

u0(y) =
UW

2
+
UW

2
tanh

[
D

2θsl

(
1−

y

D

)]
, (2.9)

where θsl = 0.01D is the initial shear layer momentum thickness, and θsl = 0.01D is

used in this study. Here, the trip wire diameter D is determined by trip wire Reynolds

number ReD ≡ UWD/ν, where ν = µ/ρ is the kinematic viscosity. Kozul et la[53] showed

that ReD = 500 is the critical value for turbulent transition: if ReD is smaller than

500, turbulent transition will not occur. ReD = 2000 is used in present study so that the

turbulent transition can occur. The step-function-like shape of the tanh profile also means

that the trip wire diameter can be identified with the initial boundary layer displacement

thickness.[53] For triggering turbulent transition, the velocity fluctuations with the root-

mean square (RMS) value 0.05UW is added to all the velocity components in the near-wall

region of y < D. The velocity fluctuations used in this study are generated by a diffusion

process, which converts the random noise into fluctuations that possess the required length

scales in turbulence (see Kempf [55] for details). Initial temperature and pressure is uniform

in whole computational domain: T0 = 300 K, P0 = 101.3 kPa.

For the scalar field, the initial condition is given by a scalar profile similar with the
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Figure 2.3 Initial streamwise velocity profile.

initial mean streamwise velocity without any scalar fluctuations:

ϕ0(y) =
ϕW

2
+
ϕW

2
tanh

[
D

2θsl
(1−

y

D
)

]
, (2.10)

where, ϕW = 1 is the passive scalar at the wall. The distribution of passive scalar indicates

that the passive scale is injected from the wall and full of the near wall region of y ≤ D,

where trip wire exists, in the initial condition.

2.3.2 Boundary conditions

In addition to the initial conditions, proper boundary conditions are also necessary

for replicating flows in a computational domain. In this study, the periodic boundary

conditions are applied in streamwise (x) and spanwise (z) directions. In the wall-normal

direction (y), the no-slip adiabatic condition is applied on the wall (y = 0), for which the

velocity and passive scalar on the wall are given by:

u = UW ; v = 0; w = 0; ϕ = 1. (2.11)

According to the adiabatic condition, the temperature and density scalar gradients in the

wall-normal direction are zero on the wall:(
∂T

∂y

)
W

= 0, (2.12)

(
∂ρ

∂y

)
W

= 0. (2.13)

The pressure P can be calculated by equation (2.5).
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For the boundary condition in the top of computational domain (y = Ly), the non-

reflective outflow boundary conditions of Navier-Stokes Characteristics Boundary Con-

ditions (NSCBC) is used with a sponge layer.[56] In high-speed flows, turbulence can

generate and radiate waves which can reach the boundaries of computational domain. If

the boundary conditions are not appropriate, the waves can be reflected when they reach

the boundaries of computational domain (the top boundary in the present DNS) and

thereby affect and distort the interior flow. To prevent the spurious wave reflections on

the boundary, Poinsot and Lele[57] developed NSCBC based on the Euler equations, then

Lodato et al.[56] modified it so that the convection and pressure gradient in boundary are

also considered. However, this modified NSCBC can only be proved to perform well when

flow vertically passes through the boundary. The NSCBC used in present study is further

modified by Wang et al.[58] where the contribution of transverse terms to waves is also

taken into consideration, and this NSCBC is called 3D-NSCBC. The governing equations

at the boundary normal direction x1, which can be x, y, z arbitrarily in theory and it is

y in present study, are expressed though the wave analysis by truncating all the viscous

terms:

∂ρ

∂t
+

1

c2

[
ζ2 +

1

2
(ζ5 + ζ1)

]
− ψ1 = 0, (2.14)

∂u1

∂t
+

1

2ρc
(ζ5 − ζ1)− ψ2 = 0, (2.15)

∂u2

∂t
+ ζ3 − ψ3 = 0, (2.16)

∂u3

∂t
+ ζ4 − ψ4 = 0, (2.17)

∂T

∂t
+

T

ρc2

[
−ζ2 +

γ − 1

2
(ζ5 + ζ1)

]
− ψ5 = 0, (2.18)

∂ϕ

∂t
+ ζ6 − ψ6 = 0, (2.19)

where ζi is the magnitude of the waves that go through the boundary, and ψi is the

transverse contribution (x2 and x3 directions) in the boundary plane. Each of these

waves has one characteristic velocity which is donated as λi. Moreover, λ1 is the velocity

of sound wave traveling in negative x1 and λ5 is positive one in terms of quantification

for x1 direction. λ2 is the convection velocity of the entropy wave; λ3 and λ4 are the

advection velocities of u2 and u3 in x1 axis. Finally, λ6 refers to the advection velocity of

the other scalar, e.g., species mass. They can be summarized as:

λ1 = u1 − c, (2.20)

λ2 = λ3 = λ4 = λ6 = u1, (2.21)

λ5 = u1 + c, (2.22)
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where c is the speed of sound wave. The expressions of ζi and ψi are given by:

ζ =



λ1

(
c2

γ

∂ρ

∂x1
+
ρc2

γT

∂T

∂x1
− ρc

∂u1

∂x1

)

λ2

(
c2(γ − 1)

γ

∂ρ

∂x1
−
ρc2

γT

∂T

∂x1

)

λ3
∂u2

∂x1

λ4
∂u3

∂x1

λ5

(
c2

γ

∂ρ

∂x1
+
ρc2

γT

∂T

∂x1
− ρc

∂u1

∂x1

)

λ6
∂ϕ

∂x1



, (2.23)

ψ =



−
∂mk

∂xk

−uk
∂uk

∂xk

−uk
∂u2

∂xk
−

c2

γT

∂T

∂x2
−
c2

γρ

∂ρ

∂x2

−uk
∂u3

∂xk
−

c2

γT

∂T

∂x3
−
c2

γρ

∂ρ

∂x3

−uk
∂T

∂xk
− T (γ − 1)

∂uk

∂xk

−uk
∂ϕ

∂xk



(k = 2, 3) (no summation). (2.24)

Here, k = 2, 3 indicate the directions in transverse plane of boundary.

Sponge layers[59] are set for the boundary where the artificial boundary conditions are

used. The fluctuations induced by waves are damped before the wave reach the boundary.

The sponge layer is set at Ly−10D < y < Ly, where is just under the NSCBC. In the same

way as for pressure and density at the radiation boundaries, the mean flow variables in the

sponge zone are also adjusted so that they match the classical laws observed in turbulent

boundary layers. The sponge layer in the present DNS is formed by combining the coarse

grid stretched in the boundary normal direction and Laplacian low-pass filtering applied

to ρ, ρui, ρT , and ρϕ at the end of every computational time step. The mathematical

algorithm for the sponge layer is shown below.

In x direction:

fxi,j,k = (1− Asp(j))fi,j,k + Asp(j)

(
fi+1,j,k

4
+
fi,j,k

2
+
fi−1,j,k

4

)
. (2.25)
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In z direction:

fzi,j,k = (1− Asp(j))fxi,j,k + Asp(j)

(
fxi,j,k+1

4
+
fxi,j,k

2
+
fxi,j,k−1

4

)
. (2.26)

In y direction:

gi,j,k =


(1− Asp(j))fzi,j,k + Asp(j)

(
fzi,j+1,k

4
+
fzi,j,k

2
+
fzi,j−1,k

4

)
, (2 ≤ j ≤ Ny − 1)

(1− Asp(j))fzi,j,k + Asp(j)

(
fzi,j,k

2
+
fzi,j−1,k

2

)
. (j = Ny)

(2.27)

Here, fi,j,k represents the quantity at the point (i, j, k) before applying the low-pass filter

and gi,j,k is the value after the filter is applied. The strength of the filter is determined

by the coefficient Asp, which gets larger as it gets closer to the boundary. Asp is defined

using following equation so that it is 0 in the beginning of sponge layer and reaches 1 at

the boundary:

Asp(j) =
1

2

[
1 + tanh

(
Bsp

y − (Ly/2− 10D)

10D
− Csp

)]
. (2.28)

Here, Bsp = 7 and Csp = 0.5 are constants (See Bogey (2009)[59] for more details).
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2.4 Numerical schemes

The present DNS code is based on the fully explicit numerical schemes proposed in

Wang et al.[58]

2.4.1 Spatial discretization

Spatial discretization used in this study is based on the fully explicit finite difference

schemes used in Wang et al.[58] The explicit 8th-order center-difference scheme is used in

interior nodes, where first-order derivatives at a node i is given by:

∂fi

∂xi
=

4(fi+1 − fi−1)

5∆xi
−

(fi+2 − fi−2)

5∆xi
−

4(fi+3 − fi−3)

105∆xi
−

(fi+4 − fi−4)

280∆xi
, (2.29)

where xi can be the grid spacing x, y, and z in the x, y, and z directions respectively. It

is important to note that the spatial difference near the computational boundaries in y

directions should be particularly treated with internal-biased lower-order finite difference

schemes for stability:

∂f1

∂y
=

1

6∆y1
(−11f1 + 18f2 − 9f3 + 2f4), (2.30)

∂f2

∂y
=

1

6∆y2
(−2f1 − 3f2 + 6f3 − f4), (2.31)

∂f3

∂y
=

1

12∆y3
(f1 − 8f2 + 8f4 − f5), (2.32)

∂f4

∂y
=

1

60∆y4
(−f1 + 9f2 − 45f3 + 45f5 − 9f6 + f7). (2.33)

Here, subscript i = 1, 2...7 refers to the node which is i − 1 apart from the boundary.

Namely,
∂f1

∂y
is derivative on the node of the boundaries,

∂f2

∂y
is derivative on the next

node apart from boundaries, similarly for
∂f3

∂y
and

∂f4

∂y
. As shown in above equations,

∂f1

∂y
,
∂f2

∂y
,
∂f3

∂y
, and

∂f3

∂y
, are the third-order, third-order, forth-order, and sixth-order of

internal-biased finite differences, respectively. Similarly, for the second-order derivatives,

they are computed by the above formulations by replacing fi by the first-order derivatives
∂fi

∂xi
. The convective terms in the governing equations are calculated in the cubic skew-

symmetric form:[60]

∂(ρfuj)

∂xj
=

1

2

∂(ρfuj)

∂xj
+

1

2

[
fuj

∂ρ

∂xj
+ ρuj

∂f

∂xj
+ ρf

∂uj

∂xj

]
, (2.34)
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where f in the above equation is 1, ui, T , and ϕ for the governing equation of mass,

momentum, energy, and passive scalar (equations (2.1) - (2.4)), respectively. This form

reduces aliasing error caused by the finite difference schemes in convective terms (see[61]

for details).

2.4.2 Time integration

The time integration of the governing equations (2.1) - (2.4) is also based on the fully

explicit schemes in the present DNS code. The Euler terms and other terms including

viscous stress, conductive diffusion, and molecular diffusion are handled by different nu-

merical schemes. The Euler terms that contain convective and pressure terms are treated

with the explicit five-stage fourth-order Runge-Kutta method written as:

dfm = Amdfm−1 +∆t · dfm−1, (2.35)

fm = fm−1 +Bmdfm, (2.36)

where m = 1, ..., 5 represents the m-th stage of the Runge-Kutta method, df represents

the corresponding convective and pressure terms in the governing equations of the variable

f :

f = ρ, df = −∂ρuj
∂xj

, (2.37)

f = ρui, df = −∂ρuiuj
∂xj

− ∂P

∂xi
, (2.38)

f = ρT, df = −∂ρTuj
∂xj

− (γ − 1)P
∂uj
∂xj

, (2.39)

f = ρϕ, df = −∂ρujϕ
∂xj

. (2.40)

∆t is the time step interval, which is determined by the Courant Friedrichs Lewy (CFL)

condition, and CFL = 0.8 is used in all simulations in this thesis. The coefficients Aj

and Bj as displayed in table 2.1, are carefully considered for both numerical errors and

computational stability. Carpenter[62] proved that this five-stage fourth-order Runge-

Kutta can save computational storage and ensure stability compared to the traditional

fourth-order Runge-Kutta scheme.

The time integration with the Runge-Kutta method is followed by the explicit 1st-

order Euler scheme applied to remaining terms, which involves viscous diffusion, thermal

conduction, and scalar diffusion. The scheme can be written as:

f = f5 +∆t · d2f, (2.41)

where f5 is the result by computing five step Runge-Kutta. d2f here is the remaining terms

in the governing equations (2.3)-(2.4), which are viscous diffusion, thermal conduction,

and scalar diffusion terms.
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Table 2.1 Coefficients used in five-stage fourth-order Runge-Kutta scheme

A1 A2 A3 A4 A5

0 −
73838075589

153778244506
−
6194124222391

4410992767914
−
875753879689

434298951106
−
375951423649

355864889808

B1 B2 B3 B4 B5

69922298306

679754813293
−
151102391305

203957027379
−
168159696081

226431017777
−
189406283338

403426599621
−
184809359603

982122979183

2.4.3 Low-pass filtering

For removing the spurious fluctuations induced by the finite difference schemes, the

following 10th-order low-pass filter[60] is applied to the whole computational domain at

each time step:

f̂i = fi + 2−10[252fi − 210(fi+1 + fi−1) + 120(fi+2 + fi−2)]

+ 2−10[−45(fi+3 + fi−3) + 10(fi+4 + fi−4)− (fi+5 + fi−5)],
(2.42)

where f̂ in the above equations is quantity filtered by low-pass filter. The nodes near the

computational boundaries (except periodic boundaries) are particularly treated as:

f̂1 =f1 + 2−10(f1 − 5f2 + 10f3 − 10f4 + 5f5 − f6),

f̂2 =f2 + 2−10(−5f1 + 26f2 − 55f3 + 60f4 − 35f5 + 10f6 − f7),

f̂3 =f3 + 2−10(10f1 − 55f2 + 126f3 − 155f4 + 110f5 − 45f6 + 10f7 − f8),

f̂4 =f4 + 2−10(−10f1 + 60f2 − 155f3 + 226f4 − 205f5 + 120f6 − 45f7 + 10f8 − f9),

f̂5 =f5 + 2−10(5f1 − 35f2 + 110f3 − 205f4 + 251f5 − 210f6 + 120f7 − 45f8 + 10f9 − f10),

(2.43)

whose orders are fifth-order, sixth-order, seventh-order, eighth-order, and ninth-order,

respectively.
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2.5 Computational conditions and girds

The DNSs are performed with two different Mach numbers M = 0.8 and 1.6 defined

as M = UW/c0, which correspond to subsonic and supersonic boundary layers. Here,

c0 =
√
γRT0 is the sound speed in the initial time. As described in section 2.3, the trip

wire Reynolds number ReD = 2000 is used for both M .

The wall shear stress τW is given by

τW ≡ ρWνW

(
du

dy

)
W

, (2.44)

which is entirely contributed by the viscous stress on the wall. It is important to note

that the viscous stress is dominant in the near-wall region, and thus the viscosity νW and

τW are important parameters in the near-wall region. From these quantities νW , τW , and

ρW , viscous scales[52] are defined for the near-wall region: the friction velocity uτ is the

viscous velocity scale and δν is the viscous length scale, which are respectively defined as:

uτ ≡

√
τW

ρW
, (2.45)

δν ≡ νW/uτ . (2.46)

The viscous length scale δν is used to set grid spacing according to previous numerical

studies of boundary layers.[46] The superscript ‘+’ refers to the quantity nondimensional-

ized by the viscous scales. For example, ∆x+ = ∆x/δν .

Large computational domain (Lx, Ly, Lz) enough to contain a large number of large-

scale flow structures is of great importance for DNS. Therefore, (Lx, Ly, Lz) in the present

DNS is determined based on the length of large-scale motion in a boundary layer, namely

boundary layer thickness δ. The size of the computational domain is set following Kozul

et al.,[48] the wall-parallel domain size is Lx ≈ 6δ in the mean flow direction and Lz ≈ 3δ

in the spanwise direction, the wall-normal domain size is set as Ly ≈ 3δ + 10D, where

10D is the thickness of the sponge layer.

The Cartesian mesh is used in this study, where the grid spacing is uniform in the

streamwise x and spanwise z directions, while the wall-normal grid spacing obeys a half-

tanh mapping:

y(j) = Ly(1− tanh(αy(1−
j

Ny − 1
))/ tanhαy). (2.47)

Here, j = 1, 2..., Ny is the grid point number in y direction apart from the wall, αy is a

factor used to adjust the grid spacing in the function, and αy = 2.9 is used in present

study. This function gives a finer grid near the wall and a coarser grid away from the wall

by stretching the grid as y increases. Small enough grid spacing is required to resolve the

smallest eddies, especially in the near-wall region. Furthermore, the resolution near the

TNTI should also be carefully examined for TNTI studies, where the DNS must resolve
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Table 2.2 Computational and grid parameters

Case F001 F002 C001 C002

M 0.8 1.6 0.8 1.6

ReD 2000 2000 2000 2000

Reθ 2206 2174 2315 2540

Reτ 639 524 707 584

Lx/D,Ly/D,Lz/D 54, 46, 27 54, 46, 27 66, 54, 33 66, 54, 33

Lx/δ, Ly/δ, Lz/δ 6.30, 5.37, 3.15 7.23, 5.29, 3.62 5.74, 4.89, 2.87 6.17, 5.05, 3.08

∆x+,∆y+W ,∆z
+ 4.9, 0.188, 4.6 4.9, 0.180, 4.6 9.49, 0.188, 4.75 8.36, 0.180, 4.70

Nx, Ny, Nz 972, 738, 486 972, 772, 512 486, 628, 486 576, 648, 512

the smallest scale of turbulence that appears underneath the TNTI, i.e., Kolmogorov scale

η = (ν3/ε)1/4 in the turbulent region. Here, ε = τijSij is the kinetic energy dissipation

rate, and Sij = (∂ui/∂xj + ∂uj/∂xi)/2 is the rate of strain tensor. For investigating the

influences of the DNS resolution near the TNTI, DNSs with two different types of mesh

setting for each value of the Mach number are performed in this study as summarized

in table 2.2. The DNS with computational grid sizes similar to the work by Kozul et

al.[48] is referred to group C (cases C001 and C002 for M = 0.8 and 1.6, respectively).

In group C, the grid spacing, (∆x,∆y,∆z), is determined based on the smallest length

scale near the wall δν . The numbers of the grid points, Nx and Nz, are determined so

that ∆x+ < 9.7 and ∆z+ < 4.8 are satisfied in the streamwise and spanwise directions.

To ensure fine resolution in the normal-wall direction, ∆y+1 < 0.2 should be hold during

the simulation.[63] More details regarding the setting of the domain size and grid spacing

can be found in Moser and Mansour.[63]

The simulations in group F (cases F001 and F002 for M = 0.8 and 1.6, respectively)

are performed with finer meshes than group C. The number of the grid points in group F

is determined not only based on the length of the near-wall region δν but also based on

the Kolmogorov scale ηc in the turbulent core region away from the wall (y = 0.5δ), where

subscript c represent a value in the turbulent core region (y = 0.5δ). The difference in

the resolution between groups C and F are discussed in relation to the TNTI in section 4.

In group F, ∆x ≈ 1.5ηc, ∆yδ ≈ 1.5ηc, and ∆z ≈ 1.5ηc are ensured. Here, ∆yδ is the ∆y

at y = δ. Thereby, the number of the grid points (Nx, Ny, Nz) is determined from the

required resolutions and computational domain size.

Finally, the computational parameters and normalized grid size in the DNS of tem-

porally developing boundary layers are summarized in table 2.2. The DNS in present

study is designed for studying the TBL at Reθ ≈ 2000. The TBLs reach this target
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Reynolds number (Reθ ≈ 2000) in the end of temporal simulation. The above conditions

for computational domain size lead to (Lx, Ly, Lz) = (54D, 46D, 27D) for M = 0.8 and

(Lx, Ly, Lz) = (66D, 54D, 33D) for M = 1.6. The definitions of momentum displacement

thickness Reynolds number Reθ and friction Reynolds number Reτ can be written as:

Reθ = UW θ/ν0, (2.48)

Reτ = uτδ/νW = δ/δν . (2.49)

Here, θ is momentum displacement thickness defined as θ =
∫∞
0
(ρu/ρ0UW )(1−(u/UW ))dy.
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Chapter 3

Development of temporally

developing boundary layers

Fundamental characteristics of DNS data for temporally developing boundary layers are

shown in this chapter, including the comparison with experimental data, spatial DNS

data and theoretical laws.

3.1 Temporal development of turbulent boundary lay-

ers

The development of the turbulent boundary layers can be tracked by the transport of

ϕ, which takes ϕW = 1 on the wall and ϕ∞ = 0 in the free-stream. Here, ∞ refers to

the properties of free-stream flow. Figure 3.1 shows the snapshots of ϕ at different time

throughout the simulation for case F001 (M = 1.6), which offer a view of the boundary

layer development process in the temporal DNS. It can be seen that the boundary layer

develops from a laminar flow and reaches the fully developed turbulent state as in figure 3.1

(d). The well-known structures of the boundary layers can be found in this visualization,

such as large-scale eddy motions,[64] engulfment process.[25] The passive scalar ϕ can be

considered as the marker of turbulent region,[65] where ϕ > 0. It can also be seen that the

non-turbulent region with ϕ = 0 always coexists with the turbulent region with ϕ > 0 in

the outer region of the turbulent boundary layer.

In comparison of how the skin friction coefficient Cf varies with Reynolds number

Retheta at different Mach numbersM , it is necessary to utilize suitable transformations to

Cf and the Reθ, where Cf is defined as Cf = 2τW/(ρWU
2
W ). Hopkins and Inouye (1971)[66]

introduced a way based on Driest II transformation[67] for reducing the ‘compressible’

friction coefficient and Reynolds number to ‘incompressible’ value for the adiabatic wall

state. The transformed ‘incompressible’ values are denoted with the subscript ‘i’, and the



CHAPTER 3 DEVELOPMENT OF TEMPORALLY DEVELOPING BOUNDARY

LAYERS 25

transformations are written as:

Cf.i = FcCf , Reθ.i =
µ0

µW

Reθ, (3.1)

Fc =
TW/T0 − 1

arcsin2α
, α =

TW/T0 − 1√
TW/T0(TW/T0 − 1)

. (3.2)

The transformed skin friction for the present DNSs is compared in figure 3.2 with a widely

used friction law:[68]

Cf.i = 0.024Re
−1/4
θ.i . (3.3)

It is important to note that Reθ increases with time t because of the boundary layer

temporal development. The skin frictions obtained from the present DNSs are in better

agreements with the friction law with increasing of Reθ. It implies that the boundary

layers undergo the transition from the laminar state to the fully-development turbulent

state.
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Figure 3.1 Visualization of temporally developing boundary layer with passive scalar ϕ

for case F001 (M = 1.6). The wall is moving in the x direction (from left to right). (a)

tUW/D = 8.2, Reθ = 278, Reτ = 6. (b) tUW/D = 54.1, Reθ = 1336, Reτ = 327. (c)

tUW/D = 136.5, Reθ = 1764, Reτ = 495. (d) tUW/D = 260.1, Reθ = 2152, Reτ = 622.
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Figure 3.2 Variation of skin friction coefficient Cf.i versus Reynolds number Reθ.i calcu-

lated with the transformation introduced by Hopkins and Inouye (1971).[66] The present

DNS results are compared with the friction law given by equation (3.3).
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Figure 3.3 The mean profiles of Van Direst transformed (a) streamwise velocity and (b)

passive scalar. Here, curve for log-law[52] represents as uV D = (1/k)lny+ + A with the

constants k = 0.41 and A = 5.1.

3.2 Mean velocity and velocity fluctuation

The Mach number effects on the velocity statistics are well taken into account in the Van

Driest transformation, by which the mean streamwise velocity can be compared among

different Mach numbers. The definitions of Van Direst transformed[69] mean streamwise

velocity uV D and normalized wall-normal distance y+[52] are displayed as following:

uV D =

∫ u+

0

√
ρ

ρW
du+, (3.4)

u+ = (UW − u)/uτ , (3.5)

y+ = y/δν , (3.6)

where uτ is the friction velocity and δν is the viscous length-scale shown in equation (2.46).

Similarly, Van Driest transformed[69] mean passive scalar is:

ϕV D =

∫ ϕ+

0

√
ρ

ρW
dϕ+, (3.7)

ϕ+(y) = [ϕW − ϕ]/ϕτ , (3.8)

with ϕτ ≡ Dm.W (−dϕ/dy)W/uτ . The mean profiles of Van Direst transformed streamwise

velocity[69] are plotted in figure 3.3 (a). The green dashed curve indicates uV D = y+

and blue dot-dashed curve indicates the log-law[52] represented as uV D = (1/k)lny+ + A.

Table 3.1 describes the classification of these sublayers:[52] In the viscous sublayer (uV D =
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Table 3.1 Van Direst transformed streamwise velocity profile.

Viscous sublayer y+ < 5 Mean flow is dominant by viscous stress,

uV D = y+

Buffer layer 5 < y+ ≲ 35 Between viscous sublayer and log-law region

Log-law region y+ ≳ 35 & y/δ ≪ 1 The log-laws hold, uV D = (1/k)lny+ + A

y+), the Reynolds shear stress is negligible compared to the viscous stress and the DNSs

data agrees well with the green dashed line; In the log-law region, the viscous stress is

ignored, the present DNSs data represents a good agreement with the log-law with the

constants k = 0.41 and A = 5.1; The buffer layer is the region between the viscous

sublayer and log-law region. Similarly, ϕV D follows ϕV D = y+ in the viscous sublayer

(y+ < 5), while the log-law ϕV D = (1/k)lny+ + A is also valid in the log-law region as

shown in figure 3.3 (b). This also confirms the accuracy of the present DNS code and the

reliability of the Van Driest II transformation at different Mach numbers.

The second-order statistics are also compared with experimental data[70] and other

DNS data[44] of incompressible boundary layers. As described in Morkovin’s hypothesis

(1962),[71] the turbulence time-scale and length-scale are not affected by compressibil-

ity, which mainly affects the density and the thermodynamic properties across the wall

layer. Since DNS data of compressible boundary layers is usually validated by comparing

with incompressible flows for a similar Reθ, the following transformation of second-order

statistics in the compressible boundary layers is required for the comparison:[45]

u∗rms =

√
ũ′′u′′

uτ

√
ρ

ρW
; v∗rms =

√
ṽ′′v′′

uτ

√
ρ

ρW
; uv∗ =

ũ′′v′′

u2τ

ρ(y)

ρW
, (3.9)

y∗ = y/δ∗ν ; δ∗ν = ν/(uτ
√
ρW/ρ), (3.10)

where f̃ is a density-weighted average (Favre average):

f̃ = ρf/ρ, (3.11)

while a fluctuation from the Favre average is denoted by f ′′ = f − f̃ . The statistics

taken from incompressible boundary layers are nondimensionalized by the viscous scales

as following:

u+rms =

√
u′u′

uτ
; v+rms =

√
v′v′

uτ
; uv+ =

u′v′

u2τ
, (3.12)

y+ = y/δν . (3.13)
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Figure 3.4 Second-order statistics, (a) RMS of streamwise velocity fluctuation compared

with incompressible boundary layers studied in experiment at Reθ = 2266[70] and in

spatial DNS at Reθ = 1986.[44] (b) RMS of passive scalar fluctuation compared with

incompressible boundary layers studied in spatial DNS at Reθ = 1986.[72]

Similar transformations can be defined for ϕ by replacing ui and uτ by ϕ and ϕτ , respec-

tively.

These second order statistics of velocity and passive scalar are compared with previous

studies in figures 3.4 and 3.5. The present DNS agrees well with previous data from exper-

iments[70] and DNS[44, 72] of spatially developing boundary layers for a comparable value of

the Reynolds number Reθ. These statistics of the present DNS compared with other stud-

ies show that the temporal DNS performed here accurately replicates the compressible

turbulent boundary layers.

Although the high-speed TBLs are performed in present study, the one-order and second

order statistics still can be compared with incompressible TBLs with some appropriate

transformations. It is because the compressibility effects through the fluid properties

agree with Morkovin’s hypothesis,[71] which proposed that, ”the essential dynamics of

these shear flows will follow the incompressible pattern”[71] at moderate Mach number,

namely M ≤ 5.



CHAPTER 3 DEVELOPMENT OF TEMPORALLY DEVELOPING BOUNDARY

LAYERS 31

��� ���

�
������Ȃ �

������Ȃ

�

�

�

�

�

�
�
�
�

�

�

�

Ȃ

�
�

�

�
�
�
�
�

Ȃ

��
�

��
�

��
�

��
�

��

����

�

��� ��� ��� ���
�

���

�

���

����	
��	
�
������������
�����
�����
�����
�����

Figure 3.5 Second-order statistics, (a) RMS of wall-normal velocity fluctuation; (b)

Reynolds stress. The present DNS results are compared with incompressible boundary

layers studied in experiment at Reθ = 2266[70] and in spatial DNS at Reθ = 1986.[44]
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3.3 Characteristics of the turbulent boundary layers

Other characteristics of the fully development turbulent boundary layers are presented

in this subsection.
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Figure 3.6 Vertical profile of mean vorticity magnitude.
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Figure 3.7 Vertical profiles of RMS of (a) pressure fluctuation, (b) temperature fluctua-

tion.

The vertical profile of mean vorticity magnitude ω are computed shown in figure 3.6.

The vorticity in the near wall viscous sublayer (y+ < 5) is very large, start to decrease



CHAPTER 3 DEVELOPMENT OF TEMPORALLY DEVELOPING BOUNDARY

LAYERS 33

��
�

��
�

��
�

��
�

�

����

����

����

����

����

�	���

�	���

�
���

�
���

Figure 3.8 Vertical profiles of RMS of density.

in the buffer layer (5 < y+ < 35) and gradually decreases in the log-law region (y+ > 35

& y/δ << 1), finally becomes almost zero at the height of the boundary layer thickness,

where y+ = δ+ = δ/δν . The RMS of pressure fluctuation and temperature fluctuation

normalized by free-stream pressure and temperature P0, T0 are shown in figures 3.7 (a)

and (b), respectively. RMS of density fluctuation is also plotted in figure 3.8. In all these

three figures, it can be seen that all the peaks of the fluctuations are located in the buffer

layer, and the fluctuations are much larger in M = 1.6 (Case F002 and C002) than in

M = 0.8 (Case F001 and C001). This is because fluctuations in these thermodynamic

properties are caused by compressibility effects, which become more significant for higher

Mach numbers. In addition, some differences can be found for all these properties between

group C and group F at Mach number M = 1.6.
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Figure 3.9 Turbulent Mach number.
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The turbulent Mach number MT is shown in figure 3.9, where MT implying the degree

of compressibility effects is defined as:

MT =
(u′iu

′
i)
1/2

c
, (3.14)

where c =
√
γRT is the local sound speed. As shown in figure 3.9, MT is large in the

buffer layer and the log-law region, and the largest MT is located in the buffer layer at

y+ ≈ 15, which is the location with the peak of turbulence production. Since MT is

less than 0.3 throughout the boundary layers for M = 0.8 (Case F001 and C001) and

1.6 (Case F002 and C002), the compressibility is weak so that the compressibility does

not change the turbulence behaviour significantly.[73] However, it should be noted that

the compressibility effects do exist for the thermodynamics properties, e.g., temperature,

pressure and density.
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3.4 Summary

The skin friction, mean velocity, and rms velocity fluctuations in the compressible

boundary layers are consistent with those in incompressible boundary layers when ap-

propriate transformations are used. Excellent agreements can be found for first- and

second-order statistics in present DNS with previous studies of theoretical law, experi-

mental data, and data in spatial TBL for a comparable value of Reθ. By the comparisons

of first- and second-order statistics, the results show that the temporal DNS performed

here accurately replicates the compressible TBLs for both groups F and C.

The compressibility effects do exist for the thermodynamics properties (e.g., tempera-

ture, pressure and density.) especially in the buffer layer, and it becomes more significant

for higher Mach numbers. The peak of turbulence production is found to be located at

the buffer layer. However, the turbulent Mach number MT is less than 0.3 throughout

the boundary layers even for M = 1.6 (cases F002 and C002), the compressibility is weak

so that the compressibility does not change the turbulence structures significantly.
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Chapter 4

Properties of the TNTI layer in

compressible turbulent boundary

layers

This chapter will describes the way of TNTI layer detection, then discusses the DNS

spatial resolution and compressibility effects on the TNTI layer.

4.1 Detection of turbulent/non-turbulent interface

As in previous studies on the TNTI layer,[10, 74] the outer edge of the TNTI layer ,

which is called irrotational boundary,[74] can be detected as an isosurface of vorticity

magnitude ω = ωth. Since the location of the isosurface of vorticity magnitude changes

with the threshold ωth, it is important to choose a reasonable value of ωth. In this study,

the vorticity threshold ωth is selected by computing the volume fraction of the turbulent

region (V̂T ), which is a function of ωth. Here, the volume fraction V̂T is computed in

the computational domain only without sponge layer. This approach is widely used for

detecting turbulent and non-turbulent fluids in previous studies[10, 28,74] including com-

pressible flows,[38] and is also related to the method to obtain the threshold based on

the probability density function of vorticity magnitude.[36] These two methods have been

shown to yield a similar value of threshold.[36] The latter method has also been used in

the detection of scalar interface in experiments.[75] A fluid with ω > ωth is referred to as a

turbulent fluid while a non-turbulent fluid has ω < ωth, then the corresponding turbulent

volume VT can be calculated. The normalized threshold applied for vorticity magnitude

in TBL is displayed as below:

ω∗
th =

ωth

(δ+)−1/2u2τ/νW
, (4.1)

where δ+ is the boundary layer thickness normalized by the viscous length scale, which is

also equal to Reτ . This scaling is linked to the TNTI interface because the TNTI layer

appears around the vertical height of δ,[28, 36] because mean vertical height of irrotational
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Figure 4.1 (a) Volume fractions of turbulent region V̂T plotted against threshold ω∗
th used

for detecting turbulent fluids. (b) First derivative of volume fraction dV̂T/dlog(ω
∗
th). The

several values of vorticity magnitude in the range of gray shadow are used to examine the

robustness of irrotational boundary detection in the subsection 4.2.

boundary is the order of boundary layer thickness ⟨yIB⟩ ∼ δ.[28] While the conventional

scaling with the friction velocity ω+ = ων/u2τ is related to the near-wall region. Figure 4.1

(a) shows V̂T = VT/LxLyLz as a function of the threshold ω∗
th. The turbulent volume

largely increases for ω∗
th < 10−4 as ω∗

th decreases because of very small values of vorticity

magnitude in the non-turbulent region. The derivatives of V̂T , dV̂T/dlog(ω
∗
th), are also

calculated as a function of ω∗
th in figure 4.1 (b). It can be seen that V̂T hardly changes

with ω∗
th for the range of 10−4 < ω∗

th < 10−1. This means that the location of the vorticity

isosurface hardly changes with ω∗
th when ω∗

th is taken from this range. By comparing the

curves for two groups in figure 4.1 (a), V̂T in group F is found to be flatter than group C

in the range of 10−4 < ω∗
th < 10−1, which indicates that the level of the numerical noise

might be higher for group C.

The choice of the threshold is further discussed based on the joint probability density

functions (jpdfs) of normalized vorticity magnitude ω∗ and wall-normal distance y/δ,[28]

which are shown in figure 4.2 for cases F002 and C002. Similar plots are obtained for F001

and C001 (not shown here). The jpdfs are also useful to examine the spatial distribution

of vorticity. In the figure, the color contours of the jpdf are chosen so that the red, green,

and cyan contours contain 50%, 40%, and 9% of fluid element in the computational

domain, respectively, where the residual 1% fluid element can be ignored. The turbulent

core region corresponds to the lower right corner (namely, low height and strong vorticity)

while the small vorticity magnitude in the upper left is the vorticity in the freestream,

which could arise by pressure wave radiations and numerical error. In case F002, it can be

seen that the distribution of jpdf significantly changes with y around y/δ = 1 in figure 4.2
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Figure 4.2 Jpdfs of normalized vorticity magnitude ω∗ and vertical height y/δ. Contours

contain 9%, 40%, and 50% of fluid element, which are shown with cyan, green, and red,

respectively. (a) Case F002. (b) Case C002.

(a), which separates the lower right corner with large vorticity magnitude from the upper

left corner with very small vorticity magnitude. A low probability is found for a fluid

with intermediate values of vorticity magnitude around y/δ = 1 in the figure 4.2 (a).

This corresponds to a sharp jump in enstrophy found across the TNTI layer in previous

studies.[10] In contrast, the jpdf for case C002 shown in figure 4.2 (b) exhibits a relatively

large probability for a moderate level of vorticity magnitude around y/δ = 1. The TNTI

layer is very thin and should occupies small volume (low probability). This feature cannot

be clearly seen in case C002 as relatively larger probability for indeterminate ω.

ω∗
th = 5.012 × 10−2 (log(ω∗

th) = −1.3) is used to detected irrotational boundary in

this study and shown as the dashed lines in figure 4.2. This value detects the turbulent

region without including the region with small vorticity magnitude, where the irrotational

boundary is represented as the isosurface of ω = ωth. This threshold is on the plateau

of V̂T in figure 4.1 (a), where the turbulent volume is not sensitive to the choice of the

threshold.

The top views of the irrotational boundary from all DNS dataset are visualized in

figure 4.3. The irrotational boundary exhibits structures with various length scales, which

are the imprints of turbulent structures underneath the TNTI layer.[29, 76] The color of

irrotational boundary shows dilatation ∇·u = −(Dρ/Dt)/ρ on the irrotational boundary.

Positive and negative values of dilatation indicate the regions with fluid expansion and

compression, respectively. It can be found that both compression and expansion regions

coexist on the irrotational boundary, where the dilatation at M = 1.6 (F002, C002) is
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Figure 4.3 Visualization of irrotational boundary forming at the outer edge of the TNTI

layer for (a) case F001, (b) case F002, (c) case C001, and (d) case C002. Color represents

dilatation ∇ · u.

larger in magnitude than at M = 0.8 (F001, C001) by a factor of ∼ 101.

The average resolution on the irrotational boundary (∆xIB, ∆yIB, ∆zIB) is computed

and shown in table 4.1, which is obtained by taking average of the mesh size at the grid

points of all irrotational boundary locations. ∆xIB, ∆yIB, and ∆zIB are in comparison

with the Kolmogorov length scale in the turbulent core region ηc. Here, the value at

y = 0.5δ is used as the reference in the turbulent core region since non-turbulent fluids

hardly reach this height. It should be stressed that although the TNTI appears in the in-

termittent region, the Kolmogorov scale ηc should be taken from the turbulent core region

without including any contributions from non-turbulent fluids because the intermittent

region contains both turbulent and non-turbulent fluids.[39, 77] When η is computed in the

intermittent region without excluding the contribution from the non-turbulent fluid, the

value of η tends to be much larger than ηc since the non-turbulent flow has very large
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Table 4.1 Average resolution at irrotational boundary.

Case M ⟨yIB⟩/δ ⟨∆xIB⟩ ⟨∆yIB⟩ ⟨∆zIB⟩
F001 0.8 0.85 1.36ηc 1.42ηc 1.36ηc

F002 1.6 0.83 1.59ηc 1.36ηc 1.50ηc

C001 0.8 0.87 2.69ηc 1.80ηc 1.39ηc

C002 1.6 0.87 2.57ηc 1.84ηc 1.49ηc

η.[39, 77] In the present DNS, the average grid spacing at the outer edge of TNTI layer

is about 1.5ηc in three directions in group F, which is close to the resolution in recent

DNS of free shear flows used for studying the TNTI.[78, 79] However, group C, where the

grid size is determined solely from the wall unit, does not have a resolution enough to

study the small scale near the TNTI especially in the x direction, where group C has

the streamwise grid spacing determined based on the suggestion ∆x+ < 9.7 by Moser,

Kim, and Mansour.[63] This is almost double of the grid spacing in the spanwise direction

∆x+ ≈ 2∆z+. This setting is reasonable for the near-wall region because the flow near

the walls was found to be dominated by alternating high and low speed streaks, which is

elongated in the streamwise direction.[80] However, the structure near the TNTI is very

different from the near-wall region, resulting in the insufficient resolution near the TNTI

in the streamwise direction for ∆x+ ≈ 2∆z+. It is also important to be careful with the

grid size in the wall-normal direction near the TNTI layer since it is conventional to use

finer grids near the wall and larger grid spacing in the intermittent region.

From the comparisons between groups F and C as shown in figure 4.3, it can be clearly

seen how the resolution near the TNTI affects the geometry of TNTI. It should be noted

that the DNS of group C has a mesh size small enough to resolve the near-wall structure

and provides the global statistics, such as mean velocity and second order statistics,

similar to group F. However, the influence of insufficient resolution in group C is crucial

in the visualization in figures 4.3 (c) and (d): many stripy patterns exist on the enstrophy

isosurface, which is hardly seen in the DNS of incompressible free shear flows.[77–79] On the

contrary, the enstrophy isosurface visualized in group F (figures 4.3(a) and (b)) is much

smoother and is similar to those obtained in previous DNS[77–79] and also of compressible

shear layers.[40] It seems that the stripy patterns orthogonal to the streamwise direction

in group C are caused by the insufficient resolution in the streamwise direction near the

TNTI. The numerical noise, or oscillation in variables solved in the DNS, can produce

the non-physical or artificial vorticity in the non-turbulent region near the TNTI. This

explains different vorticity distributions between groups C and F in the figure 4.2, which

result in a difficulty in the detection of irrotational boundary in group C.

Figure 4.4 shows the near-wall vortical structures with the irrotational boundary for
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Figure 4.4 Near wall vortical structures visualized by isosurface of Q/(UW/D)2 = 0.15

colored by streamwise velocity u, and visualization of irrotational boundary in upper side

for case F001.

case F001, where the semitransparent surface in the upper left side is the irrotational

boundary and the near-wall vortical structures are shown with blue-white color indicating

the streamwise velocity u. The vortical structures are visualized with the isosurface of

the second invariant of velocity gradient tensor Q/(UW/D)2 = 0.15, where Q = [2(∇ ·
u)2 + ωiωi − 2SijSij]/4. It shows the well-known hairpin-like structures near the wall,

while the irrotational boundary appears above these structures. The average height of

the irrotational boundary ⟨yIB⟩ is also shown in table 4.1, where the mean height is about

0.85 times of the boundary layer thickness δ in all cases. In the wall-normal direction,

although the mesh is extremely fine near the wall (∆y+W < 0.2) in group C, the grid

spacing is still large near the TNTI, where the smallest length scale is not well resolved.
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Figure 4.5 Visualization of irrotational boundary detected by different threshold values.

4.2 Dependence on threshold value for interface de-

tection

For examining the robustness of the irrotational boundary location detected with vor-

ticity magnitude, the isoline of vorticity magnitude is visualized for different thresholds

in figure 4.5 for case F001. All of the threshold values are taken in the range of gray

shadow shown in figure 4.1, where the irrotational boundary does not change much for

these thresholds. For the relatively small values (green and red line), some bubbles of

turbulent fluids appear surrounded by non-turbulent fluids. In contrast, small bubbles of

non-turbulent fluids appear under the irrotational boundary when it is detected by a rela-

tively large threshold (yellow line). The black and khaki lines detected by log(ω∗) = −1.3

and −1.1 are smoother and cause fewer bubbles, indicating that these are more appro-

priate thresholds than the other values. Figure 4.5 also shows the size of 10ηC . For

log(ω∗) = −1.3 and −1.1, the location of irrotational boundary is different by several

times of ηC . Therefore, the range of log(ω∗) = −1.3 ∼ −1.1 is a reasonable choice for a

threshold value, and log(ω∗) = −1.3 is used in the present study.
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4.3 Local coordinate system

Since the irrotational boundary detected as the enstrophy isosurface is located at the

outer edge of the TNTI layer (An isosurface of vorticity magnitude
√
ωiωi = ωth is the

same as an isosurface of enstrophy ωiωi/2 = ω2
th/2.), the TNTI layer can be found just

inside the irrotational boundary. The local coordinate yI as shown in figure 4.6 (a) is

used for computing the conditional statistics that is conditioned on the distance from

the irrotational boundary. In this local coordinate system, the origin is located at the

irrotational boundary, which is represented by yI = 0. The direction of yI is normal to

the irrotational boundary, which is defined with the enstrophy gradient at the irrotational

boundary:

n = −∇ω2/|∇ω2|. (4.2)

Positive/negative yI points in the non-turbulent/turbulent region. Hereafter, subscript I

denotes the conditional statistics and conditional average is denoted by ⟨ ⟩I .
For finding suitable reference scale for studying TNTI layer, the conditional profiles

of Kolmogorov scale (⟨ν⟩3/4I /⟨ε⟩1/4I ) are computed and shown in figure 4.6 (b). The Kol-

mogorov scale is quite large in the non-turbulent region, decreases rapidly from the non-

turbulent to turbulent region, then tends to be uniform in the turbulent core region. Sim-

ilar profiles of Kolmogorov scale near the TNTI were also seen in previous studies.[39, 77]

The geometry and statistical properties of the TNTI layer are characterized by the prop-

erties of turbulence in the turbulent region below the TNTI layer.[76, 81] In the present

study, the Kolmogorov scale at the location yI/δ = −0.3 shown by a large triangle in

figure 4.6 (b), denoted by ηTI , is used as the reference length scale of turbulence near the

TNTI, and the conditional statistics are presented against yI/ηTI . The turbulent statistics

computed from this location are marked with subscript TI. The other reference scales

of turbulence near the TNTI, e.g., the Kolmogorov velocity scale vηTI
= (⟨ε⟩TI⟨ν⟩TI)

1/4,

are also calculated from the conditional statistics at this location. The Kolmogorov scale

normalized by viscous units is also shown in the top left corner of figure 4.6 (b), where

ηTI under the TNTI is around 3 times of viscous length scale.
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Figure 4.6 (a) Definition of local coordinate yI , which is used for computing conditional

statistics conditioned on the distance from the irrotational boundary. (b) Conditional

profiles of Kolmogorov length scale defined with conditional average. △ shows the location

where the Kolmogorov scale is taken as the reference length scale of turbulence near the

TNTI. The Kolmogorov scale normalized by viscous unit is also shown in the top left

corner.
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Figure 4.7 (a) Conditional mean vorticity and its derivative with respective to yI for F001.

(b) Conditional averages of enstrophy production Pω, viscous diffusion Dω, and baroclinic

torque term Bω for F001. These figures also define the turbulent/non-turbulent interfacial

(TNTI) layer, viscous superlayer (VSL), turbulent sublayer (TSL), and turbulent core

region.

4.4 The mean thickness of turbulent/non-turbulent

interfacial layer

The structure of the TNTI layer is investigated here, which can be divided into two

sublayers, VSL and TSL. The TNTI layer can be defined as a region where the vorticity

magnitude is adjusted between the turbulent and non-turbulent regions and is character-

ized with a large gradient in vorticity magnitude. Therefore, the mean extent of the TNTI

layer can be quantified based on the derivative of ⟨ω⟩I with respective to yI following to

previous studies.[82] ⟨ω⟩I and −⟨ω⟩′I = −d(⟨ω⟩I)/d(yI/ηTI) are shown in figure 4.7 (a) for

case F001 (M = 0.8). The mean thickness of the TNTI layer δTNTI is defined based on the

location where −⟨ω⟩′I reaches 15% of its maximum value as in figure 4.7 (a). Therefore,

the region of −15.4 < yI/ηTI < 0 can be defined as the TNTI layer for F001.

The inner structures of the TNTI layer are well distinguished by vorticity dynamics,

where the enstrophy evolves according to the following transport equation:[24, 83]

Dω2/2

Dt
= ωiSijωj − ωiωi∇ · u+

1

ρ2
ωiεijk

∂P

∂xj

∂ρ

∂xk
+ ωiεijk

∂

∂xj

(
1

ρ

∂τkl
∂xl

)
. (4.3)

The terms on the right-hand side are the production term (Pω) due to vortex stretch-
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Table 4.2 The mean thicknesses of the TNTI layer, VSL and TSL normalized by the

Kolmogorov scale and Taylor scale in the turbulent region near the TNTI layer.

Case M TNTI layer δTNTI δV SL δTSL

F001 0.8 15.4ηTI / 0.96λTI 4.2ηTI 11.2ηTI

F002 1.6 16.3ηTI / 0.97λTI 4.2ηTI 12.1ηTI

C001 0.8 18.7ηTI / 1.08λTI 4.4ηTI 14.3ηTI

C002 1.6 20.4ηTI / 1.17λTI 4.4ηTI 16.0ηTI

ing/compression, dilatation term (Θω), baroclinic torque term (Bω), and viscous term

(Vω), respectively. The viscous term can further be divided into four terms:

ωiεijk
∂

∂xj

(
1

ρ

∂τkl
∂xl

)
= ν

∂2ω2/2

∂x2j
− ν

(
∂ωi

∂xj

)2

− 1

ρ2
εijkωi

∂τkl
∂xl

∂ρ

∂xj

+ εijk
1

ρ
ωi

(
∂τkl/µ

∂xl

∂µ

∂xj
+
τkl
µ

∂2µ

∂xj∂xl
+
∂τkl/µ

∂xj

∂µ

∂xl

)
.

(4.4)

From the first terms to forth terms in the right hand side represent the term of viscous

diffusion (Dω), the term of viscous dissipation (εω), the term of viscous torque (Sω), and

the term arising from the temperature dependence of viscosity (µω). Previous DNS stud-

ies have used the ratio between the production and viscous diffusion terms for defining

the VSL.[24] Here, the VSL can be defined as the region within the TNTI layer, where Dω

is greater than Pω. The conditional averages of Pω, Dω, and Bω are shown in figure 4.7

(b) for case F001. At the irrotational boundary (yI = 0), these terms are very small,

which confirms that the isosurface with ω∗
th = 5.012 × 10−2 is located at the outer edge

of TNTI layer. These two terms begin to deviate from 0 from the irrotational boundary

(yI = 0) toward the turbulent region. The viscous diffusion term is larger than the pro-

duction term near the irrotational boundary as found in many incompressible turbulent

flows[24, 83,84] and compressible shear layers.[38] Even though the baroclinic torque can gen-

erate enstrophy in the non-turbulent side for the high-speed flows, the conditional average

of ⟨Bω⟩ is close to zero near the TNTI layer in the present DNS. DNS of compressible

mixing layers[40] showed that it becomes more important within the TNTI layer as the

convective Mach number increases. However, the enstrophy in the non-turbulent side is

still very small so that the turbulent fluid can be detected with enstrophy in their DNS.[40]

The baroclinic torque might play an important role in the enstrophy generation in the

non-turbulent region if Mach number is much higher such as in hypersonic flows.

The mean position of the VSL can be identified as the region with ⟨Dω⟩I > ⟨Pω⟩I near

the irrotational boundary following to previous studies,[38, 74] where the mean thickness

of the VSL can be obtained as δV SL = 4.2ηTI from figure 4.7 (b). Thus, the region of
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−15.4 ≤ yI/ηTI ≤ −4.2 corresponds to the TSL, where the inviscid process (production

term) has a larger contribution to the increase of the enstrophy. The TSL is also regarded

as a buffer region between the VSL and the turbulent core regions.[83] The conditional

statistics of vorticity and enstrophy transport for case F002 (M = 1.6) are similar to the

ones of F001 (M = 0.8), and the mean thicknesses of TNTI layer (δTNTI), VSL (δV SL), and

TSL (δTSL) for different Mach numbersM are shown in table 4.2, where the thicknesses are

normalized by the Kolmogorov scale ηTI or Taylor microscale λTI = (10⟨ν⟩I⟨kt⟩I/⟨ε⟩I)1/2.
⟨kt⟩I = 1/2

∑3
i=1[⟨u2i ⟩I − ⟨ui⟩2I ] is the turbulent kinetic energy defined with conditional

average) near the TNTI (at yI = −0.3δ). Although the thicknesses of TNTI layer and TSL

slightly change with Mach number, the mean thickness of TNTI layer is about 15-16ηTI

(0.96λTI), VSL is about 4ηTI , and TSL is about 11-12ηTI for group F.

These values normalized by the Kolmogorov scale in group F are close to previous

studies in free shear flows[10, 74,85] and shear free turbulence.[85] However, δTNTI in F001

and F002 exhibits a closer match when it is normalized by Taylor microscale. The present

DNS is not enough to investigate the scaling of the thickness because the Reynolds number

range is limited.

The study of the TNTI with the LES indicates that an insufficient resolution in simula-

tions causes a thicker TNTI layer.[86] Indeed, the TNTI layer thickness tends to be larger

for group C, which does not have a resolution enough to resolve the smallest scale in the

turbulence near the TNTI.

Hereafter, all the statistical analysis in the following is done for group F. In addition,

although the mean thicknesses of TNTI layer, VSL, and TSL slightly change with the

Mach number, the differences are very small. Hereafter, the mean thicknesses of the

TNTI layer, VSL, and TSL are assumed to be 15ηTI , 4ηTI , and 11ηTI , respectively, for

simplification of the discussions.
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Figure 4.8 Conditional mean profiles of (a) density, (b) pressure, and (c) temperature.

4.5 Compressibility effects near the TNTI

The profiles of the conditional mean density, pressure and temperature near the TNTI

are shown in figure 4.8. These quantities exhibit a jump near the TNTI layer, and the

jump become sharp with the Mach number M . On another hand, the lower density and

pressure, higher temperature are found in the turbulent side compared with the non-

turbulent side. These indicates that the entrained fluid is expanded, and this expansion

is increase with the Mach number. The dilatation is also calculated and the conditional

mean profiles near the TNTI layer are shown in figure 4.9. The dilatation is defined in

section 4.1. Positive and negative peaks, related to mean fluid expansion and compression,

respectively, appear within TNTI layer. The peaks of mean expansion exist within the

VSL, which confirms that the non-turbulent fluid passes during the entrainment process.
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Figure 4.9 Conditional mean dilatation near the TNTI. The VSL and TSL estimated

from the enstrophy statistics are identified in the figure.

On another hand, the peaks of mean compression exist within the TSL. It seems because

the entrained fluid meet the turbulent flow in the TSL, this will be further discussed in

the section 5.5. Furthermore, the mean expansion and compression in M = 1.6 are much

stronger than in M = 0.8.

Figure 4.10 shows the conditional rms density fluctuation defined as ⟨ρ⟩I.rms =
√

⟨ρ2⟩I − ⟨ρ⟩2I
divided by the density in freestream ρ∞. Even for M = 1.6, ⟨ρ⟩I.rms is about 2% of ρ∞
near the TNTI layer, and the direct influences of compressibility are small near the TNTI

layer as also expected from small turbulent Mach numbers in the outer region (figure 3.9).

For checking the existence of shockwaves/schocklets near the TNTI layer in the com-

pressible boundary layers, local Mach number defined based on the local velocity and

local sound speed as ML = |u|/
√
γRT is computed and shown in figure 4.11. It can be

seen that the local Mach numbers ML are smaller than the Mach number based on the

wall velocity in most regions of the TBL. The local Mach number ML in M = 0.8 is

much smaller than 1 everywhere, but it exceeds 1 in the region very close to the wall for

M = 1.6. Even through the small schoklets near the wall can be found in M = 1.6, they

are very far from the intermittent region and hardly affect the TNTI layer. Shocklets are

expected to appear in the intermittent region when the freestream Mach number is much

higher than present DNS.[73] DNS of supersonic planar jets showed that compressibility

affects the TNTI via the change in density and temperature.[51]
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Figure 4.10 Conditional RMS density fluctuation.
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Figure 4.11 Isocontour of local Mach number ML on x-y plane at z = 0 for (a) case F001

and (b) case F002.
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4.6 Summary

Based on the 3D DNS data, the 3D irrotational boundary is detected as a vorticity

magnitude isosurface, the mean thickness of TNTI layer and corresponding inner sublayers

(VSL and TSL) are measured by computing the conditional mean vorticity and enstrophy

transport equation.

The detected TNTI layer shown that the grid resolution near the TNTI in DNSs of

group C is insufficient to resolve the smallest scale in the turbulence near the TNTI,

which causes a thicker TNTI layer. In contrast, the results in group F are close to

previous studies in free shear flows[10, 74,85] and shear free turbulence.[85] Therefore, we

suggest to set the DNS grid points as the ones in Group F for studying the TNTI in

compressible TBLs. The mean thicknesses of the TNTI layer, VSL, and TSL are found

to be around 15ηTI , 4ηTI , and 11ηTI , respectively.

Even through the compressibility effects increase with Mach number, the conditional

statistics confirm that the direct influences of compressibility are small near the TNTI

layer even for Mach number M = 1.6, and the profiles of the conditional statistics are

qualitatively similar between incompressible and compressible turbulent boundary layers.
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Chapter 5

Entrainment process and passive

scalar mixing near the TNTI layer in

compressible turbulent boundary

layers

This chapter will investigate the physical mechanism of the entrainment in compressible

TBLs. As shown in chapter 4, all the statistical analysis in the chapter is done for only

group F, F001 (M = 0.8) and F002 (M = 1.6). In addition, the mean thicknesses of the

TNTI layer, VSL, and TSL are assumed to be 15ηTI , 4ηTI , and 11ηTI , respectively, for

simplification of the discussions.

5.1 Entrainment velocity

The velocity of the irrotational boundary (enstrophy isosurface) movement uI can be

written as a sum of the propagation velocity vP (enstrophy isosurface propagation) and

the fluid velocity u, i.e., uI = vP + u, where vP = vnn. When the irrotational boundary

propagated to the non-turbulent region, non-turbulent fluids pass through the irrotational

boundary to the turbulent region, which is also called the local entrainment.[13] The

propagation velocity can be derived by considering a local coordinate which moves with

the irrotational boundary:[13]

vn =
D(ω2/2)/Dt

|∇(ω2/2)|
= Pvn +Θvn +Bvn + Vvn =

Pω +Θω +Bω + Vω

|∇(ω2/2)|
. (5.1)

The pdfs of the propagation velocity vn are shown in figure 5.1, where the propagation

velocities are normalized by the Kolmogorov velocity vηTI
in the turbulent core region

near the TNTI at yI = −0.3δ. The positive value of vn indicates that the irrotational

boundary propagates into the non-turbulent region. It can be found that the irrotational

boundary frequently propagates toward the non-turbulent region, and hardly propagates
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Figure 5.1 Conditional pdfs of propagation velocity vn.

toward the turbulent region. The peak of propagation velocity is found to be the order

of Kolmogorov velocity vηTI
. These results are similar with incompressible flows.[13, 74]

As described by the enstrophy transport equation, the terms on the right-hand side

in equation (5.1) are the production term (Pvn), dilatation term (Θvn), baroclinic term

(Bvn), and viscous term (Vvn), respectively. The conditional pdfs of these four terms are

shown in figures 5.2 (a) and (b), and it reveals that the viscous term has the largest

contribution in all terms as found in previous studies.[13, 40,83,87] The viscous term of

the propagation velocity Vvn can further be divided into four terms: the diffusion term

(Dvn = Dω/|∇(ω2/2)|), the dissipation term (εvn = εω/|∇(ω2/2)|), the viscous torque

term (Svn = Sω/|∇(ω2/2)|), and the term related to temperature dependence of viscosity

(µvn = µω/|∇(ω2/2)|), whose pdfs are shown in figures 5.2 (c) and (d). It can be found

that a positive value of propagation velocity is mainly contributed by the viscous diffusion

while the terms related to viscous torque and temperature dependence of viscosity are

almost negligible.

These results also show that the local entrainment mechanism described as the enstro-

phy transport is hardly affected by compressibility for the Mach number considered here.

This observation agrees with previous studies on compressible boundary layers which

have shown that compressibility effects are stronger in the near-wall region than in the

outer region.[45, 88] However, pervious study[73] also shows that some shocklets appear in

the outer region when the Mach number M reach 3, the compressibility effects maybe

become significant for entrainment process in this situation.



CHAPTER 5 ENTRAINMENT PROCESS AND PASSIVE SCALAR MIXING

NEAR THE TNTI LAYER IN COMPRESSIBLE TURBULENT BOUNDARY 54

�� �� �� � � � �
��

��

��
��

��
��

��
�

��
�

��� ���

�
�
�

�����	

�

��� �
�

�
�

�

̀
�

�

�
�

�

�
�

�

�
�

�

�
�

�

�
�

�

�
�

�

�����	

�

�����	

� �����	

�

�� �� �� � � � �
��

��

��
��

��
��

��
�

��
�

�� �� �� � � � �
��

��

��
��

��
��

��
�

��
�

�� �� �� � � � �
��

��

��
��

��
��

��
�

��
�

�
�

�

	
�

��

� � ̀
�

�

	
�

��

� � �
�

�

	
�

��

� � �
�

�

	
�

��

�

�
�
�

�
�

�

	
�

��

� � ̀
�

�

	
�

��

� � �
�

�

	
�

��

� � �
�

�

	
�

��

�

�
�
�

�
�

�

	
�

��

� � ̀
�

�

	
�

��

� � �
�

�

	
�

��

� � �
�

�

	
�

��

�

�
�
�

�
�

�

	
�

��

� � ̀
�

�

	
�

��

� � �
�

�

	
�

��

� � �
�

�

	
�

��

�

�
�

�

̀
�

�

�
�

�

�
�

�

�
�

�

�
�

�

�
�

�

�
�

�

Figure 5.2 Conditional pdfs of the propagation velocity decomposed into different terms

as in equation (5.1): (a) case F001; (b) case F002. Conditional pdfs of the contributions

to Vvn from four different viscous effects: (c) case F001; (d) case F002.
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5.2 Mass fluxes by relative velocity of irrotational

boundary near the TNTI

The propagation velocity, Eq. (5.1), shows the speed at which the non-turbulent fluid

crosses the outer edge of the TNTI layer. The mass entrainment across the TNTI layer is

also considered by introducing another local coordinate system (xI, t′), which is moving

with the irrotational boundary. The origin of this local coordinate system xI
o is set on the

irrotational boundary while t′ represents the time in this local coordinate. The original

coordinate system (x, t), whose origin is located at the center of the wall, is referred to

as a fixed coordinate system hereafter. The location of x = xI
o in the fixed coordinate

system is assumed to be located on the irrotational boundary, where the origin of this

local coordinate system. By considering the coordinate transformation from the fixed

coordinate system (x, t) to this local coordinate system (xI, t′), the continuity equation

in this local coordinate system can be written as below:[89]

∂ρ

∂t′
= −∇ · (ρ(u(xI

o + xI)− uI)), (5.2)

where the uI is the velocity of irrotational boundary movement. A similar equation for

passive scalar in incompressible flows was also used in previous studies.[74, 90] The term on

the right-hand side in the above equation represents the pseudo transport of mass due to

the relative velocity ∆uI ≡ u(xI
o + xI)− uI in the local coordinate system. The relative

velocity can be written as:

∆uI ≡ u(xI
o + xI)− uI = u(xI

o + xI)− u(xI
o)− vP, (5.3)

where u(xI
o + xI) − u(xI

o) is the fluid velocity difference, and vP is the propagation

velocity. The fluid velocity difference is 0 at the irrotational boundary, which reveals that

the mass transport is provided by the local entrainment at the irrotational boundary.

The normalized mass flux f = ρ∆uI/(ρ0UW ) in the local coordinate can be divided into

the two components: an irrotational boundary normal component fN = f · n/(ρ0UW )

and a tangential component fT = |f − fNn|. Because the tangential component is

arbitrarily directed on the plane perpendicular to n, the magnitude of the tangential flux

is considered. It should be noted that the mass flux itself represents the mass transfer

rather than the change in ρ at a given point, and a negative value of the normal component

of mass flux fN denotes that the mass transfer toward the turbulent region.

Figure 5.3 shows the conditional pdfs of fN and fT , at the several distances away

from the irrotational boundary. The pdfs of the tangential component are not shown for

the irrotational boundary because fT = 0 at yI = 0. From these pdfs, it can be found

that the mass fluxes for normal component fN are frequently negative at irrotational

boundary (yI = 0) and hardly depend on the location within the VSL while the tangential

component fT has a very small value in the viscous superlayer. A large probability for
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negative fN indicates a mass transfer from the non-turbulent region toward the turbulent

region in a large part of the VSL. In the TSL and turbulent core region, the pdfs are

very different from the VSL: both positive and negative values for fN are observed; the

tangential component fT is no longer negligible compared with fN .

For understanding the relation between normal and tangential mass transfers, the con-

ditional joint pdfs of fN and fT are shown in figure 5.4, where the jpdfs are taken from

the VSL and TSL. It can be found that the overall profile of the jpdf is very similar for

both Mach numbers: |fN | is larger than fT in most part of the VSL (large probability

for |fN | > fT in figures. 5.4(a) and (b)); a large value of fT can be found in the TSL.

The dependence of the jpdf of mass flux on the location within the VSL and TSL agrees

well with the results obtained for a flux of passive scalar in incompressible flows.[74] These

features can also be found in the conditional averages of fN and fT as shown in table 5.1.

The jpdf within the VSL confirms a continuous mass transfer in an irrotational bound-

ary normal direction from the non-turbulent toward the TSL across the VSL while the

de-entrainment, defined as mass transfer from the turbulent to the non-turbulent region

(positive fN), hardly occurs. The TSL is characterized by a tangential mass transfer

(|fN | < fT ) for both Mach numbers. fT in the TSL can be larger than |fN | within the

VSL. Both positive and negative values of fN can be found in the TSL. The positive value

of fN within the TSL is related to the mass transfer from the turbulent core region toward

the TSL. A large probability for both signs of fN confirms that there exist fluids within

the TSL coming from both the turbulent and non-turbulent regions. The existence of

the fluid coming from the turbulent core region also explains more turbulent-like features

of the TSL, such as strong inviscid effects in the enstrophy evolutions. The standard

deviations defined with conditional average are also shown for fN and fT in table 5.1. It

can be seen that fN has a larger fluctuation for case F002 within both VSL and TSL than

for case F001, which implies larger magnitude of fN appears in higher Mach number.

The entrainment process described by fN and fT is compared with the entrainment

model based on a single vortex proposed in Ref.[81] It should be noted that the model

developed for incompressible flows can be applied here because density fluctuations near

the TNTI layer are very small even for M = 1.6. The model describes fN and fT on yI
as

fN(yI) = −1

2
ρ0α2(L+ yI) (5.4)

fT (yI) =
ρ0Γ0

2π

∣∣∣∣ 1

L+ yI

[
1− exp

(
−(L+ yI)

2

R2
V

)]
− 1

L

[
1− exp

(
− L2

R2
V

)]∣∣∣∣ (5.5)

with the model parameters of L = δV SL + RV , the constant radius of the vortex RV ,

the strain rate for the steady Burgers vortex given by α2 = 4ν/R2
V , and the circulation

Γ0, which defines the circulation Reynolds number ReΓ = Γ0/ν. The relation of these

quantities to the turbulence characteristics has been studied in the boundary layers,[91]

from which the values of RV = 5ηTI and ReΓ/Re
1/2
λTI

= 13.7 are taken, where ηTI , kTI ,
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and ReλTI
= λTI(2kTI/3)

1/2/νTI are taken in the turbulent region near the TNTI layer

(yI = −0.3δ). Here, ReλTI
is 70 for M = 0.8 and 72 for M = 1.6. The thickness of the

VSL, δV SL, is taken from table 4.2. From the turbulence characteristics at yI = −0.3δ,

fN(yI) and f
T (yI) can be obtained by Eqs. (5.4) and (5.5). Cross symbols in figure 5.4

show fN and fT from the model. For both Mach numbers, the model estimates (fN , fT )

fairly well, where (fN , fT ) obtained by the model is located near the values with the largest

probability in the plots. The mass transfer across the TNTI layer is well represented by

the flow related to a single vortex, which describes the entrainment across the TNTI

layer as a two-stage process: i) the non-turbulent fluid is drawn toward the vortex core

region within the VSL with the velocity related to the strain imposed on the vortex; ii)

the circular motion caused by the vortex transfers the fluid being entrained toward the

turbulent core region.
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Figure 5.3 Conditional pdfs of mass fluxes across the TNTI layer described by relative

velocity to irrotational boundary near the TNTI. The mass fluxes are decomposed in (a,

b) normal and (c, d) tangential components to the irrotational boundary. (a, c) case F001

and (b, d) case F002.
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Figure 5.4 Conditional jpdfs of the tangential and normal mass fluxes to the irrotational

boundary within the VSL (at yI = −2ηTI) (a, b) and the TSL (at yI = −8ηTI) (c, d). (a,

c) case F001 and (b, d) case F002. The mass fluxes obtained by a single vortex model

for the entrainment[81] at the same location of yI are shown with cross symbols. White

broken lines denote |fN | = fT .
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Table 5.1 Conditional averages ⟨·⟩I and standard deviations σ(·) of the tangential and

normal mass fluxes to the irrotational boundary within the VSL (at yI = −2ηTI) and the

TSL (at yI = −8ηTI).

Case M ⟨fN⟩I ⟨fT ⟩I σ(fN) σ(fT )

VSL
F001 0.8 −0.58× 10−2 0.20× 10−2 0.47 0.15× 10−2

F002 1.6 −0.70× 10−2 0.22× 10−2 1.11 0.16× 10−2

TSL
F001 0.8 −0.25× 10−2 0.14× 10−1 0.34 0.11× 10−1

F002 1.6 −0.35× 10−2 0.15× 10−1 1.12 0.12× 10−1
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Figure 5.5 Conditional mean profiles of wall-normal velocity.

5.3 Entrainment process compared in temporal and

spatial developing TBLs

Conditional mean of wall-normal velocity ⟨v⟩I is computed and shown in figure 5.5.

⟨v⟩I has a distinct Z-shaped profile near the TNTI layer, which is consistent with the

experimental results of spatially-developing boundary layer.[30, 92] Average of v in the x-z

plane, ⟨v⟩, is close to zero at any location in the temporal simulations of compressible

boundary layers unlike in spatial developing boundary layers. However, the mean fluid

motion in the wall-normal direction described by ⟨v⟩I is similar for both spatial and

temporal boundary layers.

Even through the differences of ⟨v⟩I between spatial and temporal boundary layers

might be observed in the non-turbulent region very far from the TNTI (large yI/δ that

corresponds to the region of large y/δ, which is not included in the figure), ⟨v⟩I should

be close to ⟨v⟩ because turbulent fluids do not reach this height in this region.

As shown in figure 5.5, negative ⟨v⟩I in the non-turbulent side is expected to be caused

by the large-scale motion of TBLs, such as sweep motions and valley structures,[52] which

are expected to be related to the engulfment. Indeed, the non-turbulent fluid in the

intermittent region was shown to have mean downward velocity in the spatially developing

incompressible TBL,[29] consistent with the present results for ⟨v⟩I . Thus, the temporal

simulation also captures well the process by which the non-turbulent fluids reach the

TNTI, at least, in the intermittent region.

For comparing the mass entrainment between temporal and spatial TBLs, a feasible

normalization method is required for the mass entrainment rate. In Kozul et al.,[48] both

theoretical and DNS results confirmed that the momentum transport, which cause the
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growth of the boundary layer thickness δ, is dominated by the same term in both tempo-

ral and spatial incompressible TBLs (Cf ≲ 0.005 in their simulations), where U+
Wdδ/dX

in temporal TBLs is close to U+
∞dδ/dx in spatial TBLs (X = tUW : the temporal coun-

terpart to x in spatial boundary layers). Furthermore, Chauhan[32] showed the averaged

mass entrainment rate per unit horizontal area, denoted by fm, can be calculated as

fm = ρU∞[dδ/dx− dδ∗/dx] in spatially-developing incompressible TBLs, where δ∗ is the

displacement thickness and U∞ is the freestream velocity. It is also shown that δ/δ∗ is

constant in both compressible and incompressible TBLs.[37] These studies indicate that

the mass entrainment rate fm normalized by uτρ is useful for comparison between tem-

poral and spatial TBLs. Hereafter, fm,t and fm,s represent fm for temporal and spatial

boundary layers, respectively.

At first, fm,s/uτρ is examined based on previous experimental results of spatially-

developing incompressible turbulent boundary layers at different Reynolds numbers[92]

as shown in table 5.2. The normalized mass flux is fm,s/uτρ ≈ 0.33 for both experiments,

which is expected from above discussion.

In terms of the TNTI, the mass entrainment rate is defined as the mass flux across

the irrotational boundary. Then, the mass entrainment rate per unit horizontal area in

the temporal boundary layer is calculated as fm,t ≈ ρ0⟨vn⟩IAIB/LxLz from the present

DNS, where ⟨vn⟩I taken at yI = 0, AIB is the surface area of irrotational boundary,

the freestream density ρ0 used here is because the compressibility is very weak near

the irrotational boundary as shown in figure 4.10. On the other hand, the averaged

mass entrainment rate in spatially-developing compressible TBLs can be calculated by

fm,s = ρ0U∞[dδ/dx − dδ∗/dx] based on the compressible TBL theory:[37] the theory

of boundary layer thickness in incompressible TBLs δ5/4 = 0.289(µ0/ρ0U∞)1/4x is also

useful for compressible flows, because the boundary layer thickness δ does not depend

significantly on the Mach number; the displacement thickness δ∗ in compressible TBLs,

defined as δ∗ =
∫∞
0
(1 − ρu/ρ0UW )dy, can be calculated by the relation of δ∗/δ = 1 −

7F (M)/2β for compressible TBLs[37]

F (M) = α3
1 ln(α1/(α1 − 1))− α2

1 − α1/2− 1/3, (5.6)

where α1 = 1 + 1/β, β = r(γ − 1)M2/2, and r ≈ 0.9 for zero pressure gradient boundary

layer. The above equations with the parameters in the present DNS give the averaged

mass entrainment in spatially developing compressible TBL. Table 5.3 shows fm,t/uτρ0
and fm,s/uτρ0 for M = 0.8 and 1.6. For both Mach numbers, fm,t/uτρ0 and fm,s/uτρ0
have similar values, confirming that the mass entrainment rate per unit horizontal area is

similar in both spatial and temporal TBLs. It is also clear that fm,t/uτρ0 and fm,s/uτρ0
are larger for M = 1.6 than for M = 0.8. Values of fm,t/uτρ0 and fm,s/uτρ0 for M = 0.8

are very close to those obtained in incompressible experiments summarized in table 5.2.
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Table 5.2 Normalized mean mass entrainment rate per unit horizontal area in previous

experiments of incompressible TBLs: Reτ = 7870 and 14500.[92]

Reτ 7870 14500

fm,s/uτρ 0.333 0.333

Table 5.3 Normalized mean mass entrainment rate per unit horizontal area in com-

pressible TBLs. The temporal TBLs in the present DNS are compared with spatial

compressible TBLs, where the entrainment rate is computed from the theoretical results

of compressible TBLs.[37]

Case M fm,t/uτρ0 fm,s/uτρ0

F001 0.8 0.355 0.347

F002 1.6 0.398 0.392
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Figure 5.6 Normalized volume fractions of turbulent region VT plotted against threshold

d̂th used for detecting turbulent fluids, d̂th is ω̂th or ϕ̂th.

5.4 The TNTI detected by a passive scalar

VT computed as a function of ω̂th as shown in figure 5.6, where ω̂th is vorticity magnitude

normalized by the mean vorticity magnitude ωc at y = 0.5δ. In this study, the threshold

value ω̂th = 0.04034 is used to detect the irrotational boundary, which is the same value

with ω∗th that is used in pervious section, only the normalization method is different.

ω̂th = 0.04034 is shown with the squares in figure 5.6. It has been already confirmed that

the small change in ω̂th from this value hardly affects the location of the isosurface.[93]

It has been shown that the passive scalar is also a good marker of turbulent fluids,[78, 94]

and isosurface of ϕ with the threshold ϕth determined by the dependence of VT and ϕth

can be also used as the irrotational boundary.[78, 94] VT for turbulent fluids defined as

ϕ > ϕth is plotted against normalized threshold ϕ̂th = ϕth/ϕc in figure 5.6. Unlike VT
computed with vorticity magnitude, VT does not show rapid increase even for small ϕ̂th.

This is because the vorticity is computed with velocity gradient, which enhances small

numerical error in velocity fields. Similar plots of VT for vorticity magnitude and passive

scalar were also obtained in incompressible TBLs and planar jets.[86, 94]

The same value of normalized threshold is used for both vorticity magnitude and passive

scalar. Thus, ϕ̂th = 0.04034 is used in the analysis presented below. For these thresh-

olds, both vorticity magnitude and passive scalar criteria result in almost same turbulent

volume as shown in figure 5.6.

The irrotational boundary detected by a passive scalar is compared with the one de-

tected by vorticity magnitude as shown in figure 5.7. The color shows the dilatation

∇ · u = −(Dρ/Dt)/ρ, and the positive and negative values indicate fluid expansion and

compression in the regions, respectively. In these figures, the irrotational boundaries de-
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Figure 5.7 Visualization of irrotational boundary forming at the outer edge of the TNTI

layer. Color represents dilatation ∇ · u. d̂th indicates the threshold value of different

detectors. The irrotational boundary detected by vorticity magnitude is shown in the

upside for case F001 (M = 0.8) (a) and case F002 (M = 1.6) (b), detected by a passive

scalar is shown in the bottom for case F001 (M = 0.8) (c) and case F002 (M = 1.6) (d).

tected by vorticity magnitude and passive scalar are very similar, including both colors

(which indicates the expansion and compression regions). This implies that the passive

scalar can be used to detect the irrotational boundary in experiments when vorticity

magnitude is difficult to measure.
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Figure 5.8 Conditional average of passive scalar.

5.5 Passive scalar in entrainment process

The conditional mean profiles of the passive scalar are shown in figure 5.8. ⟨ϕ⟩I is very
closed to zero in the non-turbulent region, exhibits a sharp jump within the TNTI layer,

and tends to be constant in the turbulent core region. This profile also confirms that

the passive scalar can be used as a detector function of turbulent fluids. The conditional

average of scalar dissipation rate ⟨εϕ⟩I are calculated and shown in figure 5.9, where the

scalar dissipation rate εϕ is defined as:

εϕ = 2Dm
∂ϕ

∂xj

∂ϕ

∂xj
. (5.7)

There is a peak of scalar dissipation rate near the boundary between TSL and VSL. As

discussed in previous studies,[74] the boundary between TSL and VSL is where a fluid with

low vorticity (low scalar) from the non-turbulent region encounters a fluid with relatively

high vorticity (high scalar) coming from the turbulent core region. This causes the scalar

gradient to be very large here. This can be also found in the instantaneous profile of

scalar dissipation rate on x− y plane for case F001 (M = 0.8) (figure 5.10). There exist

thin layers with high scalar dissipation rate near the irrotational boundary visualized by

white lines, and these thin layers with high scalar dissipation rate near the TNTI layer

are often aligned with the irrotational boundary.

Production terms of scalar gradient GiGi = (∂ϕ/∂xi)
2 and enstrophy can be written

as −GiSijGj and ωiSijωj, respectively. These terms arise from the coupling between

a strain tensor and vorticity or scalar gradient. The production rates related to the

effective contribution of the strain are defined as αϕ = −GiSijGjD/(G
2UW ) and αω =

ωiSijωjD/(ω
2UW ), which are also related to the alignment between strain eigenvectors
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Figure 5.9 Conditional average of passive scalar dissipation rate.

and vorticity vector or scalar gradient.[95] Positive αϕ indicates dominant contribution

of the compressive strain acting on the scalar gradient while positive αω indicates that

vortex is stretched by the extensive strain. The conditional mean profiles of αϕ and αω

are shown in figure 5.11. ⟨αϕ⟩I and ⟨αω⟩I are very similar forM = 0.8 and 1.6. They have

positive values in the turbulent region. Thus, the enstrophy and scalar dissipation rate

are produced via coupling between strain and vorticity vector or scalar gradient. Within

the TNTI layer, ⟨αϕ⟩I and ⟨αω⟩I are larger than their non-turbulent values. ⟨αϕ⟩I and

⟨αω⟩I have a peak near the boundary between TSL and VSL.

From figure 5.10, there is a tendency that high scalar dissipation rate near the irro-

tational boundary appears more frequently when the irrotational boundary faces in the

streamwise (x) direction. The orientation of the irrotational boundary can be distin-

guished by the unit normal vector n = (nx, ny, nz).
[96] For investigating the dependence

on the interface orientation, the conditional statistics are computed separately for the

leading edge and trailing edge, where leading edge defined as nx > 0.5 faces the down-

stream direction and trailing edge nx < −0.5 faces the upstream direction. It should be

noted here that the downstream is the same orientation of x direction and upstream is

the opposite orientation of x direction. The conditional averages of the scalar dissipation

rate εϕ and the production rate αϕ of G2 for the leading edge and trailing edge are shown

in figure 5.12. The scalar dissipation rate near the training edge is lower than the one

near the leading edge, especially within the TNTI, in consistent with the visualization in

figure 5.10. The production rate ⟨αϕ⟩I is also much higher near the leading edge, and

⟨αϕ⟩I near the training edge is very close to the non-turbulent value within the entire VSL

and some part of TSL. The scalar gradient within the TNTI layer has a tendency of par-

allel alignment with the normal direction of the irrotational boundary[78] since the scalar
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Figure 5.10 Instantaneous profile of scalar dissipation rate (color contour) and irrotational

boundary (white line) on x-y plane for case F001 (M = 0.8).

rapidly changes across the TNTI layer. The orientation of the interface in relation to the

mean flow direction has a strong influence on the strain field near the TNTI layer.[96, 97]

In the TBLs developing over the moving wall, the turbulent fluid has a larger streamwise

velocity u than the non-turbulent fluid. The leading edge is the TNTI that faces the

downstream direction, where the turbulent fluid with larger streamwise velocity is often

located in the upstream side of the leading edge with smaller streamwise velocity. Then,

the turbulent fluid near the leading edge tends to have ∂u/∂x < 0, which is related to the

compressive strain in the streamwise direction. Because the scalar gradient tends to align

with the normal direction of the irrotational boundary, the compressive strain near the

leading edge tends to align with the scalar gradient, and the scalar gradient is effectively

intensified by the compressive strain. In contrast, a fluid with ∂u/∂x > 0 often appears

near the trailing edge because the turbulent fluid in the downstream side of the trailing

edge has a larger streamwise velocity, and this extensive strain makes the production rate

of G2 smaller near the trailing edge. These dependences of ⟨αϕ⟩I also explain ⟨εϕ⟩I , where
the region with a small production rate ⟨αϕ⟩I has lower ⟨εϕ⟩I . These dependences of ⟨εϕ⟩I
and ⟨αϕ⟩I are similar to the relationship between the enstrophy production and TNTI

orientation reported in the DNS of incompressible planar jets.[96]
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Figure 5.11 Conditional profiles of the production rate of enstrophy and scalar gradient.
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Figure 5.12 Conditional average of (a) scalar dissipation rate and (b) production rate of

scalar gradient near the leading and trailing edges (LE: leading edge, TE: trailing edge).
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5.6 Summary

The propagation velocity of irrotational boundary is computed for investigating the

local entrainment process. It is found that the propagation velocity is dominated by the

viscous effects, the irrotational boundary frequently propagates toward the non-turbulent

region and hardly propagates toward the turbulent region.

In the intermittent region, the mean downward velocity is found for the non-turbulent

flow. This is consistent with spatially developing TBLs.[29, 92] The mass entrainment rate

per unit horizontal area of the temporal TBLs is also found to be consistent with the

theoretical prediction[37] for the spatial compressible TBL, and also with experimental

data for a spatial incompressible TBL at Mach number M = 0.8. It confirms that the

dominant mechanism for the momentum transport is not different between spatial and

temporal compressible TBL.

The mass flux within the TNTI layer is studied by the mass transport equation in the

local coordinate system (xI, t′), which is moving with the outer edge of the TNTI layer.

It shows that the mass within the VSL is transferred toward the TSL in the direction

normal to the TNTI, while the TSL is dominated by a tangential transfer. The result

is also compared with the single vortex model for incompressible flows.[81] This model

indicates that the non-turbulent fluid is drawn toward the vortex core region within the

VSL with the velocity related to the strain imposed on the vortex, then the circular

motion caused by the vortex transfers the fluid being entrained toward the turbulent core

region. The mass flux predicted by this model within the TNTI layer agrees well with the

statistics result, which strongly suggests the connection between the entrainment process

within the TNTI layer and the small-scale vortical structures found underneath the TNTI

layer of the turbulent boundary layers.

The passive scalar mixing near the TNTI is also studied for investigating the entrain-

ment process. The highest conditional mean scalar dissipation rate appears near the

boundary between the VSL and TSL. This indicates that the fluid locally entrained from

non-turbulent side encounters the fluid coming from the turbulent side, where the dif-

ference in the passive scalar between these fluids creates large scalar gradients. This

discovery is similar with the one found in incompressible mixing layer.[74] Both visual-

ization and conditional statistics show the dependence on the TNTI orientation for the

scalar dissipation rate and the production rate of scalar gradient, both of which have a

large value near the leading edge facing the downstream direction than the trailing edge

facing the upstream direction.
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Chapter 6

Real-World Data Circulation

In this chapter, the real-world data circulation (RWDC) and the relation with present

study are explained. In addition, the contributions of this work on the society is also

discussed.

6.1 Real-World Data Circulation

Real-World Data Circulation (RWDC) is a recent advanced new research field, which

often conducts the real-world products or services in society and acquires comments or

expectation for users. The information in RWDC is represented and analyzed in the form

of data. By analyzing these data, people can create new designs or improve the old one

based on the result of analysis.

The RWDC exists in many fields in the world, which is highly related to the devel-

opment and globalization of the world. This topic is connected with many fields in

the world,[98, 99] e.g., business, medical treatment, economics, education and industries,

namely, everywhere in our daily life. To improve the development and globalization of

this world, people should know what is happening around the world and how it affects

this world. In the real-world, even though people get data or information from the fields

they are interested in, it is difficult to know how to use these data to contribute our life

or understand things. That is the reason why we need to study RWDC.

Industries is of great importance in our daily life, from the plastic bag for food to the

aircraft by which people can travel everywhere in this earth. However, the manufacturers

cannot unilaterally create valuable products. In other words, techniques and user re-

quirements are necessary for creating valuable products or services. The recent proposed

fourth industrial revolution (Industry 4.0),[100] which has been developing with Informa-

tion Technology (IT), has attracted a lot of attentions. This industrial revolution tries to

connect many fields together, e.g., the Internet of Things (IoT), Cyber Physical System

(CPS), information and communications technology (ICT), and Enterprise Architecture

(EA).[101] RWDC is one of the key points in the realization of Industry 4.0.
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Figure 6.1 The general concept of RWDC in fluid dynamics.

6.2 Relation between RWDC and present study

Until now, many techniques in industries are quite limited, which makes a lot of difficul-

ties to create desired products or service based on current techniques. For advancing the

techniques, it is necessary to deeply understand the fundamental things, namely practical

or industrial related science, which can help people essentially achieve a new stage of the

technique.

Fluid dynamics plays a significant role in the performance of many applications in

industries, e.g., aircraft, automobile. How to use the practical or industrial related science

in fluid dynamics to improve industries can be studied by RWDC as shown in figure 6.1,

which is a general concept of RWDC in fluid dynamics for industrial products design.

Some products in industries may have some problems or users are not satisfied with these

products, but engineers cannot solve them and need more information about the theory or

fundamental characteristics. Then, researchers conduct some simulations or experiments

to acquire data for the fundamental study. Thirdly, these fundamental studies can be

done with the acquired data, and it can contribute to the development of the theories

or empirical laws. Finally, the theories or empirical laws can be directly used for the

industrial design. By these steps, the RWDC builds bridges for scientific study and real-

world products design.

Computational fluid dynamics (CFD) is a widely used method for studying fluid dy-

namics. As shown in figure 6.2, CFD is used for designing many parts of A380, and

the usage of CFD is growing rapidly due to the increases of computational resource.[1]
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Figure 6.2 Example of growing usage of CFD for design of Airbus A380.[1]

The increase of the CFD usage also decreases the time and financial cost on aircraft de-

sign, because the aerodynamics studies of aircraft highly depended on the wind tunnel

experiments in the past which takes a lot of time, human resources and financial cost.

Commercial CFD software (CFX, Fluent, Fastran and Comsol and so on) are frequently

used for flow simulations in industrial applications, including many complex flows, e.g.,

combustion flow, high speed flow, flow with heating wall. However, the turbulent flow

simulations for industrial applications can only be done with turbulent model due to the

limited computational resource in current stage. Even through these turbulent models

excellently reduce the computational cost, it also brings some accuracy problems espe-

cially in complex flows. Until now, turbulent model is still one of the biggest problems in

CFD community.

As mentioned in da Silva et al.,[10] a better understanding about the TNTI layer is

needed in order to predict the chemical reaction flows or combustion flows, in which the

properties essentially depended on the position and inner structures of TNTI layer. New

computational algorithms and turbulent model near the TNTI layer should also be further

considered, because this layer separates turbulent region and non-turbulent region where

the grid mesh used in applications near the TNTI is generally larger than the thickness

of this layer.

The present study focuses on the TNTI layer in compressible turbulent boundary layers,

which can be found in many engineering applications as described in chapter 1, especially

in aerospace engineering. The relation between RWDC and the study in this thesis can be

explained by four steps as shown in figure 6.3. Firstly, the development of compressible
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Figure 6.3 Connection of RWDC and TNTI study in compressible TBLs.

TBLs can significantly affect the efficiency and instability of the aircraft and vehicles,

and the many fundamental mechanism about the development of compressible TBLs are

still unclear as described in chapter 1, it need to be investigated more. Then, the direct

numerical simulation of compressible TBLs are conducted for studying the fundamental

characteristics of the TNTI layer and the entrainment process in compressible TBLs,

which are strongly related to the development of compressible TBLs. Direct numerical

simulations are conducted in present study is because it directly solves all the turbulence

motions with different scales without any turbulent model. Thirdly, the results about the

TNTI layer in present study can contribute to the understanding of the development of

compressible TBLs, which can provide information for the CFD algorithms and turbulent

model development near the TNTI. Finally, these improvement of compressible TBLs

development understanding can be directly used for the real-world industrial products

design, e.g., aircraft, turbine, and so on.
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6.3 Contributions to the society

This work can contribute to the understanding of the development of compressible

TBLs, which can significantly contribute to industrial products design from three points:

a. It can be used to improve the turbulent model and new CFD algorithms near the

TNTI for compressible TBLs as described section 6.2. This will be a very big step

if suitable turbulent model or new CFD algorithms can be developed for industries,

because an improvement of CFD is an improvement for all the products design

which are related to high-speed boundary layer. For example, the improvement of

CFD in compressible TBLs can exactly improve the prediction of the flow around

a high-speed vehicle, and it can be used to design a better vehicle with lower drag

and higher stability, subsequently better efficiency.

b. In addition, understanding of the development of compressible TBLs is also helpful

for develop related theories or empirical laws, which can be directly used in the

industrial products design.

c. Furthermore, it also gives some ideas for flow control, e.g., it is possible to control

the development of compressible TBL by controlling the large structures in the

boundary layer because the large structure can affect properties of the TNTI in

TBLs.

Until now, the work in present study mainly focuses on the first and second steps of the

RWDC shown in figure 6.3, and contributes to the third step.
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Chapter 7

Conclusion and Future Prospects

7.1 Conclusion

DNS of subsonic and supersonic temporally evolving turbulent boundary layers are

performed for studying the TNTI. Two different setups of the DNS are considered, where

in one case the grid spacing is determined solely based on the wall unit while the other

case uses the computational grid small enough to resolve both the turbulent structures

underneath the TNTI and near the wall. The global statistics are compared between the

present DNS and previous studies, showing that the DNSs with both grids reproduce well

the first- and second-order statistics of the fully-developed turbulent boundary layers.

However, the spatial distribution of vorticity in the outer region is found to be very

sensitive to the spatial resolution near the TNTI. At the present Reynolds number (Reθ ≈
2200), the DNS based on the grid size determined by the wall unit does not have sufficient

resolutions near the TNTI. The lack of the resolution results in the spiky patterns of

the enstrophy isosurface used for detecting the outer edge of the TNTI layer and the

thicker TNTI layer thickness. This problem can be solved by increasing the number of

the grid points, where a smoother enstrophy isosurface is similar to the previous studies

of incompressible free shear flows obtained in the DNS with the grid small enough to

resolve Kolmogorov scale in the turbulent core region below the TNTI. Based on the 3D

high-resolution DNS, the structure of the TNTI layer in compressible turbulent boundary

layers can be investigated. The outer edge of TNTI layer, namely irrotational boundary,

is detected as an isosurface of vorticity. The present results show that the thickness of

the TNTI layer, defined with a large gradient of conditional mean vorticity magnitude,

is about 15 times of the Kolmogorov scale ηTI in turbulence near the TNTI layer. The

inner (sub)layers of the TNTI layer are detected based on the vorticity dynamics, where

the TSL and VSL are found to have a thickness of 11-12ηTI and 4ηTI , respectively.

Even through the compressibility effects increase with Mach number, the conditional

statistics confirm that the direct influences of compressibility are small near the TNTI

layer, and the profiles of the conditional statistics are qualitatively similar between incom-

pressible and compressible turbulent boundary layers. These structures of the TNTI layer
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and their thicknesses divided by the Kolmogorov scale are very similar to those found in

incompressible free shear flows. The compressibility effects at the Mach numbersM = 0.8

and 1.6 are very small within the TNTI layer, which appears in the outer intermittent

region.

The local entrainment process is studied with the propagation velocity of the enstrophy

isosurface, which represents the speed at which non-turbulent fluids crosses the outer

edge of the TNTI layer. It has been shown that the compressibility effects are almost

negligible for the propagation velocity, which is dominated by the viscous effects rather

than a dilatational effect or baroclinic torque. The mean downward velocity is found in the

non-turbulent region in the intermittent region, which is consistent with spatially-evolving

boundary layers.[29, 92] The mass entrainment rate per unit horizontal area of the temporal

TBLs is consistent with the theoretical prediction[37] for the spatial compressible TBLs.

This confirms that the dominant mechanism for the momentum transport, which is related

to the TBL thickness growth, is not different between spatial and temporal compressible

TBL as also found in incompressible TBLs.[53] Furthermore, the mass entrainment rate

normalized by uτρ0 at M = 0.8 also agrees well with experiments of spatially developing

incompressible TBLs at various Reynolds numbers. Furthermore, the entrainment process

across the TNTI layer is studied with the mass transport equation in the local coordinate

system (xI, t′) which is moving with the outer edge of the TNTI layer. The statistics

of the mass flux show that the mass within the VSL is transferred toward the TSL in

the direction normal to the TNTI while the TSL is dominated by a tangential transfer.

These mass fluxes within the VSL and TSL are compared with the single vortex model for

the entrainment within the TNTI layer, which was proposed for incompressible flows.[81]

Because of very small effects of the compressibility in the outer region of the turbulent

boundary layer, the entrainment model given by a single vortex predicts the mass flux

within the TNTI layer fairly well, which strongly suggests the connection between the

entrainment process within the TNTI layer and the small-scale vortical structures found

underneath the TNTI layer of the turbulent boundary layers.

The irrotational boundary detected by an isosurface of passive scalar is also shown in

this study, and the detected irrotational boundary shows an excellent agreement with the

one detected by vorticity in visualization. It indicates passive scalar is also a good marker

of turbulent fluids, which is easy to measure in experiment compared with vorticity.

Conditional mean passive scalar also exhibits a sharp jump within the TNTI layer, and

the highest conditional mean scalar dissipation rate appears near the boundary between

the VSL and TSL. This indicates that the fluid locally entrained from non-turbulent

side encounters the fluid coming from the turbulent side, where the difference in the

passive scalar between these fluids creates large scalar gradients. It is also shown that

the production rate of scalar gradient and enstrophy within the TNTI layer is as high as

in the turbulent core region, and peaks in conditional averages of these quantities appear

within the TNTI layer. Both visualization and conditional statistics show the dependence
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on the TNTI orientation for the scalar dissipation rate and the production rate of scalar

gradient, both of which have a large value near the leading edge facing the downstream

direction than the trailing edge facing the upstream direction. The production rate of

scalar gradient within the TNTI layer of the trailing edge is comparable to the non-

turbulent value, which causes lower scalar dissipation rate near the trailing edge. These

tendencies are explained from the difference in streamwise velocity between turbulent and

non-turbulent fluids in a similar way to the TNTI orientation dependence of enstrophy

production (rate) given for incompressible planar jets.[96, 97]
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7.2 Future Prospects

The Reynolds number dependence is one of the most important issues in the study of the

TNTI layer. In previous literatures, the scaling of the mean thickness of the TNTI layer

δTNTI has been argued extensively. The mean thickness of the TNTI layer, the Reynolds

number dependence of turbulent statistics near and within the TNTI layer in the TBL all

need to be investigated. How these statistics vary with the Reynolds number is also an

important issue. There are several previous studies on the Reynolds number dependence

of the TNTI layer in the TBL:[92] used the experimental data (Reτ = 1230-14500) to study

the Reynolds number dependence of the TNTI layer in the TBL. However, the TNTI layer

in this study is detected with velocity, where the TNTI layer is treated as a shear layer.

The interface detected by the velocity is completely different from the one detected by

vorticity.[94] Borrell et al.[28] have studied the TNTI detected with vorticity using direct

numerical simulation (DNS) database of the TBL. However, the Reynolds number range

is still limited for Reθ = 2800-6800 (Reτ = 1000-2000). In addition, the wall can have a

strong influence on the TNTI layer in the TBL.[29] This influence may result in difference

with the results in free shear flows and it has not been studied well in previous papers.

Therefore, the Reynolds number dependence of TNTI in TBL should be investigated in

a future study. We plan to study the Reynolds number dependence by DNSs, which have

enough fine resolution to solve the turbulent motions in the turbulence both underneath

the TNTI layer and also the near-wall regions, with wide range of Reynolds number

Reθ = 2000-13000.

As mentioned in section 6.3, the final step is still absent in current stage. For un-

derstanding the connection from science studies to real-world products design, it is very

important to complete this circle. Therefore, I plan to take some work with a company

for fluid dynamics related work in inductry, and I believe that will highly enhances to my

ability and my understanding about the RWDC.
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[13] M. Holzner and B. Lüthi, “Laminar superlayer at the turbulence boundary,” Phys.

Rev. Lett., vol. 106, no. 13, p. 134503, 2011.

[14] R. O. Fox, Computational Models for Turbulent Reacting Flows. Cambridge Univ.

Pr., 2003.

[15] S. Tanaka, T. Watanabe, and K. Nagata, “Multi-particle model of coarse-grained

scalar dissipation rate with volumetric tensor in turbulence,” J. Comput. Phys.,

vol. 389, pp. 128–146, 2019.

[16] L. K. Su and N. T. Clemens, “Planar measurements of the full three-dimensional

scalar dissipation rate in gas-phase turbulent flows,” Exp. Fluids, vol. 27, no. 6,

pp. 507–521, 1999.

[17] R. L. Curl, “Dispersed phase mixing: I. Theory and effects in simple reactors,”

AIChE J., vol. 9, no. 2, pp. 175–181, 1963.

[18] A. Y. Klimenko and R. W. Bilger, “Conditional moment closure for turbulent com-

bustion,” Prog. Energy Combust. Sci., vol. 25, no. 6, pp. 595–687, 1999.

[19] M. J. Cleary and A. Y. Klimenko, “A generalised multiple mapping conditioning

approach for turbulent combustion,” Flow, Turbul. Combust., vol. 82, no. 4, pp. 477–

491, 2009.

[20] D. W. Meyer, “A new particle interaction mixing model for turbulent dispersion

and turbulent reactive flows,” Phys. Fluids, vol. 22, no. 3, p. 035103, 2010.

[21] T. Watanabe, T. Naito, Y. Sakai, K. Nagata, and Y. Ito, “Mixing and chemical

reaction at high schmidt number near turbulent/nonturbulent interface in planar

liquid jet,” Phys. Fluids, vol. 27, no. 3, p. 035114, 2015.

[22] T. Watanabe, Y. Sakai, K. Nagata, Y. Ito, and T. Hayase, “Reactive scalar field near

the turbulent/non-turbulent interface in a planar jet with a second-order chemical

reaction,” Phys. Fluids, vol. 26, no. 10, p. 105111, 2014.

[23] M. Gampert, K. Kleinheinz, N. Peters, and H. Pitsch, “Experimental and numerical

study of the scalar turbulent/non-turbulent interface layer in a jet flow,” Flow,

Turbul. Combust., vol. 92, no. 1-2, pp. 429–449, 2014.

[24] R. R. Taveira and C. B. da Silva, “Characteristics of the viscous superlayer in shear

free turbulence and in planar turbulent jets,” Phys. Fluids, vol. 26, no. 2, p. 021702,

2014.



83

[25] J. Mathew and A. J. Basu, “Some characteristics of entrainment at a cylindrical

turbulence boundary,” Phys. Fluids, vol. 14, no. 7, pp. 2065–2072, 2002.

[26] J. Westerweel, C. Fukushima, J. M. Pedersen, and J. C. R. Hunt, “Mechanics of

the turbulent-nonturbulent interface of a jet,” Phys. Rev. Lett., vol. 95, no. 17,

p. 174501, 2005.

[27] A. A. Townsend, The structure of turbulent shear flow. Cambridge Univ. Pr., 1976.
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