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The electric field E, along the magnetic field B in nonlinear magnetosonic waves in a
three-component plasma is studied with theory based on a three-fluid model and with fully kinetic,
electromagnetic, particle simulations. The theory for small-amplitude (e<<1) pulses shows that the
integral of E; along B, F=—[Eds, is proportional to e(p,o— Ppo) in warm plasmas, where p, and p,,

are, respectively, the electron and positron pressures, and proportional to ezmivi/ (1 +v§/ c

)3 in cold

plasmas, where v, is the Alfvén speed. These predictions are verified with simulations. Furthermore,
for shock waves with e~ O(1), simulation values are consistent with the phenomenological relation
nygeF ~ e(pvf,+Fepeo)(ni0/ n.), where p is the mass density and I', is the specific heat ratio. These
results indicate that E; can be strong in strong magnetic fields. © 2008 American Institute of

Physics. [DOI: 10.1063/1.2972159]

I. INTRODUCTION

In the ideal magnetohydrodynamics, the electric field
parallel to the magnetic field, E;, is exactly zero,'™ and it has
been generally thought that E; is quite weak and thus its
integral along the magnetic field, F=—[Eds, is small in low-
frequency phenomena in high-temperature plasmas; since E|
contains both longitudinal and transverse components, the
quantity F will be referred to as the parallel pseudopotential
in this paper. In some particle simulations on electron accel-
eration in magnetosonic shock waves, however, the observed
values of F were quite large.4 Recently, therefore, the paral-
lel electric field in nonlinear magnetosonic waves has been
quantitatively analyzed with theory and electromagnetic par-
ticle simulations.” The theory and simulations show that F
can be large (E; can be intense), especially when the external
magnetic field B, is strong. The parallel pseudopotential F' is
given as eF~ €l',T, in small-amplitude pulses in a warm
plasma with electron temperature 7,, where € is the wave
amplitude, and T', is the specific heat ratio of electrons. In a
cold plasma such that ezmivf1 > el',T,, where v, is the Alfvén
speed, however, it is given as eF ~ 62mivi. Furthermore, it
was found that the simulation results for large-amplitude
shock waves with e~ O(1) fit fairly well to the phenomeno-
logical relation eF ~ e(mp%+T,T,).

The parallel electric field also plays a crucial role in the
positron acceleration® in oblique shock waves in an electron-
positron-ion (e-p-i) plasma (for e-p-i plasmas, see, for in-
stance, Refs. 7-16, and references therein). Indeed, the time
rate of change of the Lorentz factor y of a positron acceler-
ated with this mechanism is proportional to Ej, i.e.,
Q;ld'y/dt:(c/vsh)(E~B)/(B~BO), where (), is the positron
gyrofrequency, vy, is the shock propagation speed, and B is
the total magnetic field at the position of the positron. The
Lorentz factors reached ~2000 by the end of the simulation
run, wpet=5000. Furthermore, the simulations revealed an
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important feature that the positron acceleration becomes
weak as the positron density 7, increases. This would also
be explained if expressions for E; and F are known.

It is thus desirable to obtain the parallel electric field in
e-p-i plasmas. A theory for nonlinear magnetosonic waves
in e-p-i plasmas was developed in Ref. 17, which was, how-
ever, based on the cold plasma model (7=0) and gave E|
=0; the theory therefore cannot be used for the positron ac-
celeration mentioned above. In this paper, extending the
work of Ref. 5 to three-component plasmas, we study the
parallel electric field E; and parallel pseudopotential F in
nonlinear magnetosonic waves in an e-p-i plasma with
theory and simulations.

In Sec. II, we derive the linear dispersion relation of
magnetosonic waves propagating obliquely to an external
magnetic field in an e-p-i plasma with finite temperatures.
The dispersion relation depends on the propagation angle 6
as well as the densities and magnetic-field strength, and the
dispersion vanishes in the long-wavelength region (the fre-
quency w is proportional to the wavenumber k) at a critical
angle 6. This angle decreases from 6,==88° to zero as the
positron-to-electron density ratio rises from zero to unity. In
Sec. III, we develop a nonlinear theory for small-amplitude
waves and obtain E; and F. It is found that the parallel
pseudopotential is proportional to e(I',p,o—1I",p,0) in a warm
plasma, where p, and p, are, respectively, the electron and
positron pressures. For the cold plasma with zero tempera-
tures, we carry out higher order calculations and find that F
is proportional to €mp3/(1+v3/c?)?. In both cases, F de-
creases with increasing positron density, which accounts for
the simulation result® that the positron acceleration becomes
weak as Npo increases. In a more detailed discussion, we also
show the effect of the critical angle 6,. In Sec. IV, we exam-
ine E; and F by means of one-dimensional, fully kinetic,
electromagnetic, particle simulations. First, we test the
small-amplitude theory described in Sec. III and find that the
simulation results are explained by the theory. Next, we ob-
serve F in large-amplitude shock waves with e~ O(1) and
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find that the observed F’s are consistent with the phenom-
enological expression n,0eF ~ €(pvi+T',p o) (ni0/ 1y0), Where
p is the mass density. In Sec. V, we summarize our work. It
is mentioned that E; can be quite strong in high magnetic
fields such as those around pulsars.

Il. LOW-FREQUENCY, LINEAR MAGNETOSONIC
WAVE IN THREE-COMPONENT PLASMA
WITH FINITE TEMPERATURES

We obtain here the linear dispersion relation for magne-
tosonic waves in a three-component plasma consisting of
electrons, positrons, and ions with finite temperatures. The
set of fluid equations may read as

on;

—14V. (njv

Py v) =0, (1)

My x B-Vp, (2)

J
n-mv[—+(vj V)]v =n;q;E +
c

]j(?t

J
[gt+(vj~V)]pj=—Fjij “vj, (3)

where the subscript j refers to the electrons (j=e), positrons
(j=p), or ions (j=i), and I'; denotes the specific heat ratio.

2 sin?h w3/
=27 2 T 2
Us Umpo Uppo j 1- c cos’ 49/0,,,1,0
where @) is the plasma frequency, (; is the gyrofrequency,

and v, is the phase velocity w/k in the low frequency limit
(for the details of the calculations, see Appendix A). Assum-
ing that the temperatures are low,

2

C:
_ZL <1, )
vmpO
we ignore higher order terms of c; /Umpo We then have
5 vi + c? sin” 0 (10)
V0= " 5 5
0T /el
where ¢, is the sound speed,
12
c. = ( 10F ot npOF TpO + neOFeTeO> (l 1)
= .
njom; + }’lpomp + noht,

If we calculate the phase velocity up to the terms of
order k* (see Appendix B),

w
; = UmpO(1 + Mkz)’ (12)

we find the dispersion coefficient u as

1 = ¢? cos? O/v>
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These equations are coupled with Maxwell equations. Since
the phase velocity of the magnetosonic wave in an e-p-i
plasma can be fast, comparable to the speed of light c, the
displacement current is included.

By using the mass density,

p=2 njom;, )

where the subscript O refers to equilibrium quantities, we
define the Alfvén speed v, as

Ua =Bo/(47TP)1/2 (5)
and U4 as
02
) A
Uy="5 5. 6
A 1+v/24/c2 (©)

Furthermore, we introduce the speeds related to the thermal

speeds vr;=(T;/m))"?,
Pjo
c;=Tpp=T—". (7)
‘ ' jolm,

From the above set of equations, we derive the linear
dispersion relation of magnetosonic waves propagating in the
x direction in an external magnetic field B,
=By(cos 6,0,sin ). In the limit of w— 0, we obtain

2 2 2 2
p/ i 5 + tan? 0(2 _Q)EL) /(E —w!l;> =0, (8)

1 = ¢? cos? O/v>

mp0 mp0

c?sin? 0 QJ3

~2 ~2 2
Uy 20 w5 o W’
+ = sin —ﬂ4cj -5 5 —213
c ; Qj c”sin” O\ Qj

2 2 2 ~2 2 \2
Umpo¥a Wpj VA Wpj
~ 0 7
2

»
6 2 2\2
v,C
X A -—2A— =2 13
(; i ') 2¢*] tan? 0( Qq> (13)

The sign of w is important in nonlinear waves. The solitary
wave of the magnetosonic wave becomes compressive or
rarefactive, according to u<<0 or /.L>0.18720 In the limit of
T;=0, Eq. (13) reduces to

! 2 ~2 w2 \2
p=- A (2 ) - o —23‘ SN
2¢ F Qj c¢”sin” 0 Q

The critical angle 6,, at which u becomes zero, is given as
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FIG. 1. Critical angle 6, as a function of n,4/n,. If the angle 6 is 89°, it is
always greater than 6. If the angle is 85°, it is smaller than 6, for n,/n.
<0.8007.

(B4/0) (2007 /0))
nf.=—< 5 5 (15)
= jij/Qj)
for T;=0; we see that u>0 for 0< <6, and u <0 for 6,
< 0<m/2. Figure 1 shows the dependence of the critical
angle 6. given by Eq. (15) on the positron-to-electron density
ratio for the case with m;/m,=1836, —q,=q,=g;=e, and
|Q,]/ w,.=1. As n,o/n,, increases from zero to unity, 6, goes
down from 88.1° to 0°. The decrease is particularly rapid for
n,/n,0=0.8. If the propagation angle is 6=89°, for in-
stance, it is greater than 6, at all values of n,y/n,. If 6
=85°, however, it becomes equal to 6, at n,4/n,,=0.8007.
Outside the vicinities of n,/n,0=1 and the critical den-
sity ratio at which u becomes zero, |u| increases with in-
creasing ny/n,q. For vi/c2< 1, one finds that

2
w. . 4dc

4

2Ly m?, 16
Q;-‘ eng i (16)
2 2\2 2 4
Uy (&) 3 4arct nigh; (17)
Fsin” 0\ Q) €’Bysin® 0 p

These relations indicate that the ion terms are dominant in
Eq. (14). Moreover their difference,

2 2 4 2 2
Wy Uy @y (Mﬂ)ﬂ cos”
4 - - 5
Qi

¢? sin? 09? Q? njo m; sin® @
(18)
is also greater than both the electron and positron terms, i.e.,
(,()2 l)2 (1)4 (,()2 wz
Gpi Y4 Opi| o Dpille o Ope (19)
Q! Asin? Q¢ Qlm O
except ~ for  the  vicinities  of  (m,+m,0)/ny

=(m;/m,)cos* 0/sin> 6 and n,/n,=1. We thus have
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2 2

Uy Njom;| [ neg+n,0\m, cos” 6

w=- A2 10774 ( 0 10) e — , (20)
20; p 1y m; sin” 6

which gives

i (neO + ngO)me (21)
207 p

for 6> 6, and

vi (n,0- 1,0)1M; cos® 0
SEYeY

22
p sin” @ 22)
for §< 6. Equations (21) and (22) both clearly show that |u|
increases with increasing 7,/ 1.

lll. NONLINEAR MAGNETOSONIC WAVES

Next, we obtain the parallel electric field, E,=(E-B)/B,
and parallel pseudopotential, F=—[Eds, in nonlinear mag-
netosonic waves. We discuss the finite-temperature case in
Sec. IIT A and zero-temperature case in Sec. III B. In both
cases, using the smallness parameter € (<1), we introduce
stretched coordinates,zl’22

E=€"(x—v,01). (23)
=€, (24)
and expand the plasma variables as'8%
nj=nj0+enj1+62nj2+ e (25)
Pj=Pj0+5Pj1+€2Pj2+ A (26)
ij=6vjx1+€20jx2+ S (27)
V.= €V + ezvjzz + oo (28)
E,=€E, +E€E,+ -, (29)
B.=B,sin 0+ €B, + €B,+ -, (30)
vy =€+ €+ (31)
E,=€”E + € Ep+ -, (32)
E.=€E + € E + -+, (33)
B,=€"B,+ € B+ . (34)

A. Warm plasma

Applying the above expansion to the three-fluid model

and retaining the first order of ¢7/v2 . we obtain the follow-

ing Korteweg—de Vries (KdV) equation (for the details, see
Appendix C):

B, 1 B, JB

‘93321
+ —vvu -
ar 2 "B, o

- Mvmpo&—éﬁ =0, (35)

where v is the nondimensional quantity defined as

Downloaded 03 Aug 2009 to 133.6.32.19. Redistribution subject to AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp



082309-4 Takahashi, Sato, and Ohsawa

~2 2
v C
v=—4 sin 0{3 +—2(=5sin® 6+ 3)
Ua Va

vA sin” 0 [
c;T 36
5%4 2 (2 Qz ] 1)] ( )

In this perturbation scheme, the lowest-order, parallel
electric field is given as

E = €*(E,, cos 0+E, sin 6). (37)
Substituting Eq. (C28) in Eq. (37) yields
—47Tenecz—n cz—n,-Zc-2 Jd (B
E=€" (neoc Zp()” & l)sinﬁcosb’— ==,
w &g BO

p
(38)

where Z is the ionic charge state, g;=Ze, and wlz, is defined as
wﬁ = 2 wlz,j. (39)
J

From Eq. (38), we find the parallel pseudopotential as

W /T, B

eFp= e<—f’—r T, - —gﬁrpT,, —%#)sm 6L (40)
w, w, w, Z B,
Here, we have used the subscript T to emphasize that F is a
function of the temperatures in this case. Since m,=m,<m;,
the contribution of 7; is small; F'; is determined primarily by
the difference of the electron and positron pressures. It is
noted that as n,/n,, increases, F'; decreases. A comparison
of E,; [Eq. (C30)], E;; [Eq. (C31)], and E| [Eq. (38)] shows
that the terms mainly due to magnetic pressure disappear in
E,, i.e., Eq. (C30) and the first term in Eq. (C31) cancel in
the sum E,| cos 6+E_ sin 0

If nyy/n,o=1 and 7,=T,, the longitudinal electrlc field
E . vanishes, i.e., there appears no charge separation. 8 More-
over, as Egs. (38) and (40) show, E; and F become zero,
although E; contains the transverse component. In addition,
Egs. (C30), (C31), and (C37) indicate that E,;=E,; =B, =0.

B. Cold plasma

In the limit of 7;=0, the parallel electric field Eq. (38)
and pseudopotential Eq. (40) vanishes. We now discuss E|
and F in this limit by taking into account higher order terms
(for the details of calculation, see Appendix D). We may
write the parallel electric field up to the second order terms

as
E-B E, B, B,-B,\ E, -B, E, B,
I|1= = 1 - P + + .
B B, B B, B,
(41)
If T;=0, the lowest order term becomes zero,
E,-B
=L =0 = &2(E,, cos 6+E,, sin 6) =0. (42)
By

Furthermore, we see from Egs. (C7) and (C8) that the term
E,-B, is zero even when T;# 0,
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El . Bl = é/z(Eley] +EZIBZI) =O. (43)

We thus have E=E,-B,/B,. By virtue of Egs. (D2), (D7),
and (D8), we find the parallel electric field in the three-fluid
model in the zero temperature limit as

E = €"*(E,, cos 0+ E., sin 6)
—4 2
_on 470, 2 njoh; i 25 le A4
- 2 3 ( )
Bytan 6\ ¢; 9&’\ By

from which we obtain the parallel pseudopotential as

~ 4oy njom’ ( )2&2( )
FB__EZB(Z)Sin 0(? q; ) d&\ By 4

for which the magnetic pressure is important; the subscript B
is used to show this. In the cold plasma approximation, the
parallel pseudopotential is proportional to € and, if v§<cz,
proportional to B2, which differs from the finite-temperature
case in which F is proportional to € and to temperature. If
njo> (m,/myn,, Eqs. (44) and (45) can be approximated as

o)
eE,:e“L( ) f('g) (46)

tan 6(1 + v3/c?) &\ B,
~2 2
o omby (P ( )
eFp= ezsm o1 +vA/c2)< ) 2\ B, “7)

In the limit of 7,,=0 (0, = w,,), Eq. (47) reduces to F in the
two-fluid model in the cold plasma limit.

At n,o/n,=1, both E; and F are zero, which we see
from Egs. (44) and (45). Thus, the relation E;=0 holds for
both warm and cold plasmas if n,y/n,=1.

For a stationary solitary pulse with a magnetic-field am-
plitude B, ;=B peax the peak value of F is given as

)
oF = miv, [ (ngo— npO)mi:|
P

peak — 4

X(iz_m_g)(c/wz)2<l7_A>4<le peake)z. (48)
Z5 m; 7’ Uy B

Figures 2 and 3 show the dependence of F, on the positron
density; here, we have normalized F to the value of F at
n,=0. In Fig. 2, the propagation angle is #=89° and is
greater than 6, for all values of n,/n.. The value of F.,
monotonically decreases as n,y/n,q varies from zero to unity.
In Fig. 3, 6 is 85° and becomes equal to 6, at n,y/n,
=0.8007; Fpeq diverges at this density ratio. Outside this
small region, however, F decreases with increasing
N,/ ne. In fact, by substituting u given by Egs. (21) and
(22) in Eq. (48), we can express the dependence of F on
N0/ Ny for the case vy <c? as

1- npo/ne()

(49)

(1 + 10/ne) [ 1+ np/ngg + (1= ny0/n.0)m,/m;]

for 6> 6, and
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FIG. 4. Electric potential ¢ vs n,/n,y. Although 6 is 85°, there is no

FIG. 2. Peak value of F of the solitary wave as a function of n,,/n,. Here,

0 is 89° and is greater than 6.
singularity.

! (50)
(52)

o
L+ n,o/n.0+ (1 = nyo/ng)m/m; i

e e |l o< 04 (0 = mp0)-

for #<46,. These indicate that except for the vicinity of the . _ . .

.. : . . . As n,o/n, rises, 0,4 and thus |¢| increase. The electric po-

critical density ratio, F* decreases with increasing n,y/ . P . .
. . . . e tential does not diverge at any value of n,y/n,,. Figure 4

The behavior of the electric potential ¢ is quite different . . P

shows the electric potential ¢ as a function of n,/n,; the
parameters are the same as those in Fig. 3. For most of the
region, 0<n,o/n,,=0.998, ¢ increases with n,y/n,. As
shown in Fig. 5, it rapidly goes down to zero in a very

from that of F. We have an analytic expression for ¢ as

—4 2
UsB @i B
== 3\ €l (51)
c’sin 677 Q5 \ By
narrow region, 0.998<n,y/n, <1.
from which we see its density dependence as In the simulations in the next section, F is mainly dis-
cussed, because E| is easily masked by thermal noise and is
more difficult to measure. With the help of the relation

|Q|/mpe = 1

4
200

6 = 85°, |Qql/m,e =

T
1
]
1
i
1
i
1
]
1
]
1
]
]
1
1
i
i
i
1
1
i
I
1
]
]
I
1
[l
]
]
1
1
]
1
]
1
I
1
I

1 0 |
0.99 0.995 1
npO/neO

0 1 1 1 1
0O 02 04 06 0.8
npO/neO

FIG. 3. Peak value of F of the solitary wave. Here, 6 is 85° and is smaller
than 6, for np/n.)<0.8007, for which F is negative.
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B
F=- E”ds =- EH_dX, (53)
BxO

we can make an order estimation of E; by using F,
BF

E)~——, 54
(Ep B)A (54)
where A is the width of a shock transition region (or the
width of a soliton) and the brackets indicate the average over
this region. Equation (54) is consistent with the relation be-
tween E; and F in warm plasmas [Egs. (38) and (40)] and
with that in cold plasmas [Eqgs. (44) and (45)]. Similarly, we

have (E,)~ ¢/A and find that
E) _BoF
(Ey (B)¢’

IV. SIMULATION OF WAVE EVOLUTION
AND PARTICLE ACCELERATION

(55)

We now study the parallel electric field by means of
one-dimensional, fully kinetic, electromagnetic, particle
simulations,” in which we generate magnetosonic pulses and
observe their propagation. We take the mass ratios to be
m;/m,=400 and m,/m,=1, with their charges ¢;,=¢q,=—q,.
The speed of light is c/(w,A,)=10, where A, is the grid
spacing, and the ion thermal velocity is fixed to be
(Ti/m)"*/ (w,,A,)=0.013. We test high (F>Fp) and low
(Fp> Fy) beta cases (beta is the ratio of thermal to magnetic
pressures); in the former, the magnetic-field strength and
electron thermal velocity are, respectively, ||/ ®,,=0.5 and
vre/ (0,,A,)=2.0 (T,=60T)), and in the latter, |Q,|/ w,,=1.0
and v,/ (w,,A,)=0.26 (T,=T;). In both cases, T, is equal to
T,

e

We discuss small-amplitude pulses and shock waves
separately below. In the former, the system length is L
=2048A, with the total number of electrons N,=4.9 X 109,
while in the latter, L=16384A, with N,=6.1X 10°. (We use
a greater number of simulation particles for the small-
amplitude case to reduce noise.”*)

A. Small-amplitude pulses

First, we examine small-amplitude pulses and compare
them with the nonlinear theory in Sec. III. Figure 6 shows
the magnitude of F in a small-amplitude pulse with #=88° as
a function of n,4/n, for the case F> Fj. Both the theory
(40) (solid line) and simulation results (dots) decrease with
increasing n,/n,9. Here, since the theory (40) for Fr pre-
dicts that F is proportional to the amplitude € (and thus F/e
should be independent of €), we have plotted the values of
F/e; and they are normalized to the value of F/e at
1,0/ n,0=0. The pulse amplitudes used in Fig. 6 were in the
range 0.075<B,/B,<<0.085.

The method of measurement of F, which is small and
can be masked by thermal noise, is described in Ref. 5. We
make use of the fact that other quantities such as B, are much
easier to measure. From the profiles of B.(x,¢;) in a pulse at
consecutive times #; (j=1,2,...,N), we obtain the pulse
speed vg,. We then average the profiles of F(x—vgt;,t;) over
time, which smooths out the fluctuations.
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V- /c=d.2, Q |lo.. =05
® Te | el pe

0.8

0.6

0.4

(F/e)/(Fle)n o

0.2

0 ! ! !
0 02 04 06 08 1

npO/neO

FIG. 6. Magnitude of F'/ € of small-amplitude pulse as a function of 71,5/ 71,9
for the case Fy> Fy. Here, (F/e),,PO:O denotes the value of F/€ at n,/n,
=0.

Figures 7 and 8 show the dependence of F on the posi-
tron density for the case Fp> Fy, for which F given by Eq.
(48) is proportional to €%; therefore F/ € is plotted. In Fig. 7,
the propagation angle (6=88°) is greater than 6, for all val-
ues of n,y/n,, and thus F monotonically decreases as
n,0/ ngo rises from zero to unity. In Fig. 8, on the other hand,
the propagation angle (6=85°) becomes equal to 6, at
1,0/ n,0=0.26, around which F becomes quite large. Outside
the vicinity of this point, F decreases with increasing posi-
tron density. The amplitudes in Fig. 7 were in the range
0.095<B,;/B;<0.10, and those in Fig. 8 were in 0.0087
<|B.1/B|<0.099.

1 T T T T
vT/c=0.026, |Qe|/(oIoe =1
5 08 t 9 = 88, mi/me = 400
11
<~ 06|
w
L
o 047
n
S5
0.2+
0 1 1 1 1

0 0.2 0.4 0.6 0.8 1
npO/neO

FIG. 7. Dependence of F/€* on ny/ne for the case Fy>Fy. Here, the
propagation angle is 88° and is greater than 6.

Downloaded 03 Aug 2009 to 133.6.32.19. Redistribution subject to AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp



082309-7 Parallel electric fields in nonlinear magnetosonic waves...
10 t V1./c=0.026 -
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”?1 8 m/mg, =400
C —
- 0 =285
C\U -
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(a\) i
-
=
o
0 0.2 0.4 0.6 0.8 1

npO/neO

FIG. 8. Dependence of F/€* on nyo/ne for the case Fp>Fr. Here, the
propagation angle is 85° and becomes equal to 6, at 1n,/1,,=0.26.

The dependence of the electric potential ¢ on n, is quite
different from that of F, as shown in Fig. 9, where the dots
and white triangles show, respectively, the simulation values
for #=88° and #=85° (other simulation parameters are the
same as those in Figs. 7 and 8). The value of ¢ increases
with increasing positron density, except near the point
ny/n,n=1, at which ¢ becomes zero. In Figs. 7-9, the
theory and simulation results are consistent.

B. Shock waves

The theory in Sec. III and simulations in Sec. IV A were
concerned with small-amplitude waves with e<<1. Here, we

5

V1/c=0.026
4 t+ |Qe|/ﬂ)pe = 1 i
m;/mg = 400

(0/€)/(0/e)n =0

1 theory ——— |
0= 880 A
0 . 0 =85 . -
0 0.2 0.4 0.6 0.8 1
npO/neO

FIG. 9. Electric potential ¢/ € vs positron density. The dots and triangles
show, respectively, the simulation values for #=88° and #=85°.
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FIG. 10. Parallel pseudopotential F' in the shock wave for the higher beta
case. The propagation angle is §=60°.

examine large-amplitude waves (shock waves) with €
~O(1) with simulations. Figures 10 and 11 show F/e€ in
shock waves with 2=<e=<5 and 6=60° as a function of the
positron density. Although the plasma beta value in Fig. 10
and that in Fig. 11 are quite different, the simulation results
fit fairly well to a phenomenological relation (solid line) in
both cases. This relation is

B2 B
eF~( 0 +F6T6)<1—M)—Zl, (56)
TN 4 ney/ By

for which a rigorous mathematical theory has not been given
yet. These results indicate that in large-amplitude waves, the
term related to B(z) and that to T, are both proportional to the

1 T T T
Vo/c=0.026
0.8 |Qe|/0)pe =1
T e=3
o
S 06
w
=
\ -
@ 0.4
W
0.2
0 L L L
0 0.2 04 0.6 0.8 1
npO/neO

FIG. 11. Parallel pseudopotential F in the shock wave for the lower beta
case.
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amplitude € (=B./By), as in the case of two-component
plasmas.

We make a short mention of the measurement of F
again. The profiles of B, and F are not perfectly stationary;
they tend to alternately have steep and diffusive profiles in
the transition region.25 For the data points for O0<n,y/n,
=<0.6, we have plotted the values of F averaged over a pe-
riod w, =200 for which the B, profile was steep. At
n,0/n,0=0.8, however, since the nonstationarity of F is more
enhanced, we have taken an average for a much longer time,
w,,.1=2000. Shock profiles become more unstable as 7,3/ 1,
increases. (At n,y/n,=1, however, F is always close to
zero.) The time-dependence of shock profiles in e-p-i plas-
mas will be discussed elsewhere.

We may write Eq. (56) in terms of energy density as

njo Bz

neOeF ~ (pvi + FepeO) (57)

Moo Bo
We note that the parallel pseudopotential obtained for a

. 5
shock wave in a two-component plasma,

B,
By’

eF ~ (mp3 +T,T,) (58)
can also be put into this form. That is, if we express F in the
form of Eq. (57), it is applicable to both two- and three-
component plasmas.

V. SUMMARY

We have studied the parallel electric field in nonlinear
magnetosonic waves in e-p-i plasmas with theory and fully
kinetic, electromagnetic, particle simulations. The theory
based on the three-fluid model predicts that the parallel
pseudopotential F (=—[Eds) in small-amplitude waves with
e<<1 is proportional to €(I',p,o—I",p,0) in warm plasmas and
to €mup3/(1+vi/c?)? in cold plasmas. The dispersion coef-
ficient u becomes zero at propagation angle 6., which varies
with n,y/n,. The effect of such angle has also been dis-
cussed. The magnitude of F decreases as n,y/n,, increases,
except for the vicinity of the point at which u becomes zero.
We then examined the parallel electric field with electromag-
netic particle simulations, the result of which was explained
by the present theory. Furthermore, for shock waves with e

2 (2 2 2 2\ 12
_i“ Ew Q )l(Ew Q!>_(Ew -Q!ci)k
o\ R ;R ;R
J Rj o’ ,
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~ O(1), the simulation values are found to be consistent with
the phenomenological relation  n,eF~ e(pvi+T,p,o)
X (njp/ nep)-

These results indicate that £} can be strong in plasmas in
high magnetic fields. This implies that extremely strong par-
allel electric fields can be generated around pulsars,7 which
rotate rapidly with very strong magnetic fields and can have
e-p-i plasmas around them.

In addition, the expression for F in a shock wave, Eq.
(57), indicates that some positrons can be reflected by the
shock wave along the magnetic field when the magnetic field
is weak as well as when it is strong. We see this because in
the wave frame the flow speed of upstream positrons is ~v,
for a low beta case and is ~(7,/m;)"? for a high beta case
and therefore the kinetic energy of the positrons entering the
shock wave can be smaller than eF unless 7, is very close to
zero. Thus, even in high beta (weak magnetic field) cases,
the parallel electric field can greatly affect the motions of
positrons.

In the future, it would be desirable to obtain the phenom-
enological relation (57) with a rigorous theory. Furthermore,
it will be interesting and important to develop a relativistic
theory on the parallel electric field in extremely strong mag-
netic fields.”®
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APPENDIX A: LINEAR DISPERSION RELATION

We derive here the linear dispersion relation of the mag-
netosonic wave with a wavenumber k=(k,0,0) in an e-p-i
plasma in an external magnetic field By=B(cos 6,0,sin 6).

We expand the variables as, for instance,
B =B+ B, expli(kx — wr)], (A1)

and linearize the set of fluid equations. Then, after some
algebra, we find the following relation:

2 2 2 )
w: ) w k w...C
Z_Eu 2_21__2 cz_z_lzLL
;R ;R i R

) 2 costo E QZL 2 0> Q).
£ ol - 1- —pi”7]
®* €08 »’ ; R; : R~~

(A2)
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2,02 2 2
S W,/ Y; S SR
2 22 2 2 2+ 5005”0
2 2 Q; ; l—cjk®cos” Olo™ "7 Q
Rj—w—Q —cik 1-—+ cos 0]. (A3)
o O L "
Equation (A2) includes dispersion relations of several 7 l—c?kz cos? O/w?’
different plasma waves. We now consider low-frequency
waves with w2<Q? and approximate 1/R; as .
2
1 1 Coi _ (A7)
— = . A4 272
R; Qf(l - cjz»k2 cos? 0/ w?) (A4) vy
With use of the relations 2
v_e/ K D> 5/ +2 O (A8)
=— cos 0
;1= cjz-k2 cos’ lw® 1- czk2 cos® Olw?’ A
(A5) Eq. (A2) reduces, in the limit of w—0, to
1 cos’0\| 2 ¢ sin’6 I w2 /Q; 2 W’
(Tz-T) P . ”” ot | X e 2 s | =0,
Us Uy Us Upo  Upo 1 —c cos’ 0lv ;1 —=cjcos” Oluy, ;1 —cjcos” Oluy,
(A9)
[
where v, is the phase velocity w/k in the low frequency We define the quantities a; and B; as
limit. The first parentheses give the shear Alfvén wave, 1
Vapo= U, cos 6, and the square brackets give the magneto- a;= o oo (B1)
sonic wave (8). If the thermal speeds are low, cj/v;, <1, (1= cjk” cos” f/w)
the relati
using ezreza 10r12 2 , a _C?kz/wz) .
3 e (A10) I (1= 2K cos? Bl
. N v
! ! 4 Then, since w?/ Qiz< 1, we can write 1/R; as
we obtain Eq. (10) from Eq. (8). W
1 1
— = 2a+,81 5 (B3)
APPENDIX B: LINEAR DISPERSION RELATION R; Q Q

FOR SMALL BUT FINITE WAVENUMBERS

The magnetosonic wave has weak dispersion of the form
(12). We here calculate the dispersion coefficient w.

We substitute Eq. (B3) in Eq. (A2) and retain the terms up to
2/Q2 Then, by virtue of the assumption that v,, >c where
w/ k, we find that

2 2 2 22 2 2 2
o c ¢ ¢ c e c
lz w,z,](l+—’icos2 0)](72——20052 0)(72——2 —— sin? 0)+{2wﬁj<l+—écos2 0):| (72——20052 0)
i v, Uy U, Uy U, VUL ; v, Uy v,
2 2 2 2 22 2 2 2 2 2
W lor ¢t el W . w5 Ior
X —El1-2-%sin* @) |+| 5 - —5-—55sin’ 0 2—341 1-—2sin” 6] | - —21-Lsin® 6 w?
O v Uy U, UV - Q) v - O v
J J P A 14 PUA J J 4 J J 14
e 5 P e ) 22 5 e 5
el i 55 sin” 6 S+t 5 5c08 0| - 35 8in° 0] —| 5 ——cos” 0
A U, UL Uy UU4 A U, U4 Uy v,
2 22 ) 2 2 2 2 2 2 2
c cc sin“ # cos” 6 W, C; c W, c; .
X(—2+ 2;cos20>}w2—2 2 (2 6”) <~—2+ 2300320){ 5%(1—2—%51#0)]
Vs  Upla Up j J Ua  Upla V] Up
2 2 2 2 22
w’; c ¢t ¢t el
—[25%‘ 1+—500529)]( = 5=y sin’ 9)}w2=0~ (B4)
j ] UP UA UP UPUA
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For small but finite wavenumbers, we write the phase
velocity as

0,(K) = 0,00 + 00, (K), (BS)

where 6v,(k) is much smaller than v,,,. We multiply Eq.
(B4) by vgﬁi/c“ and substitute Eq. (B5) for v,,. Then, calcu-
lating up to the terms of order k%, and using the relation (10),
we find that 5vp(k)=vmp0/.Lk2, where w is the dispersion co-
efficient given by Eq. (13).

APPENDIX C: DERIVATION OF THE KDV EQUATION

We derive the KdV equation for magnetosonic waves in
an e-p-i plasma with finite temperatures.

1. Perturbations

We apply the stretching and expansion (23)—(34) to the
set of basic fluid equations. Then, for instance, from the con-
tinuity equation, we have

J on; on;
2% 2| 21 22
e ag(njovjxl_vmponjl)"'ej [ ar = Umpo PP
Wiy dnivi,
njo—&f ( ;g 1)}+ =0, (C1)

Similarly, from Egs. (2) and (3) and Maxwell equations, we
have equations for perturbed quantities. From the lowest or-
der equations, we obtain the following relations among the
lowest order quantities:

n.
nj = —&Uixl’ “
, v
mp0
S cE, + Umpo (r,p,'o ! - 1) Pixl (C3)
iyl Bysin 6 ();sin 0\ m;nj, U12np0 %
o tan g DBt (C4)
Ol =i WO s 67
CEzl vmpO (9Uj7]
. o Cs
AR Bycos 0 Qjcos 6 9¢ )
L'ipjo
pi=""vu, <
Umpo
vl’ﬂ
Ey=- _c@Byl , “r
o, cs
T TR “
> nioq051 =0, (C9)
J
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2
UmQO (9B]
Enjoqjvjy1=—<l— cz ) &g N (CIO)
J

Enjoqjvjzl=0. (Cll)
Jj

2. Higher order quantities

The relations among the second lowest order terms (~ €
or €'%j) may be written as

on; J on; a;
o2 22 Ppx2 _
+ NiVir) — U +n; =0, Cl12
or (95( j1 ]xl) mp0 (95 jO &§ ( )
AV jy1 ( Lipjp 1 ) W1
+(1- 5 |V
ar Mo Uy 9&
B, Umnp B
+Qj—£<vjxl tan 0— mp0 Zl)
B, Bycos 6

J

By - Bysin 0 ();sin 0
X<Fgl?go 1 1>5'ng1} W2
2 = = Ymp0
m]nj() UmpO ﬁg ag

E 1 dp;
_x2+__pL2= , (C13)
BO m]nlo (95

3{ cEy o+ Umpo (ripfo 1 _1>'9U/x1]

Umpo .| — . . 2
9&l Bosin @ Q;sin 0\ mjnjov,,0 3

- ijjyz sin 60— Q]C

B c
- QjB_le)jxl + QJB_Eyz + Qj(vjzz cos 0 — ijz sin 0)
0 0

=0, (C14)
d U B7
or By cos 6
d Um;Ole ) (7U'22
+0—| v, tan O— = | — 0,02
f"‘ag( sl B cos 0 P 173
C B,]
—Q'<_E2+_LU-X1—U'2COS 6>=0, (C15)
J BO Z BO J- Jy
Lipio dvin N T+ 1)17;00 AV jx1 v P
jx1 — UmpO
Uppo 0T Urnpo g P g
Ny
+Fjp]0 2 ZO, (C16)
1B 0B E
10021 Umpo 9822 s 22 _ 0, (C17)

c or c o0& 9
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dar 1 D) Uinp0 oE 1
Zmp0 T=xl
2 njoqj<vjx2 + Vnpod jxl) - c 5§ =0, (Cl 8)
4772 1 cE
— 2 Njog\ Vo + — V| — :
c 47| Oz Upmp) o Bysin 0
L Umpo (nggo [ 1) Wt | L Vmpo 9Bz
Q;sin O\ mno v, 9€ 2 or
U0 OE o 0B
om0, 2, (C19)
c o€ o0&
sin 6 c o; cos 0 ¢
V= —{1 + —L(l + cos 0)}—&‘— —(1 -
QJ Umpo ar Qj Uinpo

c B, sin @ 2
_Qj<_EZ2+ _uvjxi>:| —Umpo_(l - _Z‘L Sln 0)

Q.

BO BO J UmpO
4 mp0 (1
(); sin 6 v,znpo o0& Upp0
2 .
< B, sin 6 B
(1 + =1 cos? 0>—L<vm tan 6— —mL>
vmpO By By cos ¢
ov sin 6 cos 0 ? o cos 0
2 _ {1+—2’—(1+cos2 49)]—L Urmpo €08 7
0"5 Um[’() vmp() JT Qj
2
ccos 6 lo JE, B.,cos@
- (1——2Lsin20)—ﬁ+“—<
U0 B v

By
o ; &le Q'CExz
B,y +Vj . |- sinfcos O 1 + 5
07§ 0"5 BOUmpO

Q;sin? 0 B, 10,,0B ¢? d
——;<CEZQ‘+—L"”u 1+ cos® 0] + P +va107§ Vjy tan -
T

B()UmpO BO SiIl 0 U

Cz
(1 + 2 cos 0)
mp()

Here, we have ignored the terms higher than ~c?/ vfn 0-

mp0
sin 6 cos 6 2
— | 1+

v

UmPO mp0
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(1
2
L g 9>‘9_"'&1+&39<1_£L8in2 6)

2

mpO

.
—=(T; + cos? 6)]0”1—&1.
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1 m OB
E njoqj{vﬂz+ povm<vjx1 tan 6 — B_Oio_sﬁﬂ
2
ﬂB
+ (”—’”gLO 1) 0. (C20)
c o€
Here, by using Eqs. (C3) and (C4), we have eliminated v,

and v;,;.

To derive the KdV equation, we eliminate higher order
quantities, such as, n;, and v;,, from Egs. (C12)-(C20). We
substitute Eq. (C12) in Eq. (C13) to eliminate p;,. From the
resultant equation and Eqgs. (C14) and (C15), it follows that

17 UnpoB
sin’ 0) X ( + U1, )(vm tan 60— —M)
ar d& Bycos 6

J CEx2 le
23

2 2 .
i\ ov; cE, 0 v,
——CL)—”—]}} <1+—Lcos H)B—s1n6+[1+—L(F +cos 0)}5111 vt

Ump0 i CExl
Bysin & Bysin 0 Ot = Q;sin 9 9¢| By sin 0

mpO Qj ! ag

(C21)

2 2
CZ sin 0) (92 CE + Uimpo (1 _ Ci ) av jx1
Va0 I€ [ Bysin 0 Qsin 0\ v, o) o€

2
mp0

Cz
49( 1+ —% cos 0)
vmpO

)
UmpoBz1 )] sin” 6
Bycos 0/ | U0

&f B() v

Q.B.c
cos 0>+—;c

0Vmp0

o (C22)

We substitute Egs. (C21) and (C22) in Eqgs. (C19) and (C20), respectively, to eliminate v;,, and v,,,. From these equations
and Eq. (C17), by eliminating B,,, we have the two equations, from which we eliminate E,, and E_, simultaneously to obtain

417 sin & \ov,
_2 n0d; 2( 0 2[ ) jix1 2
¢ J J UmpO aT BO J mpO

mpO

2
1-—Lsin® 0
( vmpo ! ) A sin ¢

mpO

2
v

1 B, _ Umpo €OS 0 ci v2 p
X(CEXI - UmpOByl tan 0) + v ( m20 + 1) mp0 (2 gk 2k )( :20 )
mp0

or

2
v ¢
+ mpo(l——stm 0)

JB., o o 1 :
+ sin (—L(1+F)+ (—CL—I)>
1% Unp0 Zg

Q

T J mpO

3 sin 6 2 a; 20,p0 C2 OB.v; v2 & | cE ¢ \ov,
E Modi—— 2 ijl U{xl + <1 _ sin 0) zlv/xl + 2m.pO — CLy) + vmgO - 21 jx1
& Byl Umpo 1S 7 sin 0 9 BO Qj v o€

mp0

v,zmzo cos® 6 2 ci &
nodr 2 02 o8

CEy1  Uppo W1 B, cos 6 ct
( oy >+ B E""Oqu
J g 0 vmpO mp()
aZB L=0 (C23)
A U0 & o
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where the subscript k, as well as j, denotes particle species,
and the quantity A is defined as

2
c
-3 wf,k(l + —* cos? a). (C24)
4arec ™y Usp0
Since we have ignored the terms of order (c / Ump0)2 the

terms related to £\, have vanished.

We have obtained Eq. (C23) by using the y and z com-
ponents of Ampere’s law. Next, we use its x and z compo-
nents to obtain another different equation. We eliminate v,
from Egs. (C20) and (C14), and then eliminate v;,, with the
aid of Eq. (C18) to have

ﬁznq UmpO i CExl + vmpO
¢ J0% Q;cos 93| Bysin @ €);sin 6

2 2
X(l—i)%} +<QL0_1)§L1
Uipo 3 ? dé

v oE
=0 an 9= — 0,
C

(C25)

which, by virtue of Eq. (A7), becomes

2 2

Vo[ € . 1% .

_’"L(—z + sin? H)E“ + (lf—o - 1>sm 6 cos 6B,
Uy ¢

C
2\
m 02 [ ( _L> U[xl:| =0.
U%npo o€

(C26)

3. Lowest order quantities and the KdV
equation

Now we express all the lowest order quantities in terms
of B.,. From Egs. (C3)-(C5), we have

aw; cQ); ¢
Sir L HY 0(1 + —L cos? 0) (E, cos 0
(95 UmpOBO Umpo

2
v C; oB
+ E,; sin 0) + 22 sin 0<1+—2Lcos2 6) 4
BO UmpO ag

(C27)

By substituting Eq. (C27) in Eq. (C9), we obtain

13 (w,/Q)c )
E,; cos 0+E_ sin 6= ——(Bg)i sin 6 cos 6—=
c wp 73
(C28)

We substitute Eq. (C27) in Eq. (C26). Then, with the aid
of Egs. (A7), (A10), and (C7), it follows that
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v c?
Zmp0 - sinz 0

2
c
> 2 ) + sin’ 9} E,
c Uy Umpo
2 2 2
+ Ympo | [ € —1]= < 1= Cs
¢ 2 2 2
UmpO Ua vmpO
3
. UmQO
Xsin fcos OF, + —
c

o 2
; oB
Xsin 02 { ( —gL)] -,

3
Q vmpO (96

(C29)

From (C28) and (C29), we have

v? v ? c? oB
E. . =— A _Zmp0 —2if ] - —=L-gin2 0 z1
x1 = 2 2 3 o 0 Q3 2 J ’
Vptceg/ e sImb 'j Uinpo 3

(C30)

2 4 o> 2
: Uy mpocosﬂ i,
E,= 2 3 —ﬂ3 1 - = sin" @
vi+c?) sin? 6 Q) v

mp0
1S (2 /Q)c? OB
+——LE’#L( 2) <:os¢9]—Zl

c w),

(C31)

Also, from Egs. (C27) and (C28), we find v}, as

0; Z(wzz /Qz)c

Ujx1 = Umpo| —
! ’ 510 ,
p P

sin @ cos® 6

2
. B.
+sin 0(1 + —Z’— cos? 0) } B—“l (C32)

Unp0 0
Substituting Eq. (C32) in Egs. (C2), (C4), and (C6), we ob-
tain, respectively,

E (w /Q )c

mp0 wp

nj =njo[— sin @ cos® @
' v?

2
c’ B
+sin 0(1 + =1 cos? 0)}—“, (C33)
vmpO BO
w’ Q)¢
Vi = vmpo[ —ZLﬁ(LL)LL sin? § cos 0
mpQ wp
2 2
sin” 6 c; 1
(1 + =" cos? 0) L (c34)
cos 0 Usnp0 cos 6
c 2w /Q)e
pjl_FijO{ —(’”-;)Lsm 6 cos’ 6
mp() C0p
2 B
+sin 9(1 + — cos 0) - (C35)
Uimpo By

With the help of Egs. (C30) and (C32), Eq. (C3) becomes
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v; v w2 02
A mpO
Vjy1 = —Hl1- —1=sin® 6
) vi +c?) Byc? sin? 077 Q; Umpo

2
- 1 2 /)
+(—CL—1>{ (w )C cos® 6

2
vmp() B() (,()p

2 2 JB
+l”—<1+—’—cos 0) —= (C36)
OQ mpO O7§
From Egs. (C7) and (C31), we find that
2 3 2 2
/] :
e [ et )
vyte/) ¢ sin” 6 Q; U0
1 S(w2/Q)c; OB
_d&%)LL cos 6 22 (C37)
Uomp0 w, &

If we substitute the lowest order quantities expressed in
terms of B, in Eq. (C23), then, using Egs. (10), (A7), and
(A10), we obtain the KdV equation (35).

APPENDIX D: PARALLEL ELECTRIC FIELD
IN THE COLD PLASMA LIMIT

By calculating up to the second lowest order terms, we
obtain the parallel electric field in a cold plasma.

For T;=0, with the aid of Egs. (C28), (C30), and (C32),
we find that

E, cos 0+E_ sin 6=0, (D1)
~ 2
v w,; B
Eg=-——2—2> A2, (D2)
¢’ sin 67 Qj s
Vi = Up— sin 6, (D3)
By

and with the use of Egs. (C7) and (D1), Eq. (C13) reduces to

W1 a ;, UaB.1 ) vy
UA + _/xl + .
&T & Bysin 0/ d¢
cE
+Q( Ujy tan 0—v;y, sin 6~ xz>=0. (D4)
By By

Since, as Eq. (D3) shows, v, is independent of particle
species, we obtain from Egs. (C18) and (C20)

Uy 0E
E njoqVjx2= 7" , (DS)
] 47 9¢
E ﬁA (C2 1) &Exl (D6)
n. v . - A — 5
7 U2 Y tan @ oA 73

where use has been made of the relations (C7) and (D1).
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We multiply Eq. (D4) by n;0q; and sum over particle
species j. Then, substituting Eq. (D5) for v;,, yields

1 PE
A x1
J
B, E,
X(—le,»x, tan 60— vy, sin G—C 2>=0. (D7)
BO X BO
Similarly, from Egs. (C15) and (D6), it follows that
6124 (1 C_2> azExl
41 tan 6 ﬁi &
B 1 CEZZ)
—En»oq-ﬂ-<—Lv»x1—v»2cos =0.
- 955 g Y Jy By
(D8)

Combining Egs. (D2), (D7), and (D8), we find the parallel
electric field (44) in the cold plasma limit.
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