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AB STRAC'IIl

I

The object;ve of the present work is twofo]-a, i.e.

one of straightening out the cluttering コam Of growth equa-

tions in search of the most potential one for the c}rowth of

trees especially in stem radius, and of applying the theory

of growth equation to other important issues of mensuration

and forestry to reorganize them into a more rationally-

related and interwoven system.

=n pursui-^i∴ of the first (⊃ 二〕eCtive′ numerous growth

equations were reviewed in chapter == and classified into

four categories, i.e.′ the emplricais, the quasi-theoreticals,

the particular theoreticals and the general theoreticals.

工n doing so discussion was made as to the superiorities of

the theoretical equations over the emT;'1rical ones, and of

the particular theoreticals over the general ones. Tfiovever,/

it was also found that as of today there is no particular

theoretical equation expressing the (3rOWth of individual

trees, and thus it was concluded that the available
best

for des°:二､1bing the 9rOWth of individua.i trees was the genral

theoretical eq_uation. =n chapter ==工. the characteristics

of the three general theoretical equations thus chosen. i.e･.

ヒhe PIitscherlich, the logistic and the Gornpertz t･.Tere (王土s-

cussed from an a priori theoretical poinヒ of viell.

In furじher T)urSuit Gf the most prospective growth

equations for trees, the three (Teneral theoreticals were

i二L



applied to the radial ste汀i growth of 84 white spruce trees

in chapter 工V. It turne(王 out that although all the equa-

tions did not work in application as satisfactorily as ex-

pected from the theory, th(.ミ Mitscherlich revealed the least

theoretical discrepancy, while the logistic did the most.

The best
graphical agreement with the observed growth was

attained by the Gompert7,, followed by the Mitscherlich, then

by the logistic. The easiest to fit was the
JT･7itscherlich,

followed by the logistic, then by the Gompertz.

A similar analysis as in chapter =V was conducted

with 349 individual growth records of lack pine in chapter

V. A.ll the equations worked better with jack pユne than with

white spruce in everycriterion employed. The most remarkable

improvement was achieT:-a by the Mitscherlich. =t revealed

the least theoretical discrepancy. while the lo如st土c did

the most as
with white spruce. The best grapll.ical agree-

ment with the observed growth was achieved by the Mitscher-

1ich followed by the Gompert7,, then by the lo口istic. The

easiest to fit was the
.Pilitscherlich

followed by th(､ Gompertz,

then by the logistic. As an overall conclusion of chapters

TV and V, at the present state of knowledge the best growth

equation to describe the growth of trees in stem radius

would be the Mitscherlich.

The last two chapter c)f the present work is de-

voted ヒo.the second objective, i.e･,I the application of the

theory oE -ヒhe growth equation to the other iTnPOrtant Subjecヒs

of mensuration, i.e., the sヒem tar)er Curve and the height-

11ユー



diameter curve. Assuming that the growth of individual

trees irl Stem diameter and heiqht follows the f4itscherlich

equat土on′ a theoretic∂.1 stem 七aper curve was derived mathe-

matically. Subsequently it was compared with 50 observed

stem taper curves and its theoretical compatibility was

discussed. The proposed stem taper curve was also compared

with other existing empirical stem taper curves in terms of

the goodness of fit to 50 observed taper curves. rt turned

out that the ten equations compared l･v,ere Separated. into five

groups sin(Jificantly differirTlg from each other′ of which

the proposed equation fell into the second best group･

A(j･ain assuming that the growth of individual trees

in stem diameter and height follows the Mitscherlich equa-

tion, a helqht-diameter curve for all-aged stands was de-

rived. Then based on a similar but slightly different

assum)tion, another height-diameter curve for even-aged

stand was derived. P'oth equations are identical in their

mathematical appearance but are different in what they

mean.

_iV
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CHAPT71Tミ =

INTRODUCTION

Mensuraヒion, or foreLC･t biornetrics as is recently

called, is a science of means which provides vital statistics

concerning the std_te and structure of trees for the most

essential discipline of fores空 ~,y, i.e., the managerTl.ent and

planning of forested lands. =n spite of its time-honored

history, most of the rT.enSurationai approaches have been

rather empirical than theoretical 1aTC}1y due to the comple-

Ⅹities and irregularities inevitably involved in any biolog1-

cal T)henomena. =n other words the hi.story of mensuration

was a series of efforts to find hidden uniformity and inte-

grity in what is seemingly random, irregular a.1.id arbitL-ary

outcome which individual trees as well as their aggrega_tes

demonsヒrate.

=t is generally said that rerT.Ote Sensing and

statistical methods '3re the two maコOr breakthroughs achieved

in recent decades in forest biometrics. The former has

contribuヒed -ヒo the search of uniformity and integrity by

providing a literally perspective view of the forested

lands, while the latter by providing rational TneanS tO

process what seems irregular and thus formidable and indi-

gestible
data in a loワ-1Cal manner. Unfortunately, hov7eVer,

neither the remote sensing nor the statistical methods

constitute the essenLLial core (: mensuration. They are

simply tile means Of data co]-1ection ∂nd- data processing

respecヒively ヒhat are nonessential to mensuration an(ヨ can
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be shared With other disc,1Pilne Of science. This leaves

the core still intact and most of the essential parts of

mensuration re.main ra.ther empirical as ever.

Though implicit in the major parts of the text,

the latent objective of the present work is to introduce

a theoretical and systematic approach into the mensuration

proper･ For this purpose the theoretical growth equation

was chosen as the nucleus from which a systerrLatic redeve-

lopment of mensuration is to be made. =t will be shown in

the text tha･tthe issue of the growth equation, which has

been dealt with to date ra･ther 土ndependently ∂･s one of the

other independent subjects of mensuration, constitute a

powerful foundation which binds what are seemingly unrelated

subjects of mensuration. Considering the fact that many

vital phenomena encountered in mensuration are brought about

by the growth of trees, there is no wonder why the subject

of growth equat土on 土s assoc土a七ed w土tb some o王 o七her vital

issues of mensuration. 工n 七he present work′ an ex･ヒens土ve

and v()1umenous analysis is made in search of the most power-

ful growth equation, then i~ヒs associal-Lion with the s.l･一っ1ects

of stem taper curve an(ラ_ heiqht-diameter curve is dernonst-

rated by applying the theory of growth equation to explain

why the tapering of tree stems an(i the height-diameter

relationship are shaped as they real_iy are.
一】

`▼

=n chapter =工 existing cJrOWth equaヒions
are

reviewecl- critica11y so as not only to untangle the clutter-

ing abunとIance and complexity but als() to narrow them down to

the most suitable ones for
expressing the growth of trees
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especially in stem radius and diameter. =n chapter }=エ,

advantages and disadvantages of t'i'1e three theoretical growth

equations chosen in the preceding chapter are discussed on

an a priori ground. Then these three equations, i.e., the

Mitscherlich, the logistic and the Gompertz equations are

applied to the radial. stem growth of white spruce 〔p7'j?ea

gZ,auL3α (I･･1oench) Voss'j tO Check their feasibility from theo-

retical as well as from practical points of view. The Tea-

son why the radial growth is taken up from among several

other measures of tree growth is that it is the only quan-

tity that renders itself to dire(-t, accurate. yet massive

measurements. The direct and precise measurement o〔 the

other TⅥ.eaSureS Such as height, ゎasal area, volume, etc. is

extremely difficult and time-consuTning if n()t impossible.

Almost s土m土1ar analysis as 土n chap･ヒer 工工工 土s conducted 土n

chapter 工V w土th a different tree species.i.e.′ コ∂Ck plne

(Pinu･,3 hanjuTia7･Za Lamb･). Jack pine is one of the represenト

ative shade-intolerant ,;)10neer SPeCies′ while white spruce

represents shade-tolerant ones. rFnus the analyses nlade in

chapters === and =V together glVe a nearly complete account

of the applicabilities of the Mitscherlich, the logistic

and the Gompertz equations to the growth of trees in general.

The last two chapters deal with the appl土cat⊥ons

of the growth equation to orLLher subjects Of mensuration.

工n ch∂-pter V, assuming that t‡1e CJ,･rOWth of trees boヒh ユn

height and diameter follows the 王うiヒscherlich equation,

which is judge(]. as ･ヒhe most prosr･,ective of all in the pre-
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ceding chapters, a mat7{lematical expression descri.ねing the

ta.pering of the stem is derived theoretically. Subsequent-

1y, this taper curve is applied to a set of observed taper

curves to get a numerical account of the parameters as well

as to compare the calculated and the observed taper curves.

でo check the practical appl土cabll土ty′ the proposed taper

curve is also conl･Pared with various empirical taLPer Curves

in terms of the goo(iness of fit to the observaLLion. The

ユast chapter,i.e.′ chapter V工 土s devoted to another applュ-

cation of the growth equa.LLion to the other major issue of

mensuraヒion, i.e., heighトdiameter curve. Based on a simi-

1ar assumption as in the directly preceding chapter, equa-

tions describing the height-diameter relationships for even-

aged stands and all-aged stands are derived, and then applied

to an observed set of height-hiameter relationshiT).
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C王IAPTF,R 工工

モ;=STOR=CAL RTIV=EW OF T王iEO只ET=CPLLL GROWTH EQUAT工ONS

Introduction

Mathematical expressions describing growth pheno-

mena, i.e. the growth equation, have long been one of the

most important and interesting subjects not on⊥y in fores.try
lJ

but also in other fie1(ま of biological science such as demo-

graphy, population biology, p⊥anヒ and animal physiology, etc.

As is often the case with application of matheTnatics in any

other discipline of science, the primary slgni.ficance of the

growth eciuation in biological science exists in its opera-

tional convenience of putting unwieldy
masses of numerical

data i.n a concise and perspective view. This condei~1Sing

function oE the growth equation is not only space saving but

it also enables us an easy and objr.~ゥ√Cヒivecomparison of growth,

for example, among different individuals or among differen_t

species.
_;n

appreciation of these virtures. numer()us mathe-

matical equations, both
en'.pirical and theoretical, have been

presented to date. (e.g. see Shinozaki, 1953,･ Prodan, 1961).

Ironically enough( howeverr thj-s proliferation of growth

equat土oIIS lュOW makes 土亡almost 土mposs土ble for us ヒo decide at

a glance which one to choose for a specific purpose, and

results often in promiscuous use.

The major Objective of this chapter is thus to

review ヒhe existing growth equaヒions to determine their

applicabjrlity to the growヒh of trees in stem diameter or

radius. Since the growth of trees is one of the most funda-
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mental phenomena in forestry, an a･ppropriate choice of an

equation or equations is vita1･ For example. the groll･7th

equation is directly ar)plicable to the forecast of growth and

yield whi.ch is the rTIOS七 essential objective of the forest
-I

plannin(I and management. =t also T)lays a principal role in

many sヒand growth models (e.g. Suzuki, 1966, 1967A, 1967B′

1967C,･ Umemura & Suzuki, 1974). Once an appropriaヒe growth

equation can be chosen, it can further be app1.led to such

growth-related issues as stem taper curves and height-diame-

ter curves as will be shown in the succeeding chapters.

As a matter of fact there exist literally count-

1esslymany growth equations. and it would be impossible to

review them all. Thus the scope of the present work is

bounded wlth土n the doma土n o王 ra七土onal or 七heoret土cal equa-

tions. As a matter of
fact the cluttering abundance of

growth equations is largely attributable to that of experi-

mental or empirical ones, and thus the introduction of

this simple criterion of counting those emplricals out

reduces drastically the number of equations to be examined.

Moreover, the theoretical equations have many

advantages over the err.Plricals, most of which stem from

the theoretical reasoning or the rationale Which constitute

the basis of the former. First oi= a11, the theoretical

reasoning make an equaヒion appealing to our logical thought

and easy to comprehenLl. This app1:'LeS not Only to the

equation itself but also to the parameters involved in it.

Pararnet.ers
appearing in the el叩-1rical equcltion are nothing

more thこ1n mathematical constants, while ヒhose in the theore-

tical equation carry biological significance closely related
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to the subject. Secondly, the plausibility of the reasoning

behind a theoretical ,--1uation can be うudged eiヒher by itself

or in coTnParison with a reality, which makes improveTnent Of

the equation possible. Furthermore, the repeated improvement

might well lead eventually to the i二rue nature Of the growth

phenomena, i.e. a law. On the other hand, empirical equa-

tions, as Watt (1962) mentioned, are useful for interpolation

but little else. Though this mention was made of the use of

mathemaヒics in population ecoloヮy, the same argument well

applies i_n forestry. Thus examined in the fo11ot4.,ing sJヨCtions,

with a special reference to the appllCability to the growth

▼ ■

of trees are theoretical equations an.a those comparable to

them. The existing 'LLheoretical equations ca.n be classified

into six classes by mathematical appearance. They are the

exponential, the Mitscherlich,二he logistic′ the Gompertz,

the Yon Bertalanffy's and the rl:y二hers.

The exponent土 al equation

By far the simplest of all the theoretical growth

functions may be the exponential equation. =t is based on the

assumption that the rate of growth dtl!/dt of a population

or an individual organism at any glVen time 七is IL･)rOpOrtional

to the size y achievecl_ by that time, i.e.

工･エー]_

where i(. is the intrinsic rate of (_)TrOWヒh. =ntegrati(⊃n with

respecヒ,ヒo time results in ヒhe ex.【〕onenヒial growth equation

of the form:

.7!-.7joe7u
, Ⅰエー2
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where f･/a is the initial size. =n some cases ti一e exponential

curve shows a good agreement wjヒh observed growth phenomena

so long as its applicaヒion is limite(ミ up to a certain early

phase of an entire growth process. 王iowever, the exponential

curve has no upper limit of growth and thus increases infi-

n土tely
as time goes on′ whereas any actual populatlon or

individual organism including 七rees is regulated by either

internal or external or both grorv.T-ヒh-inhibiting mechanism

and doesnlt grow infinitely large. This limited applicabi-

1ity, alon(て With the obvious discrepancy from the reality,

is the reason why the exponential equation is regarded incom-

plete. Thus in this thesis as well i_t is put aside from the

maコOr St二ream Of the discussion.

The 山_tscherl土ch equation

This terminology follows the current practice

(Suzuki, 1971), but this equation is also known as that of

monomolecular chemical reaction. 工ヒ 土s based on the assump-

tion that there exists a certain asymptoticlimit of growth

M and that the rate of growth dH/,lit aヒany given time i is

proportional to the difference between the limit M
and the

size ヱ/ achieved bv that time. =n other words the proximity

of the size achieved to the limit is postulated as a sole

growth inhibiヒor. This assumption can be formulated in terms

of d土fferen'ヒ土al equat土○Il aS 王ollovJS:

袈-A(L^JI-.7･/),

Iト3

where lt::is the inヒrinsic rate of growth･ 工ntegratin(_-.1･ Eci･

Z=-3 we get
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where
.7/a

is the initia､1 size. By substituting a single para-

meter li for the factor (M-yo)/M, Eq. ==-4 can be simplified

aS

y-M(i-IJe-7<t).

Assuming yo=0, this solution further reduces to

y=M(i-e-7<t ).

工エー5

==-6

Since Eq. ==-5 is more
general, it shall be the sヒandard form

of the Mitscherlich equation hereafter in the present work.

The derivatives, convexity and other major Charactericstics

of the Mitscherlich equation are tabulated in Table ユ【′while

the general shape of the curve is illustrated in Fig. i.

As readily seen from the above reason土ng'′ the

underlying assumption is of very general nature and -7つnSequ-

ently the resultant Eq. ==-5 or ==-6 should be applicable to

any growヒh phenomena,･ either to the (3rOWth of indivic7'1al

organism or to that of population,～ either to the growth in

linear (limensi(rn or to that in volumeこric dimension.

Accordingly it has been applied to a wide variety of growth

I.)henomena as discussed in the following.

According to Yule (i925), Verhulst proposed as

early as in 1847 a differential equation and its solution of

similar significance as 工=-･3, I=-4 respective⊥y to descirbe

the growth of human population.

Mitscherlich (1919)′ ヒo whom the present termino-

1ogy ()f the equation apparenヒIy owes. formulated an equation

to describe plants- response to environmental growth factors,
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Time:i

Figure i. The Mitscherlich curve.

.7!-lvl(1

- Le-た舌) : M-l･0′ I/-l･0′ 7<-0･O4･′

with the broken line denoting asynlPtOte･
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which is presently known as the law of dirrLinishing return.

The equation I/litscherlich origlnaily presented was of the fcLHJm:

I･/=A (トeel:1Tl) (i-eC2D72) ･ ･･
,

‡ト7

in which 3! denotes yield. and 371.,
LT2,

-. amOuntS Of

factors controlling the growth. Apparently Mitscherlich's

orlglnaユ. aim was to express p⊥ants- response 七o fert土1土zers.

but not to describe p⊥ant grov7th as a function of time.
｢

Ilowever, if we
consider time as a single most significant

growth factor, the above equation reduces to =q. =f-6. =t

should be noted that the yield or
size y is given in weight

土n this case.

=n 1920 P己tter proposed an equation cf the same

significance as Eq･ =ト5 to descirbe the linear growth of

individual organisms (after Weymouth et a1., 1931). Weymouth

(1923) applied this equation to describe the linear growth

in shell size of the pISmO Clam, but he later (Weymouth et

a1., loc. cit.) turned it off claiming that the equation,

being devoid of inflection, had been
unsatisfactory to des-

cribe aヒIeast the linear growth of the clam.

Based on his extensive collection of growth data,

Brody (1923) claimed that the entire growth process of

animals could be broken up into a self-accelerating phase

and a se]._f-inhibiting one, and proposed the Mitscherlich

eci;Jation
for the latter. Th.en he (1945) successfu11y

applied the equation to the extrauterin growth in weight

of a large variety of animals ranqlng from such farm animals

as the cattle, horse, swine- etc. to small experimental ani-

mals as the guinea pig, mouse, etC.
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The first rこ'ienヒ土on concerning the app⊥1Caヒion of the

Mitscil.erlich equation to tree growth was made by
-Meyer

(1940).

fie referred to the usage of the similar equation as =ト6

in forestry to express the h.eight 与-.I-OWth of trees as a func-

t土on of time.

=t is interesting to note that Khilmi (1957)

derived.a Mitscherlich equation for the volumetric growth

of forest stands through an entirely different line of

reasoning frQn the one given earlier in this section. He

reasone(]- that the per-hectare volumetr土c g.row七h of sヒa､nds

consis~ヒ of the difference between the solar energy input

and a part of it consumed for physiological maintenance.

As is readily envisaged. this assumption resulted in a

d土fferent土al equation qu土･ヒe s土m土1a二r 土n
,formal appearance

to Eq. ==-3, which yielded a solution almost identical with

==-4 or 工=-5. He applied this equation to the growth of

even-aged single-species stands of pine, spruce and oak.

Although he reported a satisfactory agreement with the

observed growths, Khilm_its equation doesnft apply to the

entire process of stand growth. The reasoning underlying

the ecluation logically makes it applicable only after the
■｢

crown closure.

The first ap首-iication of the Mitscherlich equation

to the diameter growth of trees was made by Su;7,uki (...961).

口e foun(] empirically that the mean diameter growヒh of

several individual trees results in a straight line on a

difference diagraml in which the mea･n diameter at age 1,-+i is

plotted against those a･ヒ age i;･ Subsequently he showed this
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straight line relationship is mathematically equivalent to

the Mitscherlich equation. Obviously in this case, the

equation descirbes growth in :Linear (ヨ土mension. The same

equation proposed by
,Y,hilJTli

(ibid.) glVeS VOlumetric growth

also in linear dimension, since it is given On Per-hectare

basis. rllakeuchi (1979) pointed out the significance of this

coincidence of di,fferent phenomena being expressed by the

same equation when reduced 七o 七he same d土mens土on..

To check the descriptive and forecasting power

of the Mitcheri土ch equation, Nagumo and Sato (1965) applied

it to the growth of trees in stem height and diameter as

well as in stem volume converted into linear dim.ension by

taking its cubic root. Fllheir conclusion: the fit Was satis-

factory. but the pred土ct土on based on 七h土s equa七土on reliable

only for several years ahead.

The 1 ogi st土c equation

The logistic equation is also known I)y Several
ヽ

other names as Verhulst's equation, Robertson-s equation,

autocatalytic equation etc･ =t is based on a general

assumption that the rate of growth dl7j/clt at any given time

i is proportional not only to the difference between the

maximum achievable size (7 and the current one ヱ,/, but also

to the current size itself. =n terms of differential equa-

tion, this assumption is equivalent to

藷-7/y(C-～′), Ⅰト8

where 7･ is the intrinsic rate of c)rowth. The solution of

the above ecluation is given by
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1+ea-b七
′

where (て and b are newly introduced parameters related to the

initial size.yo and the rate constant 乙 respectively･ The

exact mathematical relationship between these new para'meters
L)

and the orlglnal ones is given in Table 1 along with other

important characteristics of the equation. The genera]_ shape

of the logistic curve is shown in Fig. 2. The most marked

graphical difference from the Mitscher]ich is that the

logistic has a inflection, while the former doesnlt, appear-

ing exactly midway of the entir{- growth process. As with

the
_T･1itscherlich

equation, the notation and expression of

what is generally termed the logistic equation varies from

one author to another. 王王owever, since ail the other forms

of mathematical expressions can be reduced to form ==-9

through proper transformation, Eq. ==-9 sha11 be the stan-

dar° form henceforth 土n the present work unless otherwise

ment土one(∃..

According to Yule (1925) the logistic equation

was first proposed
by the same person who proposed the

Mitscherlich equation first. Namely, based on the similar

logic as the one given just above, Verhulst (1938, 1945)

propose(ま a differential equation a､long with its sol.,l七ion,

each e⊂iuivalenヒ to 工ト3 and 工ト9 respect土ve⊥y. to desc土rbe

the hurt:モan population growth. Not only he proposed :.:Lt but

also apr,lied it to the observed population growth of some

F,uropean count--ries.

The fact thaヒ t ll∋ log-1Stic equation is the best

known growth function today may be rL10St attributable to
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Size:〟

Time:士

Figure 2. The logistic curve.

31-C/(i+ea-bt) :a-2.4,b-0.06,C-i.0.

with the circle denoting the point of inflec-

tion and the broken line asyTTPtOte･

I
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pearl an(ユ Reed (1920), who rene･-∴Ted the same logic and an

equation of sirnilar slgnif-L{=anCe <?LS Verhulst-s′ and then

applied
it

successful.1y to the observed population growth of

･ヒhe Un土'ヒed States. Subsequently the senior author (1924)

applied the logistic equation to the population grow十il Of

various coun亡r土es all over the world,土n which the equation

revealed a remarkably good agreement with the observations

as to make the author claim 'Tthe logistic law of growth".

Apparently, this evoked an onset o.i- applications of the

logistic to a great var.土ety of T)henomena ranging from popu-

1ation growth of other species than human being to growth

of indivic-1ual org:i.nisms. Just to mention a few. Cause (1934)

applied ヒhe logistic to the population growth of an infuso-

rlan.

According to Lotka (1924) the first application of

the logistic equation to the growth of individuals was made

by Robertson (1908), who applied it to the growth in weight

of rats.

As an example of its application to individual

plant growth, it suffices to quote Reed and 王io11and (1919)

who fitted the equation to the growth in height of sunflower.

Unfortunately, however, the 員uthor couldn-t find any example

n･f its application to the diameter or radial growth. of trees.

However, considering
from the very general assumption under-

lying the 1(:･h,C}ictic eqLILE托ion, it is also difficult to find

a reas()n why not it is am〕1icable to the growth of trees.

The Gompertz equation
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This equationr apparently named after the person
_▲

who first proposed it,
･is

based on the assumption that the

rate of growth a.7!/d'L-at any given time 士is proportional

to the current size.1! and the logarithmic difference between

the maximum achievable size A and the current size′ i.e. in

terms of differential equation:

藷-qy(tnA-乙ny) , Iト10

where q is the intrinsic rate of growth･ Upon integrationr

Eq. ==-10 results in a solution of the form:

.r
-(!･ (/,

l!=Ae
v

,

-e

I

ⅠⅠ-1.1

where p is a newly introduced parameter relate点 to the ini-

tial size yo･ The exact parametric relationship is given in

Table i along with other mathematical characteristics of the

Gompertz equation. The general shape of the GoTrLPertZ Curve

is shown in Fig･ 3･ Like the i(rgistic/ the Gompertz has an

inflection. but 土t appears at a different position.i.e.

approximately at the first one-thircl of the entire growth

PrOCeSS･

As with the Hitsherlich and the logistic( there

are several other expressions for the Gompertz equation･

Since most of them reduce to form ==-il when subjected to

suitable transformation, Eq. ==-ll shall be the standard

form for the Gompert7, in the present work.

As mentioned earlier this equation was first

proposed by Gompert7･ (1825. according to Winsor, 1932) for

a purpose other than the growth function, i.e. a mortality
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Time:士

Figure 3. The Gompe,rtz curve.

y-AetTP(-eP-qt) :A-l･0.p-l･2. q-0･04'

w土th the circle denot土ng the point of 土nflec-

tion and the broken line asymptote.

■
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でable 1.

Assumption

Major characteristics of the Mitscherlich. the

logistic and the Gompertz
equations

MITSIIERLIC甘

Rate of growth propor-

tional to the stretch

from the present d土al11-

eter to the maximum

ach.ievable diameter.

Differential

equation

Growth

fしI11Ction

NatしIre

of

parameters

藷-(M-y)

y
--M(1

- [Je-kt)

1.0('1,7STr.C GOMPERT2;

Rate of growth propor-

tional to the present

di.ameter and its stretch

to the maximum acI止evable
diameter.

Rate of growth propor-

tional to the present

diameter and the logariヒh-

mic stretch from the present

diameter to the
maximuTn

achievable diameter.

髪-z.y,c一打)

C

･7''T TT~講話言

藷--qy(1･nA - tny,

y亡加-eP-q七

〟 .･ asymptotic diam-

eter′

7( : intrint3ic rate of

ワrOWth,

yo: initial diameter

C-
17/a

a z7

.7.yl一---エ
〟β .

b = CIZ,

C I aSY{/tOtic diam-

eter′

乙I i.nヒrinF,ic rate of

growth,

yo=
initial d･iameter

p
- zn(1,nA)

yo ,

A I aSyTnptOtic diam-

eter′

? ∫ 土ntrinsic rate of
growth.

yo= initial diameter

Range of

parameter8

expected

frnm

theory

Derivatives

^･qymptote8

orlglnal parameters

M>0･た>0･ yo三O

derived parameters

O < L < 1

orlqlnal parameters

c>0･ Z>0, I/o>O

derived parameters

a > 0, b> 0

orlglnal parameters

A>0,
q>0, yo>0

βerived parameters

p>β

S誓-〟,Jke~たt f_1!_コ
(llt, (I +ea-bt)2

藷- AqeP-qたe-eP-qt

s-語--〃T,A,,a-kた 三三富-巧言=btt'-:芸止碧--
^q2eP-qte-eP-qf,ep-qt-"

.7J
J7 M

Inf1(^!ction

Max iTTlum

growth rat･e

C(｢†1VeXity

Symllletry

.7/

z･ 0

.7!
q C

i-言,ヱ′-富

i/
･= O

.7/

J' A

モー号,･z,-告≒望

〟(,良(when t = 0) 響(when七-Z-)

convf)X upward al1ナhe

Way up

rlSyrnmetric

convex downward

(when
t<-Z)

convex upward

(whonい?,～)

4旦(when t
-良)

a q

convex downward

(when七<賢)
convex upward

(when t'E)
q

sym汀-etrjc (with respect

to ヒ?~､･ po.int of

inflcctjon)

asymmetric
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curve for human bein(}･ =t.s first theorization as a growth

equation
was achieved by Wright(1926) in his criticism of

Pearl-s logistic theory. ⅠⅠe reasoned rather inducヒively

that r'the average growth power as measured by the percentage

rate of increase tends to fall at a more or less uniform

percentage rate'-. This assumption is slightly different

from the one given earlier but results in the sam-e growth

function, The former was 冒.1Ven SO aS tO make a comparison

with the assumptions for the other equations easy and dis-

t土nct土ve. 工t should be noted that 七he above T¶ent土on i⊃y

Wright was aimed at the growth of individual organisms but

not at the growth of populations.

Accordingly Davidson (1928) a三フPlied the Gompertz

equation to the groT!Jth in body weight of cow. Then W(}ymouth

et al. (1oc. cit.) applied it to the linear growth in shell

size of the razor
clam as weュ.1 as to 七he g'rowth of the

cockle (Weymouth and Thompson, 1931) , reporting
a satisfac-

tory agreemen･ヒ w土th the observat土ons 土n both cases.

Thouqh there i,re not many instances of the Gompertz
II■i

a.pplication to the growth of plants, Osurni (1977) mentioned

its application to the growth of trees. As with the locTistic,

considering
from its general assumption, it seems that there

is no positive reason why shouldn.t it be applicable to the

growth of T)1ants.

Von Bertalanffyls equation

Whilp all the growth equations discussed above are

cool.POSed on r'1ther general reasonings,
von Bertalanffy's
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equation is more specific and particular to the subject it

is aimec7. to (1.escribe, i.e. the growth of animals, According

to von Bertalanffy (1941, 1957, 1968), the growth of animals

in wei(jht dむ)/dt･ results from the difference between the syn-

thesis J'1 (u) and degeneration f2(u) c)f body buildin冒 mate-

rュal, thus

I

dLL)

訂-rl(lWト∫2(h')
I

Thuoclh ヒhis ∂､ssumption is very general as such, the synthesisJ

and degeneration function5 Were determined very specifically

as follows. According to 王王uxlev-s principle of allometry,

both the synthesis and degeneration term_ in the above equa-

t土on call be replaced by power functions o至 the body mass

present, -ヒhus

LL‡J) n m
--･- =

TIW
- Ku

dt

where rl and K are the synthesis and degeneration rate con-

stants. Then reasoning from general physioloqlCal observa-

tions that the defTenera,tion of bl:-!,1ding materials is 三)rO-

portional to the body mass present, von Bertalanffy replaced

the degeneration exponenヒ by unity, i･e.′ m=1･ ror the

synthesis term. he reasoned とhat the anabol土c processes of

an animal is proportional to its ener(Iy metabolism, and re-

T]1aced for the size a.ependence of animal that of rTtetabolic

rate. i.e.. T7-(Y∫. Theus the equation finally recluces to

(i.
=

Tll)
- k:7Jフ ′

工エーユ_2
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ヒhe solution of l･]hich is given il)y
｢

■

･J -

r芝-(芝-A,,,(1Hα))√?~(いα)トて士]1/(1-(l)工ト13

This is what is generally known as von Bertalanffy's equa-

tion in which depending upon the metabolic type specific to

kinds of animals concerned, the exponent (ユ takes ()n values

within the following clearly 〔iefine(i range:

2/3三α三1･

The case of special interest is when (又 takes on the

smallest limiting value. Accordlng to Rubner's surface rule.

the methabolic rate in many animals, especially in homeothernlS,

is pro吉)Ortional not to bod_y weiqht but to surface′ thus

α = 2/3.

Replacing this in Eqs.工=-12 and rト13, we get

塞-叩2/3-

k:1)

and 土七s solution

7Jクエ[芝-(芝-
I{,7o1/3)a-K土ハ]3

工エー14

I=-15

工nterestingly enough the cubic roe,ヒ of Eq. ==-15 is equi-

valent to the
_Miヒscherlich

equaヒion 工I-4 or =ト5. This

means, from tile dimensional-analysis point of view. that

any growth that follows TJOn Bertcllanffvls equation with

(_y = 2/3 二i_neither mass or volumetri.c dinension 一口uSt in linear

dimension follow the Mitscherlich, and vice versa. =n supporヒ

of his claim that the growth of trees in stem diameter follows
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the Mitscherlich equation, Suzuki (1･979) reasoned, after von

Bertalanffy, for the volumetric growth of trees that the

photosynthesis is proportional to the surface area of a tree,

whereas the decomposition is proportional to the respiration

t･17hich further in turn proportional to the volumetric tree

biomass present. This premise results in a tree growth

which in volume follows von Bertalanffy's equation and thus

in linear dimension the Mitscherl土ch. Obviously this assump-

t土on 土s more spec土f土c and part土cu,ユar to the
subjecヒ o王 tree

growth than the assumption
for the Mitscherlich glVen earlier

in this chapter. Thus, this premise, if proved pllySiolog1-

cally, would certainly give a firmer ground to the presump-

Lion that the diameter (}rowth of trees follow the Mitscher-

]_土ch.

Other growth equations

Based on physiological laws and a volumenous

result of experiments, von Bertalanffy defined the numerical

range of his synthesis exponent α as mentioned earlier.

R土chards (1959) proposed to liberate the parameter (兄 from

this restriction and use on an empirical basis the von

Bertalanffyls equation for botanical studies as well. =n

support of his view Osum土(19フ6. 1977A. 1977B) advocated

its use in forestry and applied it to various growth p】1enO-

mena encountered in this field. C)bviously this removal of

the parametric restrj_ction adds another degree of freedom

to the orlglnal equation and
_improves

the agreement with

observations
so long as the apparent fit is concerned･
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yoshida (1979) reported a more satisfactory fit with this

generalized von Bertalanffy's equation than v7ith any of the

Mitscherlich, the logisヒic and the Gompertz for the observed

growth of sugi (cI-L7!T,tOmer7L'･,:
(7'叩071･l:,ブa)

･ flowever, the libe-

1ization of the parameter, which is equivalent to the incor-

poration of anadditionaL parameterr deprives the orlglnal

equation o王 土ts 土mportanヒ ヒra土t oモ モheoret土cal compart土b土--

1ity･ =n its orlglnal equation the pr,3rameter 〔又 has a defi-

mite physiological meaning relevaTr･こ tO the subject of animal

growth, and so does the equation itself. =n its generalized

form, however, it is difficult to find any biolo(J7ica11y

significant meaning for the newly incorporated parameter.

To make the matter worse the new paraTneter interferes

mathematically with the original parameters and (I:･eprives of

their authentic significance too. Accordingly the equation

itself also looses its orlglnal significance and deteriorates

to a mere empirical equation as R土chards had envisaged from

the very beginning.

Exactly the same argument may well applies to the

generali7Jation oE the other theoretical equations. with the

c}eneralized IltTitscherlich equation
by Prodan (1oc. °it.) :

y
- M(i-a-た七)nJ,

we can undoubtecuy expect a better fit to the observation

than with the orlC}1nal eq.uation ==-6. 日owever, it would

be difficult to f-in° any significant physical meaning in the

newly inLroduced exponent rJ･. The exponent also affects other

parameters in such ∂･ way thaヒthey ,-iiso
loose their orlglna1
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physical meaning.

The most notorious deterioration of the theoretical

quality by introducing physically meaningless parameters is

seen in Pear1's (1oc. cit.) generali2:ed logistic equation:

C

y=

i+me(lltl+a;,-1t2+a3士3,+･
･･ ･

=t is a
mathematical rule of thumb that the intro-

auction of additional parameters in an equation cldds further

flexibility to the e･qua.LL.ion, which in turn improves the

goodness of fit in practicaユ. application, but it also Gis-

possesses the or1(llnal equation and its parameters of

their orュ.glnal theoretical meaning. =n other words the

theoretical eciuation retrogrades to a mere empirical equa-

tion upon meaningless generalization.

Conclusion

According to the directly preceding review and the

accoTnPanylng discussions, growth equations were classified as

in Table 2 by their the.oreticaL quality. The two extremes in

this classification arc the empirical equations a,/ld the

theoretical ones. The former is those without any rational

reasoning 王-hind them but have been adopted largely due to

ヒheir graphical resemblance to the observed course of growt三〕･

rllhe latter are those constructed on aヒIeast some plaしiSible

grouncl and with the T)arameterS Ci_early defined in terms of

ヒhe relevant subjecヒs.
Between therm both fall quasi-theore-

tical equations, which orlglnally were constructed on
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Table 2. A classification of growth equations

CATEGORY

Empirical or Experimental

Quasi--theoretic.d1

General

(a priori)

particular

(a poster土or土)

Theoretical

Growth equations

I

EXAMP LE

polynorn='Lal s

只ICTtIARDS
I

s

_WlヱTSCH至IjRLrCをi

logistic

GOMPf:RTZ

BERTAl-J良NFFY I
s
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rational ground but lost theoretical meaning by artificial

manlPuiation made コuSヒ to 土mprove the quality of fit or

something- of 七he kind.

The theoretical equations are further broken down

into two sub-categories, the particuユ.ar equations an(王 the

general ones. The terms particular and general refer to the

way the differential equations leading to growth eq.uations

are built･ In particular equations, the differential equa-

tions are constructed on some a posteriori principles arrived

at by generalizing fac･ヒs co11ecヒed alld observations made on

some particular subject
the growth of which is aヒ sヒake.

The best example would be von Bertalanffyls
e⊥ユuation which

is underlain by the principle of allometry/ Rubnerls surface

rule and other a
posteriori physiological knowledge concern-

ing the growth of animarl-･ Usually, in particular equationsr

not only the
subject of growth is clearly e.nvisaged but also

the physical dimension in which the growth is to be consid-

ered is exactly defined as "the growth of animals in weight"

in von Bertalanffy's equation or "the
volumetric c}rowth of

even-aLged stands.f in Khilmi's equation mentioned earlier.

On the other hand, the general equations are derived from

some g'eneral a pで土orl assumptlons 王ormed by reason alone

w土･ヒhout any particular reference t,o any spec土f土c sし1bject of

growth. The examples oE the general e(1uations
are the ih14it-

scherlich, the logistic ancll the Gompertz.

Tt sho.uld be poinヒed out that the classification

made alっove is not a.bsolute. ^!1 er7uation can be either theo-
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L=

r,-､tical or empirical depending upon ti,lie uSerls sヒandpointr

viz･( a theoretical equation is decjraded to an empirical

one when used beyond its
rational scope.

All七he ∂･bove d土scuss土on has brought us to the

point where we can
choose the best equation or equations for

the growth of trees at least from a priori point of view.

工t has been
already ment土oned that the emplr土cal equaヒ土ons

are far out of the question mainly because they are not ac-

cornpanied by any propositions or assumptions which in some

I.･:a･L/ rJご ar三つtl.n.er exolalTTi t'_I,.e r:.eCII,_anlSr.つf crっ./Tth. て1.A.e sir.ilar

reasoning helps eliminate the particular theoretical equa-

tions. =f there were any particular equation for the radial

growth of trees reasoned by
LT)LTiySiologlCal

principles of tree

growth, it would be undoubtedly the best of our choice.

Unfortunately, however, a1:i the existing particular equa-

tions are for something else than the radial growth of trees･

Since these particular equaヒions are firmly reasoned. by

principles obtained by
genera.1izing the facts and observa-

tions concerning oヒher particular organisms or their aggre-

gates, iヒwi11 be readily noticed that the whole logユCal

structures which constitute these equations are crumbled

when i.hey are
used for the radial growth of trees. Thus at

least from loqlCal point of view, the particular equations

cannot be used for the present purpose. If tll''1ey are used

for the radial growth of trees′ t†1ey are nO more theoretical

but mc!rc ernplrical equations. The a-hove discussion will

glVe erlOugh ground to discar(ま the particular theoret:･ica1
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equations
here.

As a matter of fact, tll･,ie above argument is the one

according to which we have defined the quasi-theoreヒical

equations. Thus they are also d⊥squal土f土ed･
-

1Now, the above elimiantion of equations leaves the

general theoretical equations, i.e., the Mitscherlich, the

logistic and the Gompertz as the prospective equations for

describing the radial growth of trees. Since these equa-

tions are derived from general a priori assumptions which

specifiesneiじherthe subjec七 of growth nor the dilnenSion in

which the grwoth is to be
(まefine(ヨ′ 七here is no positive

reason why they shouldn'ヒbe app⊥ユCable to the radial grow七ll
iLl

=

of trees. fiowever, it is not clear, with the present state

of knowledge or from a priori co.n.siderations, which one of

the Mitscherlich, the logistic and the Gompertz is most

suitable for the growth of trees. ThiS Will be made clear

in the succeeding chapters by
applying these equations to

the actual growth of trees.



C‡ミAPTER ===

APPL=CAT工ON OF THE M=TSCモミERL=CH, THE LOGISTIC

AND THE GOMPERTZ F.QUAT=ONS TO THE RADIAL

STE_T･4 GROWTF1 0F WRITE SPRUCF,

=ntrod.uction

tn view of the discussions made in the preceding

chapters, the three most prospective growth equations, i.e.

the Mitscherlich, the logistic and the Gompert2: equations,

were applied to the observed radial growth of white spruce

【picea
Lq乙auca

(Moench) Voss3 ,
anc1. the problems associated

with the application were discussed from theoretical as

well as from practical points of view. The criteria

adopted here for the compa工■土son of the equations were ease

of fitting, goodness of fit and whether or not the equa-

t土ons function as expected from the theory′ 土.e., theoretト

cal consistency. Before entering the application and the

analysis, however, the Mitscherlich, the logistic and the

Gomr)ert2: equations were compared on an a priori ground in

the following.

To begin With, a mention has to be made of the

plausibility of the assumption underlying each of these

three equations. =t seems on an a priori ground that the

Mitscherlich assumption is as plausible as the logisticts･

Aside from the one glVen earlier, the assumT)tion for the
.1｣

latter can also be interpreted as fo11ows･. the percentage

rate of growth is inversely prc,･㌻-ortional to the proximity

of the current diameter to the upper asymptote･
Thus the

point between the Mitscherlich and the logistic is whether

30
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it is the absolute rate of growt･h or the percentaヮe rate

that is proportional to the proximity term. fiovever, even

after this inヒerpretation, it seenl_S difficult to judge

which assumption, the logisticrs or the
_n吐tscherlichfs

is

more plausible. On the other hand, the assumption for the

l

Gompertz looks to be on a more feebl.e ground than those of

the other two, particularly the portion "1ogarithmica11y

proportional to ‥.tt. But why logarithmically? I-ヒ seems

not much appealing to o-1r loglC･ fiowever( putting the as-

sumLFticn as Wright (1oc. cit.) did saves a lot: the percen-

tape rate of change in the percentage rate of growth de-

creases in a constant manner, ∴e.,

__
∴:_r_:_:-二_

:-I-･:-
-

=

-?
=

const･

∃■

This interpreヒation makes the Gompertz assumption as plau-

sible as those of l'･he M.itscherlich-s and the loqistic's.

As seen from Fig. i through 3, the most remarkable

difference between the I･ユitscherli.ch and the rest is that

the former has no inflection, while the latter does. This

is one of the consequences arising from the assumptions.

Both in the logistic and the Gc)mpertzl the rate o･E growth

i･s governed by two factors, r-me1./ the size-proportional

factor and the proximity factor, while it is only the pro-

ximity factor that c(つnヒrols the rate of growth in the 叫it-

scherlich. r-TJo put iヒ s!.1(つrt, lil.･he existance ore two competing

factors in an equation cau三･-,eS in,Election. 工t is generallv
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said that the diameter growth of trees follows a slgmOid

having a point of inflection (Bruce and Schumacher, 1950,･

I言usch et al., 1972). Apparently, this general observation

seems to be disadvanta(3eOuS for the
･Vitscherlich

which lacks

inflection. =t should be noted that the i;ュflection of the

logistic and the Gompertz are fixed at cert!ain definite

pointsr i･e･( just midway of the entire course of growth in

the former and approximately ,-1t One-third of the way in the

latter. 'ilhis also looks somewhat unrealistic. From math-

ematical point of view alone. a poinヒ of inflection can be

introduced in the Mitscherlich, or it can be made mobile in

the lo(コistic and the Gompertz by incorporating a new para-

meter. rTPhen, however, it Would be difficult to find a

proper physical meaning
for the newly introduced parameter･

.Moreover,ヒhe
introduction of a pnysically meanin(jless

｢

parameters degenerates the whole rational validity of a

theoretical equation as mention∴._きd earlier.

The number of the ヮrowth-rate controlling factors

is also reflected in the a.symptote. The Mitscherlich has

only one upper asymptoter while b()th the logistic and the

Gompert7. Curve have two, the upper and the lower ones･ =t

is a logical requirement that the upper asymptotes be posi-

tive. Ⅰ三owever, this is not always the case when the equa-

t土ons are applied to the actual growth of ヒhe trees as w土11

be shown in the succeeding ana一,.ysis.

As for the sign of parameters, the intrinsic rates

of c}rowLh1 7<, lt an(1 q for the Mitscherlich( the lo(}istic

and the Gompertz respectively musヒ be positive in theory･
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But this again is not always the case in app⊥1Cation as

v土11 I)e shown late二r.

From operational point of view, the initial diam-

eter or radiusyo can either be ヨerO Or T)OSitive in the
l～T.it-

scherlich, While it mus= always be positive in the logistic

and the Gompertz. =f it is equal to zero in the latter two

equations, the growth cannot take off forever as wiユ｢ be

easily
seen in their differential forms. Whether the actual

diameter of trees grows from zero or from ･some infinitesimal

but existent amoun七 土s a phi.1osoph土cal rather than a blo-

logical matter, but froTn Operational point of viel′7, re-

taining a flexibility in the initial size seerns to be more

advantageous for the iMiitscherlich. A more practical com-

parison of the three equations will be made in the follow-

ing in this chapter and the next chapter in association with

their application to the observed radial growth of trees.

Materials and methods

The data employed for the present anaj_ySis is the
■■▼

growth records of 84 white spruce individuals collect.ed in

1977 i-ron the Northwest Territories, Canada Dy a
joint

sur-

vey team of Nagoya University, the University of New Bruns-

wick a.nd the University of British C()iumbia (Sweda, 1979).

An 土ncre汀-ent COre Was taken a七 breas-ヒiュe土gh亡(1.3 m above

ground.)
from each of the ･OJ4 wht (? spruce trees randoI¶1y

chosen in a mixed stand of vJhite s一つruCe and balsam poplar

(pot,u7-7,/I.3ba7/I?amijler,a L･) ?rowin? on t･he west bank of the

Slave R-上ver in the vicinity of i.1Jrt Smith (Sweda and

Yamamoto. 1978). Back 土n the laboratory, radius of each
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successive annual ring on every core was measured to a-

humdredth of
a

millimeter with an increment measuring device

equipped with a microscope. and the yparly radial growth was

restored for all the 84 trees sampled. The age of the trees

ranged from 42 to ～96 years old with a mean of lot years and

standard deviation 26 years.

Then, the parameters of the
.Viitscherlich,

the

logistic and the Gompertz equations Were determined for each

of the 84 individual trees by i=itting the equations to the

corresponding observed racual growth. To make a coTnParison

with the empirical equation, two typical emplricals of the

forI¶:

▲

I

LL/

=

a+bt+c･t2,

.7!
=

a,-i+bt2+a.t13.

エーI-1

工‡Ⅰ-2

were aユ.so appl土ed′ and 七he土r parameters were determln.ed.

These equations were termed temporarii7.I, empirical = and ==

respectively.

For fitting a total of these five growth functions

to the olブSerVed growth, Deming-s (1943) method of least

squares was em)1oyed. The reason why this particular method

was used is twofold･ Firstly, since all the five e､･1uations

employed here are nonlinear, the ordinary method oE ILinear

reg.ress.ion was not appl土ca王)]ーe aS Such. Secondly. although

proper transformation of variables -I:･iay Well reduce t王ie fit-

ting to a matter of sifni)1e linear regression, it usually

brings about in the resulLL unnecessary bias the magnitude of
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which varies depen(Hng. on the tylT)e Of transformation emplyed

(Sweda ∂,nd Kurokawa, 1979). The.,-･-1 Cく)nSideration called for

the meヒho(王 of Deming whic呈1 is powerful and unbiased
for non-

linear curve fitting.

Theoretical consistency

A

[コ

The parameters of the Miヒscherlich, the logistic.

the GonlPertZ, the emplricai equations = and == determined

for each of the 84･ trees are given in Table 3 through 7

along with their statistics･ A few graphical examples of

the calculated growth as cornpared with the corresponding

observations are also given for each of the five equations

in Fig. 4. through 7. Judging from these graphical compari-

sons and the othe上､S Of the kind which could not be given

here for short of space. all t･he equa七土ons represent the

observed growth reasonably well. 王･;owever, a closer review

of the above tables and figures revealed several discrepan-

cies as in the following.

The parameter M of the 川土tscherlich, C of the

logistic and A of the Gornpertz are all, in theory, supposed

to represent the asymptotic racuus that a tree will ulti-

mately at･tain. A comparison among tables 3, 4 and 5 indi-

cates t‡1at this theore七ical prerequls土te 土s most sat土sfac-

torily fulfilled by the Mitscherlich so far as the ｡iean
is

concerned･ According to sargent (1965) the empirically

observed asymptotic diameter for whiヒe spruce is sorn.e 2 ft.∫

which in terms of radius is i ft_. ()r approximately 30 cm.

Other authors of dendrology (e.q.,Rosie, i975; Collin-,‥wood

and Brush, 1978) also c}ive sin.ilar figures. The TT-Can
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Table 3. Parameters of the Mitscherlich equation as

applied to wh-:i,e spruce

TtN.?
(i/year,

L･
(a",

1 0.01183 1.060

2 0.01925 1.044

3 0.02103 1.097

4 -0.01002
1.009

5 0.00865 1.027

6 0.01484 1.065

7 0.00221 1.007

8 0.01957 1.125

9 0.01079 1.080

10 0.02407 1.059

11 0.01594 1.080

12 0.00699 1.098

13 0.01139 1.097

14 0.01146 1.003

15 0.00242 0.994

16 0.01555 1.060

17 0.00016 1.000

18 0.01305 1.084

19 0.01514 1.005

20 0.00958 1.033

21 0.00935 1.102

22 0.01505 1.071

23 0.01288 1.051

24 0.01583 1.014

25 0.00126
ん.003

26
-0.01521

1.089

27
-0.02817

1.030

28 0.00490 1.029

29 -0.00803
0.989

30 -0.01486
1.037

31 0.01409 1.051

32 0.02213 1.061

33 0.01484 1.034

34 0.00829 1.018

35 0.00842 1.026

36 0.02043 1.106

37 0.00815 1.027

38 0.01165 1.056

39 0.01627 1.101

40 0.01568 1.095

41 0.00543 1.021

42 -0.00699 0.990

(i/year )
u

(cm)

27.50 43

21.49 44

20.68 45

-ll.17
46

27.41 47

21.18 48

96.84 49

16.72 50

15.27

7.19 51

52

10.29 53

23.70 54

18.92 55

13.68 56

41.58 57

14.86 58

966.79 59

21.84 60

6.96

19.18 61

62

22.21 63

13.08 64

15.11 65

20.53 66

103.44 67

-i.21
68

-0.19
69

30.76 70

-8.76

-2.71
71

72

35.00 73

16.49 74

21.74 75

31.36 76

36.48 77

24.83 78

33.14 79

25.89 80

23.26

24.65 81

82

58.85 83

-16.31
34

0.01166 1.048 26.08

0.00916 0.995 21.08

0.01946 0.981 83.10

-0.02227
1.060

-3.63
0.01355 1.039 25.00

0.00503 1.011 52.43

-0.00481
0.993

-39.84
0.01494 1.031 26.79

0.01690 1.033 19.13

0.02090 1.087 14.38

0.00967 1.008 22.23

0.02064 1.073 17.34

0.00631 1.012 39.31

0.01813 1.040 20.54

o.o1568 1.058 16.32

0.00383 1.016 57.36

0.02116 1.042 11.66

o.oo672 1.013 28.15

o.oo493 1.008 31.78

-o.oO215
1.004 -58.57

o.o1179 1.015 17.22

o.o2287 1.114 16.39

-o.oo881
1.865 -1.23

o.oo853 1.034 28.98

o.oo896 1.009 19.10

-o.o13⊥0
1.040 -8.04

o.oo293 1.014 63.59

o.o1009 1.054 32.13

-o.oO181
0.L978

-62.71
0.01725 1.092 22.33

o.o1053 1.049 25.46

o.o2008 1.133 20.77

o.o2898 1.021 85.24

o.o1615 1.073 26.79

o.o1515 1.054 14.37

-o.oo400
0.984 -44.58

-o.ooo69
0.9苧8 -169.22

o.o1605 1.082 20.75

-o.oo424
1.01.7 -18.75

o.oo951 1.C..;･4 30.52

o.o1147 1.049 35.85

o.o1848 1.076 21.67

Lqean

Standard Dev.

Coef. of Var.

0.00883 1.052 29.47

o.o1078 0.097 108.88

1.22 0.09 3.69

★ d土mens土onless
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Table 4･ Parameters of the logistic equation as

appl土ed 七o wb土te spruce

α★

b c

(i/year ) (cm)

1 2.984 0.08885 15.16

2 2.210 0.07816 16.02

3 2.551 0.08305 16.38

4 2.783 0.05121 16.84

5 2.528 0.07348 12.69

6 2.173 0.08655 13.42

7 2.600 0.06201 15.76

8 3.008 0.C9119 12.76

9 2.607 0.05021 11.05

10 1.828 0.05808 6.67

11 2.327 0.05172 8.74

12 1.839 0.03570 14.55

13 2.841 0.05550 14.22

14 2.600 0.05276 14.30

15 2.108 0.02819 13.89

16 2.444 0.06866 10.93

17 2.380 0.03680 19.43

18 2.735 0.05817 16.74

19 1.906 0.04977 5.69

20 2.269 0.04920 12.39

21 2.834 0.04609 15.96

22 2.130 0.04821 10.96

23 2.255 0.05103 11.48

24 1.815 0.04773 17.10

25 2.502 0.03614 16.51

26 3.187 0.03765 7.26

27 4.662 0.03297 45.13

28 2.781 0.04247 15.05

29 2.887 0.04399 12.08

30 3.263 0.03587 16.33

31 2.508 0.08004 21.72

32 2.337 0.08952 12.55

33 2.207 0.06774 14.9R

34 2.418 0.07131 14.17

35 2.497 0.07139 16.73

36 2.732 o.o8824 19.12

37 2.616 0.06828 15. 90

38 2.762 0.07721 15.09

39 2.968 0.08549 16.38

40 2.903 0.08222 17.22

41 2.681 o.o6651 20.70

42 ■ 2.801 o.o6071 12.13

b c

(i/year) (cm)

43 2.492

44 2.056

45 1.698

46 2.888

47 2.448

48 2.446

49 2.841

50 2.386

51 2.215

52 2.576

53 2.264

54 2.448

55 2.309

56 2.206

57 2.354

58 2.716

59 1.991

60 2.248

61 2.252

62 2.403

63 2.051

64 2.631

65 4.616

66 2.562

67 2.184

68 3.145

69 2.863

70 2.683

71 3.516

72 2.619

73 2.595

74 2.986

75 3.231

76 2.580

77 2.375

78 2.969

79 2.744

80 2.525

81 2.315

82 2.843

83 2.574

84 2.378

0.06488 16.50

0.05991 11.17

0.06798 6.29

0.07404 11.34

0.08228 14.73

0.06230 17.45

0.12116 8.93

0.08136 17.12

0.07506 13.54

0.08916 10.93

0.06860 11.53

0.08386 13.37

0.05320 17.62

0.07183 15.60

0.06496 12.30

0.05765 17.10

0.06709 9.68

0.04954 13.84

0.∂4239 12.51

0.04239 15.81

0.05273 11.77

0.08455 13.71

0.01145 139.52

0.06292 15.09

0.05921 10.19

0.03608 36.99

0.06033 14.78

0.06467 18.92

0.05921 15.47

0.07328 17.19

0.06392 15.03

0.08777 16.38

0.06378 19.93

0.07090 19.02

0.07015 10.08

0.05403 20.47

0.04998 12.31

0.07043 15.30

0.∩4306 10.41

0.06921 16.83

0.06499 22.80

0.07257 15.61

Mean 2.580

Standard Dev. 0.478

Coef. of Var. 0.19

0.06268 16.40

0.01786 14.64

0.28 0.89

★ dlmens土onless
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Table 5･ Parameters of the Gompertz equation as

applied to white sprt.i:=e_
.-

q A

(i/year ) (00)

1 1.455 0.05240 16.38

2 1.078 0.04967 17.01

3 1.290 0.05391 17.07

4 1.2∈‡6 0.02117 26.35

5 1.216 0.04272 14.12

6 1.335 0.05257 14.39

7 1.231 0.03368 18.46

8 1.562 0.05884 13.24

9 1.315 0.03194 11.64

10 0.921 0.04167 6.80

11 1.133 0.03489 9.03

12 0.854 0.02155 16.13

13 1.432 0.03513 14.84

14 1.214 0.02793 16.96

15 0.989 0.01572 16.19

16 1.206 0.04338 11.55

17 1.115 0.01917 23.73

18 1.360 0.03667 14.49

19 0.909 0.03284 5.97

20 1.106 0.03043 13.38

21 1.456 0.02947 16.71

22 1.080 0.03279 11.36

23 1.109 0.03286 12.ll

24 0.880 0.03240 17.85

25 1.171 0.01925 19.59

26 1.490 0.01156 19.08

27

28 1.307 0.02410 16.58

29 1.327 0.01896 17.87

30 1.512 0.01124 41.58

31 1.231 0.04899 23.42

32 1.155 0.05737 13.22

33 1.068 0.04226 16.10

34 1.155 0.04121 15.89

35 1.206 0.04178 18.60

36 1.382 0.05641 19.97

37 1.236 0.03907 17.65

38 1.353 0.04634 16.28

39 1.513 0.05388 17.17

40 1.468 0.05154 18.ll

41
･1.278

0.03752 23.35

42 1.290 0.02797 16.49

p'

(i/ygar) (よ)
43 1.219

44 0.968

45 1.811

46 1.354

47 1.292

48 1.162

49 1.304

50

51 1.107

52 1.285

53 1.069

54 1.164

55 1.096

56 1.069

57 1.164

58 1.293

59 0.979

60 1.079

61 1.074

62 1.118

63 0.988

64 1.355

65

66 1.231

67 1.041

68

69 1.359

70 1.315

71 1.655

72 1.324

73 1.269

74 1.548

75 1.573

76 1.282

77 1.174

78 1.369

79 1.275

80 1.269

81 1.090

82 1.394

83 1.252

84 1.194

0.03791 17.76

0.03624 12.50

0.04513 6.69

0.02585 23.03

0.04977 16.01

0.0349弓 20.03

0.05969 11.17

0.04687 14.50

0.05669 11.47

0.03995 12.84

0.04165 14.03

0.03067 19.87

0.04573 16.51

0.04165 12.95

0.03220 19.41

0.04499 10.10

0.02933 15.41

0.02745 !､4.24

0.02052 20.04

0.03315 12.69

0.05581 14.14

0.03690 16.61

0.03505 11.33

0.03226 16.82

0.03900 20.42

0.02421 18.18

0.04691 17.93

0. 0387~1 16.25

0.04691 17.93

0.03617 22.12

0.04829 20.12

0.04419 10.73

0.02638 25.91

0.02561 14.97

0.04505 16.ll

0.02021 14.25

0.04133 18.18

0.03955 24.49

0.04717 16.36

.Mean
1. 240

Standard Dev. 0.180

Coef. of Var. 0.15

0.03753 16.52

0.01154 4.99

0.31 0.30

★ d土mens土onless
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Table 6. pa工･ameterS Of the emplr土cal equation I as

applied
to white spruce

Tree a b a
*

No. (cm) (m/year) (tim/year2)

1
-1.695

0.3363
-14.53

2
-0.551

0.3710 -19.85

3 -i.500
0.3947 -21.?,4

4 0.299 0.0940 8.16

5
-0.694

0.2365
-7179

6 -1.264
0.3103

-14.83
7 -0.664

0.2151
-22.09

8 -1.900
0.3210

-17.14
9 -1.035

0.1567
-4.84

10 0.403 0.1074 -4.44

11 -0.379 0.1350 -4.90
12 0.687 0.1151 -3.57

13 -1.608
0.2186 -7.32

14 -0.348
0.1576 -0.91

15 0.273 0.0982 -0.97

16 -0.712
0.2158 -9.61

17 0.035 0.1511 -0.12

18 -i.65S 0.2735 -9.98
19 1.148 0.0884 -3.49
20

-0.435
0.1713 -5.07

21
-21007

0.2022 -5.41

22 -0.303
0.1612 -5.62

23 -0.549 0.1776 -0.40
24 0.403 0.2617 -10.18
25

-0.356 0.1310 -0.78
26 0.199 0.0107 3.47

27 0.723 -0.0219
10.04

28 -0.958 0.1457 -3.05
29 -0.041

0.0635 4.20

30 0.161 0.0308 6.13

31 -i.610
0.4830

-22.40
32 -0.724

0.3333
-20.31

33
-0.509

0.3001 -13.40
34

-0.517
0.2578 -8.27

35
-0.907

0.3059 -9.80
36 2.217 0.4810 -26.38

37 -0.930
0.2746 -8.92

38 -1.427
0.3050

-12.41
39 -2.223

0.7748
-18.38

40 -2.195
0.3847

-18.14

41 -1.263
0.3248

-7.56
42

-1.318 0.1079 5.27

Tree a b a
*

No. (00) (Qn/Year) (リnVyear2)

43 -1.104
0.2962

-ll.27
44 0.162 0.1B36 -6.08
45 0.345 0.1330 -6.98
46 0.305 0.0675 17.31

47
-0.859 0.3304 -15.14

48
-0.566 0.3633 -5.53

49
-0.264

0.1783
-5.52

50
-0.747 0.3874 -19.20

51 -0.404 0.2967 -14.86
52

-1.006
0.2808 -16.02

53
-0.148

0.2096 -7.56
54

-0.981
0.3302 -18.58

55
-0.419

0.2441 -5.93
56

-0.522
0.3372 -17.19

57 -0.705
0.2356 -10.35

58
-0.965

0.2232 -3.81

59 -0.054
0.2015 -10.25

60 -0.290 0.1!‡36 -4.51

61
-0.189

0.1533 -2.91
62 0.247 0.1261 1.51

63
-0.068

0.1864 -6.62
64

-1.266
0.3257 -17.29

65
-1.062

0.0143 1.92

66 -0.959
0.2475 -7.81

67 -0.097 0.1639 -5.21

68 0.641 0.0749 14.61

69 -0.924
0.1901 -2.66

70 -1.669 0.3258 -ll.39

71
-1.297

0.1079 1.29

72
-1.663

0.3588 -16.58

73 -1.195
0.2603 -9.21

74
-2.487

0.4061 -21.53

75 -1.881
0.2556 -3.65

76
-1.691

0.4151 -19.79

77
-0.587

0.2023 -9.95

78
-0.629

0.1691 4.61

79
-0.390

0.1167 0.45

80 -1.683
0.3364 -16.96

81 0.304 0.0816 1.81

82
-1.665

0.2974 -10.32
83

-1.685
0.4082 -15.69

34 -1.105
0.3338 -16.15

Mean

Standard Dev.

Coef. of ∀ar.

-o.678
0.2346

-7.81

o.838 0.1267 8.78

-i.24
0.54 ･･1.12

･

micro-meter/year2
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Table 7. ParameterS Of the emplr土cal equat土on 工工 as

appl土ed 七o white spruce

TtN㌘
(Qn/;ear,(um/Y喜*a;2)(m3;:ar3,

1 0.1153 5.035 -518.8
2 0.3393 -1.518 ･･17.5

3 0.2759 0.387 -154.8

4 0.1242 0.228 50.8

5 0.1604 1.324
-165.1

6 0.1763 2.095
-271.0

7 0.1469 1.568 -133.9
8 0.1411 2.461 -271.7
9 0.0995 0.333 -33.5

10 0.1499 -1.222
36.7

11 0.1244 -0.424 -0.5
12 0.2036 -1.321 49.2

13 0.1113 0.921 -70.8

14 0.1044 1.360 -102.2

15 0.1223 -0.507
18.4

16 0.1558 0.311 -76.6
17 0.1563

-0.132
7.0

18 0.1063 0.634 -41.2

19 0.0952 -0.456
5.0

20 0.1606 -0.509
6.3

21 0.1063 0.634 -41.2
22 0.1601

-0.702
10.0

23 0.1417 -0.037 -28.9
24 0.4165 -2.226

68.9

25 0.1040 0.389 -22.2
26 0.0275 -0.O16

22.3

27 0.0599 -1.033
137.2

28 0.0661 1.198 -66.1
29 0.0603 0.489 -'4.2

30 0.0623
-0.311

68.0

31 0.3104 2.476
-367.4

32 0.2587 -0.019 -156.9
33 0.2614 -0.545 -51.1
34 0.1963 0.974 -147.8
35 0.2119 1.540 -193.9

36 0.2762 2.175
…322.2

37 0.1382 3.091 -306.7
38 0.1444 2.985 -306.7
39 0.1610 3.311 -340.6
40 0.1738 3.312 -322.2

41 0.1676 3.615 -330.2
42 0｣0865 1.249 -64.7

Tree a b* c*
*

No. (cnVyear) (リrrVyear2)(rmvyear3)

43 0.1983 1.050

44 0.2061
-1.293

45 0.2042
-3.403

46 0.1202 -0.553
47 0.2377 1.099

48 0.2072 0.882

49 0.9555 6.290

50 0.2795
-1.504

51 0.2664 -0.852
i;2 0.1835 0.828

53 0.1816 0.196

54 0.2312 0.647

55 0.2115 0.090

56 0.2868 -0.494

57 0.1794 0.109

58 0.1163 2.209

59 0.2189 -1.683
60 0.1735

-0.398

61. 0.1572 -0.623
62 0.1474 -0.315

63 0.1952 -i.077

64 0.2398 -0.153

65 0.0797 -0.642
66 0.1488 1.615

67 0.1639 -0.647
68 0.1427 0.115

69 0.0741 2.686

70 0.1670 0.244

71 -0.0052
2.153

72 0.2309 0.871

73 0.1460 1.100

74 0.1767 2.967

75 0.0346 4.860

76 0.2593 1.661

77 0.1635 -0.181
78 0.0780 2.931

79 0.0674 1.278

80 0.2097 0.642

81 0.1371 -1.686
82 0.1194 3.250

83 0.2279 2.716

84 0.2680 -0.473

1Vlean 0. 1744 0. 710

Standard Dev. 0.1113 1.702

Coef. of Var. 0.64 2.40

-136.9
56.6

266.3

280.1

-212.6
105.2

-927.1

-294.0

-39.7

-174.0

-83.3

-179.3

-41.8

-84.4

-66.3

-169.5
52.6

3.1

30.6

29.2

32.2

-85.1
28.3

-160.6
14.8

99.0

-199.1

-223.1

-96.3

-143.0

-167.2

-319.1

-326.7

-241.7

-39.4

-117.5

-81.2

-118.4

162.7

-280.6

-276.4

-59.4

-102.8
173.0

-1.68

..芸三三芸:諾etetei,r;≡;ra吉2

★
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asym.ptotic radius of 29.47 cm for the
i^1itscherlich

almost

exactly maヒches this figure, while the means of 16.40 cm

and 16.52 cm for the logistic and the Gompertz asymptotes

respectively
seem unrcalistically small. This indicates

that the asymptotes of the logistic and the Gomperしz didn■t

function as sat土s王actorily as expected from the 七heory.

Not only the means bu.ヒ also 七he 土nd土Ⅴ土dual asymptot土c

radii of the logistic and the Gompertz failed to comply with

their respective theoretical prerequisites. =t sometimes

happened that the individual asymptotic radius wa.s even

sma11ej二 than the corresponding observed final radius in

both cases as shown by Figs. 5(a) and 6(a). This result

casts a skepticism on the growth forecasting capability of

the logistic and the GoTnPertZ equations.

The ]_ogistic and the Gompertz revealed another

discrepancy of similar nature in their parameters (‡ and p

which are closely related to the initial radius yo as shown

in Table i. The mean 2.58 cm of the parameter (t's of the

logistic is equivalent to

.7!o-C/14.
which is too much :Tor

the initial radius. This resulted in a considerable over-

estimation in the early stage of growth as typically seen

in Fig. 5(b). This consistent deviation in the early stage

of growth was often cornpensate' by the deviation in the

opposite (]-irection in a later sヒage as seen in the sanle

figure･ This tendency of constant (ミeviation revealed in

the present analysis a〕_so underm土11eS the theoretical

credibility of the loq`1Stic equation. Though not as con-

spICuOuS aS in the logistic, the Gompertz too showed a
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similar discrepancy. T-he mean i,2!iO of the parameter p-s

is equivalent to.yo-/i/3C,, which, though better than the

logistic′ is sti･11 too large
especially

for a shade species

as white spruce. This resulted in a more or less consis-

tent overestimation in the ini]L al stage of growth as seen

in Fig. 6(a).

Although the parameters of the Mitscherlich

equation revealed the most satisfactory consistency with

their theoretical prerequisites on an average basis, an

examination of Tab]-e 3 revealed the following discrepancies･

The most striking ev'dence found in Table 3 of

the Mitscherlich equation would be sporadic negative values

of the asyrnptote M an(ユ the rate constant た/ both of

which are supposed to be positive according to the theory.

=t will be readily noticed that the negative
M's are always

associated with negative
i(ys. Although this fact may look

strange and undoubtedly impairs the theoretical quality

of the Mitscherlich equation, iヒ doesnlt affect the credi-

bility of the equation as far as the agreement between the

observed and calculated growth is concerned as shown in Fig.

4(b). As seen from the same figure, this concurrent occur-

rence of negative parameters took place whenever the general

shape of the observed radial grっwth followed a course convex

downwarcl. This never happened in the logistic and the

Gompertz- =n these two equations. the calculated parameters

observed the sign eX.T)eCted from the theory.

Another discrepancy found in the
.Mitscherlich

was sT-Orad土c occurrence of unrealisヒica11y
large values of
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the p∂-ra.Tneヒer M. A close exami.nation of Table 3 shows that

they are associated wiヒh extremely small values of the rate

pararneter たin a compensating
manner, v7hich nevertheless

again results in a reasonable agreement between the observed

and calculated g-rowth. However, since M is supposedly the

radius ultimately attained in a long run, its extremely

large values are damaging tO the theoretical credibility

of the Mitscherrich equation. That individual values of M

are ra.ther fickle and not much reliable
as the ultimate

radius is seen in its relatively large standard deviation

and coefficient of varia.tion given at the bottom ()f rTilable

3. On the other hand the upper asymptotes a and A of the

logistic and the Gompertz i-eSPeCtively are much less

variable as seen in Tables 4 and 5. =n accordance with the

large variation in M, the rate constant A is also more

variable than the corresponding parameters b and q of the

logistic and the Gompertz.

Table 3 shows that the par∂,meter L is greaヒer than

unity
for most of the cases. This means that the calculated

initial diameters are negative, which in turn indicates the

equation underestimates t壬ュe real土ty 土n the very early stage

of growth,
but it is not to such an extent as the logistic

and the Gompertz overestimate. My experience shows that

putting the initial radius equal to zero, i.e･ L-1. do

not deteriorate fit much. This suggests thaヒ ヒhe two-

parametered form

.一=∴･(ト･-:.:I
)
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may be a more proper expression for the Mitscher1土ch equa-

tion than the three-para.metere(ま one employed here. Since

increased number of parameters progressively improves the

quali-ty of fit for ally equation. t‡-土s 土nd土cat土on of being

enough with only two parameters is a great advantage for the

Mitscherlich as a theoretical growth equation.

Judging from i71i9S. 4 through 6 and those that

couldn-t be given here, it seemed that whether or not an

equation has an inflection doesnlt really rrLatter in appli-

cation. =n other words, being devoid of it didn't seem to

have worked to the disadvantage of the Mitscherlich as

would have been foreseen. =n F.ig. 4 it seems as if the

observed growth is weaving its way about the Mitscherlich

which represents a hypothetical mean course of growth. On

the other hand′ having an inflection didn-t seem to have

any beneficial effect especially for the logistic. This

may, most probably, be due to the fact that irre(}ularities

in actual c)rowth process make it difficult to identiFv a

definite point of inflection in the observed growth.

However, the generally better agreement of the Gompertz

with the observaヒio.n than that of the logistic indicates

that the inflection in the actu(ll growth, if any, appears

in earlier stage of growth thai it does in the logistic.

S土nce the emplr土cals have no theoretical reference

base to be judged upon, there is noヒmuch to be said of

their parametric values. But iヒwas found that the para-

meters were rn･ore v∂･riable than in the logistic and the

Gompertz but less so than in the Mitscherlich. A comparison



49

between the observed and calculated radial growth for the

ernplrical equations is cllVerl in rig. 7. Althoug. the fit

土tself 土s satisfactory. the calculated rad.土us sometimes

decreases after a certain age even within the tirrLe ran･ge Of

fitting as seen in Fig. 7(b). There is no doubt that these

empirical equations take on illogical and unrealistic values

once beyond the range of fitting. This is one of the major

reasons why the empirical equation is rated inferior to the

theoretical in general.

Goodness of fi_t

Although the goodness of fit alone cannot consti-

tuモe any absolute basis (Feller′ 1940). there 土s no doubt

that it is one of 'ヒhe :'LmPOrtant Criteria for choosing the

best growth equation, if any, for the radial growth of trees.

Thus′ the goodness of fit of each equation was calculated

for every tree and compared with each other. The goodness

･th tree was evaluated by theof fit of any equati･on ヒo the 7,

sum of squared deviations (r,'SD) of the calculated yearly

rad土1 from the corresponding observed rad土土.i.e.

n

ssDi - ∑(-Yi(,}･-yit7･ )
2,

r].=1

where ^7SDi

･
･

goodness of fit for thei.ull tree･

Y7:i : Observed radius at age
-･,7,

･f-!7･j
: Calcualted radius at age

･7,

T!. ･tl,lヒree.: total ,'1ge Of the 7･･

Ⅰ工エー3

Thus the smaller is the SL'(;D?: value′ the better is the fit･
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Since all the equations employed here have the same nurn.ber

of parameters, i.e. the same degree of mathematical freedom,

this measure of the cITua-1ity of fit provides with a fair

basis of comparison among the equations.

The results are given in Fig. 8 and Table 8. The

former shows the distribution (つf SSD for each of the five

equations comparedl While the latter gives the statistics.

Judgincj from the mean of SySDir the Gompertz yielded the

least value( i･e･ the best fit on an average basisr while

the ioqistic revealed the v170rSt fit of all. Between them

both. ranked the emplri.cal工工. the empェr土cal工 and the

Mitscherlich in degrading order. The Gompertz is characte-

rized by small mean and standard deviation. The
lh巧itscher-

1ich has a smaller mean but greater standard deviation than

the logistic( which can also be seen graphically in Fig. 8･

=t is interesting that the both empirical equations achieved

better fit than the logistic and the Mitscherlich.

For a more detailed comparison, a paired bilateral

･t-test of significance on goodness of fit was conducted

between all the conceivable pairs of the five equations･

The test between any two competing equations (e.g., the

･Mitscherlich
vs. the logistic) was executed as follows:

l･ Difference in goodness of iit for the ,Lヒh tree′

di-.7:i-.Z!L ,

where
･I):i:

a-Ild ヱイL are ヒhe
,てr･yD vaコーueS Of two cornpetinq eqlユations

for the Lth tree.
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Table 8. Stat.istics on goodness of fit

ill_IT.
LOG. GOM.P. E朗P. = E朋P. =I

No. of Samples 84 84 80 84 84

㌍ean 16.34 19.18 8.28 13.50 10.28

Standard Dev. 20.07 13.48 7.38 15.72 11.77

r
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2. Mean and standard deviaヒion of the differeユ1Ce in goodness

of fit.

r7,

一丁:ニキ三1.'L=1

where n is the number of trees used in comparison.

3. Calculated i-value.

七o =

言7',

slc17'-/ノT

4. This calculated ･t-value was checked against the tabu-

1ated one to test a null hypothesis cfi= 0 againsヒ the

altenative diiO.

The results of teニ､t is tabulated in Table 9.

Among the theoretical equations, it was found that there

was no significant difference in goodness of fiJ-L between the

Mitscherlich and the log;i_stic, while the Gompertz revealed

a significantly better fit than these two･ The two eTrLPlri-

cals showed significantly better fit than the
lWitscherlich

and the logistic but significantly poorer fiヒ than the

Gompertz ･

Ease of fitting.

^ mention has to be TrLade o.n the technical diffi-

culties associated with the curve fittinq as thi.s vlill
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Table 9. t-test of significance on goodness of fit among

the five competing equations

～,1=T. LOG. GOItjTiP. f:NTIP. = EMP. ==

i^4=TSC臼ii.RL=CH

LOGISTIC

GOLnノミP王∃A Z

i.O17 3.4日8 3.538 3.862

n.S.

** **

10,158 2.668 6.242

2.85こ) 1.703

EMP=R=CAL = ** ** **

EMP工R=CATJ == ** **
n.s. *

2.386

東女
highly significant, i.e. signilicant at the 99%

1evel of cor弓子idence.
☆

slgrl-L･王icant, i.e. significant a七. the 95! level r)i

conf土dence.

n.s. non-slg■nif土cant difference.

● ●
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certainly cast an impor! ~うnt PrObニem i-n practical ap.〔)1ication▲.

.L

of these equations･ As mentioned earlier Demingls meじhod

of least square買is one of the best way for fit七土ng complex

nonlinea.r functions. =t is an i七(､Tative method in which

initial estimates of the parameters have to be given Prior

to the least squares calcuコーation, which in turn gives a new

set of calculated parameters. These nev7 ParameterS are fed

土n again as the secondary est土ma亡es for the second round of

calculation. and the process 土s repea,ヒed on and on un七土1 the

parametric values converge, i.e. the newly calculatecl para-

meters become identical with those input as the directly

preceding estimates. The difficulty encountered in this

entire process of fitting is twofold, i.e. the one associated･

with c=1Ving the initial estimates and the other with itera-

t土on ､ヒ土me.

Accord土ng to the present analysis, ease of fitting

was rated as follows:

c'1.qy <

-----･- ---
--I----=---1 --I------ ･- ---･--1---I--

I ･-----一------> し'1i｢ F i_(=ult

emplricals > Mitsche_rlich > 1ogistic > Gompertz

With the emplricals, even what had seemed very far-off ini-

tial esヒ土mates converged easily in a few iヒeration times.

With the Gornpertz on the other ham(∃_′ even meticulously

chosen i_nitial estimates sometimes took more than a score

of iter∂tion times before convergln(rI, and in a few cases

never converge(i. rJ_1he i^Jlitscher_lich and the logistic came

between ヒhese two exヒremes, but in general the former was

eas土er ヒhan the la･ヒter.
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Conc].tlS土on

=t is a rather stunning finding iiノI the present

analysis that ail of the three theoretical equations did not

work as expected from the theories, though the way a.nd

extent those (]ユscrepanc土es appeared differ from one equation

to another. 工n sp土七e of 土ts sporad土c extreme parametr土c

values, the indication of being enougn with only tv70 Para-
T

meters would make the 門it.scherlich the most prospective of

all at least from theoretical point of view. The liability

to overestimate in early stage of growth and the accompany-

ing opposite liability in the late stage of grov7th was

shared by the logisヒic and the Gompert2:, but it was more

pronounced in the fo_mer. This would make the Gompertz more

favourable than the logistic as a theoretical growth equa-

t土on.

The best agreement with the observed growth was

achieved by the Gompertz, followed by the Mitscherlich

with the logistic closing -て-'･ the rear. The easiesヒ to fit

was the 門itscherlich, followed by the logistic and then by

the Gompertz. Though t･his dependence of rank upon tile Cri-

ter土on lllakes 土t d土ff土cult to draw a clear-cut overall con-

clusion, the Mitscherlich would be the most promising of all

as a theoretical growth equation for the breast-height stem

radial growth of trees.



C王壬APTER IV

APPLICATION OL･7' T三重E M=TSCモ王ER工J=C壬王. THE LOG工ST工C

AND Tl…E GOMPF.RTZ F,QUAT=ONS TO TEE RAD工AL

STEM GROWT王T OF JACT( PINE

Introduction

=n the preceding chapter, the Mitscherlich, the

logistic and the Gompertz equations were applied to the

growth of white spruce, one of the representative shade-

toleranヒ sileCies. 工n this chapter these equations were ap-

plied to the observed radial growth of jack pine (Pinus

ban7(siam(7 TJamb.) a representative of shade-intolerant. pio-

neer species, and the characteristics of each equation was

analvzed._I.

Although the methods of analysis employed in this

chapteris almost similar to those in the preceding cha'pter,

several minor improveTnentS Were made according to the expe-

rience learned and the recomend.ation made in the preceding

chapter. First of all, the number of growth
data to be used

for the analysis was incre∴seaslgnificantly, i.e. from
appro-

ximately
85 trees to 350. to enhance the statistical credi-

bility of the analysis･ Secondly, the Mitscherlich equation

was used in its two-1Parametered form instead of the three-

parameヒered one, while the other equations were lefヒ un-

changed. }n accordance with the above alteration, the good-

ness of fit was evaluated by a slightly modified
formula

which enclbles us a co.mp(1rison LlmOng growth equations of

differenヒ degrees of parametric freedom. Lastly, ease of

57
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fittin(i Was analyzed in a more
objective and statistically

reliable manner.

♪4ater土als and methods

▲

The growth data employed for the analysis is

土nd土Ⅴ土dual growth record_s of 349 jack pine trees collected

in 1977 from the Northwest Territori.es, Canada bv the
.joint

E∃

servey team mentioned in the preceding chapter. A 0.882-

ha square sarrlLP⊥e T)lot was established in an even-aged,
~t

single-species コaCk plne Stand regenerated after fire in

the vicinity of Forth Smith. Though an increment core was

taken at breast hei.ght from all the live trees present in

the plot, the removal oi.J= illegible cores resulting
from

inner decay ended up with a total of 349 cores on Which

the annual rings could be traced back to the very center of

the stem. rTrhe measurement of annual rings was made in

exactly the same manner as for 七he white sprtユCe described

in the preceding chapter, i.e. with the incremenヒ measuring

device equipped with a microscope to the precision of 0.Ol

milliTneter. The age of the trees counted at breast height

ranged from 94 to 136 years with a mean of 126.7 years and

standard deviation of 6,03 years. For a more detailed

account of the data collection and measurement as well

as the raw growth data, see Sweda and Umemura (1979).

As in the preceding chapter, a total of five

growth eqtlations/ i･e･ the IJFiitscherlich( the logistic and

t二he Gompertz 工)1us the (〕mplri_cals 工 and == for reference′

was applied by the sanle DemingTs method of least squares
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to each of the 349 jack pine growth records, and their para-

meters were determined. Considering one of the results

obtained in the prececILing chapter that on⊥y two parameters
■｢

would suffice for the Ilitscherlich, the two parametered

fo工･m Was employed here 土nstead of the 七hree pa工･ame七ered one･

The rest of the equations
were

adoped unchanged. Just to

avoid confusion, the five growth equations used in this

chapter are renumi)ered and listed below:

Mitscherlrich
.7ノ-M(トe-ki/-)

Logistic

Gomper'ヒz :l=/. ('

p-qpl;

Empirical = y-a十b毛+ct2

Empirical =工

.7!-at+b吉2+ct3

1rV-i

rV-2

TV-3

工Ⅴ-4

エⅤ-5

▲

To obtain some quantitative measure of ease of

fitting, the least-･squares calculation was conducted in the

following rather mechanical but systematic Tnanner. First

of all, the parameters of each tjrOWth equation were calcu-

1ated for the first twenty individual trees, i.e. from stern.

No. 1しo No. 20 inclusively, and the mean of these twenty

figures wasobtLlined for each pararnter･ Then, with these

means as the conlmOn initial estimates, the least-squares

fitting was executed for a]_i the 349 trees. =n determining

a set of parameters of any erquation for any individual
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tree.七1re leasトsquares calcuユa七土on was repeated unヒ土1 two

successive estimates for every parameter involved became

identical within the prescribed precision of i/loo°. i.e.

until the inequali';:'･y

…(Ai-/ji･1)/Ai+li三0･001,

where A/I : the 7･,th estimate of any parameter,

is reached. Not to prolong the calculation, however, an

iteration allowance of 10 ヒimes-per-tree was also seヒ up.

=n other words, the least-squa工eS Calculation was terminated

as a "failure in fitting" when the estimate of any parameter

would not converge within the above prescribed precision

after ten repetition ti.mes. Then ヒhe number of the failures

was tallied rfor each equation as a measure of ease of fit-

ting. For those trees which succeeded in fitting, the ite-

ration times were tallied as a了rr)ther measure of ease of

fitting.

Theoretical consist

The parameters of the above five equations deter-

mined for each of the 349 trees were so volumeneo`us that

they are glVen ln Append土Ⅹ 工 throug-h V and only the final

statistics are glVen in Table 10. A i:-ew graphical examples

of the calculated (}rowヒh as compared with the corresponding

observed one are also given for each equation in Ficrs. 9
_ノ

throu(jh 13. Genera11y speaking it seemed that all the five

worked beヒter with jack pine th(1n With white spruce in

every cr土ヒeri.orュ.
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Table 10･ Statistics on the parameters of the five groT･,7th equations
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Mitscherlich

statistics女★ た M

(1/year) (cm)

-2
×10

2.03

0.三9

0.70

C.V.(!) 34.6

10.75 1.62

14.90 0.05

3.86 0.22

35,9 13.7

LocTistic

b C

(1/year) (cm)

･2
×10

4.89 9.18

1.37 3.51

1.17 1.87

23.9 20.4

×10

7.61

1.41

1.19

15.6

Gomper亡z

q A

(i/year) (cm)

-2
×10

3.48 9.57

0.89 4.41

0.95 2.10

27.1 21.9

I
･L--㌔

LtTIp8-
A--■●■ I. ■t■､ ( I i ･TJR-こ･･.4JL--Lく一･-一一･L- ･=,､､L-一^･､JLIVLt L-I JJ)I J3--･i･--I

▲--T-I.～-㌔ ㌔-ヽ∫-一→-i ･･r --,L心.L～
r■リーl--(l▲l･-ウ′→

-ヽふJ ▼▲- ′■JPL ･l～-｢ト⊥J ～

Emp二rica1 I

Statistics** a b

Emp土r土cal工工

a b a

(crpL) (cm/year) (cm/year2) (cm/year) (cm/year2) (cm/year3)

×10

7.75

16.4ユ.

4.05

F土naユ_

radius

(cm)

11 -i -i( -1

×10 ×10 ×10 ×10

1.31
-5.11 2.OO

--i.84

0.10 4.03 0.21 0.56

0.32 2.01 0.46 0.75

C.V.(a) 52.3

■-■

･~~■■■I~~~■~■ -
-
-
-
.

________________｣

24.2 39.4 23.1 40.7

-3 -6

×10

6.96

10.0フ

3.17

45.6

9.51

3.5〔)

i.37

19.7

★ d土mens土onless

** The statistical measurest Var･lS･D･ and CIV･ stand for variancel Standard deviation and

coefficient of variation respectively.
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From Fig. 9, it seems that the Mitschei-1ich fits

jack pine
better than it does white spruce･ Though they

were spared here, the other graphical comparisons between

the calcualted Mitscherlich curve and the observations

revealed a similar tr,e･nd. One of the major reasons for this

is roost probably attributable to the adoption of the two-

parametered form. As has been discussed earlier, this cha-

racteristic of being enough witi'1 fewer parameters suggests.

to its great theoretical advantage, that the Mitscherlich

has a powerful potential capability of being a growth curve

by itself with little aid oi.j= parameters. Another reason for

the improved ag.reement is considered to be attributa上)1e to

the specific characteristic of jack pine. Bein.g a represen-

tative shade-intolerant pioneer SPeCies, jack pine Shoots

rapidly in early stage of growth, gradually leveling off

through the maturity toward the ｣jeneSCenCe. This growth

pattern might well have helped the Mitscherlich fit jack

plne beモーヒer.

F土gs. 10 and ll confirm ,ヒhe 土nflex土b土1土ty of the

logistic and the Gompertz suspected in the preceding chapter.

Ⅰ王ere again, both of the curves overestimate the actual growth

in the early stage and underestimate in the old age. This

rather def土n土te tendency of constant dev土at土on un(∃oubtedly

impairs the theoretical credibility of the logistic and

the Gompertz at least for the brec-tst-height radial growth

of trees.

Table 10′ which gives the statistics on the para-

meters of the five equations compared, reveals the same
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characヒer.istics as those pointe(ミ ou'ヒin the precedlng chapter,

Considering the fact that jack pine individuals of age

nearly 130 years old are at their senescente and do not

have much room to grow, the
lMitscherlich's

mean asyrnptotic

radius of 10.75 cm, as compare(7 with the mean final radius

of 9.51, seems to be a reasonable figure. The logistic's

9.18 cm, which is even smaller than the mean final radius,

seems 土nappropr土ate as an asyIⅥPtOte. The same 土s true

for the Gompertzts 9.57 crn which is barely greater than the

mean final radius. 王王owever, the relatively large standard

deviation or the coefficient of variation of the MitF,Cher-

llch-s asymptote 土nd土cates that 土nd土Ⅴ土dual asymptoヒes may

not be very re]_iable
for forecasting future growth. =n

spite of this fact, a thoroucrh check through the individual

parameters of the Mitscherlich in Appendix = reveals no

peculiarly extreme values( i･e･( neither negative nor

extrernelv large values as i:-oun(∃ in the preceding chapter.

Though ibis n()t clear whether this is attribu七able to the

adoption of the two-parametered form′ the specific growth

pattern of jack pine, Or both, there is no doube it works

to the advantage of the Mitscherlich. The fact that the

means of parameters ays and p's of the logistic and the

Gornperヒz are equal to 1.62 (dimensionless) and 0.761 :(do.)

is synonymus with their calculatecl. initial radius beinq

i.52 and i.13 cm respectively. Obviously they are Loo

much
for the initial redius as are also seen in Figs. 10

and ll.
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Goodne.q,s of fiヒ
ーー/･･ ▼

･-T
~ニー

ーIr■■~■
-~■■丁

~~~

As in the pL.eCedirlg Chapter, the goodness of fit

of each equation was calculate(I.i for every tree. Unfortu-

nately, however, si.nee the number of parameters involved

土s not the same for alュ_ the equations compared.the prevト

ous measure of goodness of fit is no more applicable. Thus

to ensure a fair comT)arison, a new rr!?asure which also

account for the number of parameters is introduced. =t is

of the form:

†l

･ssDi-

n{テ∑
(-Yij-･7j7･,J･)

'
･

r:-.i

･th tree′MSSDi : goodness of fit for the i

(mean squared sum of dev土at土ons)

yi,7･ : Observed radius at age a,

f!7･/-]･ : Caicualted radius at age
･],

･ti- tree/77/ : total age of the て′

i : number of parameters involved in an

equat土on coIICerned.

where

As in the previous case′ the smaller is the p･4SSD-t for an

equation, the better is the fit･ The results of the MSySD7:

calculatj_on is given in Table ll, in which on1,y the static-

tics are given rather than li_stin与J VOlumenous [L'L':_TSr)1･Values
(/ノ

calculated for every equaヒion and eve二ry tree.
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Table ll. Statistics on goodrieSS Of fit

+ +

!1SSD.
'Z,

_T/1e
a I-･i

_M_
a x i i1:tullll

_Wi
n lmLILim

Variance

Sヒandard

deviation

Coefficient

of var土at土on

No. of successful

fitting

_hJlitscherlich
Loqistic Gompertz Empirical = Empirica1 =I

2.00

6.14

0.46

0.フ3

0.86

43.0

3.88

7.27

1,30

0.96

0.98

25.3

2.97

6.18

0.83

0.フ6

0.87

29.3

2.78

6.34

O.77

1.09

1.04

37.4

1.50

7.08

0.52

0.45

0.67

44.7

Note : The figures are given in hundredths(i･e･, to be.multiplied by 10

to get the exact values) except for the coefficient Of variation

and the No. of successful fitting.

I I
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Table ll shows that among the theoreticals, the

Mitscherlich fitted the observa,tion best, followed by the

Gornpertz and then by the locJistic. The most remarkable

difference from the white spruce case 土s 七Ile reverse Of rank

between the Mitscherlich and the GoTnPertZ in favour of the

former. rTrhis result may most probably be attributab]-e to the

adoption of the two-parametereLt Mitscherlich as well as

to the specific growth pattern of jack pine mentioned

earlier. =t is interesting to note that the empirical ==

scored
best of all and ･ヒile emPlr土cal工 d土d better than the

logistic and the Gompertz.

For a more statistically regorous compa.rison in

goodness of fit, a paired bilatera1セーteSt Of significance

was also conducted between the four neicThbouring pairs of

competing equations in exactly the same manner as had been

done in the precediまg Cha一つter. The test results are glVen

in Table 12,
whi_ch shows that there was a highly significant

difference in goodness of fit between the every neighbouring

ranks.

F,ase of fitting

The ease of fitting as measured in terms o.f the

failure coun･ヒ and stat土st土cs on the 土terat土on times are

given in Table 13･ =n compar]'-son with white spruce, jack

pine Was easier t=o fit for allthe equations･ This may

largely be due t() the rather simple growth pattern of jack

pine rnenヒioned earlier. 13y far the easiesヒ to fit was the

emplricals in which all the 349 trees were successful in
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Table 12･ T㌔e 士-test of significarミCe On gOOdness of fit

F-mplrica1 == H土tscherlich Empirical = Gompertz Logistic

Ranking in

goodness of fit

S七aヒ土st土cs on

goodness of fit

こ4ean difference, di

S･D･ of the difference, Sdi

Nc). of comparisons′ n

Calculated value,七o

0.5〔) 0.77

0.66 0.94

348 348

14.06** 15.31**

0.2]_ 0.90

0.7z皇 0.41

347 345

5.24** 42.32**

**
Highly significant difference detectedl i･e･r significantly different at the

99! level of confidence for
which the critical value of 士is equal to 2.58.
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Table 13. Statistics on ease of fitting

Mitscherlich Logistic Gompertz Empirical = Empirica1 ==

● ■

Fallure count

Success count 348 345 347 349 349

Iteraticn time*

_Vie
an

Vaご.

S.D.

C.V.(%)

3.52

0.48

り.96

19.6

5.12

1.56

1.25

24.4

4.53

1.01

1.00

22.2

2.00

0.0

0.0

0.0

2.00

0.0

0.0

0.0
■■二■収=

●ヽt.
I
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*
The row sub-headings Var., S.D., and C.V. stand for variance, standard deviatio.-n

and coefficient of variation respectiTLJely of the iteration time for the successful

CaSeS.
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only and exactly tw() iteration times each･ Among the theo-

reticals, the Plitscherlich scored best both in number of

successes anrl iteration times. Different from the white

spruce case( the Gompertz turned ou･LL tO be easier to fit

than tⅠ1e log'istic.

conclusion

Gt-lnerally speaking, ail the theoretica]s worked

better with jack pine than they had done with White spruce.

This may largely be due to the rather simp⊥e groTp7th pattern

of jack pine. Of the three theoretical equations, the most

remarkable improvement wa.s achieved by the Mitscherlich,

which ranked first in all the criteria, i.e. the theoL-etical

consistency, goodness of fit, and ease of fitting. As for

the theoretical consistency, both the logistic and the Gom-

perヒz st土11 ma土nta土ned the土r proneness to constant dev土at土on

which had been found in the preceかng chapter. This would

undoubヒe(ユly impair their credibility as the theoretical

growth equations. The Gompertz scored better than the

logistic both in goodness of fit and ease of fit･

To facilitate the overall rating, the three theo-

retical equations were ranked by each category of crjA-erion

土n でable 14.土n which the equation scoring the first place

was glVe'n fiqure 1 and so on. ?･'L_uS. the smaller is the

figure, the better i-s the e(ruation･ As seen from the bottom

of the table, the Mitschcrlic:r.I ranked first in the overall

r(1ting,
followed by the Gon叩ertZ, then by the loqisti､-･

It sh()uld be noted thaヒ the above method of com-

parison may be
objective,

but iヒi･s -Just One Of other
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Table 14. Overa11 ranking of the Mitscherlichl the logistic

and the Gompertz equations
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I---/I- :I-~･-･:..l･･

~
-

'L･ ㌔ =-一･､1-I:｢ヽ~-･.L.
･てir-■

､.†L -■--1-L･､･しTl ▼･･､･

_T!1itscherlich
LocTistic Gompertz

T

White

Spruce

Theoretical

cons土stency

Goodness

of fit

Ease o工

fitting

Sub-total

Jack

T⊃1ne
■_

1

4

Theoret土cal

conslstency

Goodness

o王 f土t

Ease o王

fitting

Sub-total

Ground Total

3 9

17 12

The figures in ヒhe main body of the table indicaLLe the

ranking by each category of criterion.
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thousands of objective methodFI Of comparison. Ⅰ王owever, the

subjective judqement, which has been
accumulated throughout

the entire course of the annual ring measurement, curve

fitting and analysis, also endorses the ranking given

above･ Thusr With the present state oi= our knowiedger it

can be concluded that the I,ultSCherlich is the most powerful

and prospertive growth equation for the breasトheight radial

growth of treesr followed by the Gompertz( then by the

logistic.



CI-'iAPTER V

A TfiEORET工CA工J STEM TAPモ:早 CURVE

工ntroduct土on

The subject of stem taper curve is not only inter-

esting, but it also constitutes one of the important bases

of mensuration and fores･ヒ b土ometr土cs. However, most of the

works conducted to date c,n this subject were either experi-

mental or empirical. This chapter deals with the construe-

t土on of a theoretical stem taper curve as one of fur-ヒher

applications of the theoretical growth equation for trees.

That is, based on the theory of tree growth discussed in the

preceding chapters, a theoretical equation expressing stem

taper curve was derived. =n contrast with the empirical

or experimental
ones currently used, the proposed equation

gives an account Of what generates the stem form, and its

parameters convey biological meaning pし二rtinent to the growth

of trees. The equation was also a‡)illied to 50 ja,ck pine

stems to g-et numerical values of pa.rameters 土nvolved.

Further more it was compared with some of the representative

empirical stem taper curves in terms of goodness of fit- tO

actual data.

【コ

Literature review

Since stem taper curves constitute an irpport∂nt

basis for evaluating the trunk volume of trees which is the

ultirnaヒe i)bjective of forestry, many authors have presented

nuTnerOuS Stem taper Curves. According to Prodan (1965),

臼6jer preseiヒed as early as 19()3 a stem tatper curve of the

77
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d=DClog9i7=-
(! (

d.･ stem diameter at 7, meters below the tip,

D: diameter aヒ ground′

C, a: constants.

form:

where

Prodan also mentioned a mo(ミ土fication of this equation
by

Tor Jonson.

One of the roost often used formulas may be Behre's

o,f the form:

X

y=前請盲,

D7: relative position on the stern as expressed in

terms of the percentage of the stem length

above the breast height,

.7!:
relative did-meter at relative height :r as

expressed in the percenヒage of the normal

diameter, i.e. breast height diarr..eヒer,

a, b: constants.

where

I

Iiada (1958) applie仁t this formula to sugi (CPL/P-tOmer･i,1
.7'opo-

nica, D. Don.) and obta,ine(王 a reasonable agreement with his

observed data. A s土lⅥilar work also was conductedヒ}yt)eno and

lllasegawa (1q70) ･ 了Irodcln mOdif-i,ed BehreTs formula to get
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/.･.?

+cユ丁2
∫

a +A.T +cユ丁

where the variables remain the same as in BehrTs formula.

工n this equation onlv the r)over of tlilLe denominatror increased

by one as did the number of constants accordingly･

Osumi (1959) proposed the following third parial

sum of a power series as a relatj_ve stem taper curve:

.7･JJ=aX十bx2
+cLT3 ,

where

x: relative posiヒion on the stem expressed in a

ratio relative to total stem length,

Iy: relative stem radius at position a expressed

土n a ratio rela七土ve ･ヒ○ 七he stem radius at 9/10

of total stem length 王rom the t土p′

a, b, a: constants.

口e applied this equation to C･
(-Ja770n7',Ca

and obtained a

satisfactory agreement with his observations. Osumi7s

equation can be sophisticated by increasing the sum up to

the higher powers of the series as suggested by Fries and

lM_at昌rn
(1965) or by Kajihara (1973).

By far the most popular stem generatrix may be

Xunze-s formuユ.a of the form:

m

.7!
=(1X I

.?I:
Stem radius at height

･T,

wllere
こコ
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α; constant.

m: form exponent,

which generates stem taper curves
of various convexity for

various integral values of parameter m.

工t should be rlOted that alュ the stem curves quoted

above have their apexes at the orlgln Of the coordinates

in which stem diameter (radius) and height (position on the

stem) are represented by the ordinate and abscissa respec-

tively.

This brief rev],イヨW Of stem taper curves implies

that to date mlユCh ef王or七 has been made to find mathematical

expressionswhich resemble the actual stem taper curves as

well as to fit those mathematical expressions to observa-

tions to get a numerical account of the parameters involved.

However( it seems that even an equal amount of effort or

attention has not been paid to derive stem taper curves

underlain by theoretical reasonings. A11 the mathematical

expressions gj_Ven above are simr)1y experimental equations,

and they are not accompanieci i)y any rational or theoretical
~▼

1

reasoning relevant to the
subject.

These equations may fit

well to ヒhe observed data as many authors have proven.

They may be useful土n practice as conc土se expressions to

save a great deal of numerical data. But they have no bio-

logical
meaning, nor do they explain why the stem of a tree

is shape(1 as it really is.

Deri_vaヒjーOn

工t has been revealed
て,∩ the preceding chapters
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that the growth of individual trees in stem radius (diameter)

is mosヒ successfu11y represented by the Mitscherlich equa-

tion. Since the growth in diameヒer is of linear din'1enSion,

it would
be readily apprehended that the growth of t･rees in

height, which is also of linear dimension, follows the Hit-

scherlich equation as well. This expectation is supported by

Meyer (1940) in general terms as well as by Nagumo and Sato

(1965) experimentally. Thus, we assume here that the growth

of individual trees both in heiqht and diameter follows the

Mitscherlich equation, i.e.

height I(-i)-II(i-a-たt),

diameter
Ill

(-t)-D(i-e-Z士) ,

where

V -1

V -2

a('t), y(i;): height arld diameter respectively at

age i-,

lI, D: upper asymptotes,

k, 7/: intrinsic rat,es of growthl

e: base of natural logarithm.

One of the assert土ons thaヒ Eq. Ⅴ-1 i_mpl土es 土s that

an individual tree has its own specific asymptote L[I and

intrinsic rateたfor its heiqht growth. The same argun.ent

app1,1eS tO diameter growth insofar as the height of obser-

vation is fixed, for examT_llE!, at breast height. }E has been

shown in the preceding chapters ･ヒhaヒ these parameters vary

from one individ.ual tree to another. 日owever, it is yet

unknov7n V]hether or not the upper asymptote D and intrinsic

rate 乙for diameter growth vary with height even within an
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individual tree. Thus in this work it is assumed that both

the uT_-)Per aSymPtOtic (∃iameter and the intrinsic rate of

growth are consistent for a given tree regardless of the

height at which the diameter growth is (コQnSidered. For

examp⊥e, the diameter growths at sturロ.P heiqht and breast

height are supposed to ⅠほVe the same
asymptote and intrinsic

rate of growth. This assumption riiakes the derivation that

follows much more simて)1e than might otherwise be assumed.▲_

Suppose a tree which has aヒtained a height 71 by

age i as shown in Fig. 14 and consider its stern diameter

at any arbitrary height x<77･･ Then according to Eq･ V-i

the relationship between heiロhth and age 士is glVerl bv

h-I](i-a-k-i). v-3

AIso accor(亘ing to Eq. V=-i, the relationship

between height x and the time T taken to bring the tree

up to this height is given by

-/('T
I-Il(i-e ). Ⅴ -4

On the other handl the diameter growth at height a took

place only when the tree had
reached the height x( which

left the tree a growth period of lenqh セーT till it reached

･present height h･･ This delay in the start of diameter

c)rowth increases toward the apex and causes the tapering

form of the stem･ Thus accordint:･ブ tO Eq･ V-2 the stem

diameter aヒ hei(:Jht
t7: at age -I,-is given by

I/-D[1-e-7-(i-T)]. v- 5T T
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l

.2//

- D[1 -

a-z(i-T)]

Fiqure 14. Schematic growth of an i.ndividual

tree in height and diameter.

●
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=n words, the sヒem diameter at height x of a tree which has

attained height 71 by age 七is a function of tiTne i- and T.

=t is now possible to rewrite I.Ll'1is equaiton in terms of

height h and.T. Solving Eqs. V13 and V-4 for time 七 and

T reSPeCヒivl.::三Iy and substituting the resultant equations in

Vエー5 to el土m土nate the time parameters. we get

.y(7l, I,-Dト(
)z/た1｣

Ⅴ -6

3!(77, a?): Stem diameter at height a of a tree of

total height h,,

D, II: asymptotes for diameter and height

growths ,

乙, 7(: intrinsic rates of growth for diameter

and height.

where

Equaヒion V-6 qives stem diameter I! at any given hei?ht xr

i.e. a stem taper curve.

Characヒer土st土cs

Fro汀I the view point of theoretical reasoning,

Eq. Ⅴト6 may be the mos-ヒ appropr土ate expression ～,7土t‡1each

of its five parameters carrying a specific biological mean-

ing relevant to the
subject.

上王owever, the following rear-

rangenlent Will make the proposed stem taper curvo easier to

handle for all practical purposes. Since both the numerator

Z and the denominator たin the exponent of Eq. V-6 are
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consta.nts the quotient 7,/7( cai"i be replaced･ by anot:her con-

stant.土.e.

Z.

m=~㌃,
Ⅴ- 7

which reduces the apparent number of parameters to four

y土eld土ng.

y (h･,

x,-Dト(;1i7f;1)m].
V-8

The general shape of the proposed stem taper curve

V-6 or V-8 is shown in Fiqs. 15 and 16. =t should be

noted that contrary to the aforementioned experi7Tlental

equations, this stem curve has its base attached to the

ord土nate representing. diameter or radius and the tip at the

far end of the abscissa representing tree height. Since the

derivative of stem diameter l! With re三三PeCt tO height a is

flega七土ve. i.e.

包-I-mD-iF_:粒<
nJ

cf.T

.y
is monotonously decreasing function of x, which can be

observed intuitively from Fig. 15. Since the second order

derivative is negative, i.e.

fL21=_m (m.i) D1生車.i
< 0

i.T2 ( [LT-.Jr)m+
2

I
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Figure 15･ Proposed stem taper curves for various values of parameter
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the stem curve is always convex
upward- As seen from Figs.

]_5 and 16 the proposed equation failed to express butt swell

properly, which may be the most ∂pparenヒimperfection of the

model.

Figure 15 shows the effect of parameter fl upon stem

form. 工･ヒ wlll be read土1v seen tⅠ1at the decrease土n β results
ー■

土n the 土ncrease 土n overall th土ckness as well as 土n the full-

ness of the stern. Figure 16 indicates a sirnilar effect of

parameter m. The difference is that it works inversely,

i.e., it is an increase in m that corresponds to the increase

in both fullness and overall thickness. =t is obvious
from

Eqs. V-6 and V-8 that parameters 71 and D work in a less

sophisticated mann.er. The fomer コuSヒ represents (｢verall

height, while the latter is simply a multiplying factor, and

its increase causes proportional stern thickening all along

the stern.

These four parameters can be determined from

observed data. ParameLer A can be replaced directly by the

observed actual height. The remaining three, D, II and m can

be determined by the method of least-squares fitting as Will

be
mentioned in more detail in the succeeding section.

Appl土cat土on

▲

The proposed s.ヒem taper curve was fitt,/亡ま t() the

actual st:em curves of 50 jack pine trees ranging from 29 to

139 years of age (annual ring counts at stump height, i.e.,

20 cnl above ground) to detcrTninc I:･he numerical values of the

parameL-･ers appearing in the proposed equation.
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The data presented in this work had beerl COllecte(ま

from even-aged jack pine Stands in Norther Canada by the

joint survey team mentioned earlier. First, samT)1e trees

were chosen randomly in numerous even-aged jack pine Stands

of various ages, then felled for direct measurement of height

and diameter. The heicTht measurement was made directlv on

the stp_m with a tape to the nearest tenths of a meter. For

each stem. diameter was measured with a tree caliper at nine

successive points along the stem to the nearest tenths of a

centimeter and denoted by symbols do.1′ do.2,
-･ . Cfo.9

from the tit) downward to the base. The points of measuremen-t

･J.7ere Placed alonヮ the stem at equal intervals of one tenth of

the total height. Thus as shown in Fiq. 17 a モーOtal of ten

measurements, one for heicrht and the remaining nine
for di-

■亡i

ameter. comprise a se七 三or express土n? the actual s`ヒem taper

curve. A total of 5O such sets were used for the present

analysis. It is worth mentioning that jack pine has a rather

stralqht and upright stem in contrast to its rather crooked

Japnese domestic counterparts, as akamatsu and kuromatsu (P.

densij7,ora Sieb. el/- Lr7JuCC･, T'･ T777,!n･bergii par1. respectively) ･

To determine the parameters the proposed theoreti-

cal stem taper curve V一日 was fitte(]. to these 50 sets of stem

measurements as follows. Of the four paraTT'eterS Of Eq. V-8,

the tota]_ heicTht h was replaced directly by the observations.

the remaining three were
(〕,eterrTILined

hv Derning's me~ヒ710d of

least-squares, in which errors were assumed only in diameter

measure･ment ∂nd not in the hei(-Tht mecISurementS. The results
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●

of the fitting are shown in Table 15, in which numerical

values o.E para;peters determined are glVen for eacln tree along

with such characteristics as tree age, total height, and di-

aITT.eter at breast height (dbh).

According to the theory, the asymptotic diameters

D and heicThts II are those that the･se jack pine trees are

supposed to attain ultirT?ately in the long run. As seen in

Table 15 the calculated asym'ptoヒic heights seem of 七.hemselves

to be reasonable and realistic fie.ures as asyrlT)tote. More-
-･･●

over, they are always greater than the corresponding present

heights. Exactly the same is true for the diameter. These

facts indicates that the asymptotes D and II are ワrimarily

functioning as expected from the theory.

However, a close examination of Table 15 reveals

a minor discrepancy as in the following. According t(つ Our

至土eld observations.ヨack pine trees over about 130 years old

are close to their senescence a.rl月. do not seem to have much

room left for both height and diameter growths. This expec-

tation seems t() be satisfacヒory for the diameter since the

mean dbh for the individuals over 130 years old is 19.39 cm

against the overall mean asymptote of 21.73 cm. On the other

hand, ･ヒⅠュemean helGllt O王17.83 m for the same 土nd土Ⅴ土duals
_ノ

seems to be a l土ttle too short o王 the overall mean asymptote

26.72 rn. Zi.1thouqh there is a li.ヒtle possibility that this

discrepancy between the calculated asymptotic height -3nd the

observed near-asymptotic heiqht has resulted from some im･-

perfection in the assumption which underlies the present
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Table 15. Parameters of the proposed

Stem taper Curve

Stem

No.

stem charac七erist土csl)

Age3) D･B･Il･ Ileight

(years) (cm) (m)

1

2

3

4

5

6

7

8

9

10

ll

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

､?.
33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

4日

49

50

90

88

104

105

108

104

104

105

56

5●7

73

125

92

92

32

36

37

33

38

89

86

88

88

90

89

84

82

86

107

31

29

13()

104

】-02

133

47

51

51

46

56

52

107

104

126

ユー34

139

ユo∫l

36

33

】一08

MeJln

s.∩.4)

parameters 2)

∂ アナ

(cm) (m) m-i/良

15.0

i/i.5

14.7

14.8

15.7

18.3

12.4

12.6

フ.2

?.3

9.9

18.i

13.6

17.2

3.4

ニ,i).4

ユ2.4

7.0

ll.9

コ.0.6

-/.8

17.5

17.8

17.0

17.4

コ,3.8

ll.2

16.i

13.0

5.8

3.1

ユ2.1

16.0

〕_4.0

20.1

5.5

8.9

10.6

5.7

6.8

8.2

20.4

19.5

22.3

?,]_.2

16.8

2二王..0

4.6

5.0

12.0

14.8 19.58 23.56 1.46

15.8 56.91 17.82 0.14

16.9 60.69 19.49 0.14

14.7 25.47 19.33 0.62

16.3 24.74 22.86 0.82

18.0 24.39 35.64 1.80

14.0 13､48 45.62 6.48

13.1 24.95 29.72 1.28

9.7 ユ3.16 26.i.6 1.98

10.9 15.02 19.23 1.35

12.0 21.49 16.76

15.5 28.51 28.79

13.0 17.80 29.89

14.7 20.58 30.65

6.3 4.84 ユ2.06

12.3 41.67 16.45

12.8 19.10 32.】.6

ll.0 24.14 14.10

13.0 15.23 30.50

12.7 12.03 39.29

14.3 15.67 29.13

16.8 19.74 38.05

16.8 25.41 23.78

16.2 22.46 31.83

18.5 28.60 26.25

13.1 18.61 47.60

ll.6 20.46 42.30

15.8 22.67 31.42

14.2 21.79 18.75

8.3 8.50 21.48

5.8 6.30 8,99

】.2,1 17.93 19.57

17.2 19.23 24.49

14.9 17.26 64.06

18.2 29.62 26.74

7.5 8.83 15.71

ユ_1.0 13.84 27.23

ll.5 15.52 19.()0

7.8 8.74 12.21

8.3 10.23 15.18

0.52

1.31

2.62

2.40

1.98

0.22

2.25

0.24

2.78

5.46

1.04

3.40

0.93

1.96

0.80

4.42

2.92

1.78

0.64

2.75

0.72

1.24

1.26

5.43

0.91

1.65

2.22

1.37

1.ll

1.60

9.4 9.60 29.63 5.63

19.7 32.57 35.28 1.23

15.4 26.69 32.80 2.00

17.2 40.95 25.7O 0.69

18.3 37.97 24.56 0.62

17.0 34.06 26.80 0.69

20.0 31.52 58.6:) 2.72

5.3 9.79 7.9■/ 0.74

6.2 8.22 14.06 1.96

14.4 19.80 25.70 1.20

81.8 12.80 13.41 21.73 26.72 1.83

32.1 5.11 3.79 11.59 11.44 1.47

1) Observed.

2) Calculateバ, D, FI and m-一之/た are as in equations

V_6.and V-8 in the text.

3) Annual ring counヒ at stump height, i･e. 20 cm

'71bove groun(ラ.

4) Standard deviation.
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stem taper curve( iヒmost probably is simply a conse(iuenCe

of random fluctuation which sometimes results in what is

seemingly a rather extre･me value, especially i･n such a small

sa.mple as the presen'ヒ one･

Another problem with the present model may be that

the asym-_ptotic height and diameter are rather vari∂･ble
even

among the individual trees of a species growing under rather

similar conditions. To inピl.icate the magnitude of the vari-

ation, the asymptotic diameter D and height II T^'ere Plotted

against age in Figs. 18 and 19 respectively for all the stems

examined. The following two features are obvious froTn these

figures. One is that both of the asymptotes have a large

variance, which is also numerically clear from Table 15.

The other is that both the asymptotic heicTht and diameter

reveal a tendency to increase with age. =nterestingly enough

these two 王eatures, especially the former. of 七he proposed

stem taper curve are also shared by the Mitscherlich equation

itself as applied to radial growth directly. Accor(1,ing to

the direct application of the Mitscherlich equation in the

prececung chapters( the asymptotic radius M showed a coeffi-

c土en.ヒ of var土ation of as much as nearly 370 percenヒ for white

spruce (Table 3), and about 36 percent for jack pine (Table

10). 工n view of these figures, it vJill be readily noticed

that the rather drastic variation in the asymptotic diameter

of tI-e proposed s,ヒem taper curve 土s a d土rect 土nher土tance

from the
･n･1itscherli-ch equation･ 八1thoucTh the direcヒ appli-

cation of the
_Mitscherlich

e,:1uat,ion to the heioht qr()Nth of
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trees are scLirCe( and thus we are short of hard evidence′ it

is alrnost certain that the same agrun,Lent may Well hold for

the asymptotic height II of the stem taper curve.

=t was also shown in･ the preceding chapterF'L that in

spite of .ヒhe drastic var土at土on of the asymptot土c parameter.

the
lTlllitscherlich

curve exhibits remarkable fit to observations

due to the counteraction of the rate ヮarameter which works in

a, coTnPenSating manner. This comlTIPnSation mechanism is also

seen in Table 15, in which large values of asymptotic diameter

D are almost aluays associated with s㍗1a11 m's, i.e., sma,ll LIs.

The same compensation is observed beヒween the asymptotic height

lf and its corresponding intrins c rate of grovth 7(. =t is very

much likely that this compensation mechanism is also an inheri-

tance from the Mitscherlich equation which constitutes the

iTnPOrtant basis of this stem ta:～,13r Curve.

=n the light of the large variance in the parameters,

our sample of size 50 would not have been enough to ?et exact

estimates of the parameters precisely rT'_atChing the theory.

日owever, with the present state of knowledcTeit is (1]'"fficult

to determine whether the devlat土olr Of the estimated parameters

is simply a result of random fluctuation or it results from

n,.ore serious cause related in soine -ザay Or another to the basic

assumption of the present ヒheory. Further case studies with

large samples as well as with a.if二〔erent tree species than コaCk

pine are neCeSSary･ Even more irLILPOrtant would be the investi-

(:Jation
t(つ Check tile V''ヨIid土ty of i-he tlreSent aSSumPtic,n bv some

other means than the one employed in the present v70rk-.

Considering the large variations of the estimated
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parameters( and slight deviations of their means from what

土s expected from the theory′ the following. statements can be

made for sure. The estimates of the parameters obtained by

fitting the proposed stem taper curve are rather tentative

as are the parameters of the
lTP･itscherlich equation. No

single example nor small sample is enough to draw any bio-

logically relevant conclusions of the numerically estimated

parameters of the proposed stem tatper curve.
｣｣

S5竺望ir ⊥SOn nli oi&-T:-i(i t_a1
_ClriEy_PIS_

A theory or ユニeaSOn土ng'土s one of the most 土mportant

factors for adopting amathe.matical expression to let it

stand for an observed phenomenon, because it not only gives

a concise descr土pt土on of a complex outcome bu七 土t also

helps us to get into the mechanism which brings forth the

apparently complex outcome. Another 土mportant factor. but

over emr)hasizedrnuch too often, is the goodness of fit to
▲_

the observat土ons･ Ⅰioweverl a mathematical expression with

a nice theory but with poor agreement with reality is simply

a dead letter･ Thus the proposed stem taper curve V- 8

was compared with representative existing stem taper curves

土n terms of 900dness of f土t to observed data.

The same data as employed in the preceding section

was used for this analysis, i.e., observed stem taper curves

of 50 jack pine trees, each consisting of one height and

nine diameter measuremen-ヒs.

Two representative classes of stem taper curves

which are now in practical use were chosen For the compari-
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son, the power series and Kun7:els formula mentio･ne(;i in the

review of literature. 日owever, they were changed so that the

base of the stem corresponded with the ord土nate and the tip

came to the far end of the abscissa as is the proposed stem

taper curve V-6 or V-8.

The first class consists of eight partial
sums,

from the first up to the eighth, of a power series, i.e.,

y=a(A-.T) ,

y-a(h-a)+b(A-･T)2,

● ● ●

y-a(7l-X)+b(7/i-LT)2+a(h-x)3+-I+g(h-x)8,

V- 9

whe工･e

y: stem diameter at height I,

h: total stem height asin F,q. V-6 or V-8,

a}b}･･･,g: parameters･

Of these eight equations generated from the same power

ser土es′ ･ヒhe third and fourth par･ヒ土al sums are the most popu-

1ar 土II P工.aCt土ce.

The second class is Kun7Je's formula changed
as

fo1ユ.ows ;

.?j=α
(h1-X)-r,

wllere

V-10

.7!:
stem diameter at hei(_了ht t7:,

h: total stem height as in the preceding case,

α, rl: Parameters.
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As is widely acknow1{:･､-7･ged, this equaヒion yields

various stem curves as form exponeTit Y7 Varies. The revolu-

tion about the a axis generaヒes a cylinder, paraboloid.

cone, and neiloid for I,-0, i/25 2/2 and 3/2 respectively.

Usually the equation is applied to only a portion rather

･ヒhan to the entire stem with the form exponen七 ㌘ fixed at the

most suitable of the numerical values given above･ =n this

analysis, however, Eq. V
-10

was applied to the entire stem

with 'ヒhe form exponent γ, left free as a parameter to be

determined by the least-squares fitting.

=t should be noted that notwithstanding their

extensive usage 土n practice an.d research,these two classes

of equations are コuSt emp土r土cal or experimental ones and are

not accompanied by any theoretical derivation or reasoning

relevant and pertinent to the subject.

A total of nine of these emplr土cal equations

were fitted to the observations exactly in the same manner

as had been done with the proposed theoretical equation.

More particular to the point, the total height A in Eqs.

V-9 and V-10 was replaced by the observed values, then the

rest of the parameters′ i･e･, arbr･･･(g in Eq. V-9 and α.

㌘ 土n Eq. Ⅴ-10 we工.e determined by Dem土ng-s method o王1east-

squares. As in the preceding section errors assumed only in

dlametr､r.

Once the numerical values of the parame.ヒers had

been determined, sヒem curves were calculated according to

each of .ヒhe ten equa.Lions for each sヒem. Examples of actual

and calculated stem curves are shown in Table 16 and Fig. 20･
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0.9 0.7 0.5 0.3 0.1

Relative height expressed in a ratio to the total height

Figure 20･ Observed and calculated stem taper curves･
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Table 16. Observed and calculated stem taper curves (Stem No. 50)

Age 108 (years), D･B･H･ 12･O cm' He土9ht 14.4 m

t

_..
~-Lr

~~~~~
-J■--･･`~J'tL㌧こ･･.･t■ l=

~ ■
-~~~~~~=′Jr■1~

Equations

∂o.1 ヱ)o.2

(Observed) 2.R 4.3

冒.S.

冒.S.

P.S.

P.S.

P.S.

P.S.

P.S.

P.S.

1

2

3

4

5

6

7

8

2) 1.53 3.06

Ⅹu n z e

Proposed Eq.

2.31 4.36

2.58 4.68

2.64 4.72

2.52 4.73

2.66 4.6()

2.78 4.39

2.78 4.38

3.18 4.87

2.65 4.71

Stem D土ameter (cm)

i/Tlo.3 Do.- Do.5 Do.6 Do.7

6.フ 7.7

4.58 6,ll

6.16 7.70

6.38 7.75

6.37 7.71

6.47 7.75

6.39 7.86

6.49 7.99

6.51 7.99

6.24 7.44

6.36 7.70

9.0 9.3 10.7

7.64 9.17 10.69

8.98 10.01 10.79

8.85 9.75 10.52

8.81 9.75 10.56

8.76 9.65 10.55

8.86 9.57 10.42

8.72 9.47 10.63

8.71 9.49 10.62

8.53 9.54 10.48

8.82 9.フ6 10.57

Legend

圭;芸喜£忠言三三gdsa≡,チ….F三宮･s三三ndfor the nth partial

serles. Eq. Ⅴ-9

Do.8 Do.9

ll.4 11.8

12.22 13.フ5

ll.31 1]_..57

ll.2ユ_ 11.91

コ.1.27 11.87

ll.39 11.82

ll.53 11.78

ll.42 11.80

ll.42 11.80

ll.38 12.23

ll.26 11.86

sum of the power
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Goodness of fit for each equation Was evaluated

by the J¶ean dev土at土on of the 王orm

V -ll

【コ

n-f ,

where x.: observed diarLl.eter at the ith section, i-i,
'7,

2′
‥.′ ノ.

O

a･.: calculated diameter at the ith section,
1.I

rT.: 9, i.e.. number of sections,

f: degree of freedom of the equations concerned,

土.e.′ number of parameters 土nvolved.

=t is a methernatical rule of thumb that apparent goodness

of fit improves as the number of para7r,eterS involved in an

equat土on 土ncreases, and 七he calculated curve exactl.y coin-

cides with the observations when the number of parameters

matches the number of observations. The subtractまon term

∫ 土n the denominator of Eq･ Ⅴ -ll counterbaコーanCeS this bias

and provides a fair basュs for a comparison of the mathema-

t土cal expressions w土ヒh different numbers of parameters.

For every equaヒion used the goodness of fit was calculated

for each of the 50 steTnS. Then such statistics as the mean,

variance′ ･qtandard
deviation, and range of the goodness of

fit were calculated for each equation and given in Table 17.

Jud口ing from the mearこin Table 17 the proT)OSed
t

LI

equation reveals tlle third best 二F土t 七o the observa.ヒ土ons.

exceeded only by the third and fourth p∂r土tal
sums of

the power series, and followed by the fifth partial

sum, then the sixヒh. The lower and the higher i.)over

series, aS Well as Kunze's formula, show obviously



I
r

● ●

Table 17. Statistics on goodness of fit

1'p･s･l
P･S･2 P･S･3 P･S･4 P･S･5 P･S･6 P･S･7 P･S･8 Kunze Prop寄

三･Llean 0.595 0.193 0.123 0.135 0.1-46 0.160 0.180 0.219 0.188 0.136

Standard

dev土a亡土on
0.067 0.O10 0.004 0.0_06 0.006 0.008 0.O18 0.046 0.007 0.005

Variance 0.259 0.099 0.064 0.074 0.073 0.091 0.132. 0.214 0.OC5 0.072

Legend i) Abbreviated as in Table 16.



104

poorer degrees of fiヒ･ The variance.I,
or standard deviation･

serves as the measure of cons土stelュCy Of the f土七.i.e.. the

smaller variance indicates a coi･1Sistently similar degree of

fit to different stems, while greater variance is more

fickle･ Again in this measure the proposed equation, along

with the third and fourth partial sums, reveals superiority

over the others. But the order 土s reversed w土七h the proposed

equation scoring better than the fourth parital s17Tn.

To determine the exact and statistically slgnifi-

cant order in goodness of fit among the competing equations.

a paired bilateral i--test of significance was conducted and

土s shown 土n でable 18. 工n this table the section below the

diagornal glVeS the calculated i;-valuesI While the section

above gives the ev,T71uation. Rearrangement of Table 18

results in the overall ranking in goodness of fit as given

in Table 19. The proposed stem taper curve shows a remarka-

bly good fit to the observations, exceed･ed only by the third

partial sum of the power ser土es･

ConclllS土on

Lコ

The most remarkable characteristics of tlle Pro-

psed stem taper curve V-6 is that it has a theoretical back-

ground･ As a result( each of the five parameters appearing

in FJq. V -6 carries a Tr-rtinent biological meaning associated

with tL･ee growth which no doubt is the mosLL Significant

agent toIShape up trees in the forms we actually see･ =t

was revealed by the analysis in the section
on applica-

tlon ･ヒ‡-a･ヒthese parameters′ espec土ally the asymptotes ta】くe
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Table 18･ The モーtest of significance on the goodness of fit among the ten stem

taper curves

p.s. i P.S. 2 P.S. 3 P.S. 4 P.S. 5 P.S. 6 P.S. 7 P.S. 8 Kunze
Proposed

Eq.

ど.s. 1 1)

P.S. 2

P.S. 3

P.S. 4

ど.S. 5

P.S. 6

P.S. 7

P.S. 8

Propose(]_

Eq.

E弓Ei

16.91

15.11 7.73

15.09 6.48

15.15 5.49

15.06 3.27

14.02 0.83

10.07
-0.94

15.32 0.94

15.45 7.67

E;E 巳E∃

E】E E三日

骨港

-4.25

-4.77 -2.76

-4.68 -3.53

-3.74 -3.12

-3.48 -3.06

-10.72 -8.20

-4.90 -0.35

uE E】E

E∃E∃ E∃巴

尊貴 尊貴

哉･貰 尊者

#

-2.24

-2.48 -2.03

尊貴 ♯尊

n.S. n.S.

着港 尊者

:ヨヨ E三E

# %

# %

-2.67 -2.28 -i.64

E;E∃ EE

r: ~J言. 巻藩

E3 E】 E;巨∃

#% n.S.

#% n'S.

尊貴 #昔

n･S･ n･S･ ##

n･S･ ##

-5.76 -3.06 -0.48 1.16

1.87 2.87 2.88 3.06 12.01

Legend 1) Abbreviated as in Table 16.

2) **
,･ highly significant, i.e. significant at the 1! level

*
,･ significant, i.e. significant at the 5% level

n･s･
,' non-significant.

##

2)
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Table 19. Overa11 rating on goodness of fit

P.S. 7

p･s･ 3

>…そ…io4;edEq･>p･S･6>pKl:sn:e2>p･S･ i

p.S. 8

IJegend 1) Equation identities abbreviated as in Table 16.

2) >,･ significant difference detected in favour of

the equation on the open side of the inequality.

I
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I

on red,sonable numerical values as expected from the theory.

Ilowever′ since the variations of the estimated parameters

are relative⊥y larger iヒis dangerous to make any bio]-oglCal

inference of the numerical values obtained from small sam-

pies. Tl'1e COmParison with existing empirical stem taper

curves showed a significantly better degrees of fit to the

actual observations than most of the others.

=n spite of these virtues the proposed equation

has thr∈=re drawbacks at its present stage of development.

One of them is thaじit does not 戸つCOunt for the butt swell

of the stern. This could be overcome ロy introducing o'ヒher

theoretical growth functions than the one used here.

The second one is that the asymptotic height turned

out to be somewhat different from the expected value. This

may コuSt be a resul.ヒ of random var土at土on. or 土七may be due

to more serious reason related to 車he assurn.ption (つf i,二he

theory. To make a
clear-･cut conclusion

on this subject,

further investigation ll.aS tO be
conducted at the fo11owinヮ

two fronts. One of them is concerned with the statistical

credibili.ty of the llumerical resu1･ヒs obtained in the present

analysis･ Th土s could be 土mproved by 王urther accumulation

of case studies with larger samples as well as vJith diffe-

rent species than コaCk plne･ -二he other front consists of

splitヒing the a三-･;SurnPtion under⊥ylng the present theory into
~■

two to cl--eck ･ヒhe valld土ヒy of each 土ndependenヒ1y･ The part of

the assl_1nPtion concerninq the
JMitscherlich

growths of stem

height
,1n(/i

dirameヒer can be check3d ヒil_rOuqh the direct appli-

cation oF the e'71uation to actual grovlth processes･ The other
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part of the asst･nnption that the a･symptote D and the i･ntrin-

sicsic rate of growth乙 for the diameter do not vary with

height can be checked by stem analysis and subsequent

application of the Mitscherlich equation to the diameter

growth at various he1(A-hヒ o-E the 三;tP.m･ Howeverr considering

the large variatioi-i in Mitscherlich-s coefficients,

considerably large and uniform sample is inevitable for a

statistically s3.gnificant conclusion.

The ユast oⅠ1e 土s 七he d土ff土cuユtr′ assoc土a･ヒed with

f土tヒ土ng. S土nce the proposed eq-ユa七土on 土s not linear w土tb

respect ヒo the parameters to be determined′ the ordinary

method OIE least-squares is not applicable. Thus Deming-s

method had to be employed, but it is more complex than the

ordinary method. Differing from the ordinary method,

i)eming's method recluires initial estimates for the parameters

to be deヒermined. This is also ra:ther difficult with the

proposed stem taper curve. Further research is necessary

to overcome these d土ff土cult土es and make the proposed stem

tape･r curve applicable to practical forest inventory work･

Eヨ
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I). Tゝ三三EORETICAL 王-王E工GET-DTA門ETER CURVE

=ntroclluCtion

This cha､pter is devoted to another application of

the theoreヒical growth equation to what is seeming.1y unre-

1ated to but is actually deep-rootecl in the growth of trees,

i.e. the height-diaTneter Curve. The relationship between

tree he土c}ht an(ヨ. diameter has been one of the important topics

of mensuration largely due to its practical usefulness. Once

this relationship is established for a forest sJILand the time-

consuming and still inaccurate height measurement in the

field can be replaced. by an easy est土mat土on from diameter

wh土cⅠ1土s relatively easy and fast to determine.

Somewhat subjective but the simplest and most

commonly applied method of estima七土ng tree height from di-

ameter is the freeJhand fitting of､ a height-diameter curve

to a set of observaヒions. A more
objective method is the

least-square fitting of mathematical equations which relate

sヒem diameter to heicTht in some way or another, and for this

purr)ose numerous mathemaヒical expressions have been presented

to date. Most of them qlVe height as one of the ;Following

functions oi= diarneter, i.e. either parabolic or logarithmic

or exponential. For example

log

⊂コ

つ

I,T='1+I)a+cD/ ,

l!=a+i) (i"-Cr,i) ,

lz7=a+I:,1og7) ,

(Trorey, 1932)

(Meyer, 19410)

(T･乍yers, 1966)
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where [I: height,

D: diameヒer,

a,b,c1. COnStanヒs･

=n addiヒion to those there are literally countless nlOdifi-

cations orapplications (Nishizal,),a, 1972) so that now it

seems almost iTnpOSSible to くまecide which one to choose for

a spec土f土c mensura七土onal purpose. As a matteエー 0王 fac七 all

those heighトd.iameter curves are convex upward and show a

reasonable degree of fit to observations. No wonder why,

since the goodness of fit has long been the only criterion

for adopting new mathematical expressions popping up every-

where.

Now iヒ seems to be t了1e tilne for us to emr)hasize

another important but often unduly lCJTnOred criterion, i.e.

theoreヒical reasoning or logical derivation which lead us to

certain mathematical expressions. P･㌦s a matter of
fact

all

the above--mentioned heicTht-dianleヒer curves are simply empi-

rical or experimental equations with no theoretical reasoning

behind them. The on⊥y heighトdiameter curves that carry

any theoretical reasoning rpay be Ogawa's (1965) and its

sophistication by Ogino et a1. (1967). Based on the assump-

tion thaヒ helght and diameter satisfy the following modified

allomeヒr土c relat土onsh土p;

志望Ii-77･吉g-I;:(
where []: height,

D: diameter,
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姐
maX

: ma.jV}imum height corresponding to D=infinity,

1=: time, and

I-i:
allometric coefficient,

Ogawa derived a hei･qht-.cli∂-TrLeter Curve Of the form;

1 1 1

--:--=丁/--T
-I

::二~二.ど
maX

where

二‡=三ミrlmax-H.)[一芸
HmaxHo

[]o,･ minimum heic7ht corresponding to the minimum

d土ameヒer βo･

OglnOTs modification consists of incorp(-I,:iting anoヒher

asympto七土c 王ac.仁or;

D
-n

Trla.3:

β
maa: F

where Dma.1･: TnaXimum diameter･

in Ogawa.s differential equation glVen above. This results

in a differential equation of the form,I

---

,,･l吉富告
i dII

H dt

･'.'-

-"i---::I:.I1.i
-,1}

･tE:-A::-::,I.I.ラ

which upon integration produces a curve of the form,･

ニー-I.･･;:-I:.I.I;Ii---

1

//
Trr7a,.'I:
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1

Al

/7
- I.I

maX

mcu:H o
β

0

(
･~o

DmL{Do

h

＼

ノ

where

As is often the case with any theoretical work

entirely different line of reasoning may well be possible.

The height-1diameter relationship and its theoretical rea-

soning given in the following sections is one of them.

Beseides the underlying assumption and mathematical deriva一

土ion, a c'iiscussion is also made on the app⊥1Cability of the

proposed. equations as well as on the mensurational slgnifi-

cance of the coefficients appearing in the equations.

lleight-diameter relationship for all-aged s

As has been shown in the preceding chapter, the

growth of individual trees both in heiqht and diameter is
=r-i

most properly expressed by the Mitscherlich equation, i.e.,

wllere

height il=II(i-a-kt) , vト1

diameter a-D(i-a-77t) , Ⅴ=- 2

i: time,

y: height at time 士′

x: diameter at time 七′

β: upper asymptote for height.

D･. upper asymptote for diameter,

f:,: inヒrinsic rate of height growth,

71: intrinsic rate of diameter growth,

a: base oE n(3Lura1 logarithm.

This fact means that both the height and diameter grot^:ths
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are governed
by the following differential equations(I

heic}ht

dlame･ヒer

藷-A(H-.L!),

=h(D-a).

Ⅴエー 3

Vエー 4

‡n other words i∃qs. V=-i and V=-2 a･re the solutions of

Eqs. Ⅴエー3 and Vエー4 respect土vely.

=t is now possible to derive a height-diameter

relationship from these equations. Dividing Eq. V=
-3

by V=-4 to eliminate the time par,3_meter, We get

l_I).･!___ ,･7;_(_･':丁.,:,
)_

d:c
叩

h(D-LC)

For the boundary condidion we assuTrLe that

17j-3/ o
at

.T-tTo
′

Ⅴエ ー5

V= -6

which in term.s of tree growth meant? that the initial heicrht

and diameter are equal to L!o and
Lro respectively at the very

beginning of incuvidual tree growth. Separation of variables

and subsequent integration with Ⅰ∃q. Vr- 5 result in

･'<--∫:｡F-1T
dLj

-吉J;｡か
the soltltlon of wh土c王1土s g.1Ven by

z!
-

i/ト隷(-,L3-:-S言)7ノ7ヱ1｣

V= -8

rl'his is しhe general soluiton for F･q. V=-5,･ general, since
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no specific mention has been made as to how or at which

portion of the stem the height and diameter are to be mea-

sured.

=f iヒis the toヒal height and the stem diameter

at ground level that is under consideration, then

LZ!o

≡ 0 and xo
≡ 0

in solution V= -7. Thus

｢

b!-JILL- (
D-x

β )7''h']
where y: total height,

x: diameter at ground,

Ⅴエ
ー8

｢JI -;

results. This is the relationship between the total height

and diameter a.ヒ ground.

工n the ordinary practice o王 forestry. however,土t

土s the relat土onshlp between total he土qht and d土∂meter at
_メ

breast height (dbh) that is most commonly employed and there-

fore sought after. To obtain this relationship v7,, Put

where

三/o
= JIb and

LTo
- 0

Hb: breast height,

Ⅴエ
ー10

i.e., the growth in dbh is initiated just When the tree

reaches
breast hei〔Thヒ. Substituting VI -10 in VZ -7 we get

I/
- 17 L _

▲

･l (P-;;T)
7'Jh

] V工 -1L
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where II-ヱ7b

I,--IT÷J/ ′

.7!:
total height,

よ丁: dbh.

=ヒis worth mentioning that the same result can

be obtained directly frorTI Eqs･ Ⅴ=-i and Vエー2 throuqht

arithmetical manlPu1∂七ions･ Clr more precisely by solving

V=-2 for time parameter 士 and substituting in V=-1r the

height-1diameter curves v=-7, V=-9, or V=-ll result with

an appropriate choice of boundary conditions.

According to the reasoning given SO far, Eqs.

V=-7, Ⅴ工-9 and V=-ll represent the relationship between

the height and diameter of an individual tree. 王iowever,

the following assumption or approximation makes these

equations also applicable to alトaged stands as their he土qhト

diameter curves. Assume an all-ag占d stand in a steady state.

where trees of every developmental stage, or generation

exist and every generation is in a process of being replaced

by the directly succeeding onel i･e･ schematically

seed supply

?nd
gerrnlnaiton

die

off

.J>See(ラ.1ing
-→- young --1- rllature →■ SeneSCent . .

._-

For this kind of stand. we can assume such a mean height

(_llrOWth curve of form VI -3 and a mean diameter growth curve

oE fo二rlTI, Vエー4 thaヒ represent the (了rOWt†1 0f trees in every

generation on an average basis･ i-とis the i･･LIOCeSS already
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experienced by the dyill･g trees aS Well as the course yet to

be followed by the seedlings coexisting in the stand･ Then

as a logical consequence, equation V=-7, V=-9 and V=-ll

represent the heiqhトdaimeter relationship of all-aged stands･

Eelg ht-diameter relationship for even-agecl. stands

Tree growth as a function of time is meant by the

_Mitscherlich
equations V=

-i and V=.- 2. However, the

Mitscherlich equation was orlglnally proposed to express

plants' response to fertilization, which usually referred to

as the law of diminishing return (Mitscherlich, ].919)

An application of this orlglnal reasoning for

the
_qitscherlich

equation leads us to individual trees'

response in height and diameter growths to their environmen-

tal conditions.

The Mitscherlich equation orlglnally proposed

was of the form･.

where

1! - A(i-a-CIXl)(i-e-C2LT2)(i-e~C3X3)-･′

y: yield.-

xl,.r2J‥. : aP_10unt Of factors affecting plant growth,

cl,C2,‥. : intrinsic response coefficients for individual

growth factors,

Jl: maxiTnum yield attainable when every growth

factor is available in good surplus, and

e: base of natur(ll 1o(了arithrn.

● In thi.s equaヒion the effect of each growth factor is consi-

dered separately and then multiplicatively･ However, for the
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height and diameter growths we consider a sing1-e Site factor
■■

which represents the c()mbined effect of all the conceivable

growth factors such as nutrients, moisture, sunlight etc.

Then we get another set of the Mitscherlich equations which

in appearan(:-:! are exactly the same as Eqs.V=
-1 and V=

-2

but are different in Tneanin⊂T, i.e.

height

diameter

where

.7J

-

H,(i-a-k'f), vト12

a -

D,(i-a-77'f), 17=-13

y: heiqht(

3,～: diameter,

II(,D(: maximuTn･ height and diameter attained during

a given time interval by an individual tree

when it is groTjm under the most favourable

cond土t土ons ,

7(',h': intrinsic response coefficients fc)r height

alld diameter,

j': site index, i.e. a combined effect of numerous

growth factors, accumulated for a f土Ⅹe(【) time

j.nterval.

I

=t should be noted that here th･1 growth is considered in

alimental domain, -･.)hile it was in time domain in Eqs･ V=- i

and V]二-2･ parks (1973) argued that growth of animal_ must

be considered in food-consumption domain rather than in time

domain si.nee the former is more closely re]-ated to the growth

than the latter･ The same argument may well apply ヒo plant

growth･ =t sounds reasonable that the plant growth corres-
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pond.s more closely w土th 亡he amoun七 o王 nutr土ents taken up and

the amount of material T)hotosynthesized during a ヮiven time

period than with the length of the time period itself. =t

suffices to mention an often-quoted observation that spruce

seedlings suffering under canopy for decades show a ra℃)id and

vigorous growth once they are exposed to full sunlight as

canopy species fall out.

For the deエー土vat土on of the height-d土am七er relation-

ship, the sa･me logic aS tO the preceding case applies. Thus

rewriting Eqs. Ⅴ=-12 a.nd V=-13 in differential form

磐- A,(H,-1,/),

- h'(D(-x),

and by dividing V=-14 by VI-15 T'Je get

:二::--

-i;--:--;-･1:-i?_::.:h'(D'-a)

the general solution of t^7hich is given by

b
-

I-I,[l
- I;I1:一旦(梶)kソh']

Ⅴエ ー14

V=-15

Vエ ー17

where i/o is the initial height corresponding to the initial

diameter xo･ From
･ヒhis equation, the relationship between

the total hei句ht and diameter a十 乍-/L>Ound is glVen by

where

▲

Ly

-

H,[l
-

(第三うソ7l'-LIJ

.7JJ:
total heighヒ/

x: cliameter at ground.

Vエ ー1.8

The relaヒionship beヒween t_he total height and dbh is given
by
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7I1

･7J,

-

Il'LI
-

L'(

where LI
l

II T-FIE.7

[]( ,

Dl-.T

IIb: breast height,

.7･/
: tOJ-Lal height,

3: : dbh.

◆

I

A;'h'｢｣′
Ⅴエー19

▲

Obviously, Eqs. V=-17, V=-18 and V=-19 repre-

sent the height-diameter relat土onshiT) Of an individual

tree. PIOWeVer, the similar logic aS in the preceding section

makes these甲uatir,ns applicable as the heiqht-diameter curves

for even-aged stands as follows. Assume that the growth up

to a certain definite age of an even-aged stand in which the

growth of every constituent tre占is govemed by Eq. Vエー12

in heiロht and by V=-13 in diameter. Here. apart form the

orlglnal meaning, these equations ＼slgnify the mean growth

responses in height and diameter respectively for the stand

in questio.n. It is unlikely that all the trees are c=TOVerned

by
exactly the same equations, but this assumption may hold

nearly true on an average basis.

Though all the trees grow under nearly similar

cond土t土ons. some enコOy mOr･e favourable con_d土t土ons than the

others depending on the d土f王erence 土n 土n(〕.土Ⅴ土dual site
factor

and the competition with the surrounding trees. This diffe-

rence results in the difference in I values of Fqs･ V= -12

and VI-13 reccived by individu(ll trees. For a given i valuer

there exist
a definite and unique height determined by V= -12

and a definite and un.1que diameter dハetermined by V=- ]-3,
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which are interrelated tllTith each other by Eqs. Ⅴ=
-17.

V= -18

or V=-19. This relationship holds true for any tree in the

stand regardless of the growing conditions it has been sub-

jected to and thus regardless of i values it has experienced,

Thus Eqs･ V=-17, V=-18 and V=-19 represent the heicTht-

diameter relationship for even-aged stands.

=n terms of the stand growth, the parameters H'

and Dt represent the maximum height and diameter to be

attained in a specific time period by a few dominant indi-

Ⅴ土duals which have been exposed to the most favourable condト

tions. The other individuals suffered under less favourable

cond土t土ons for the same period of time take on the values

smaller than those. dependin甲 On the severity of individual

cond土t土ons.

▲

D土scuss土on

As has been noticed alrleady the proposed height-

diameter curves vT-7, V= -9( V= -ll for all-aged stands

and VZ-17, V=-18, VI-19 for even-aged stands do not differ

土n appearance at all bu･ヒ they do 土n what they mean. 工n the

former set of equations, the variation in height and diameter

are supposed to be attributable to the variation in age among

the individual trees which constitute an all-aged stand･

Thus the asymptotic heiqht [1 and diameter D are supposed to

be reached by the oldest 土nd土Ⅴ土duals 土n the stand. 1･7h土1e

younger individuals are of the height somewhere between

zero and the asymptote // with the diarTleter between zero and

the asyrnptote I) der)endinq~ upon their respective ages.
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i

Althouq'h in reality difference both in height and diameter

may well exist even among the individuals of the same age

class as well, it is assumed negligible v7hen compared with the

differe･nce among the age classes.

=n the latter set of equations, however, the

variation in height and diameter are supposed to be aヒtribu-

table 七o the dl王ference 土n produc七土Ⅴ土ty of s土七e on which

each tree grows･ Since the asymptotic height LIT and diamter

D' are the maxima attained by the best growing individuals

of an even-aged stand by the time the stand reaches a certain

age′ they increase with the stand age. =n other words they

are functions of time yet unknown. On the contrary the

asyrQ,Pヒotes II and D for all-aged stands are independent of

time.

The above argument concerning the applicability

of the proposed equations and the.､correspond土ng. d土f王erence

in the significance of the coefficients holds both for

OgawaTs and Oqino-s height-diameter curves. Since both of

the equations were derived by eliminating time parameter,

they are good only for all-aged stands. Accordin口1v Oqawa

(1965) applied his equation to several types of forests′ all

of which were at their clinl_aX Stages Of succession and thus

we工､e alュ-aged presumablv.

Though Ogawa's and Ogino■s orlglnal equations are

thus limited ヒo a1トaged stands they can be easily modified

so that they vt70uld also apply to even-aged stands as in the

present= work, i.e. just rewriting the orlglnal equations in

terms of site factor i instead of time i. =t should be noted
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▲

then the meaning of the coefficients undergoes respective

change.

A graphical representaヒion of total-height vs.

diameter-at-ground V= - 18 for even-aged stands is shown in

Fig. 21 for a hypothetical case of [I'=20 rl-'i, D'=40 cm and

k'/h'-1.2, 2.0. 3.0. AIso an example of total heiqht vs.

dbh Vエー19 fo工､ even-aged s七ands 土s shown 土n F土g. 22 for

another hypothetical case of II(-20 m, Hb(-1･2 m, Dl=40 cm

and 7,J/h'-i.2, 2.0. 3.0. =t will be readily seen that the

proposed heigh卜diameter curves are convex upward in agree-

ment with general observations as well as with the most of

tて-le ernPlrical equations. 工t can be also noticed that the

convexity increases as た'/･7l' ratio increases.

Zn forestry rn.anagement and planning, tree height

at a certain age, say 50 years, is often used as in index

of site-s productivity, i.e. site index. This common

pract土ce 土s based on a s土1v土cultural rule of 七humb that tree

height responds more quickly and sensitively to site
fs

productivity than does diameter. This in terms of the

Mitscherlich e(Nations V= -i?_ and V=
-13

means that intrinsic

response coefficient た' for height growth is greater than

coefficient 77' for diameter growth. Thus the ratio た'/h'

in equations V=-18 and V= -19 is usually greater than unity.

This results in the upward convexity of the proposed height-

diameter curves. The proposed equations produce curvprs con-

vex downward iE we put k'/7･l' raヒio smaller than unity.

However, this is not likely the case in reality.
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The same argument on the shape of the curve applies

to the height-･c1_iameter relationsi'`li工つ Vト7, Ⅴ=-9 and Vト11 for

all-aワ(-,d stands. The quic_lこer response Of the height growth

to site's productivity than that of diameter is コuSt another

manifestation of the fact that the heicrht growth has a

greater intrinsic rate than the diameter growth( i･e･′

7( > 7l.

Thus the ratio 7(/fl,is greater than unity. which eventually

ends I〕P With upward convexity of the height-diameter curves

V=-:7･ V=--9 and V=-I1. =t is interesting to note that A/h

ratio is nearly equal to unity for open growing individual

trees (Kobayashi, 1978). Although his sample is small,

being of size three, this fact suggests a close relation-

ship between stands- stem density and the た/h ratio.

An examT)1e

Just to indicate how the て)rOPOSed height-diameter

curve represents the observed height-diameter relati()nship,

an example is given in JTigure 23. The data used for this

exa771Ple was collected in
-March

1977 from an even-aged hinoki

(ChamaeL?I:/Paris ob七u.3a Endlicher) stand of estimated a?e 30

years old. The stand is located on a mountain slope oi:

north-east aspect facing the Nagura River in =nabu, Aichi

Prefecture. Japan and is the prop?rty of Furuhashi Founda-

t土○Il. flor the aロー〕1土cat土on of Eq. Ⅴト18 whlch represents the

relationship between the diameter at ground an(∃ total heighヒ

for even-aged stands, Demingls method of least･-squares was
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adopted･ Tlt Seems that the result is quite satisfactory as

far as t-he agreeme･nt with the observation is concerned･

I,王owever, some of the parameters deviate to a certain extent

from what are expected from the theory. =t would also be

worth mentioning that fitting the proposed equation to the

observed heigh卜diameter relationship is rather difficult.

Thus further research has to be conducted to solve these

practical problems.

●

■

Conclusion

工n 'ヒh土s chapter the emphasis was placed on the

derivation of a set of height-diameter curves as well as on

the theoretical reasoning underlying the derivation. AIso,

a d土scuss土on was made on the appl土cab土1土ty of the relultant

equations rather from theoretical point of view than from

practical one. For the proposed equations to be functional

土n practlce′ further research has to be continued on their

practical characteristics and feasibility. Amonq them are:

i) technical research associated with fitting the proposed

equations to observations, ii) an investigation in the

g℃odness of fiヒ to observed data. esワeC土ally 土n comparison

with the other existing heiqht-diameter curves either empi-

r土cal or theoretical, 土土土) the determ土nat土on of numerical

range of parameters, particularlyた/A ratio′ and .ヒheir
re-

lationship with dif:Eerenヒ types ()f forest stands･
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2.122 4.245

].619 3.489

2.036

I.571

1.609

1.499

I.623

1.720

i.580

1.440

I.349

i
,690

4.352

3.683

3.524

5.130

6.918

8.18()

4.736

5.101

3.992

4.154

(I

(clll)

9.55

2.73

7.91

6.09

0.41

9.79

7.67

9.58

1.00

6.09

9.55

7.81

6.72

8.90

9.05

8.10

().65

7.48

12.53

10.54

9.83

8.96

10.42

10.94

ll.74

ll.80

6.89

12.02

】_4.85

ll.48

l.60

(1.09

0.41

8.07

6.82

8.33

8.96

9.05

9.82

2.13

SteI¶

No.

41

42

43

44

45

4(～

47

48

49

50

51

52

53

54

55

56

57

58

59

60

6i

62

63

64

(i5

66

67

()8

69

70

71

72

73

74

75

77

78

79

80

a*
b

(りyear)

×10
1.638 4.064

1.756 5.412

1.758 3.869

i.789 5,509

1.502 4.455

1.897 9.965

1.914 5.844

2.018 5.049

1.665 4.035

1.975 7.135

1.82()

1.685

2.050

1.533

1.668

1.599

1.705

1.607

1.846

1.367

1.833

1.948

1.286

1.825

1.290

1.627

i.731

i.802

1.924

1.672

4.487

4.453

4.786

5.085

4.128

6.028

4.469

5.03j

5.382

4.992

3.499

3.994

4.408

4.872

5.243

5.160

3.935

5.332

5.005

5.863

】_.679 5.978

2.005 4.246

1.658 5.183

1.516 5.202

i.478 5.250

I.396 5.369

1.134

i.684

I.088

1

1

1

1

1

1.92

3.17

3.09

9.71

0.85

0.47

8.88

7.64

0.60

8.88

9.31

ll.00

9.30

10.12

ll.25

8.35

14.36

10.28

9.13

10.95

7.43

8.53

5.00

0.78

8.79

9.67

8.09

9.68

0.21

7.08

2.04

1.23

7.57

8.79

0.01

0.96

7.74

12.22

4.35

-2

*Dimensi()nless

I

′
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b

(りyear)

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

10_1

102

103

104

105

10(～

107

108

109

110

I

●

111

112

】13

i14

115

116

117

118

119

120

1J21

1.403

1.887

1.530

1.326

1.898

1.618

1.730

1.563

1.403

1.772

i.721

1.799

1.925

1.949

1.316

1.623

I.773

1.633

i.5j8

1.488

1.652

×]o-2

3.630

5.065

8.312

5.107

4.585

4.825

3.949

5.518

4.410

4.7i2

3.680

5.219

5.503

2.266

6.132

4.]30

7.183

3.985

5.648

5.502

4.222

7.003

2.398 5.193

1.326 4.297

1.451 3.463

1.428 4.765

1.521 3.652

】.6I1 4.366

1/53 3.820

1.279 6.546

3.547 1.787

】.364 2.952

1.301 4.782

I.261 4.842

1.586 8.069

1.679 3,880

2.069 3.226

1.414 3.756

1.416 3.796

6.70

(1.77

9.36

ll.12

6.82

ll.62

9.55

9.88

8.36

9.25

】4.84

9.34

ll.76

12.20

9.92

9.88

7.Oi

12.85

7.04

7.70

7.82

6.71

6.87

7.85

7.77

(1.57

(1.77

8.35

9.35

3.24

8.28

9.36

7.87

1.39

7.72

8.74

0.47

9.72

8.(1l

121

122

王23

124

125

12(;

12'j

′128

129

130

131

132

133

134

135

136

137

138

i_39

140

141

142

i43

144

145

146

147

148

14()

150

i51

15⊥

153

i54

i55

156

157

158

王59

1 (;0

I.813

1.533

1.716

1.534

1.183

1.659

1.662

1.526

1.494

0.926

1.828

1.598

1.321

1.158

1.741

1.500

1.641

1.643

1.392

b

(りyear)

×10-2

4.436

4.571

4.242

5.753

3
,486

4.975

4.145

5.081

3.371

3.956

3.659

4.620

2.901

3.790

4.033

6.791

4.055

5.032

3.471

1.358 4.354

1.534 4.860

1.559 6.146

1.458 4.702

1.505 4.30】

1.446 4.025

2.367 4.268

1.859 3.986

l.428 3.220

1.404 6.232

1.577

1,831

2.257

1.546

1.72j

1.478

1.881

1.448

1.777

1.707

4.804

4.963

3.501

5.148

5.839

5.4】9

5.722

3.652

4.】33

6.329

9.94

7.36

10.06

9.08

8.50

7.37

8.48

8.65

8.77

8.33

13.72

9.88

10.49

9.29

ll.62

6.90

7.45

9.ll

8.55

6.17

7.99

6.14

8.30

ll.42

12.66

13.55

13.52

ll.54

7.93

8.34

9.24

ll.06

9.12

9.43

7.57

8.03

9.96

8.88

6.43

*Dil11ellSionless

I
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b

(1/year)

0.08

9.20

7.52

1.02

1,77

6.73

1.36

4.01

6.64

8.49

8.41

8.28

9.75

7.13

i.28

8.96

8.56

9.12

0.38

7.83

7.10

8.65

7.83

9.64

6.57

9.20

ll.17

7.57

9.41

9.27

9.63

6.73

0.96

8.37

7.98

2.39

8.66

8.99

2.49

2.Ol

x10

4.284

5.767

6.14i

4.759

5.164

5.522

4.084

4.160

5.134

3.983

8285

5.340

3.865

5.366

5.323

5.835

4.539

9.302

5.220

2.713

5.962

5.959

6.706

4.620

6.878

4.714

3.6i3

6.316

4.049

3.923

3.710

6.306

4.49r2

4.751

4.090

3.718

7.050

4.357

3.825

4.259

1.601

1.682

1.493

2.126

1.721

1.269

1.610

1.357

1.070

1.417

1.540

1.461

1.649

1.534

1.522

1.587

1.801

2.077

1.600

1.494

I.685

1.540

1.689

1.744

1.686

1.393

1.637

1.6Ⅰ9

1.422

1.606

1.720

1.827

1.479

I.760

1.552

1.57(～

l.576

I.393

1.875

1.577

20j

202

203

204

205

206

207

208

209

2iO

lil

2i2

213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

333

234

235

236

237

238

239

240

b C

(りyear) (c汀t)

733

7.i1

6.61

8,94

8.ll

8.08

9.48

6.10

10.09

5.67

8.48

6.69

9.10

9.38

8.05

10,69

9,23

9.75

9.17

(1.45

7.42

8.81

6.75

7,87

9.34

7.83

9.44

7.16

ll.63

5.98

6.01

7.20

9.64

9.06

】0.49

().20

9.05

9.37

7.3()

xlO-2

3.635

4.868

5.622

4.634

3.641

3.208

2.758

4.732

4.007

7.902

4.315

6.970

3.327

3.812

5.099

7.346

5.1ワ6

4.142

5.023

4.528

4.969

4.590

6.144

3.854

3.619

6.273

4.315

3.26()

3.350

4.550

1.23_I

1.219

I.293

1.638

1.794

I.693

1
,482

1.397

】.557

].819

J.7]4

2.100

1.631

1.553

1.222

1.716

1.442

.1.579
1.274

1.730

i.700

1.412

1.725

1.429

1.528

】.554

I.(ミ11

I.663

1.557

1.492

1.692 6.126

1.657 7.797

I.666 3.556

1.594 4.279

8.290

3.O16

3.475

4.981

6.∃lo

1.･842

1.344

I.451

i.205

】.283

16]

162

163

164

165

166

1(17

168

169

170

171

172

173

174

175

】7(～

177

178

179

180

181

Ⅰ82

]83

184

i85

】86

187

188

189

190

191

192

193

194

】95

196

197

198

199

200

*DinlenSionless

i

●
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sLe.T a･
(i/ybear)

I

†

★

r

241

24?

243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259

260

261

262

263

2(i4

265

266

267

268

269

270

271

272

273

274

275

27(～

277

278

279

280

xlO-2
2.032 7.208

1.566 5.105

I.606 6.233

1.628 5,941

1.384 4.078

1.850 6.007

1.418 4.347

1.751 4.43】.

1.377 3.760

].435 5.209

1.708 2.94盲

I.437 5.627

1.867 4.158

1.648 7.875

1 /713 5.309

1 ::)44 6.073

1.717 4.809

i.713 7.336

1.596 4.150

】.275 3.7(;3

1.710

1.321

I.704

1.550

1.866

1.465

1.542

1.550

1.540

1.639

5.914

5.044

4.2(;9

5.066

5.078

6.459

3.528

4.822

5.098

4.025

1.665 3.582

】.724 5.518

L533 4.606

2.277 6.5()4

I.797 4.641

】..613 3.671

1.462 4.2(I5

I.616 7.100

i.726 5.018

1.588 3.988

9.09

8.96

7.86

7.89

8.15

8.30

8.98

7.52

】0.70

8.88

1.54

8.29

0.09

6.9O

8.13

8.6()

9.01

7.26

l.26

7.33

9.88

IO.3i

8.39

】0.19

9.79

9.47

10.18

7.83

8.16

1i.18

8.10

6.33

7.60

9.7()

9.23

10.67

7.78

6.55

9.39

9.67

281

282

283

284

285

286

287

288

289

290

291

292

293

294

295

296

297

298

299

300

301

302

303

304

305

306

307

308

309

310

ョil

3】2

313

314

3ユ5

316

317

318

319

320

1.444

1.596

1.310

1.348

1.384

1.419

1.270

1.550

1.304

1.738

1.358

1.637

1.334

1.382

1.725

1.394

1.653

1.565

1.385

1.627

I.776

1.531

1.352

1.503

1.861

1.576

1.637

1.363

1.582

1.573

1.285

1.592

1.426

1.800

i.761

1.499

1.653

1.6j7

1.9i3

1.444

x10

4.216

4.362

5.001

3.320

5.730

4.391

4.560

7.229

3.658

5.164

4.5j2

5.660

5.315

5.262

5.749

4.221

4.223

5.417

4.10(;

5.78i

6.067

7.079

5.48J

5.4･23

5.418

4.959

5.736

3.206

4.536

4.851

6.lュo

5.301

4.528

3.668

5.323

3.698

4.287

4.808

8.148

5.094

0.46

9.85

6.62

7.38

9.23

8.71

7.90

9.46

0.90

9.92

0.24

9.19

7.36

8.36

9.7.I

8.42

0.41

7.38

7.69

9.10

1.40

5.95

8.09

8.22

0.62

9.44

7.32

8.13

8.36

1.14

5.97

9.46

9.51

ll.58

ll.36

10.23

12.46

10.22

9.81

8.93

*Dimensionless
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b C

(I/year) (cm)

32】

322

323

324

325

326

327

3 2,Q.

329

330

331

332

333

334

335

336

337

338

339

340

341

342

343

344

345

346

347

348

349

1.307

1.455

i.721

】.518

I.888

2
,005

1.627

1.849

1.521

I.973

1.503

2.030

2.036

1.811

1.873

1.770

1.755

i.962

i.892

1.826

i.513

I.52(～

1.654

i.785

,I..574
∫_.653

1.Sol

1.715

1.876

xlO-12

4.582

4.911

5.712

5.011

8.504

5.596

4.799

6A70

5.703

8.539

4.6(; ㌔

4.884

3.308

6.190

6.1､23

3.180

5.854

4.112

3.185

4.803

5.223

5.271

5.320

6.887

3.727

4.692

4.531

3.927

4.703

Mean 】.616

Var. 0,0493

S.D. 0.222

Max. 2.398

Mill. 0.926

11 345

C.V.('7n) 13.7

8.60

7.34

10.98

6.70

9.59

7.66

9.i2

7.37

8.99

8.57

7.59

10.65

王1.70

1ー1.49

1】.47

】0.75

9.96

il.16

13.28

10.04

9.38

9.58

9.79

i.90

8.34

8.98

2.80

2.55

2.81

4.889 9.j8

1.369 3.51

1.】70 1.87

9.302 14.84

2.2(;6 4.35

345 345

23.9 20A

*DiI11e†lSiollless

l■
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APPENDtX ===

PARAMETERS OF THE GOMPERTZ EQUATION

AS APPLIED TO THE RADIAL STEM

GROWTI耳 OF JACK PINE

▲

～
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sLc:.1 p･
(I/yqe｡r) (c7n)

she.T p+
(I/yqe｡r)

i

●

×10~1 xlO-2
. 1 8.008 3.619

2 9.317 2.993

3 5.377 3.840

4 8.971 5.542

5 7.224 3.287

6 8.616 2.637

7 5.955 4.288

8 7.782 2.593

9 8.930 3.300

10 8.022 4.Ooユ

I 1 9.340 3.472

1 2 7.800 3.873

13 7.J37 2.958

14 6.809 3.125

i 5 7.834 2.802

i(i 7.039 3.542

17 6.974 3,130

1 8 7.664 3.982

19 8.190 2.895

20 9.120 3.501

21 8.938 2.98】

22 7.092 3.993

23 8.150 4.077

24 8.833 2.149

25 6.664 2.203

26 7.210 2.284

27 5.472 4.203

28 10.191 1.957

29 10.149 2.637

30 7.434 2.246

31 9.629 2.701

32 7.259 2.437

33 7,468 2.302

34 7.167 3.724

35 7.908 5.048

36 8.582 5.959

37 7.452 3.340

38 6.848 3.766

39 6.271 2.933

40 8.] 00 2.848

9.82

3.36

8.12

6.18

0.72

0.39

7.78

0.1】

1.45

6.22

9.90

8.00

7.02

9.20

9.44

8.29

9.99

7.64

i3.08

10.91

]0.37

9.15

10.65

12.00

】2.54

12.66

6.99

】3.94

16.00

12.34

12.51

6.48

Il.14

8.27

6.94

8.44

9.24

9.24

iO.09

12.67

4j_ 7.821 2.798

42 8.718 3.857

43 8.350 2.533

44 8.934 3.905

45 7.053 3.167

I.fj 9.279 3.365

47 9.738 4.017

48 9.872 3.329

49 7.876 2.720

50 10.143 5.083

51 8.858 3.051

52 7.996 2.996

53 9.953 3.098

54 7.432 3.672

55 7.968 2.898

56 7.712 4.349

57 8.183 3.076

58 7.720 3.574

59 9.195 3.784

60 6.652 3.806

61 8.495 1.906

62 9.041 2.218

63 5.643 3.075

64 8.576 3.101

65 5.736 3.778

66 7.622 3.501

67 7.990 2.4 10

68 8.678 3.589

69 8.916 3.039

70 8.025 4.095

71 8.253 4.270

72 9.305 2.370

73 8.139 3.7】7

74 7.276 3.792

75 7.089 3.838

76 6.556 3.965

77 6.416 7.152

78 4.782 2.305

79 7.932 2.722

80 4.546 3.225

2.46

3.50

3.95

9.97

1.20

0.91

9.13

8.01

1.15

9.05

9.73

ll.58

9.84

10.38

ll.74

8.53

14.94

10.57

9.39

ll.14

.!;..89

10.00

5.23

ll.58

9.07

10.13

8.92

10.14

ll.17

7.32

2.37

3.05

7.77

8.99

0.25

1.19

4.■70

8.01

2.87

4.45

*Dimen sionless
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sLe:1 p･
(./yqe｡r) (c3,I)

p*
(1/yqear)

I

●

x10-1 xlO-2

81 4.只42 2.732

82 6.575 3.725

83 9.522 5.940

84 7,442 3.751

85 6.202 3.423

86 9.042 3.122

87 7.711 2.718

88 8.668 3.978

89 7.347 3.067

90 6.608 3.462

9
_1

8.206 2.277

92 8.290 3.635

93 8.741 3.799

94 9.096 ].ll i

95 9.728 4.265

96 5.902 2.994

97 8.071 5.309

98 7.626 4.987

99 8.283 2.557

100 7.995 4.089

】O1 7.412 4.053

102 6.874 2.93 1

103 8.148 5.】26

104 11.753 3301

105 6.077 3.132

106 6.469 2.260

107 6.686 3.462

108 7.000 2.461

109 7.6】7 3.006

1 10 8.226 2.461

1J 1 5.826 4.919

1 t2 8.380 2.216

1 13 6.077 1.989

I 14 6.105 3.600

] 15 5.733 3.634

I 16 7.673 5.868

i 17 ウ.847 2.542

1]8 9.593 ].72]

1 19 6.379 2,571

120 6.653 2.741

6.87

6.92

9.49

ll.37

6.97

12.33

9.99

10.12

8.69

9.48

16.19

9.63

12.15

16.10

10.18

10.18

7.ll

7.78

13.76

7.20

7.86

8.】5

6.82

7.23

8.08

8.32

6.74

7._15

8.70

10.01

3.30

9.02

9.95

8.03

I.61

7.82

9.30

2.58

0.21

9.22

12l

x10-1 xIO-2

1 22 8.647 2.924

123 7.134 3.】89

Ⅰ24 8.216 2.872

125 7.357 4.188

1 26 5.072 2.482

127 8.066 3.519

i28 7.755 2.768

i 29 7.346 3.684

i30 6.965 2.335

i31 3.778 3.i87

132 8.665 2.325

133 7.674 2.822

134 5.729 1.853

】35 5.093 2.837

136 8.202 2.756

137 7.263 5.030

138 7.913 3.337

】39 7.922 3.557

140 6.270 2.370

】41 6.238 3.154

142 7.100 3.417

143 7.453 4.494

】44 6.906 3.41 8

145 7.129 3.064

)46 6.738 2.856

Ⅰ47 11.335 2,512

j48 8.729 2.5】9

149 6.471 2.186

i 50 6.699 4.684

15i 7.569 3.429

152 8.966 3.404

153 11.041 1.784

_i
54 7.404 3.703

i55 8.446 4.146

156 7.017 3.928

】56 9.293 3.り76

1 58 6.580 2.483

159 8.404 2.713

160 8.394 4.558

10.49

7.63

10.55

9.28

8.87

7.60

8.93

2.87

9.19

8.42

14.81

10.27

ll.36

9.54

ll.94

7.00

7.71

9.38

9.02

6.35

8.23

6.24

8.52

ll.80

13.13

15.01

14.55

12.20

8.05

8.58

9.59

3.67

9.36

9.66

7.75

8.26

0.50

9.40

6.56

*DiJllenSionless
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sLe(;? p･
(I./yqear) (蕊)

x]o-･I 米lo-2

I

■

161 5.458 2.647

162 5.542 3.669

i 63 5.994 4.227

164 7.876 3.256

165 8.486 2.337

]66 7.782 1.962

167 6.6(;5 王.712

168 6.437 3.432

169 7347 2.785

170 9.236 5.745

i 71 8.002 2.868

】72 10.(i75 4.862

173 7.530 2‥103

174 7.189 2.587

] 75 5.489 3.842

176 8.477 5.307

177 6.893 3.850

178 7.397 2.832

179 5.925 3.823

180 8･308 3･104t

181 8.150 3.445

182 6.635 3.351

I 83 8.543 4.437

184 6.521 2.678

185 7.067 2.451

186 7.536 4.603

187 7.741 2.94J

188 7.614 1.987

189 7.124 2.166

190 6.944 3.2 i6

191 8.358 4,419

192 8.171 5.685

193 7,710 2.272

194 7.545 2.953

195

196 9.209 5.92()

】97 5.991 2.062

198 6.591 2.357

199 5.568 3.822

200 5.9_17 4.797

7.57

7.26

6.73

9.24

8.72

8.93

10.48

6.27

】0.52

5.74

8.92

6.82

9.91

9.26

8.20

iO.8(i

9.41

]0.2]

9.32

6.72

7.68

9.05

6.88

8.22

9.85

7.97

9.87

7.95

12.52

6.18

6.13

7.30

10.40

9.45

10.64

6.55

9.56

9.53

7.39

Stem

No,

20i

202

203

204

205

206

207

208

209

210

2王j

212

2i3

2j4

215

2_16

2】7

2､i8

2】_9

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

236

237

2j8

239

240

*Dimensionless

p+
(1/yqear)

xlO-1 ×10-2

7.642 2.875

8.393 4.139

7.146 4.527

10.329 3.056

8.373 3.641

5.960 4.237

7.550 2.781

6.208 3.003

4.610 4.001

6.502 2.822

7.423 6.05 7

7.023 3.915

7.832 2.621

7.418 3.830

7.308 3.877

7.718 4.241

8.796 3.iO3

10.399 1 6.395

7.742 3.728

6.708 l.613

8.350 4.325

7.502 4.385

8.235 4.834

8.408 3.167

8.239 4.986

6.552 3.475

7.516 2.320

7.881 4.592

6.537 2.865

7.467 2.63 1

8.178 2.448

9.052 4.435

6.952 3.199

8.450 3.244

7.305 2.845

7.247 2.44 1

7.740 5.212

6.394 3.I 14

8.843 2.378

7.475 2.96()

0.50

9.41

7.65

1.67

2..ll

6.82

1.90

4.45

6.73

8.80

8.53

8.47

0.25

7.30

1.54

9.15

8.93

9.27

0.67

8.88

7.24

8.81

7.98

0.04

6.68

9.42

2.01

7.71

9.76

9.78

0.24

6.89

l.32

8.71

8.31

3.21

8.79

9.29

3.60

2.49
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p･

(./;[car)(c?n)
Ste打1

No.

241

242

243

244

245

246

247

248

249

250

25i

252

253

254

255

256

257

258

259

260

1_(iL

262

263

264

265

266

267

268

269

270

271

272

273

×10-1 ×10-2

10.1 76 5.0';,i8

7.572 3.686

7.732 4.489

8.071 4.367

6.556 3.019

9.157 4.195

6.615 3.132

8.533 3.030

6.232 2.683

6.91 1 3.853

7.845 l.724

6.859 4.154

8.90 ] 2.698

8.098 5.781

7.839 3.8)0

9.357 3.970

8.161 3.246

8.486 5.326

7.566 2.890

5.571 2.663

8.449 4.254

6.203 3.797

8.130 2.9O8

7.452 3.656

9.049 3.425

7.118 4.844

7.105 2,366

7.364 3.432

7.350 3.663

7.640 2.692

7.714 2.286

8.178 3.780

7.214 3.249

274 I 1.527 4.372

t

[コ

275

276

277

278

279

280

8.692 3.169

7.444 2.398

6.953 3.262

7.868 5.159

7.973 3.23 I

7.709 2.852

9.27

9.】9

8.(I_tt2

8.02

8.36

8.54

9.26

7.86

】1.10

9.08

13.]2

8.45

10.73

6.98

8.34

9.18

9.45

7.37

ll.70

7.62

10.09

10.50

8.77

i0.46

10.22

9.61

10.78

8.07

8.38

1l.78

8.75

6.56

7.86

10.06

9.60

ll.40

7.92

(i.67

9.83

9.94

Slenl

No.

28i

282

283

284

285

286

287

288

289

290

29】

292

293

294

295

296

297

298

299

300

301

302

303

304

305

306

307

308

309

310

3ii

312

3;3

314

315

316

3]7

318

319

320

p+
(I/yqear)

xlO-1 x]o-2

6.956 3.199

7.575 3.055

6.000 3.683

5.997 2.278

6.722 4.383

6.617 3.159

5.808 3.418

7.515 5.328

5.812 2.598

8.485 3.600

6.402

8.120

6.293

6.539

8.535

6.355

8.044

7.583

6.333

8.037

3.362

4.121

3.972

3.941

4.126

3.002

2.983

3.960

2.931

4.231

8.762 4.2()0

7.406 5.lワt

6.233 3.992

7.379 4.026

9.291 3.799

7.625 3.569

8.093 4.184

6.156 2.229

7.523 3.171

7.634 3.502

5.930 4.624

7.701 3.812

6.765 3.322

8.550 2.362

8.479 3.619

6.881 2.510

8.000 3.007

7.621 3.342

9.615 5.768

6.792 3.704

｣

(cm)

0.70

0.20

6.79

7.77

9.35

9.00

8.04

9.60

1.32

0.25

0,47

9.39

7.51

8.51

9.93

8.71

0.77

7.53

7.96

9.28

1l.67

6.04

8.29

8.38

10.93

9.69

7.46

8.53

8.67

ll.44

6.06

9.6()

9.75

12.43

ll.87

10.77

12.92

10.58

9.97

9.14

*DilllellSionless

I
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×10

321 5.991

322 6.901

323 8.573

324 7.286

325 9.397

326 10.125

327 7.690

328 9.137

329 7.066

330 10.071

33】 7.120

332 9.97】

333 9.446

334 9.04t

335 9.431

336 8.275

337 8.668

338 9.402

33() 8.855

340 9.007

34 ] 7.259

342 7.354

343 8.15】

344 8.810

345 7.21 1

346 7.983

347 8.668

348 8.084

349 8.995

二T~

q A

(I/ye;lr) (C,nl)

×jO-2

3.391

3.583

4.124

3.645

5.995

3.877

3.361

4.586

3.891

6.154

8,81

7.53

1i.23

6.86

9.74

7.90

9.37

7.52

9.42

2.69

3.351 7.83

3.245 ii.14

1.816 13.75

4.397 11.76

4.336 j.I,75

1.971 1j.80

4.175 10.19

2.616 1 1.97

1.895 14.88

3.332 12.41

3.808

3.840

3.829

4.879

2.4･40

3.301

j.054

2.589

3.114

Meal1 7.61 I

Var. 1.4i4

S.D. 1,189

Max. 1 1.753

Mil一. 3.778

n 347

C.V.(77,) 15.6

9.59

9.80

0,04

2.】4

8.89

9.28

3.40

3.3]

3.45

3.484 9.57

0.893 4.41

0.945 2.10

7.152 16.19

].111 4.45

347 3 I:

27.1 2l.9

* Dimensionless

■

I

●
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Stenl a b (I

No. (cm) (crn/year) (cm/year2)

×10-1 ×10-1 xlO-1

Stem a b c

No. (cm) (cnl/year) (cm/year2)

xlO-1 ×10-1 ×10-4

I

守

I

1 7.175

2 1.024

3 L334

4 5.564

5 1.039

6 3.375

7 14.005

8 6.245

9 2.735

10 4.593

11 1.215

12 6.603

13 5,q60

14 3,b36

15 5.259

】6 9.290

17 9.180

18 6.733

19 5.619

20 1.662

21 2.834

22 】1.270

23 8.708

24 3.558

25 12.534

26 10.009

27 13.207

28 1.316

29
--2.J87

30 9.061

31 0.615

32 5.377

33 8.220

34 9.lot

35 7.115

36 12.532

37 7.044

38 10.463

39 12.564

40 5.843

1.465
-5.954

1.798
-6.293

i.287
--6.287

1.213
-6.349

].469
--5.663

i.233
-2.906

1.194
-5.518

1.175
-3.732

i.688
--6.604

1.026
-4.612

1.518
--6.059

i.277
-5.621

0.943
-3.682

1.238
--4.818

1.191
-4.136

1.180
-4.766

1.401
-5.692

1.242
-5.582

1.715
-6.121

1.718
-7.118

i.364
---4.737

1.418
-6.272

1.700
-7.353

1.13l
-2.679

i.250
-3.645

1.322
-3.984

1.090
-5.234

1.055
-1.388

1.870
-5.447

1.253
-3.580

1.500
--4.61

1

0.700
--2.128

1.i41
---13.209

I.135
-I-5.228

).333
--7.064

1.527
-7.720

1.367
-5.689

1.433
-6.373

].257
--4.599

I.632
-5.726

41 7.292

42 6.722

43 5.8】3

44 4.452

45 10.533

46 1.i37

47 2.274

48 0.008

49 6.476

50 3.883

51 2.067

52 5.994

53 0.661

54 10.002

55 6.261

56 9.177

57 6.790

58 8.446

59 2.190

60 】6.030

61 5.334

62 4.244

63 7.403

64 3.983

65 12.830

66 6.33 1

67 5.061

68 2.896

69 3.540

70 3.964

71 7.255

72 4.350

73 5.235

74 9.417

75 i2.120

76 15.895

77 13.661

78 13.933

79 6.840

80 8.8(iO

1.560
-5378

2.150
-9.064

1.579 -4.761

i.590
-6.649

1.540
-6.060

i.641
-6.436

1,529
-6.605

i..160
-4.275

I.358
-4.554

】.667
-7.801

i.33(;

1.563

1.349

1.573

1.528

1A17

2.072

1.585

i.574

i.575

-4.847

-5.772

-4.703

-6.700

-5.464

-6.558

-7.842

-6.583

-6.365

16.420

0.663
--0.833

0.874
-1.402

0.710
-2.969

1.616
-6.008

1.474
-7.469

i.621
-7.299

0.953
-2.675

1.640
-7.076

1.492
--5.205

1331
-6.625

2.227 ｣0.799

1.229
-2.237

1.?i)8
-5.088

1.375
-5.928

1.541
-6.585

1.708
-7.616

0.767
-4.105

0.805
-2.586

1.592
-5.446

0.58 I
-2.456
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Stem a b c

No. (cIⅥ) (cm/year) (cm/year2)

xlO-1 xlO-1 ×10114

81 ] 2.575 0.771 -2.725

82 8.600 1.063
-4.759

83 10.620 1.760
-8.760

84 10.921 1.729
-7.327

85 9.737 0.964
-3.933

86 2.532 1.746
-6.367

87 6.355 1.206
--3.998

88 5.353 l.640
-7.033

89 7.058 1.174
-4.490

90 1 1.587 1.348
-5.559

91 3.i 16 1.606
---4.215

92 5.274 1.509
-6.415

93 5.490 1.951
-8.343

94 9.389 0.598 0.161

95 2.139 1.785
-8.023

96 13.422 1.335
-･5.303

97 9.423 1.266
-6.277

98 11.828 1.262
-5.810

99 6.385 1.581
-4.95i

lOO 5.782 l.129
-5.367

101 9.130

102 8.272

103 6.673

104
--4.338

105 1l.254

106 9.220

107 7.929

108 6.334

109 6.217

1
_10

4.827

I

I

111 5.765

112 4.286

113 12.324

114 12.343

1 15 18.996

116 15.057

117 5.538

118 4.314

119 1l.674

120 9.836

1.205
一-5.J

78

1.039
-3.830

I.309
-6.859

1.0(12
-3.794

1.047
--4.042

0.843
--2.535

0.871
-4.060

0.790
-2.501

1.153
-4.269

1.102
-3.280

0.607
-3.387

0.871
1--2.165

0.87()
--2.256

1.118
-4.601

1.6()7
-I-7.260

I.312
--6Ar)0

I.062
-3.341

0.803
--6.641

1.163
-3.928

1.088
-3.672

a b c

(cm) (cm/year) (cm/year2)

x10-1 xlO-1 x1014

121 13.234
-0.103

5.387

122 3.796 1.360 -4.721

j.23 7.164 】.054 -4.167

124 4.969 1.350 -4.682

125 10.973 1.474 -6.598

]26 14.639 0.956
-3.260

127 4.962 1.130
-4.575

128 5.507 Ⅰ.120
-3.939

129 8.845 1.38l
-5.575

130 8.069 0.958
-2.807

131 20.390 0.996
-3.929

i32 4.886 1.523
-4.029

133 6.392 1.293
-4.479

134 15.212 0.952
-2.400

135 16.917 1.096
-3.895

136 5.237 1.477
-4.783

137 10.713 1.201
-5.915

138 5.OO6 1.I 10
-4.386

139 6.937 1.400
-5.745

140 10.600 0.948
-2.947

141

142

143

144

145

146

147

148

149

150

8.447

7.863

7.294

9.370

ll.357

13.631

-4.364

4.456

12.896

13.461

0.832
-･3.221

I.221
-5.200

1.074
-5.205

1.210
-4.930

1.537
-5.683

∫.629
-5.835

1.5i8
-3.233

1.644
-4.933

1.200
-3.435

1.305
-6.220

j 51 6.649 1.267
--5.201

152 2.560 1.426
-5.582

153 3.569 0.8 10
-0.840

154 9.i 19 1.47l
-6.l'1119

155 6.997 1.585
-6.995

156 9.812 ].174
-5.091

157 2.150 1.388
-6.071

158 10.650 1.182
-3.913

159 3.694 1.151
--3.816

160 4.450 l.206
-5.955

ト
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I

ト

I

I

Stem a b c

_

Nt-. (.cllt.) 小一巾で;.り(川-//ytl･･汀=)
_

xlO-1 xlO-1 x王0-4

】61
.1
1.674 0.畠51 -2.925

162 12,794 1.021
-･4.392

163 12.654 0.986
･-4.373

164 6.436 1.285
-4.913

165 3.31 1 O.807
-2.479

166 6.008 0.767 -- i.739

i67 11.285 0.777
-i.54i

】68 7.588 0.916
-3.945

169 8.230 1.299
-4.521

170 5.834 j.086
-5.490

171 4.456 1.i 77
一-4.341

172 0.463 1.296
--6.107

173 7.603 0.908
-2.2

1.9

174 8.091 1.150
-3.848

175 15.160 1.185
--5.279

176
.1
2.807 1.358

-9.690

177 1 I.434 1.440
-6313

178 8.056 1.276
-4.494

179 15.348 1.360
--5.960

180 2.906 0.935
--3.532

181 4.598 】.139
-4.6i3

182 10.653 1.264
-5.123

183 5.098 1.191
-･･5.522

184 0.900 0.973
--3391

185 8.394 1.087
-3.429

186 9.744 1.354
-6.472

187 6.383 1.295
-4.734

188 6.128 0.679
--i.516

189 LO.899 1.206
-3.253

190 6.ユ71 0.854
-3.407

191 5.095 1.04壬
1-4.777

192 】0.471 1.336
-6.850

193 7.002 1.050
-2.900

194 7.048 1.225
-4.432

195 】2.705 0.3()8
--･

i.443

196
_1
2.699 1.990

--･1.008

】97 8.394 0.594
-1.577

198 9.708 1.018
-13.178

199 18.642 1.283
---5.290

200 14.473 1.2 16
-6.093

Stenl

No.

a b

(.LIT!i_
__イ!!l1//_ytl

:=一)

xlO-1 xlO～1

201 7.684 1.354

202 7.311 1,512

203 10.223 j.286

204
-2.41

1 1.590

205 6.245 1.894

206 1.242 1.025

207 8.056 1.497

208 】8.505 1.848

209 14.585 0.999

210 10.001 1.()71

21i 17.986 1.417

212 11.075 1.249

2i? 5･853 j
･203

214 7.806 1.118

215 10.715 1.879

216 9.393 1.499

2】7 2.417 1.286

218 10.779 1.693

219 9.340 1.613

220 9.915 0.604

22】 5.751

222 10.998

223 8.573

224 4.278

225 7.117

226 11.935

227 8.678

228 8.297

229 10.463

230 7.040

j.218

I.410

1.381

1.407

1.211

1.330

1.252

1.327

】′.242

1.【60

231 4.910 1.】14

232 3.910 1.187

233 1].595 ).541

234 3.787 1.249

235 6.449 l.059

236 】1.012 1.435

237 10.798 1.644

238 1 1.507 1.225

239 4.454 1.407

240 9.393 1.634

×10

-4.821

-6.544

-6.175

-5.441

-7.980

-4.649

-5.304

-7.017

-4.766

-3.852

-7.051

-5.250

-3.862

-4.798

-8.594

-6,821

-4.453

-8.245

-6.736

-1.048

-5.532

-6.347

-6.561

-5.319

-6.028

-5.465

-3.666

-6.320

-4.65
1

-3.890

-3.221

-5.377

-6.003

-4.849

-3.821

-4.414

-8.579

-4.764

-3.696

-5.994
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a b c

(cm) (cm/year) (cm/yeal･2)

241

242

243

244

245

246

xlO-1 xlO-1 xiO4

3.010 1.783
-･8.72i

8.156 1.394
--5.877

9.035 1.351
---6.354

7.854 1.313
-5.874

9.495 1.072
-3.968

2.963 1.490
-6.797

247 10.538 1.237
-4.841

248 3.284 1.03l
-3.570

249 12.990 1.302
-4.491

250 12.176 1.314
-･5.446

25] 9.363 0.953 - ).646

252 1.241 1.277
--5.576

253 2.394 l.307
--4.208

254 10.88O 1.266
-6.508

255 7.071 1.286 -5.456

256 0.377 1.657
-7.783

257 4.257 1.394
-5.642

258 8.672 1.336
-6.649

259 7.835 1.519
-5.5.16

260 1 1.019 0.885
-3.270

261 7.341

262 15.836

263 4.097

264 8.326

265 2.095

266
.1
4.800

267 8.902

268 6.933

269 7.997

270 7.527

I

●

271 5.950

276 3.609

273 7.052

274
--3.683

275 2.5(i4

276 8.419

277 8.192

278 7.055

279 5.036

280 6.435

j.6qO
-7.606

1.544
--6.704

1.152
--4.148

1.196
-6.803

1.56l
--6.305

i.606 -7.739

1.157
-3.560

1.191
-14.955

1.273
-5.435

1.444
-4.983

0.882
---2.416

1.093
-･-5.006

i.106
-4.423

1.816
--7.917

1.379
--5.296

1.230
--3.735

i.094
-4.332

1.299
--6.899

_I.465 --5.983

i.310
-4.807

St e111 α

No. (cnl)

x10-1

281 10.308

282 6.821

283 10.393

284 9.788

285 13.567

286 9.928

287 12.457

288 14.057

289 15.188

290 5.752

291 13.366

292 7.760

293 13.017

294 1 1.625

295 5.731

296 10.053

297 5.732

298 6.480

299 9.227

300 7.879

30j 8.031

302 11.174

303 14.514

304 9.871

305 2.424

306 7.840

307 6.468

308 10.286

309 7.276

310 9.412

31】 12.317

312 8.803

3.13 10.886

314 4.550

315 4.110

316 9.958

317 6.695

318 7.868

319 10.174

320 11.528

l) c

(cm/year) (cm/year2)

xlO-1 xlO-4

1.495
-6.00j

1,401
-5.391

0.983
-4.354

0.790
-2.424

i.5i5
-7.093

1.231
-4.913

1.103
-4.524

1.744
-9.023

1.299 -4.535

1.538 -6.187

1.449

1.521

i.046

1.319

1.681

1.154

1.415

1.212

1.028

】.549

-5.856

-6.696

-4.309

-5.954

-7.588

-4.537

-5.050

-5.674

-3.938

-7.046

j..935
--8.539

0.941
-4.305

1.168
-4.898

1.270
-5.401

1.767
-7.391

1.456
-6.057

1.263 -5.396

0.839
-2.414

1.165 -4.357

1.669
--6.732

0.928
-4.355

1.490 -6.338

1.355
-5.41

1

1.30L 1-3.549

I.940
-8.533

1.219
-3.997

1.736
-6.363

1.549
-6.361

1.83吊
--9.024

1.34(i
-5.718

ト
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S ten a b (.

No. (cm) (cm/year) (cn･1/year2)

×10-1 ×10-1 x1014

321 12.647 1.229
-5.127

322 8.560 1.104
-4.638

323 6.019 1.9] 2
-･8.652

324 6.923 1.022
--4.282

325 】1.828 1.294
-2.952

326
-0.719

1.317
-5.505

327 6.685 1.368
-5.489

328 3.290 1.401
-6.812

329 】0.603
,1.482 --6.642

330 6.043 1.830
--･9.962

331 7.620

332
-1.]99

333 4.551

334 5.764

335 3.980

336 5.639

337 5.688

338 0.346

339 4.984

340 1.579

l.I i2
--･4.476

I,610
-5.9_15

0.967
---1.177

2.065
-8.500

2.045
-9.179

1.020
--2.235

1.736
-7.257

1.393
-4.130

1.203
-2.280

1.55(;
一-6.081

34 1 9.979 1.479
-6.428

342 10.655 l.483
-6.313

343 7.206 1.56(>
--6.620

344 10.679 2.145
--iO.167

345 7.576 0.966
--2.388

346 5.737 1.328 --5.199

347 4.023 1.840
-ji.758

348 6.667 1.552
--14.941

349 2.826 1.285
一-7.014

Mean 7.749 1.310
-5.107

Var. 16.41 1 0.100 4.028

S.D. 4.051 0.317 2.007

Max. 20.390 2.I 50 5.387

Min.
-4.364 --0.103 一-

I0.799

11 3 49 349 二I49

C.V.(%) 52.3 24.2 39A

●

l
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APP王!ND=Ⅹ Ⅴ

PARAMETERS OF T王iE EMPIRICAL GROWTH

EQUATION I= AS APPLIED TO THE

RAD=AL STE.M GROWT王王 OF JACK PINE

I

◆

●

I
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Stem

No.

1

2

3

4

5

6

7

8

9

10

a b c

(cm/year) (cm/year2) (cm/years)

xlO-l xlO-3 xlO-6

2.199
-2.040

7.450

2.014 -1.120
2.707

2.655
-3.866

2l.020

1.805
-i.875

6.838

2.433
-2.410

9.373

1.534
-0.962

2.904

2.327 -2.653
10.688

j.736
-I

i.452 5.452

1.966
-i.213

2.886

1.439
--1.25

i 4.045

11 1.717
-1.038

2.332

12 j.845
-1.628

5.381

i3 1.295
-0.921

2.523

14 2.027
-i.945

7.402

15 1.721
-1.458

5.411

16 2.018
-2.055

7.935

17 2.006
-1.584

4.841

18
.1.842 -1.708

5.919

19 2.265
--1.687

5.544

20 1.879
-----I.025

l.610

21

22

23

24

25

26

27

28

29

30

Sterll

No.

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

(10

a b c

(cm/year) (cm/year2) (cm/year3)

×10
-1

xjO-3

2.27l
-i.933

2.884
-2.364

2_174
-1.669

2.185
-1.923

2.386
-2.149

i.856
-i.139

I.909 - 1.492

i.28l
-0.742

I.944
-1.578

2.260
-2.060

1.628
-i.116

2.199
-1.962

1.372
-0.57i

2.462
-2.370

2.105
-1.653

2.255
-2.284

2.687
-1.969

2.341
-2.093

I.872
-1.414

3.049
-3.453

×10

7.240

7.480

6.277

6.729

7.(i80

2.794

4.492

1.832

5.758

6.875

3.442

8.021

0.674

8.741

5.653

8.473

6.114

7.297

4.221

14.270

-6

▲

●

●

31

32

33

34

35

36

37

38

39

40

1.668
--1.091

3.269

2.369
-2.396

8.900

2.612
-2.553

9.468

i A48
-O.872

3.087

2_184
-2.035

8.314

I.968
-1.463

5.025

2.101
-2.372

9.377

1.150 -0.305
0.804

1.721
-0.295

1.184

1.898
--1.478

5.441

1.486
-0.387 --0.516

i.139
-1.030

4.160

1.876
-1.738

7.346

2.041
-2.055

7.828

1._.007
-2.103

2.8] 6

2.697
=3.048

1.181

i.898
-1.52i

4.729

2.324
-2.338

8.840

2.333
--2.488

川.019

2.228
--1.758

6.195

61 1.166

62 1.246

63 1.406

64 2.027

65 2.685

66 2.247

67
-1.445

68 2.031

69 1.661

70 1.789

-1.209
6.999

-0.949
4.933

-1.864
9.809

-1.557
6.038

-3.463
17.215

-2.17]
9.133

-1.362
6.658

-1.668
6.119

-0.731
0.712

-1.768
7.114

71

72

73

74

75

76

77

7～ヰ

79

80

3.146
-3.259

i.555
-0.874

1.718
-1.521

2.193
--2.130

2.662
-2.844

3.039
-3.264

1.904
-2.606

1.887
--2.24O

2.169
-1.627

1.218
-1.372

13.444

3.784

5.285

7.772

ll.393

12.806

1 1.650

10.029

5.514

5.584

I
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Stem a b c

No. (cm/year) (cm/year2) (cm/years)

xlO-1 x10~3

81 】.793
-2.163

82 l.739
-i.720

83 2.909
-3.212

84 2.745
-2.688

85 1,814
-2.025

86 】.975
-1.162

87 1.859
-∫.695

88 2.297
-2.073

89 I.752
-1.526

90 2.322
-2.374

91 2.198
-i.402

92 1.996
-1.589

93 2.55 1
-2.074

94 1.423
-1.572

95 2.142
-1.599

96 2.308
-2.249

97 2.]40
-2.332

98 2.386
--2.793

99 2.000
-∫.198

100 [.746
･･-A.635

101 2.073
-12.199

102 1.699
-1.596

jO3 1.982
-･2.104

104 0.714
-2.465

105 1.986
-2.]57

106 】.468
-1.326

107 】.614
-1.593

108 1.308
-1.21

1

109 】.689
-1.442

1 10 】.470
--0.987

lil

112

113

114

i15

116

117

1】8

119

120

i.I38
--1.494

∫.233
--0.892

1.901
-2.138

2.235
-2.645

3.092
-13.263

2.638
--3.175

L522
-1.195

l.044
-0.430

2.078
-2.073

2.041
-2.242

xl(チ-6

9.553

6.3】2

12.383

iO.006

8.469

2.965

6.726

7.318

5.483

9.198

4.627

4.936

6.672

8,253

4.400

8.488

8.886

】1.584

3.366

5.765

8.634

6.106

7.976

-3.06O

8.904

5.218

5.998

4.861

5.192

3.258

6.941

3.417

9.707

il.497

壬2.506

12.985

4.397

).6I1

8.521

9.785

Stem a b c

No. (cm/year) (cm/year2) (cm/year3)

x】o-1 xlO-3

i21 0.621
-0.541

i22 1.739
-1.229

i23 1.619
-･1.447

124 1.853
-1.472

125 2.466
-2.571

126 2.043
-2.26.1

127 1.631
-1.451

128 1.517
-i.009

129 2.160
-2.179

130 i.758
-I.857

131 2.577
-3.272

132 2.052
-1.472

133 1.98`7
--1.8(;0

134 2.155
-2.433

135 2.525
-3.087

136 2.015
-i.546

】37 2.158
-2.453

j38 1.608
-1.431

139 2.020
-1.745

140 l.797
-I.869

141

142

143

144

145

146

】47

148

149

150

i51

]52

i53

154

】55

156

j57

j58

i59

160

xlO-6

4.768

3.956

5.170

5.272

9.860

9.568

5.185

3.382

8.422

8.201

14.475

5.629

7.489

10.996

13.827

5.546

9.746

5.236

5.913

8.027

i.532
-1.618

6.531

】.763
-1.446

4.458

1.655
-1.581

5.305

l.986
-1.926

7.179

2.500
-2.328

8.643

2.804
-2.785 1.1 12

1.177
-0.297 --3.103

i.969
-I.066

2.815

2.319
-2.476

10.991

2.402
-2.464

10.152

1.873

1.771

0.884

2.239

2.307

2.057

i.681

2.060

1.468

1.660

-1.697

-l.297

2.326

-2.181

-2.142

-2.2i4

-1.235

-2.085

-0.977

-1.540

6.122

4.012

-0.640

8.140

7.550

8.843

3.413

9.020

3.021

5.212

■
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S te111 β ∂ c

No. (c･m/year) (cm/year2) (cm/years)

×10-1 /y.iO-3
×10-6

161 1.828
1-2.128

9.389

162 2.105
-2..536

】i.100

163 2.050
-2.432

]O.152

164 1.876
-1.601

5.529

165 1.228
-0.870

3.183

166 l.202
-0.930

3.671

167 l.697
--1.882

8.901

168 】.496
-1.452

5.357

169 2.008
--l.273

6.631

170 1.695
---I.771

6.43i

i71

172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

●

191

192

193

194

195

196

197

198

199

200

i.446
-0.863

l.983

i.517
-1.151

3.050

1.529
-1.373

5.821

1.736 -I.403
4.919

2.362
-2.671

iO.78.1

3.190
-3.402

12.769

2.402
-2.426

9.077

1.959
-1.734

6.548

2.559
-2.757

jO.694

J.198
---0.859

2.593

1.552
-1.246

3.894

2.164
-2.201

8.599

1.687
-,･1.522

4.998

I.669
-I.594

6.229

1.776
-ll.616

6.404

2.188
-2.220

8.031

i.828
一-

1.469 5.060

1.120
-0.925

3.789

2.065
-

1.894 7.873

I.344
--1.226

4.403

1.561
-1.518

5.469

2.321
-2.648

10.471

1.585
-1.251

4.760

1.862
-1.676

6.403

I.264
-1.408

7.566

3.225
-3.432 12.572

1.308
-1 =500

6.848

1.792
--1.244

7.216

2.838
-3.406

】.4.436

2.367
-2.759

1 I.077

Stem a b c

N(I. (cm/year) (clll/year2)(cm/years)

20】

202

203

204

205

206

207

208

209

210

211

2i2

213

2i4

215

2t6

217

218

2;り

220

22i

222

223

224

225

226

227

228

229

230

231

232

233

234

235

236

237

238

239

240

×10-1 ×10~3 ×10一石

2.108
-i.966

7.707

2.282
-2.167

7.723

2.140
-2.221

8.198

1.472
-0.386 -0.637

2.476
-1.912

5.666

2.023
-2.291

9.147

2.137
-1.703

5.893

3.325
-3.386

13.246

2.104
-2.5

12 10.477

1.846
-1.758

6.763

2.974

2.312

1.803

1.853

2.841

2.360

1.578

2.860

2.529

1.297

-3.669

-2.622

-I.575

-1.914

-2.775

-2.347

-1.206

-3.159

-2.482

-I.303

15.265

10.999

6.200

7.454

1i).329

8.609

4.155

12.129

9.460

5.823

i.788
-1.670

5.269

2.402
-2.514

9.5 12

2.216
-2.298

8.560

1.842
-i.397

4.515

1.866
-1.875

6.626

2.317
-2.358

9.020

1.858
-1.408

5.033

2.069
-2.055

7327

2.049 -- 1
,930

7.357

1.704
-1.369

4.865

1.643
-1.384

5.551

i.666
-1.540

5.377

2.552
-2.533

9.967

1.571
-1.085

3.022

i.599
-1.394

5.149

2.285
-ll.986

7.758

2.678
-2.987

1 1.778

2.146
--2.16()

8.524

1.792
-1.104

3.806

2.468
-2.】93

8.192

I
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a b c

(cm/year) (cm/year2) (cm/years)

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259

260

261

262

263

264

265

266

?.()7

2(;8

269

270

▲

●

271

272

273

274

275

27(;

277

278

279

280

×川-1 xlO-3 ×10-6

2.21ヰ
ー1.809

5.1 14

2.168
-2.100

7.868

2.163
--2.202

8.127

2.O13
-1.871

6.270

I.948 -2.094
8.785

1.875 -1.524
4.736

2.1]3
-2.124

8.399

1.469
--J.289

5.019

2.408
-2.531

】0.618

2.439
-2.702

i 1.031

1.647 -i.398 6.098

2.368
-2.616

10.435

].5m
--O.798

1.879

2.228
-2.487

9.435

1.917
-1.856

6.735

】.787
-1.198

3.248

i.795
--I.41

1 4.866

2.155
-2.266

8.348

2.1 93
-1.807

(i.297

I.()67
-1.(179

6.408

2.440
-2.244

7.701

2.905
-3.270

i 3.456

1.519
-1.H5

3.585

2.451
-2.343

8.653

1.791
-1.116

2.689

2.866
-3.145

】2.098

】.845
--

1.596 6.099

1.771
-1.585

5.574

1.987
-I.919

7.128

2.008
-1.510

5.044

1.375
-

1.158 4.649

1.383
-1.064

3.058

I.690
---1.537

5.589

1.79(i
-0.960

1.398

1.636
--I.042

2.691

1.8(il
-1.504

5.637

1.792
-1.74]

6.629

2.024
--2.29

1 9.369

1.944
-1.536

4.881

1.872
-1.554

5.539

Stem a b c

No. (cm/year) (cm/year2) (cm/year3)

281

282

283

284

285

286

287

288

289

290

xlO~1 ×10-3 xlO-6

2.293
-2.042

7.164

1.957
-1.556

5.059

1.872
-2.143

9.091

1.537
-1.580

6.622

2.667
-2.887

1 1.174

2.O17
-1.936

7.299

2.151
-2.426

]0.106

3.038
-3.502

14.091

2.487
-2.624

1 0.937

2.176
-1.917

6.857

291 2.603

292 2.315

293 2.229

294 2.251

295 2.275

296 1.922

297 2.015

298 1.785

299 1.749

300 2.296

301

302

303

304

305

306

307

308

309

310

311

312

3】3

314

315

316

377

3】8

319

320

-2.768
1 1.163

-2.259
8.359

-2.700
1 】.645

-2.309
8.634

-i.952
6.289

-1.857
7.115

-1 ,668
5.863

-i.592
5.242

-1.717
6.705

-2.159
7.516

2.813
-2.615

9.160

i.905
-2.2】

1 8.826

2.474
-3.012

1 3.086

2.201
-2.329

9.1 19

2.168
-i.629

4.872

2.193
-2.042

7.458

i.843
-1.755

6.219

1.746
-1.981

8.990

1.851
-1.761

6.796

2.580
-2.439

9.034

】.979
-2.446

10.454

2.316
-2.229

8.176

2.301
-2.327

9.090

1.774
-1.290

4.832

2.439
-2.047

7.504

1.990
-1.804

7.060

2.427
-2.016

7.219

2.145
-】.705

5.311

2.925
-3.082

1 1 380

2.324
-2.4()3

9.279

P



165

Stem a b c

No. (cnl/year) (cm/year2) (cITl/years)

×10一卜 ×】o-3

321 2.261
-2.441

322 1.840
-1.857

323 2.580
-2.250

324 1.627
-1.562

325 3.004
一-3.3】

8

326 1.446
--0.929

327 1.884
-1.743

328 1.757
-1.415

329 2.378
-2.363

330 2.563
-2.600

331 1.809
-I.816

332 1.656
-0.777

333 1.237
-0.541

334 2.797
-2.529

335 2.654
-2.256

336 1.553
-1.238

337 2.326
-1.964

338 1.563
-0.798

339 1.678
--I.138

340 l.87]
--i.339

341

342

343

344

345

346

347

348

349

Mean

Var.

S.D.

Max.

Mirl.

2.350
--2.29

i

2.434
-2.427

2.299
-2.ll

1

3.279
-3.325

1.521
-1.280

1.865
-1.551

2.260
-1.522

2.134
-1.595

2.144
-1.207

x10r6

9.874

7.124

7.469

5.705

12.748

2.292

6.183

3.943

8.765

9.055

7.216

1.192

1.925

8.705

7.342

5.105

6.168

2.136

4.617

4.736

8.395

9.068

7.515

12.289

4.834

5.252

4.464

5.607

2.650

2.001
-1.844

0.213 0.564

0.462 0.75 1

3.325
-0.571

0.621
-3.669

6.964

iO.074

3.174

21.020

--3.103

n 349 349 349

C.V.(%) 23.1 40.7 45.6

I

I
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