FUNCTIONAL RELATIONS AND SPECIAL VALUES OF
MORDELL-TORNHEIM TRIPLE ZETA AND L-FUNCTIONS

KOHJI MATSUMOTO, TAKASHI NAKAMURA, AND HIROFUMI TSUMURA

ABSTRACT. In this paper, we prove the existence of meromorphic continuation of certain
triple zeta-functions of Lerch’s type. Based on this result, we prove some functional
relations for triple zeta and L-functions of the Mordell-Tornheim type. Using these
functional relations, we prove new explicit evaluation formulas for special values of these
functions. These can be regarded as triple analogues of known results for double zeta
and L-functions.

1. INTRODUCTION

Let N be the set of natural numbers, Ng = NU{0}, Z the ring of rational integers, Q the
field of rational numbers, R the field of real numbers, and C the field of complex numbers.
In this paper, we study triple zeta and L-functions defined by

o0 e2m’lae27rimﬁe27rin'ye2m'(l+m+n)6

(1.1) Cur3(s1, 82, 83,8450, 3,7,6) =

)

[51ms2ns3(l +m + n)s

I,m,n=1
> e(l)x(m)v(n)w(l + m+ n)
1.2 L : = E
( ) MT,3(51552,83,54aQ03 XM/%W) = lslmSQnSS(l+m+n)34 )

where i = /—1, o, 8,7,0 € R and ¢, x,%,w are primitive Dirichlet characters. These
are convergent absolutely when Rs; > 1 (1 < j < 4). These are triple analogues of
Tornheim’s double series T'(a,b,c) = 3, 5 m~*n"%(m + n)~¢ ([11]) which was also
studied by Mordell independently ([6]). -

The first-named author ([3]) analytically studied T'(s1, sz, s3) for (s1,s2,s3) € C3, and
defined more generally a multiple analogue of T'(s1,s2,s3), what is called the Mordell-
Tornheim multiple zeta-functions denoted by Carrr(s1,..., 8y, sr41) ([4]). In particular,
Cmr,2(51,52,83) = T'(s1, 52, 53) and Carr,3(51, 52, 83, 54) = Cur,3(51,52, 83,845 1,1,1,1).

The double series T'(a, b, c) and its y-analogue have been studied extensively. For in-
stance, evaluation formulas for special values of them have been studied by a lot of authors,
and functional relations for them have been obtained in [7, 8, 17, 18]. However, there are
very few papers in which properties of (as7, for r > 3 have been studied. Recently Ochiai
and the authors studied (a7 3(s1, S2, $3,54) and relevant functions, and proved some func-
tional relations for them ([5]).

In this paper we aim to study analytic properties of (1.1) and (1.2), and to prove certain
functional relations for them. The results in this paper can be regarded as triple analogues
of the known results for double zeta and L-functions proved in the papers quoted above
and [9, 10, 13, 14, 15], and also be regarded as y-analogues of the results in [5]. Therefore
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this paper is a step toward the general theory of functional relations for Mordell-Tornheim
r-ple zeta and L-functions including known results of r-ple zeta values given in [16].

2. ANALYTIC CONTINUATIONS OF CERTAIN TRIPLE ZETA AND L-FUNCTIONS
The aim of this section is to prove the following proposition by using the same method

as in [3, 4].

Proposition 2.1. The triple zeta-function (1.1) and the triple L-function (1.2) can be
continued meromorphically to the whole C* space.

Proof. Since

627riloz627rim5627rin7627ri(l+m+n)5 — 627ril(oz+5) 627rim(ﬂ+5) 627rin('y+6)’

we may assume 6 = 0 without loss of generality in the proof of (1.1). We use the notation

o0 e2m’m1a627rim2ﬁe2m'(m1+m2)7

Cur2(s1, 82,8350, 3,7) = Z

mi,ma=1

mi' my*(my +ma)*
First we assume fs; > 1 (1 < j <4). We recall the Mellin-Barnes formula

_ 1 [(s+2)['(—z)
2.1 14+ = — —— )\
( ) ( + ) 211 (c) F(S) =
where s, A are complex numbers with Rs > 0, |arg A\| < 7, A # 0, ¢ is real with —fs <
¢ < 0, and the path (c¢) of integration is the vertical line Rz = ¢. Since

_ _ 1 ['(s4+ 2)[(—2) n \”*
I 54 _ (] sa., _— d
(L+m+n) (t+m) 270 /(C) ['(s4) I+m) “
where —Rsy < ¢ < 0, (1.1) with 6 = 0 can be written as

1 [(sq4+ 2)T'(—2) '
o (c) P(34) CMT,2(317327S4+Z7a7ﬂ70>¢(83 ZvV)dza

where ¢(s,7) = >, < €™ n~%. Furthermore, by using

1 r (-2 2!
(l+m)—84 :l—S4 _/ (S4+Z) ( Z) <E> dZ,7
()

o ['(s4) !
we have
1 [(sq+ 2 )I(=2)
2.2 ; " o
(2:2) Cura(st, 82,5450, 8,0) = o /(c') ['(s4)

X ¢(s1+ 84+ 2, a)p(se — 2, B)dZ,

where —Rsy < ¢ < 0. We set v(x) := 1 (resp. 0) if x € Z (resp. ¢ Z). Then we can
determine the poles of the integrand on the right-hand side of (2.2) as

Y =—sy—k, =k (keNy); v(a)(z' =1—51—3s4), v(B)(Z =s2—1).

In fact, the former two expressions come from the I'-factors, and the latter two expressions
come from the ¢-factors.
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Now we shift the path Rz’ = ¢ to 2’ = M — ¢ for a sufficiently large M € N and

a sufficiently small positive € € R. Then the relevant poles through this shifting are
z/=sy—1and 2/ =k (0 <k <M —1). Counting their residues, we can obtain

F(SQ + 84 — 1)F(1 — 82)
P(34)

M-1
s <—;4> B(s1+ 54+ b, )52 — K, B)
k=0

Cuvr,2(51, 52, 845, 3,0) = v(B) d(s1+s2+54—1,a)

1 F(S4 + ZI)F(_ZI) / / ’
2—71'2‘\/(M_5) F(S4) ¢(51 +54+Z aa)¢(52 -z ’B)d’z .

Similarly to our previous results [3, 4, 5], this gives the meromorphic continuation of
Cmr2(81, 82, s4; 0, 3,0) and determines its singularities as

v(ia)(s1+s4=1—k), v(B)(s2+s4=1—k), v(a)v(B)(s1 + s2+ s4 = 2).
Hence singularities of (yr72(s1, S2,54 + 230, 3,0)9(s3 — z,7y) are
via)(si+ss+z=1—k), v(B)(sa+s4+2z=1—k),
P (B)(s1 + 5+ 54+ 2 =2), ()53 — = = 1).

These expressions can be rewritten as z = —s1 —s4+1—k, 2 = —s9 —s4 + 1 — k,
z=2—81— 89— 84, 2 = 83 — 1. Therefore, when we shift the path Rz =cto Rz =M —¢
for a sufficiently large M € N and a sufficiently small positive ¢ € R, we have only to
consider the poles z = k and z = s3 — 1 in the case v(y) = 1. Hence we have

Crvrr,3(51, 52, 83,8450, 3,7,0)

T — HI'(1 —
=— (s34 50 = DI(L = s3) X Res;—s;—1(Curr2(s1, 52, 54 + 230, 3,0)P(s3 — 2,7))

['(s4)
M1,
+ ;] < k4><MT,2(817327S4+k;a7ﬁ70>¢(83 _k’f)/)
1 I(sq4 +2)['(—2
+ — (s4+ 2)I( >CMT,2(51,82,84 + z; 0, 8,0)p(s3 — 2,7)dz.

21 (M—e¢) F(54)

This gives the meromorphic continuation of (1.1).
As for (1.2), we denote the conductors of ¢, x,¥,w by fi, fo, f3, f4, respectively. It
follows from [19, Lemma 4.7] that (1.2) can be written as

e B
—————— ?(31)X(J2)¢ (53)w(ja)
T(@)00T(W)T(@) S 2 = s
O e2mil(j1/ fr+ia/ fa) g2mim(2/ fa+ja/ fa) p2min(3/ f3+ia/ f4)

X
Is1ms2nss(l 4+ m + n)s4 ’

I,m,n=1

where 7(-) is the Gauss sum. Hence, from the assertion for (1.1), we obtain the mero-
morphic continuation of (1.2). This completes the proof of Proposition 2.1. O
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3. FUNCTIONAL RELATIONS FOR TRIPLE ZETA AND L-FUNCTIONS
In this section, we use the same method as in [7]. We denote by {B;(x)} the Bernoulli
polynomials defined by te® /(e —1) = 37,5, Bj(x )7 /5! (Jt] < 2m). It is known (see [1,
p.266, (22) and p.267, (24)]) that

(3.1) By := Ba;(0) = (—=1)"712(2))!(2m) "% ¢(2j)  (j € No),
]| ) K 627rika: )
(32) Bj(z — [z]) = — @i A o TH (J €N),

where ((s) is the Riemann zeta-function and [-] is the integer part. Especialy, we can see
¢(0) =—=1/2 by (3.1). For k € Z, j € N we have

! —2mikx o . — 0 (k:0)7
(3.3) /O o= 2mik Bj(x)da:—{_(%ik)jj! (k #0).

In fact the case of k = 0 is obvious, and in the case of k # 0, we have (3.3) by using (3.2).
Next we quote [1, p.276 19.(b)], for p,q > 1, which is

(34) B,(2)B ey q p\\ BoxBpig—2r(x) P g
) BB = (o) +a(d) ) 2 - (cap B,

Definition 3.1. Let ((s) and L(s,x) be the Riemann zeta-function and the Dirichlet
L-function, respectively. Let a,3,7,0 € R and ¢, x,%,w be Dirichlet characters. For
51,52,53,84 € C with Rs; > 1 (1 < j < 4), we define

Z p(m1)x(ma)y(m1 + mo) |

Lyrr (51,582,835, X, %
( ) ) y ¥y Xy ml m2 m1+m2)53

mi,ma=1

o 6271'2'7711 a627rim2[3627rim3'\/627rim46

Sj(81782783784;a767776> = § : S 52 3 S4 ;

1 S
My Mg Mg 1y

mi1,mz,m3,mi=1
mi+mji=mg+my

i p(m1)x(ma)p(ms)w(my)

S1, 82, S3, 54 )

13(817 52,53, 54; ()07X7¢7w> =

my,mz2,m3,ma=1
mi+mj=my+my

where {j,k,l} = {2,3,4}. Note that these functions are absolutely convergent in this
region. In fact, putting mq + me = mg3 + my4 = n, we can see that

o n—1 1 2
Z mymamamy Z( — m))

mi,mz,m3,m4=1 =1
mi+ma=m3+my

2
1 1 1 1
_z:n2 <Z <m+n—m>> =8 Z lmn2+4 Z menz %

m=1 1<l<m<n 1<m<n
For a,b € N and s3,s4 € C with Rs; > 1 (j = 3,4), we define

max(a,b)/2

(3.5) Ml(a,b,s:»,,sm%&)::ﬁ > {a(i)+b<22>}(a+b—2k—1)!(2k)!

k=0
X C(2k)Cmr2(s3, 84,0+ b— 2k ;7,0,1);
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max(a,b)/2

kzo {“(i) + b<2k> } (a+b— 2k — 1)1(2k)!

2

b
x ((2k)Cmr2(a+b— 2k, s4,5351,6,7)
2( 1)a+b max(a,b)/2

W l;) { <2bk>+b<2k>}(a+b—2k—1)!(2k)!

X C(2k)Cpr2(a+b—2k,s3,5451,7,0)

+ (_1)a+1 (27Ti)a+bBa+b
(a+D)!

Similarly, for any ¥,w, we define Ny(a,b,ss,s4;%,w) as a function given by replacing
Cur2(ss, sa,a+b—2k;v,0,1) by Lar2(ss, Sa,a+b—2k;,w,1) on the right-hand side
of (3.5), where 1 is the trivial character. Furthermore we define No(a,b, ss3,s4;%,w) as
that given by replacing (apr2(a+b— 2k, s4,53;1,6,7), Cur2(a+b—2k,s3,54;1,7,9) and
d(s3+ 84,7+ 6) by Lyyro(a+b—2k,s4,s3;1,w,v), Lyro(a+b—2k,s3,54;1,9,w) and
L(s3 + s4,7%w) on the right-hand side of (3.6), respectively.

MQ(CL, b7 83,8457, 5) =

(3.6) N

¢(33 + S4,7 + 6)

Note that, similarly to the proof of Proposition 2.1, by using the Mellin-Barnes formula
(2.1), we can prove the existence of meromorphic continuation of {yrr2(s1, 2,535, 3,7)
and Lyr2(51, 52,535 ¢, X, ¢), and furthermore of My, My, Ny, Ny in Definition 3.1.

Lemma 3.2. For a,beN, 7,0 € R and s3,s4 € C with R(s3) > 1, RN(s4) > 1, we have
(_]‘)bCMT,?)(b, 53, 84,Q; ]-7 v 57 1) + (_1)GCMT,3(S3’ S4,Q, b Y 5a ]-a 1)

3.7
( ) +S2(aab753554;1,17775) :Ml(a,bas3554;7?6)
and
CMT3(S47 a, b 533 57 17 177) + ( 1)aS3(a'7 b7 53,54 ; 17 1777 6)
(38) ( ) S4(a7 b7 53554;1,17775) + (_1)a+bCMT,3(aa b7 53554;1,17775)

= Ms(a, b, s3,54;7,9).

Proof. We have

1 K e2mikz K e2milx K 627rim(a:+7) K 627rin(x+5)

lim Z E dx = 0:
K—oo Jg ko 1o ms3 ns4 ’
k=1 1=1 m=1 n=1
1 21 pomike K omila K omim(a+y) K 2min(a+5)
g [0S Y e Y
V0 =1 m=1 " = "
a . .
= (_]‘) CMT,?)(ba 53"9450”137757 1)
1 K 627rikx —1 627rilx K 27rzm(x+'y 27rzn J1+6
lim >t Z
k=1 I=—K m=1 n=1
b . .
= (_]‘) CMT73(S3,S4,CL,[),’Y, 5a1>1)a
) —1 e2mik —1 e2milx K 627rim(a:+7) K 627rin(x+5)
lim dx
K- o ke b ms3 ns4
k=—K I=—K m=1 n=1

= (_1)a+b52(a, ba 53,54 ; 17 177’ 5)a
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and

. p2mike K omile K - —omim(z—y) K 2rin(z+d)
lim E 7 g E dx
K—oo Jg k@ l ms3 ns4

k=1 =1 m=1 n=1

= Cur3(s4,a,b,83;9,1,1,7);

1 1 e2mika K e2milz K _—omim(z—) 27rm(a:+5)
Kose Jy ka b
k=—K —

=1 m=1
= (_l)aS?)(a? b, s3,84;1, 1,7, 5)7

1 K e2miky —1 0 omile K _orim(z—y) K e2min(z+9)

. e e
lim dx
K—oo g ke [ mss ns
k=1 I=—K m=1 n=1
b

= (=1)"Su(a, b, 53,543 1,1,7,0);
i —1 627rik:a: —1 627rilx K —27rzm(x v) ean J1+6
11m
K— ke b

*J0 ="k I=—K m=1 n=1

= (_1)a+bCMT,3(aa b7 53,54 ; 1, ]-a v, 5)
Hence we see that, for example, for Rs3 > 1 and Rsy > 1,
(_1)GCMT,3(b7 53,84,0 17 v 57 1) + (_1)bCMT,3(S37 S4, Q, b 37 67 17 1)
+ (_1)a+b52(a’ b7 53,54 ; 1, ]-a v, 5)

1 K e2mikz K e2milx K e2mim(z+) K e2min(z+9)
= lim g g E dz.
0 K—oo ke b mss nsa
k=—K

1=K m=1

E#£0 1#0

3
Il
—

Changing the order of limitation and integration is justified by bounded convergency.
Multiplying by (—1)%? on both sides, and using (3.1)-(3.4), we obtain (3.7), and similarly
obtain (3.8). Note that these hold for $ts3 > 1 and Rsy > 1 by absolute convergency. [

Next, in the proof of Lemma 3.2, we replace >, o, e2™™ @+ m=s and 3 | e2™m(@+0)

by 3,51 ¥(m)e*™Em=% and Y, o, w(m)e*™MTm = respectively. Then we obtaln the
following.

Lemma 3.3. For a,b € N and s3,s4 € C with R(s3) > 1, R(s4) > 1, we have

(3 9) (_1)bLMT,3(b7 53,54,4; 17 wa(’U? 1) + (_l)aLMT,3($37 S4,Q, b 5 1/)7 w, 17 1)
. +T2(a7b783734;1717w7w) :Nl(a7b7837s4;1/}7w)
and
LMT,3(347 a, b7 S3,W, 17 17 w) + (_1)aT3(a7 b7 53,54, 17 17 1/)7 w)
(310) + (_1)bT4(aa b7 53,843 1’ 17 1/% w) + (_1)a+bLMT,3(aa b7 53,54 ; 17 17 ¢7w)
= Ns(a,b, s3,84;10,w).

Using these results, we can obtain the main theorems.
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Theorem 3.4. For a,b,c € N and § € R,
Curs(a,bye,s;31,1,1,8) — (=1 Cars(b, e, s,a31,1,6,1)
— (=1)TCyrs(c, 8,a,031,8,1,1) — (=1)*Carr3(s,a,b,¢56,1,1,1)
= (=) My(a,b,¢,s;1,8) — (=1)°My(a, ¢, b, s;1,0)
— (=1)*Mi(c,b,a,s;1,9)

(3.11)

holds for s € C except for singular points of functions on both sides.

Proof. By the definition, we have

o 627rin(5
Sg(a,b,c,3;1,1,1,5) = Z m:Sg(a,c,b,s;l,l,l,(S),
k,lmn=1
k+m=l+n
io: e27rin6
Sa(a,b,e,s51,1,1,0) = ———— = S3(¢,b,a,5;1,1,1,0).
k,l,mmn=1 mePken?
m~+l=k+n

Therefore we have
Sa(a,c,b,s;1,1,1,0) = My(a,e,b,551,1,1,9)
— (-1)°Cmrs(c,b,s,a51,1,6,1) — (—=1)*Cpr,3(b, s,a,¢51,0,1,1),
Sa(c,bya,s;1,1,1,8) = My(c,b,a,s;1,1,1,0)
— (=1)Curz(bia,s,¢51,1,8,1) — (=1)°Curz(a, s,¢,b51,6,1,1).
Substituting these relations into (3.8), and noting the existence of meromorphic continu-

ation, we obtain the assertion of this theorem. O

Note that the case § = 1 coincides with the result in [5, Theorem 4.5]. By the same
consideration as in the proof of Theorem 3.4 and using Lemma 3.3, we can obtain the
following result which can be regarded as a y-analogue of [5, Theorem 4.5] and as a triple
analogue of the recent results about double zeta and L-functions (see [7, 8, 17, 18]).

Theorem 3.5. For a,b,c € N,
Lyrs(a,b,c,s51,1,1,x) — (—1)b+cLMT73(b, ¢, s,a;1,1,%x,1)
— (=1)“"Lyrs(e,s,a,b;1,x,1,1) — (—1)“+bLMT73(5, a,b,c;x,1,1,1)
= (=1)*"*Ny(a,b,c, 551, %) — (1)’ Ny(a,¢,b,5:1,%)
— (=1)*Ny(¢,b,a,s;1, %)

holds for s € C except for singular points of functions on both sides.

Example 3.6. Putting (a,b,c,s) = (1,1,1,2) in Theorem 3.5, we have
(3.12) Lyrs(1,1,1,2;1,1,1,x) —3Lyr3(1,1,2,151,1,x,1)
= —2Lyp72(2,2,1;1,x,1) —2Lp72(2,1,2;1,1, )
—4Lyr2(1,2,2;1,x,1) — 2¢(2) L(3, x)-
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4. ALTERNATING TRIPLE ZETA VALUES AND TRIPLE L-VALUES

In this section, we prove new evaluation formulas for alternating triple zeta-functions
and for triple L-functions. We first prepare the following lemma which comes from [12,
Lemma 8] and is equivalent to [5, Lemma 2.1].

Lemma 4.1. Let ¢(s) := ¢(s,1/2) = 3,1 (=1)"n"% = (2175 — 1) {(s). For any function
g : Ng — C, we put B
[(G-1)/2]
hi) = Y. g —2p

pu=0

1) M2 '
((2u)+ AR

Then we have

g(a) = =2 Z ¢a—j)h(j) (a€N).

j=a (mod 2)

Proof. We can easily obtain the assertion by putting P,, = g(2m+1) and Q,,, = h(2m+1)
(resp. P, = g(2m+2) and Q,,, = h(2m+2)) for odd (resp. even) a in [12, Lemma §8]. [

From [5, (3.6) and (3.10)], we have

o0

(=1)Hm+7 cos((1 4+ m +n)o)
4.1
( ) l,n§:1 lmeQanp(l +m + n)Qd
P 2j .
. 2d—1+2j—v\ (-1)"¢”
22 3 (M) S
7=0 v=0 J
" 2 (=D cos™ (1 —m)8) . 2 (D)™ cos™ (1 +m)h)
S~ lmeZp(l _ m)2d+2j—u [~ lmeZp(l + m)2d+2j—u
I#£m =
> cos (16) 1)rg3r
+ ((4p) Z (=1)" cos(if) l2p+2d ZCM 2 2p G )p) @€ (—m,m))
=1
and
2e+2p—1
(4.2) < 62p _pl > {CMT,2(2€ + 2p,2p,2p) — Cur,2(2p, 2p, 2e + 2]9)}
—1)Hg2m
= Zcze 2% 2p g

(2p +1)!

for p € N and d, e € Ny, where {C4,(2p) |v € Ny} are constants which can be determined
inductively. In fact, applying Lemma 4.1 to (4.2), we have

B 2p+2p—1
(4.3) Cae(2p) = 22 P(2e — 2p) ( 2 1 )

x {CMT,2(2P +2p, 2p, 2p) — Qur2(2p, 2p, 2p + 2p) }-
On the other hand, letting # = 0 in (4.1), we have

a 2d —1+2j
7=0

2j
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X {CMT,Q(Qj + 2d7 2p7 2p7 1/27 17 1) - CMT,2(2P7 2p7 2] + 2d7 17 17 1/2)}
+((4p)9(2p + 2d)

for d € Ny. Hence, combining (4.3) and (4.4) in the case d = e = p, we obtain the following
result which can be regarded as an alternating analogue of [5, Theorem 3.1], and a triple
analogue of the previous results about double series [13, 14].

Theorem 4.2. For p € N,

2v 42 _
(4.5) Carrs(2p,2p, 2p, 2 1,1,1,1/2) = 22 ( P ) (2122 1)
v=0

X ((2p — 2”){CMT,2(2pa 2p,2p + 2v) — Cur2(2p + 2v, 2p, 2p)

+ CMT,2(2P7 2p7 2p + 27/7 17 17 1/2) - CMT,Q(QP + 2V7 2p7 2p7 1/27 17 1)}
+ (1 —2'%) ¢(4p)*.

Next we discuss special values of triple L-functions. As well as [5, (3.5)], we can prove
that
o0

(=1)HFm+sin((1 4+ m + n)0) X (=D)HF™ cos((1 4 m)o)
(4.6) D Imn(l +m + n)? ps Im(l 4 m)?

l,m,n=1
. Z 1)H+m sin (l +m)0) ‘o i (—1)™ cos(m#)

m)3 ) Im?(l 4+ m)

€(2) 3
lm3l+m 5 + 12 0

I,m=1

5 Z ™ sin(m#) C(2)26

for § € (—m, 7). For example, we consider the case of § = 7/2. For the odd Dirichlet
character y4 of conductor 4 we know that y4(k) = sin(kr/2) = —(—1)*sin(k7r/2) (k € Z).
Hence, by using (—1)* cos(km/2) = (i* +i7*) /2 (k € Z), we can write (4.6) in the case of
0 =m/2 as

Y
—LMT,S(l 1 1 2,1 1 1 X4)+Z(CMT’2(1,172;171’1/4) +CMT,2(1717271717 1/4))

s
+ 2LMT,2(17 17 37 17 17 X4) + Z <CMT,2(17 27 17 17 1/47 1) + CMT,Q(L 27 17 17 1/47 1)>

T 1 13
2L 1,3,1:1,y4,1) = —C(2)%2 + —=¢(2)n = —7°
+ MT,Q( ;0,15 1, X4, ) 1OC( ) +96C( )TI' 28807T
Thus we obtain a new evaluation formula

(4.7) Lyrs(1,1,1,2;1,1,1, x4) = 2L0r2(1,1,3; 1,1, x4) + 2L a72(1, 3,151, x4, 1)

+ L(17 X4){<MT,2(17 17 27 17 17 1/4) + CMT,2(17 17 27 17 17 1/4)

104
+ CMT,Q(lv 27 17 17 1/47 1) + CMT,Q(lv 27 17 17 1/47 1)} - EL(S X4)

By using the partial fraction decomposition, we can see that L7 3(1,1,1,2;1,1,1,x4)
coincides with 6, -, <,, Xa(n)/lmn® which is an ordinary triple L-value (see [ ]) This
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formula (4.7) can be regarded as a y-analogue of that of (73 (see, for example, [5,
Example 3.2]), and as a triple analogue of that of double L-values (see [9, 10, 15]).
Furthermore, by combining (3.12) and (4.7), we can also give an evaluation formula for
Lyrs(1,1,2,151,1,x4,1) in terms of Dirichlet L-values, double zeta and L-values.
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