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1 Introduction

Let N be the set of natural numbers, Ng = NU {0}, Z the ring of rational
integers, Q the field of rational numbers, R the field of real numbers and C
the field of complex numbers.

The Mordell-Tornheim r-ple zeta-function

- 1
(11) CMT,?"(817”’787";8T‘+1) - Z P

mll e mf‘r (ml _|_ e + mr)sr+1

was defined by the first-named author (see [5, 8]). This can be meromorphi-
cally continued to the whole space C™*! and possible singularities of (1.1)
can be determined explicitly (see [8, Theorem 1]).

Historically, in the 1950’s, Tornheim considered the double series (pr2(p, ¢;7)
(p,q,r € N), and gave some fascinating formulas (see [16]). A little later,
Mordell independently studied the values (yr2(k, k; k) (k € N), and showed
that Cyr2(2p, 2p; 2p) can be written as M, - 7% for some constant M, € Q
(p € N) (see [11]).

About 30 years later, Subbarao and Sitaramachandrarao gave an eval-
uation formula for (yr2(2p, 2p; 2p) ([14]). A little later, Zagier proved the
following simple formula:

4 & <4p —2j—1

(1.2)  Cura2(2p,2p;2p) = Z 2 — 1

D3 Je@ier-2) e,

which is much simpler than the Subbarao-Sitaramachandrarao formula. As
an analogue of (1.2), Huard, Williams and Zhang gave an evaluation formula
for Cur2(2p+1,2p+1;2p+ 1) (p € Ny):

dp—2j +1

2 D )etzicton-2i+9).

p
(1.3) Cura(2p+1,2p+1;2p+1) = _42 (
=0

Recently, as interpolations of these formulas, the fourth-named author
gave some functional relations for (nra(s1, s2;s3) (see [21, Theorem 4.5]).
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More recently the second-named author proved functional relations for (pr72(51, S2; S3)
by a different method ([12, Theorem 1.2]). His relations are

(14) CMT,Q(C% b; 8) + (—1)b<MT72<b, S; CL) + (—1)GCMT72(S, a; b)

o w2 /) .
S b
alb) kzzo {“(%) * (%)}

X (a+b—2k—1)1(2k)IC(2k)((a+ b+ s — 2k)

for a,b € N, where [x] is the integer part of x. These have simpler forms
than those in [21]. Note that (1.4) holds for all s € C except for singularities
of the both sides.

Furthermore, triple and more general multiple zeta values of the Mordell-
Tornheim type have been studied. Actually Mordell considered the multiple

series
o

1
Z mlmQ...mr(m1+...+mr+a)

mi,...,mr=1

for @ > —r, which can be regarded as a prototype of (1.1). Based on his
work, Hoffman studied (pr,-(1,1,...,1;k) for £ € N and gave some rela-
tions between these values and the Euler-Zagier type of multiple zeta values
(see [2, Section 4]). Markett independently wrote the value (y75(1, 1, 1; k)
(k € N) as a polynomial in the values of ((s) at positive integers with Q-
coefficients (see [4]). Recently the fourth-named author proved a certain
property on the values of (pr, ([20, Theorem 1.1]), which is called the
‘parity result’ (for details, see Remark 4.8 in Section 4).

In the present paper, we mainly study the Mordell-Tornheim double and
triple zeta-functions. In Section 2, we prove the key lemma (Lemma 2.1) in
order to study double and triple series. As its applications, we confirm that
the functional relations for (a7 2 of the fourth-named author coincide with
those of the second-named author (1.4) (see Proposition 2.2), and consider
some alternating double series. In Section 3, we give some relation formulas
for the values of (y7 5 which can be regarded as triple analogues of (1.2)
and (1.3) (see Theorem 3.1). In Section 4, we give some functional relations
among triple zeta-functions, double zeta-functions and the Riemann zeta-
function, which can be regarded as triple analogues of (1.4) (see Theorem
4.5). In Sections 5 and 6, we discuss analytic properties of triple zeta-
functions appearing in Section 4. Actually in Section 6, we study more
general (7, and determine its true singularities (see Theorem 6.1).



2 The key lemma and its applications

Let ((s) be the Riemann zeta-function and

(2.1) =) n?m (275 — 1) ¢(s).

We recall that

00 k vH2v
22) Z (—1) cos( m¢9 Z (2% — 20) (— . ))9 :

C; —1)™sin(m# Vl_ —1)v o>+
(2.3) mz::l ( )m21+1( ) 2 P21 — 2v) ((QV)fl)'

for k € N, [ € Ny and 6 € (—7,m) C R (see, for example, [17, Lemma 2]).
Note that ¢(0) = ¢(0) = —1. Since the both sides of (2.2) and of (2.3) are
continuous for # € [—7, 7] in the case k,l € N, we can let §# — 7 on the
both sides of (2.2) and of (2.3), respectively. Then, by cos(nmr) = (—1)" and
sin(nm) =0 (n € Z), we have

k 1 lIﬂ.QV
(2.4) z 6(2k — 20) %
l _1 V7T2V+1

for k,l € N.

Now we prove the following lemma which is a key when we consider the
rearrangement of sums appearing in relation formulas for double and triple
zeta values.

Lemma 2.1. For arbitrary functions f,g : Ng — C and a € N, we have

a [i/2] (—1ypmze o2
(26) D dla=0)D JG =255 =D (o) (a=2p),

anj(jx(())dQ) pn=0 r p=0
and

a [(G-1)/2] 2
—1 )2 1
NN i) 3 - 20 ey = ~59(@)
j=a (mod 2)

Proof. On the left-hand side of (2.6), we change the running indices j
and ptopandvby j=a+2u—2pand p=v (< p). By 0 <j <aand
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0<u<[j/2], we have p=pu+ (a—j)/2 > p=v and 0 < 2p < a, namely
0 <p<la/2]. Hence, by a — j = 2p —2v and j — 2u = a — 2p, we see that
the left-hand side of (2.6) is

[a/2] p 1)
>3 002~ (o - 20+ 0(0) (@)

By (2.4) and ¢(0) = ¢(0) = —1, this is equal to the right-hand side of (2.6).
Thus we obtain the proof of (2.6). Similarly, changing the running indices
jand ptopand v by j =a+2u—2pand v = p < p on the left-hand
side of (2.7), and using (2.5), we can see that (2.7) holds. This completes
the proof.

As a direct application of this lemma, we obtain the following proposi-
tion which implies that the result (1.4) of the second-named author ([12])
essentially coincides with that of the fourth-named author ([21]).

Proposition 2.2. For a,b € N,
(2.8) Cura(a, by s) + (—1)*Curala, 5;0) + (—1)°Cura(b, s; a)

_Qmaxa%ﬁ[b/ﬂ) atb=2p-1)  (a+b=2p-1
- 01 b—1

p=0
X C(2p)¢(s+a+b—2p)
holds for all s € C except for singularities of the both sides of (2.8).

Proof. The fourth-named author gave the functional relations

(29) CMT,2(a; b; S) + (—1)GCMT72(CL, S; b) + (—1)b<MT72(b, S; CL)

a 02 o
=2 Y ota-p Y S (MTIE T i s - 2w

= () J—2u
j=a (mod 2)
a G=D/2 /. \2 b
: (im)™
—4 ¢la—j) ¢(b—v)
2 2 Gprl 2
j=a (mod?2) v=b (2)

v—1+j5—2u ‘
-2
N i T
for a,b € N and s € C (see [21, Theorem 4.5]). Applying (2.6) and (2.7) to
(2.9) with

F(X) = (b—1+X

¥ )C(b+s+X);

o= 3 co-n (" Jew s,



we have

Cur2(a,b;s) + (=1)"Cura(a, s;b) + <_1)bCMT,2(b7 5; )

[a/2]
a+b—2p—1
:22( 0“2 )C(s—l—a—l—b—Zp)

a—1

12 i g(b—y)(”_1+a)g(s+u+a).

v=b (2)

By putting v = b — 2p in the second summation on the right-hand side, we
obtain (2.8).

We can easily check that
2 n m-+n—2k—1
2.1 — — 2k — D1(2k)! =2
(2.10) m!n!m<2k3)<m+n k= DI2k) < m—1 )
for k,m,n € Ny. Substituting (2.10) in the cases (m,n) = (a,b) and (b, a)
into (1.4), we obtain (2.8). Thus we showed that (1.4), (2.8) and (2.9) are
all equivalent.

Remark 2.3. Putting a = b =2p and 2p + 1 in (2.8), we can obtain (1.2)
and (1.3). Hence (2.8) can be regarded as a continuous interpolation of
both (1.2) and (1.3).

Lemma 2.1 is also useful for the study of

< (e
2.11 ) =
( ) (b?(slv 82 S3) mgzl msins2 (m + n)83 ’
= (="
2.12 ) =
( ) w2(517 82 83) m;:I msins2 (m + n)83

for sq, s9, 83 € C. The fourth-named author proved that

(2.13)
P 4pr1—2
$(2p+1,2p+ 1;2p+1) =2 ( p+2p p)¢(2p)¢(6p+3—2p)

p=0

P b L2+ 1—2]+2w—2

SOIENOBCTEETD ol b
7=0 v=0 n=0 v ©
. (—=1) w2+

for p € Ny (see [19, Theorem 3.4]). Applying (2.7) to (2.13) with a = 2p+1
and S
p— 25+t ,
g(t) = ( . )C(4p+2—27 +1),
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we have

P

4 1—-2
G2(2p+1,2p + 1;2p+ 1) =2 (p+% ‘ﬁ¢@mwmw3—2m

p=0

. dp +1—2j
w2y o (M7 )eon+3-2i)
=0

Since ¢(s) = (2'7* — 1)((s), we can rewrite (2.13) as follows.

Proposition 2.4. For p € Ny,
(2.14)  #a(2p+1,2p+ 1;2p+ 1)

P (ap+1—2j
=27% 2771 — 1) ¢(24)¢(6p + 3 — 27).
2;( )= 1) gion+ 3 - 20)
On the other hand, from [13, Theorem 3.1] and (2.10), we have

Proposition 2.5. For p € Ng,
(2.15)  ¢a(2p+1,2p+1;2p+ 1) — 2¢(2p+ 1,2p + 1;2p + 1)

P fap+1—2j
=4 29727 1) ¢(25)¢(6 —2j).
;;( % )( ) C(24)¢(6p +3 — 2)

Hence, combining (2.14) and (2.15), we have
Proposition 2.6. For p € Ny,

(2.16)

v (2p+1,2p+ 1;2p+ 1)

—6p—1 a dp+1—25 6p+2 2j—1 : :
=271y 2 (2972 — 221 1) ¢(25)¢(6p + 3 — 2).
j=0

Example 2.7. By (2.16), for example, we obtain
2064195 573335 81875

V5(5,5;5) = —W%C(w) + 8122 ¢(2)¢(13) + @C(‘QC(H),
899676921 242220363
Vo(T7,7;7) = BEESYUIT (21) + WC@)C(”)
22019907 7339801
31072 C(4)¢(17) + F21983 C(6)¢(15).

These formulas do not coincide with those in [18, Example 3.7]. In fact,
the fourth-named author made some mistakes in calculating the formulas
in [18, Example 3.7]. The above formulas are surely correct.



3 Relation formulas for triple zeta values

In this section, we prove relation formulas for (yrs(k, k, k; k) for k € N,
which are the triple analogues of (1.2) and (1.3). The method to prove
these formulas is similar to that introduced in the previous work of the
fourth-named author (see [17, 20]). Combining that method with Lemma
2.1, we can obtain the following simple expressions like (1.2) and (1.3).

Theorem 3.1. Forp € N,
(3.1) Cumrs(2p, 2p, 2p; 2p)
_4Z<21/+2p )C(Qp—QV)
v=1
X {Cur2(2p, 2p; 2p + 2v) — Cura(2p + 2v,2p; 2p)} — ((4p)*,
and for p € Ny,

(32) Curs(2p+1,2p+1,2p+1;2p+1)
= —4i <2V +22; a 1)C(2p —2v)
X {CMT’z(Qp +1,2p+1;2p+ 2v + 2)
+ Cur2(2p+2v +2,2p+ 1;2p + 1)} +C(4p +2)%

Example 3.2. By Theorem 3.1, for example, we can obtain

ura(1,1,151) = (2 =

Cur3(2,2,2;2) =6 {cMT,2(4, 2;2) — Cur2(2,2;4)} — C(4)%
CMT,3(3> 3,3; 3) = —124(2) {CMT,2(3; 3; 4) + CMT,2(4> 3; 3)}
+ 20 {CMT,2<37 3; 6) + CMT,2<6> 35 3>} + <<6)2

Using (2.8), we can rewrite

CMT,3(27 2,2; 2) = ™ — 9CMT,2(27 2; 4)-

11340

Note that it has not been proven yet that (pr2(2,2;4) is expressed by
means of the values of ((s).

Now we give some preparations for the proof of Theorem 3.1. Fix any



p € N. By (2.2), we have

(3.3)
(=D cos((I+m)f) [ " cos n&) u L (~1)76%
lmzl [2Pmn2p { ; - < ¢(2p — 2j) 2))!
> Lsin(16) (—1)™ cos(mb) b L (=1)ig%
—Z {mZ o —Z ot —2j)
x (=1) cos(l) & L (—1)ig%
_{;T_; o(2p — 2j) o)) }
y i (—1) T;l:(m@) i (-1):2;11(”9) .y

for § € (—m,m). Using the addition formulas for sinz and cosz, we can
rewrite (3.3) as

(3.4)
(=) cos((I+m +n)d)
B P
» L
| (1o
+), 0@ —2j) ——
;0 (27)!
= (=D cos((I —m)b) L (=D cos((1+m)6)
X { [2pm2p —2 Z [2rm2p
Il,m=1 Il,m=1
(=)™ cos((L+m +n)b)
il [2Pm2Pn2p
» L
' (_1)3923
+Q, 0(2p—=2j)
g (27)!
(=1 cos((1 — )™ cos((1 + m)0)
X { lzl [2pm2p —2 Z [2pm2p

Il,m=1

W3
30

+C(4P>Z (—1)!cos(16) _0
=1

[2r

for 0 € (—m,m), using (2.2) again. This implies, by integrating the both



sides by parts repeatedly, that
(3.5)

(e 9]

—1D)HmHgin((I+m +n)o
3 (-1 (( )0)

12Pm?2rn2r(l +m + n)2d+1

I,mn=1

23 .
2d+ 25 — v\ (—1)"¢
Yo (M)
v=0

2j — v V!

2 (=) gin®™ (1 —m)e 2 (=) sin® (1 +m)o
X{Z<) (=) $ a0

PPmp (L — m)2a2r+- 12Pm2p (] 4 m)2d+2i+1-v

l,m=1

I,m=1
l#m

d )p92p+1

Lsin(16)
Z l2p+2d+1 ZCM 2p 2p (2p + 1) (0 € (=m,m))

=1
for d € Ny, and
(3.6)

e}

Z (=1)Hm+n cos((1+m +n)o)

l2pm2pn2p(l +m+ n>2e

l,m,n=1
2j :
2e —1+2j —v\ (—1)"¢"
(2p — 27)
+ Z p=2) VZO ( 2j —v ) V!
= (=) cos™ (1 — 5 )™ cos®™ (1 +m)o)
X IZI 12m2e (] — m)2e+2i—v - lz l2pm2p (I + m)2et2i—v

’zZZTn m=1

pPH2p
0> s =3 ool G 0 ()
=1
for e € Ny, where {C5,(2p) | v € Ny} are constants which are determined in-
ductively, f®)(x) denotes the vth derivative of f(z) and f%)(a) := f*)(z) }J::a
for f(x) =sinz, cosz. Note that the left-hand side of (3.5) (resp. (3.6)) is
an odd (resp. even) function, hence each coefficient of 6% (resp. 6?**1) on
the right-hand side of (3.5) (resp. (3.6)) is equal to 0.

Since the both sides of (3.5) and of (3.6) are continuous for 6 € [—7, 7],
(3.5) and (3.6) hold for § = 7. Note that, by putting h = [ — m (resp.
k=m—1)if I > m (resp. [ < m), we have, for example,

(3.7)

1
Z 120m2p (| — n)24+2i =2
l;ém

Z h2d+2j5— 2um2p(h + m 217 Z k2d+25— 2/1[217(]{; -+ l)

h,m=1
= 2Cumr2(2d + 25 — 2, 2p; 2p).



Hence, letting 6 — 7 on the both sides of (3.5) and of (3.6), we have

j—1 2041
2d + 25 — 2 — 1\ (—1)Hm2rt
3.8 o(2 27) -
(3:8) ]ZO p=2j) MZ( 27 — 2 —1 )(2u+1)!

X {CMT,z(Qd + 25 — 21, 2p; 2p) — Cur2(2p, 2p; 2d + 25 — 2#)}

1) 2u+1

Z 2-2u(2 W

and

(3.9)
J 2

2e +25 —2u — 1\ (=1)HmH
Cuvr,3(2p, 2p, 2p; 2e) + 2 (2p — 27) ( ) A,
JZ MZ 27 — 24 (2u)!
X {CMTQ(Q@ + 25 — 2p, 2p; 2p) — Cuvr2(2p, 2p; 2e 4 25 — 2/1)}

1)u7r2u

+¢(4p)¢(2p + 2e) 2026 o (2p)? el

Applying Lemma 2.1 to (3.8) and (3.9) with a = 2p and

f(2) = <26+x—1)
)

o) = <2d+x—1

r—1

{CMT o(2€ + ,2p; 2p) — Cur2(2p, 2p; 2e + x) }§
Curr2(2d + x, 2p; 2p) — Cur,2(2p, 2p; 2d + ) }7
(

we can rewrite (3.8) and (3.9) as

2d +2p — 1
(3.10) < 2 _pl ) {Cm,z@d + 2p, 2p; 2p) — Cur2(2p, 2p; 2d + 219)}

_1)M7T2M
= C (2p)
Z 2d— 2,u p 2M+1>
and

26+2p—2§—1)

(3.11)  Curra(2p, 2p, 2p;2e) + 2 ((2€) ( % — 2
€=0

X {CMT,2(26 + 2p — 2, 2p; 2p) — Cur2(2p, 2p; 2e + 2p — 2&)}

1)Bq2m
+ C(4p 2]? + 26 Z Cge 2% 2p (2),u)
for d,e € Ny.
Now we recall the following.
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Lemma 3.3 ([21] Lemma 4.4). Let {aag}aeny, {B2dtdeng, {72d}den, be
sequences satisfying that

_1 J7T2J (—1 ]7T2]
Z’Vzd 2J ; Z’hd 2]7>

for any d € Ng. Then

d
Qg = =2 Ba((2d — 2v)
v=0

for any d € Ny.

Proof of Theorem 3.1 Applying Lemma 3.3 to (3.10) and (3.11) with
d=e,and put v =p— ¢ in (3.11), we have

(3.12)
Curr3(2p, 2p, 2p; 2d)
p
2d+2v —1
123 - ) ( ) {cMT,2<2d 2,20 29) — Carra(2p, 20120+ 2p>}
0

2u
+ ((4p)C(2p + 2d)

d
2v+2p—1
=4 ((2d—2v) ( 2 _pl ) {CMT,Q@V +2p, 2p; 2p) — Curr2(2p, 2p; 2v + 229)}-

v=0

In particular when d = p, we obtain (3.1).
As well as (3.3), from (2.2), we have the relation

(3.13)
= (=)™ cos((I +m)h)
l2p+1m2p+1
l,m=1

> "sin(nf)  « L (—=1)ig%Tt
{Z n2p+1 _jZO ¢(2p — 2j) (2j + 1)! }

1

= cos(10) 2. (=1)™sin(md P (=1)ig%t1
+ Z 32p+1 { Z : )m2p+1( ) _ P(2p — 2j) &2;?1),}

=1 m=1 j=0
S
2 (—1D)tsin(lh) & L (=1)g%T1
AL R X v ()

(—1)™ cos(mb)

m2p+1

(—1)"™cos(nf)

n2p+1

X
M T

=0

i1 L

3
I
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for @ € (—m,m). Then, by the same argument as mentioned above, we can
prove (3.2). This completes the proof of Theorem 3.1.

4 Functional relations for triple zeta-functions

The aim of this section is to give some functional relations for triple zeta-
functions. These can be regarded as triple analogues of (2.8). For this aim,
we consider analytic properties of (yr3(s1, S2, S3;54) and

> 1
(4.1) G(s1, 52,83, 84) 1= Z Les1[s25354

k,l,m,n=1
k+l=m+n

First we enumerate the following two theorems. The proofs of these
theorems will be given in the following sections. In fact, we first give the
proof of Theorem 4.2 in the next section. Next we generalize Theorem 4.1
to the result on (7, for any r > 3 (see Theorem 6.1) and give the proof
of this generalized result in Section 6.

Theorem 4.1. (yr3(s1, 52, 83;54) can be continued meromorphically to C4,
and the singularities are located only on the subsets of C* defined by one of
the following equations:

(4.2) si+sa=1—-1 (1<j5<3;1eNy);
8j+8k+8422—l (1§j<k§3, ZEN());
81+82+83—|—84:3,

all of which are true singularities.

Theorem 4.2. G(sy, so,53,54) can be continued meromorphically to C*,
and the singularities are located only on the subsets of C* defined by one of
the following equations:

(4.5) sitsn=1—1 (j=1,2k=34;1€Ny);
Sh—|—8j+8k:2—l (1§h<]<k§4,l€No),
81+82—|—83—|—84:3,

all of which are true singularities.

Based on these results, we give some functional relations for triple zeta-
functions mentioned above. In the rest of this section, we use the same
notation as in [12] and generalize Proposition 2.2 to the case of triple zeta-
functions. The method used in this section can be regarded as a triple
analogue of that introduced by the second-named author in [12].

12



We denote by B (x) the jth Bernoulli polynomial defined by

]

o _ZB —' (It] < 2n).

It is known (see [1, p. 266, (22) and p.267, (24)]) that
(4.8)  Byji= By(0) = (=1)712(2)1(2m)7¢(25)  (J €N),

K .
627rzka:

_ b

(49 Ble—lrl) = oy i 3
k=—K
k0

(j €N).

Hence, for k € Z, j € N we have

! —2mikx — 0 (k - 0),
(4.10) / e By (a) dv = {_@mw (k #0).

It follows from [1, p.276 19.(b)] that for p 4+ ¢ > 2,
(4.11)

By () By(x)

max 2],1q/2
_ ([zg[q/ ) » q +q D By Bpig—2x(x) (—1)? '’ B
p 2% 2% p+q—2k (p+q)l 77

Using these facts, we obtain the following theorems.

Theorem 4.3. Fora,b €N,
(4.12)  (=1)"Curs(b, s3,8430) + (=1)*Corra(s3, 54, a3 b) + G(a, b, 83, 54)

9 max([a/2],[b/2]) b
2 ) b— 2k — 1)1(2k)!
— ;; {a<2k) + (%)}(a+ )!(2k)

X C(2k)Cyr2(ss, sa5a 4+ b — 2k)
holds for s3, sy € C except for singularities of the both sides of (4.12).
Proof. For R(s3) > 1, R(s4) > 1, we have

( ' 1 K 627rik:a: K 627rila: K eZﬂ'imx K eQﬂinm
lim E E 5 E dx = 0;
K—oo /o ke l ms3 ns4
=1 m=1 n=1
2mka: K 27rzla: K 627rima: K 62m’nx
lim E E E dex = (—1)* b, 83, S4;a);
Koo o s ( )CMT,3(7 35 94, )7
m=1 n=1
27rzk:a: - 27rzla: K 627rimx K 627rinx
lim E E E dr = (—1)° S3, S4,a; 0);
Koo b mss ns4 ( )CMT,3( 3y 24, W, )7
= m=1 n=1
) — ekax —1 627rila: K eZﬂ'imx K eQﬂinm b
lim E E E E dx = (—1)*""G(a, b, s3, 4).
K—o00 0 ka lb mss ns4
\ = =K m=1 n=1



Therefore we have

(—1)*Carr3(b, 837 sg;a) + (=1)°Curra(ss, s4,a;b) + (—=1)*G(a, b, 83, 54)

K ; K ; K ;
/ 2mka: 627rzlas e2mmm e2mnx

lim dzx.
KHOO lb ms3 ns4
=K m=1 n=1
k;ﬁO 1#0

Changing the order of limitation and integration is justified by bounded
convergence. In fact, we need to treat the case a = 1 or b = 1 carefully.
For this case, we know that )" °_, sin(2mmaz)/m is boundedly convergent
for z > 0 (see [15, p. 15]).

By using (4.8), (4.9), (4.10) and (4.11), we obtain (4.12) in this region.
By Theorems 4.1 and 4.2, we see that (4.12) holds for all a,b € N, and
s3, 84 € C except for singularities of the both sides of (4.12).

Theorem 4.4. For a,b €N,

(4.13)

Cur3(84, a,b;53) + (—1)"G(a, 53, b, 54)
+ (=1)°G(s3,b,a,84) + (— )a+bCMT3(a b, $3; S4)

9 max ([a/2],[b/2]) b a
= —— — —1)! |
i > {a(Qk)—+b<2k)}(a—%b 2k — 1)1(2k)!

k=0
X ((2k)Cura2(a + b — 2k, s4; s3)

max([a/2],[b/2])
2(—1)at? 3 b ¢
2(=1)*+ _ —_1\! |
N - a o b ok (a+b—2k—1)(2k)!

k=0
X ((2k)Cura2(a + b — 2k, s3; s4)
a+1%

T =T

C(53+ 54)

holds for s3, sy € C except for singularities of the both sides of (4.13).
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Proof. Assume R(s3) > 1 and R(s4) > 1. Then we have

( 1 K onike K omile K —onima K orina

1, e e e d C ( b )

1m €r = S4,Q,0; 83),
oo ) g La lb o o MT 3\°4,%,VU,93),

k=1 =1 m=1 n=1
1 -1 omike K ormile K —2rimz K ominz

) e e e e “

lim E E E E dxr = (—=1)*G(a, s3,b, S4);
K—oo 0 ka lb ms3 ns4

= m=1 n=1

' 1 627rika: -1 627rila: K e—27rima: K eQﬂinm b

lim E E E E dr = (—1)’G(ss, b, a, s4);
K—oo [ ke b ms3 ns4

1=K m=1 n=1
2mka: -1 62m’lm K 672m'm:r K 627rin3:

lim E g E E dx

K—o0 lb msSs3 ns4
= -K m=1 n=1
a+b
\ - ) CMT?;(G/; b7 53784>

Therefore we can prove Theorem 4.4 in the same way as in the proof of
Theorem 4.3.

We define Kj(a,b,ss,ss) and Ks(a,b,ss, ss) by the right-hand side of
(4.12) and (4.13) respectively. By the preceding theorems, we obtain the
following theorem which essentially includes not only Theorem 3.1 but also
the assertion in the triple case given in [20].

Theorem 4.5. For a,b,c € N,

(4.14)  Curala,b,c;s) — (=1 Curs(b, ¢, s;a)
— (=) Currsle, s,a;0) — (=1)Curs(s, a, b; )

= (=1)""Ky(a,b,c,s) — (=1)°K(a, ¢, b, s) — (=1)*K1(c, b, a, s)
holds for s € C except for singularities of the both sides of (4.14).
Proof. By (4.12), we have
G(a,b,c,s) = Ki(a,b,c,s) — (—1)b§MT’3(b, c,s;a) — (—1)*Curs(c, s, a;b).
By exchanging the order of variables, we have

G(a,c,b,s) = Ki(a,c¢,b,8) — (—1)°Curs(b, ¢, s;a) — (—=1)*Curs(s, a, b;c);
G(e,b,a,s) = Ki(c,b,a,s) — (—l)bQMT,g(s,a, byc) — (—1)°Curs(c, s, a;b).

Substituting these relations into (4.13), we obtain (4.14).

We denote by M(a,b,c,s) the right-hand side of (4.14). We prove the
following explicit formulas for (yrs(a,b,c;d).

15



Theorem 4.6. For a,b,c,d € N with a+ b+ c+ d € 2N,
1
(4.15)  Curs(a,b,e;d) = Z{M(a b,c,d) — (=1)"T°M (b, c,d, a)

— (=1)*"M(c,d,a,b) — (=1)**°M(d, a,b c)}

Proof. By changing variables in (4.14), we have

M(ba c, d7 CL) = CMT,S(b7 C, d7 CL) - (_1)c+d§MT,3(C7 da as; b)
- (—1)d+b§MT,3(d, a,b;c) — (_1)b+CCMT,3(aa b, c; d);

M(e,d,a,b) = Curale, dya;b) — (=) *Curs(d, a, b; o)

— (=) Cura(a,b.e;d) — (1) Cura(b, ¢, d; a);
M(d,a,b,c) = Curs(d, a,b;c) — (1) Cypala, b, c; d)

— (=) s(b, ¢, dya) — (—1)Carrs(c, d, a; b).

Multiply (—1)%*¢, (=1)2*¢, (=1)%*® on the both sides of above three equa-
tions, respectively, and sum them up. Then, by using (4.14) in the case
s = d, we obtain (4.15).

Example 4.7. Put (a,b,c¢) = (1,1,1) in (4.14). Then we obtain

Curs(1,1,158) — 3Cmrs(s, 1,15 1) + 6Car2(1, 2; 5)
+6Cur2(s,2; 1) — 6¢(2)((s + 1) +12¢(s + 3) = 0,

which was essentially given by the first-named and the fourth-named authors
(see [10, Example 6.1]). Similarly, putting (a,b,c) = (2,2,2) in (4.14), we
obtain

gMT’g(Q, 2, 2, 8) — 3CMT,3(27 2, S; 2)
=6 {2CMT,2(27 S 4) - CMT,2(47 S 2) - CMT,2(27 +: 3)}
+4¢(2) {Cur2(2, 25 5) — Cura(2,5,2)} + 2¢(4)¢ (s + 2).

In particular when s = 2, we obtain the formula for (y75(2, 2, 2;2) given in
Example 3.2. Put (a,b,¢,d) = (1,1,1,3) in (4.15). Then we obtain

23
1,1,1;3) = —6 —n°,

which can also be obtained from Hoffman’s result in [2, Corollary 4.2] and
Markett’s result in [4, Corollary 4.3].
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Remark 4.8. In [20], the fourth-named author proved, in a different way,
that for ky, ..., k11 €N, Curr(k1, ..., ke kry1) can be expressed as a ratio-
nal linear combination of products of the values of (y1; (j < ) at positive
integers if r and Z;Jj k; are of different parity. This fact is sometimes called
the ‘parity result’ for the Mordell-Tornheim zeta values. From this fact, we
know that (yrs(a,b, ¢;d) (a,b,c,d € N) can be expressed as a rational lin-
ear combination of products of (yrr2(p, ¢;7) and ((s) when a+b+c+d € 2N.
Therefore we can interpret the results in Theorem 4.6 as concrete formulas

which represent the parity result for (a7 3.

The method in this section can be applied to more general situation,
which will be discussed elsewhere.

5 Analytic properties of certain triple zeta-
functions

In this section, we aim to give the proof of Theorem 4.2. For this aim, we
mainly use the method established by the first-named author (see [5, 6, 7,

8]).
Let
(5.1) H(sy, 82,8 s)'—i !
. 1,52, 53, 54 '_klm:1 kslmsz(k+l)53(l+m)84'
By (4.1), we have
(52) (317 $2, 83, 84) - Z Z fes1]s2 Z_ ms3ns4
N=1 k,l=1 m,n=1
k+1=N m+n=N
0o 1 1
N ksimpss Z (N — k)2(N —m)s+
k,m=1 N>max(k,m)

We separate the right-hand side of (5.2) as Y, .. +> ., +> 4o, Then

the first term and the third term are equal to H (s1, s4, S3, S2) and H(s3, 9, $1, S4),
respectively. The second term is equal to ((s7 + s3)((s2 + s4). Hence we
have

(5.3) G(s1, S2, S3,54) = C(s1 + $3)C(S2 + S4)
+ H(Sl, S4, 53, 82) + H(S?n S2, 51, 84)-

Therefore we need to consider H(s1, so, 3, 54). Actually, H(s1, sq, S3,4) i8
equal to (say(s1,0, 82, 53, 54,0), where (gya)(s1, S2, 53, 54, 55, 56) is the Witten
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zeta-function associated with s[(4) (see [9]) defined by
(5.4)
1
Isime2nss (L +m)ss(m +n)® (I +m +n)%

Cﬁ[ (4) (817 S2, 83, S4, S5, 86

I,m,n=1

First we prove the following lemma. Though this is regarded as a spe-
cial case of [9, Theorem 3.5], we can prove this lemma more simply by
considering a simple integral representation of H (s, S, 3, 4) (see (5.15)).

Lemma 5.1. The function H(s1, s9, S3,54) can be continued meromorphi-
cally to C*, and all of its singularities are located on the subsets of C* defined
by one of the equations:

.5) si+s3=1—1 (I €Ny);
.6) So+s4=1—1 (Il €Np);
7) ss+s4=1—1 (Il €Np);
8) s1+s3+s4=2—1 (I €Ny);
9) So+sg+s,=2—1 (I €Ny
.10) S1 4 8o+ S3+ 84 = 3,

all of which are true singularities.

Proof. We use the same notation as in the proof of [8, Theorem 1]. We
recall the Mellin-Barnes formula
1 L(s+ 2)[(-=

)
Ndz,
" 2mi © ['(s)

(5.11) (142"

where Rs > 0, |arg\| < 7, A # 0, ¢c € R with —Rs < ¢ < 0,4 = v/—1 and
the path (c) of integration is the vertical line £z = c.

Assume s; € C with Rs; > 1 (j = 1,2,3,4). Then H(sy, S2, S3, 54)
is convergent absolutely. Let (k + [)™ = 7% (1 + %)733 in (5.1), and
substitute (5.11) with A = &/l into (5.1). Assume —¥s3 < ¢ < 0. Then we
have

(5.12)  H(s1, $2, 53, 54)

1 F83—|—Z k i
- %) a
omi ZE: Joo1 25: [s3m52 l%—Tn, (z ) :

(c)
1 [(ss+ z)F(—z)
211 (c) F(Sg)

C(s1— 2)Cura(s2, S3+ 25 84)dz.

Note that, by the assumptions Rs; > 1 (1 < j <4) and —Rs3 < ¢ < 0, we
see that each series in the integrand on the second member of (5.12) is con-
vergent absolutely. By [5, Theorem 1], the singularities of (p72(s1, S2; 83)
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are located only on the subsets of C® defined by one of the equations:
81+83:1—l, 82+83:1—l (ZGNO), 81+82+83:2.

Hence, by considering singularities of I'(s), ((s) and Cpyr2(s1, S2;83), we
see that the singularities of the integrand of (5.12) are determined by z =
—s3—lz=lz=81—1,8+s,=1—-1,2z=1—5s3—s4—1 (Il € Ny) and
z=2— S9g — S3 — S4.

Now we shift the path Rz = ¢ to Rz = M — ¢ for a sufficiently large
M € N and a sufficiently small positive ¢ € R. Then all the relevant
singularities are z =1 (0 < [ < M — 1) and z = s; — 1. Counting their
residues, and using the relations

o1 S0 =(7)

and

(G.14) T(-l—§)=—0 —(_.1)[ <1 +0(1)) (6= 0)

for [ € Ny, we have

(5.15)
[(s1+s3— DI'(1 — )
['(s3)

M-1
T Z <_]:3>C(51 — k)Cur2(s2, 83+ k; 54)
k=0

1 [(s3+ 2)['(—2)
210 J (v —e) I'(ss)

H(s1, S2,3,54) = Cur2(S2, 51+ 3 — 15 54)

C(s1 — 2)Cur2(S2, S3+ 2;54)dz,

because Res,—s, -1 ((s1 —2) = —1 and

S Rerea =)

Since M can be taken arbitrarily large, (5.15) implies the meromorphic
continuation of H(s1, s, s3,54) to C*.

Fix a point (s1, s, 83, 54) € C*. Among the above list of singularities of
the integrand of (5.12), only the family so+s4 = 1—1 (I € Ny) is independent
of z. Therefore, by choosing a sufficiently large M, we may assume that
the integral term on the right-hand side of (5.15) is holomorphic, except
So+ s, = 1—1(l € Ny), around the fixed (sq,s9,53,54). Also we see
that the singularities of the first term on the right-hand side of (5.15) are
determined by s1+s3=1—1, 81 =141, s04+54 =1—1, 51+ 53+54 =2—1,
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s1+ S2+ 83+ 54 =3 (I € Ny), those of the second term are determined by
S1 = 1+k’, 82+84 = 1—[, 83+84 = 1—(]C+l>, 82+83+S4 :2—k
(0<k<M-—1;1€Ny). Using the symmetricity

(516> H(S2781784783> == H(517827S3784>7

we see that s; = 1+ is not a singularity of H(s1, sq, 3, S4) because s, = 141
is not a singularity. On the other hand, we see that

(5.17) Cura(st, —l;s2) 20 (1 € Ny),
because
0o 1
n
(5.18) Cura(l+2, =51 +2) = m; 2 m e

which is convergent absolutely. Hence, from (5.17), we see that s; + s3 =
1 — [ is not cancelled with the factor of (y72 in the first term on the
right-hand side of (5.15). Hence we find that (5.5), (5.8)-(5.10) determine
true singularities because these equations come from only one term on the
right-hand side of (5.15). The singularity s3 + s, = 1 — [ comes from the
terms, corresponding to 0 < k <[, in the sum part on the right-hand side
of (5.15); but these are not cancelled, because the residues coming from
different terms have different order with respect to s3. Hence (5.7) also
gives true singularities. Furthermore, combining (5.16) with the fact that
(5.5) determines a true singularity as mentioned above, we can conclude
that (5.6) also determines a true singularity. Thus we obtain the proof of
Lemma 5.1.

Remark 5.2. From [9, Theorem 3.5], we see that the list of singularities of
H(s1,52,53,51) = Coia)(51, 0, 82, 53, 54,0) are given by (5.5)-(5.10) and

(519) S1+ 8o+ S3+s4=2—1 (ZENO),

though (5.19) does not appear in Lemma 5.1. In fact, we can check that
(5.19) does not determine the singularity of H (s, sq, S3, s4) as follows. The
possible singularity (5.19) comes from [9, (3.43)], the singularities of (s,
which come from
[(sg+s5+ss+n—1)I(1—s3—s5—n)
I'(s6)
X Cur2(S1,82 — N S3+ 54+ 55+ 56 +n — 1)

51:

corresponding to $1 + (s3+ 84+ 85+ s +n—1) =1—1 (I € Np). These are
indeed true singularities of (qya) (51, 82, 53, S4, 55, 56). However, in the above
argument, we consider the case (sa,s6) = (0,0). Hence these singularities
are cancelled with I'(sg) as s¢ — 0. Thus (5.19) does not determine a
singularity of H(s1, sq, S3, S4)-
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From Lemma 5.1, we give the proof of Theorem 4.2, namely determine
the true singularities of G(s1, s2, S3, S4).

Proof of Theorem 4.2 The meromorphic continuation of G' comes from
that of H and of {(s). From Lemma 5.1, true singularities of H (s, S4, 53, S2)
are determined by s; +s3 = 1 —1[, so +s4 = 1 =1, s9 +s3 = 1 — 1,
S1+8o+83=2—1,8+83+s4=2—1and s;+s2+s3+s4, =3 (I € Ny), and
those of H(ss, 2,51, 84) are determined by s; +s3 =1—1, so+s4 =1 — 1,
S1+84=1—1,81+53+54 =21, s1+s9+s4 =2—1 and s1+Sy+53+54 = 3.
Furthermore those of ((s; + s3)((s2+ s4) are determined by s; +s3 = 1 and
ss 454 = 1. Hence we have only to check that sy +s3 =1—1, so+s4 =1—1
and s; + Sg + s3 + s4 = 3 determine true singularities.

Using the relation G(si, se, S3,54) = G(S2, 81, S3,54) = G(s1, S2, S4, S3)
and from the fact that s; + s4 = 1 4+ [ determines a true singularity as
mentioned above, we can conclude that sy +s3=1—1and sg +s4,=1—1
also determine true singularities.

On the other hand, this kind of argument using symmetry is not enough
to prove the fact that s; + sy + s3 + s4 = 3 determines a true singularity.
Hence we have to give more detailed consideration. From [5, (5.3)], we have

C(sg 4+ 83— DHI'(1 — s9)

(520) CMT,Q(Sla S9; 83) = C(Sl + Sg + S3 — 1)

['(s3)
+ % (‘;3)«51 + 55+ k)C (59— k)
1 [(s3+ 2)['(—2)

5 C(s1+ 83+ 2)((s2 — 2)dz.
27 Jr—e) ['(s3)
Therefore the singular part of (pra(s2,s1 + s3 — 1;s4) corresponding to
S1+ So + 83+ s4 = 3 comes from ((s1 + s2 + 3+ s4 — 2). Hence the relevant
singular part of H(sy, s4, S3, S2) 18
(5 21) F(Sl + S3 — 1)F(1 — 81) ) P(Sl + 89 + S3 — 2)F(2 — 81 — 83)

' I['(s3) I['(sq)

X C(81+82+83+84—2).

Similarly, the relevant singular part of H(ss, sq, $1, 84) iS

F(Sl + s3 — 1)F(1 — 83) ) P(Sl + 83+ 84 — 2)F(2 — 851 — 83)
[(s1) I(s4)
X C(81+52+53+S4—2>.

(5.22)
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Therefore the relevant singular part of G(s1, S2, S3, 84) is

(5.23)
F(Sl + 83 — 1)F(2 — 51 — Sg)C(Sl + So + S3 + S4 — 2)
% {F(l — 81)F(81 + S9 + S3 — 2) T F(l — Sg)F(Sl + 83+ S4 — 2)}
I'(s2)T'(s3) I'(s1)T'(s4)

If we substitute s; = 3 — s; — s — s3 into the part of the curly parentheses
in (5.23), then we find that it is equal to

['(1—s1)T(s1 + 52 + 83— 2) [(1 —s3)I'(1 — s9)
['(s2)T(s3) [(s1)T(3—s1 — 82— s3)

We can check that this quantity is # 0, by observing the situation when
J's1 — o0, or by observing the value at (s1, $2, s3) with so = s3 = 1/2 and
s1 — 1. Thus we see that s; + so+ s3+s4 = 3 determines a true singularity.
This completes the proof of Theorem 4.2. (Note that we will give another
expression of (5.23) in Remark 6.3.)

Remark 5.3. In the proof of Theorem 4.2, we concluded that s;+s3 = 1+1
(I € Np) gives a true singularity by the argument using symmetry of indices
and the fact that s; +s4 = 1+ determines a true singularity. On the other
hand, we can directly prove this fact as follows.

Singularities determined by s; + s3 =1 —1 (I € Ny) come from I'(s; +
s3 — 1) in the second term on the right-hand side of (5.12). Suppose [ € N.
Then the relevant singular part of G(sy, so, S3,54) is

'l —s
(524) F(Sl + S3 — 1){MCMT,2(547 S1 + S3 — ]_, 82)
[(s3)
I'1—s
+ %CMTQ(S% s1+ 83— 1 54)}-
If we substitute s3 = 1 — s; — [ into the part of the curly parentheses, then
we have
ra - r l
(5.25) (1 =51) )

mgMT,2(S4, —l; 82) + WgMT’Q(SQ, —l; 84)

=s1(s1+1)---(s1+1-1)
X {CMT,2(84, —l;89) + (_1)ZCMT,2(327 -1 34)} Z0.

In fact, if [ is even, then by putting sy = s4 = [+ 2 and using (5.18), we see
that (5.25) holds. If [ is odd, then by putting so =1+ 2 and s, = [ + 3 we
have

Curo(l+3, —61+2) = Curo(l+2, =114 3) = Cura(l+3,—1—1;1+3) >0,
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hence (5.25) holds. This implies that s; +s3 = 1 —1 (I € N) determine true
singularities.

Suppose | = 0. Then the relevant singular part of G(si, sa, s3,S4) i8
(5.20) plus ((s1 + s3)C(s2 + s4) which can be written as

(526) ﬁ{C(SQ + 54) + %CMTQ(S% 81+ 83 — 17 82)
F(l_l‘(;l()gg)gMT,Z(S% s1+s3—1; 84)} +O(1).

If we substitute s3 = 1 — s; into the part of the curly parentheses, then we
have

C(52 + 54) + Cur2(52, 05 84) 4+ Curr2(54, 05 52) = ((52)C(54) # 0.

This implies that s; 4+ s3 = 1 determines a true singularity.

6 True singularities of (37, and some remarks

In this section, we consider further applications of the method used in Sec-

tion 5.
First we determine true singularities of (arr,(s1,- .., S5 Sp41). Actually,
in [8, Theorem 1], the first-named author showed that (yr.(s1, ..., S5 Sp1)

can be continued meromorphically to C"*! and gave the list ((6.1) below)
of the possible singularities. By combining this method with our present
method, we can determine true singularities of (y/r, as follows. Note that
the case r = 3 of this theorem coincides with Theorem 4.1.

Theorem 6.1. The function (yr.(S1,- .., S Srs1) can be continued mero-
morphically to C"1 and their singularities are given by one of the following
equations:

;

(Sj—1)+8r+1:—l (1§j§T,l€No);
(Sj1—1)+(8]‘2—1)+87»+1:—l (1§]1 <j2§T,l€NQ);

(6.1) -
N (s =D+ s =1 (1<G <00 < ooy <7l € No);

v=1

81+82+"‘+8r+1:7’,

\

all of which are true singularities.

Proof. We will prove this theorem by induction on r > 1.
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In the case r = 1, we see that (yr71(51; 52) = (($1+52). Hence s1+s9 =1
only determines a singularity of (a7 1(s1;52). Thus we have the assertion.
Actually the case r = 2 has also been proved in [5, Theorem 1].

Assume that the assertion in the case of r—1 (r > 1) holds, and consider
the case of r. From [8, (3.2)], we have

(6.2)
gMT,r(Sla <oy Sy 3r+1)
L(sy + 5,01 — D1 = s,)
= r— yoeeySr—1; S T —1
(5721 Curr—1(51 Sr—1;Sr + Sr41 )
M1,
+ ; ( k:+1)CMT,r—1(81, ces Se—1; 1 + K)C(sp — K)
1 L(sp1+ 2)'(—2)
— _ ey Sp_1; Sy r— 2)dz,
2mi Jorey  L(Sr41) CMTr-1(81; - Sr-1i Sra + 2)((sr = 2)dz

where M (€ N) is a sufficiently large number and ¢ (€ R) is a sufficiently
small positive number. Since M can be taken arbitrarily large, (6.2) im-
plies the meromorphic continuation of Cyr,(S1, - - -, S5 Sr11) to C™, by the
assumption of induction.

Now we take a sufficiently large M which satisfies that the third term
on the right-hand side of (6.2) is holomorphic on a certain neighbourhood
of (s1,...,8-11). Indeed, we can take it by the assumption of induction.
Then, by the assumption again, we see that singularities of the first term
on the right-hand side of (6.2) are determined by

(6.3) D (sj= 1)+ (8 + $p01 — 1) = =1 (I € Ny);
(6.4) rz_:(sj — 1)+ (8¢ + 81 — 1) = 0;
(6.5) sj;—i- S =1—-1 (1 eNp);

8r:1+l (lEN()),

where J(# () runs over all proper subsets of {1,2,...,r—1}. Similarly, we
see that singularities of the second term on the right-hand side of (6.2) are
determined by

(6.7) D (sj= 1)+ (8,41 + k) = =1 (k,1 € No);
(68) Ti(Sj — 1) + (5r+1 + k) =0 (k < N0)7
(6.9) ij_ k=1 (keNp)
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for J as above.

First we claim that (6.6), namely (6.9) is not a singularity of (p7,. In
fact, since s; = 1+ 1 (I € Ny) is not singular because of r > 1, we see from
the symmetry of indices

CMT,r(Sla <oy Spy 5r+1) = CMT,r(Sm 8154+ Sr—1; Sr—i—l)

that s, = 1+ 1 (I € Np) is also not singular. Note that this fact has
been already obtained from [8, (3.3)], by checking the cancellation directly.
However the above argument is much simpler than that in [8].

Next we claim that (6.3), (6.4) and (6.5) determine true singularities of
Cumry- In fact, these come from only the first term on the right-hand side
of (6.2). Furthermore (6.3) and (6.4) are not cancelled with the Gamma
factors, hence determine true singularities. On the other hand, we need to
check whether (6.5) is cancelled with the factor of (yr,—1 or not. For this
checking, we claim that

(6.10) Crrr(S1,-- 85 —1) 0

for I € Ny. Actually, as well as (5.17) and (5.18), this fact comes from

i (my 4 -+ +m,)

ml1+2 e miﬂ+2

Courp (L2, 1 +2;—1) =

N

= 2 g U2k (2= ) > 0
K1y kr €Ng
kit ter =1

From these facts, we see that (6.5) is not cancelled with the factor of (7,1,
hence (6.5) determines a true singularity.

Lastly we consider (6.7) and (6.8). In fact, from the symmetry of indices
and by the fact that (6.3) determines a true singularity, we see that (6.7) and
(6.8) also determine true singularities. Thus, from the above consideration,
we see that the assertion in the case of r holds. By induction on r, we
obtain the proof of Theorem 6.1.

Remark 6.2. Here we give an alternating proof of (6.10) by induction on
r € N. In the case r = 1, it is obvious. Hence we assume that (6.10) holds
for r — 1 (r > 1), and prove the case of r. Put s, = —[l in (6.2). Then the
first and the third terms on the right-hand side of (6.2) vanish because of
the Gamma factor. Therefore we have

(6.11) Curr(S15 -, 805 1)

’M—l l
) (k:) Gurrra(st, 8otk = DC(sr = K).
k=0
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We see that as a set of meromorphic functions, {((s — k) | k € Ny} are
linearly independent over C. In fact, we have only to consider each pole of
C(s — k) (k € Ng). From the assumption of induction, we have

(612) CMT,T‘*1<817 vy Sp—1, —l> # 0

for some (si,...,5,_1) € C"~1. If we regard (6.11) as a linear relation for
the functions in s,, then (6.12) implies that the coefficient of ((s,) does
not vanish. Hence we see that Cpr.(S1, ..., Sp; —1) Z 0. Thus we have the
assertion.

Remark 6.3. Since (6.4) is not cancelled with the Gamma factor, we can
prove that the singular part of (yr,(s1, ..., S5 8r41) relevant to (6.4) can
be written as

F'l—sy)---I'(1—s,)
(s14 -+ 81— 1)D(841)

(6.13) +0(1)

as §1 + -+ -+ S,41 — r, by induction on r. In fact, in the case r = 1, we see
that (6.13) is

F(l - 51) 1

it s DGy W= g TOW:

(6.14)

which coincides with the singular part of Cpr1(s1; $2)(= ((s1+ s2)) relevant
to s; + sy — 1. Hence we have the assertion in the case r = 1. Assume that
the case of r — 1 holds. Then the singular part of Carrp—1(s1,- ..y Sr—1; S, +
Sr4+1 — 1) relevant to (6.4) is

T(1—s)---T(1—s._1)
(81 +"'+ST‘+1 —T)F(ST+ST+1 - 1)

(6.15) + O(1).
By substituting (6.15) into (6.2), we immediately obtain the assertion in
the case of r.

Applying (6.13) in the case r = 2 to (5.15), we see that (5.21) can be
written as

(6.16)
I(si+s3—1I'(1—s1) T'(1—s)I(2— 51— s3)
['(s3) (s1+ 52+ 53+ 54 — 3)[(s2) +0)
(1 —=s)I(1 = s2)I(1 — s3)[(1 — 54) sin(msy) sin(7s3)
T S1+ 82+ 83+ 84— 3 msin(m(s1 + $3)) +00),

because I'(2)['(1 — 2) = 7/sin(7z). Similarly, we see that (5.22) can be
written as
['(1—s1)T'(1 — s9)T'(1 — s3)['(1 — s4) sin(msy) sin(msy)

6.17
(6.17) $1+ So+ 53+ 54— 3 mwsin(m(sy + s3))

+0(1).

26



Since it can be elementarily shown that

sin(msy ) sin(wsy) + sin(mwsy) sin(wsz) — sin(w(sy + s2)) sin(7(sy + s3))

= {sin(msy) — sin(7w(s1 + so + s3))} sin(7sy),
we have

(6.18)  sin(wsy)sin(wsy) + sin(wsy) sin(mss)

= sin(7(s1 + s2)) sin(w(s1 + s3)) + O(s1 + 2+ s3+ 54 — 3).

Hence, using (6.18), we see that (5.23), that is the singular part of G(s1, $2, s3, S4)
relevant to (5.10), can be obtained as (6.16) plus (6.17), namely

(6.19)
P = s)T'(1 = s9)I'(1 — s3)I'(1 — s4) sin(msy) sin(msz) + sin(msy) sin(msy)
$1+ 852+ 53+ 54— 3 msin(m(s; + $3))
[(1 —s1)T'(1 — s9)T'(1 — s3)['(1 — s4) sin(7(s1 + s2))

= _ + O(1).
$1+82+83+84—3 T ()

From this expression it is obvious that (6.19), that is (5.23), is indeed sin-
gular at s; + o + s3+ s4 = 3.

We conclude this paper with a comment on the Witten multiple zeta-
function (5.4) associated with s[(4). From (5.4), we see that

(620> 451(4) (817 S2, 83, 5S4, S5, 86) = CS[(4) (837 S92, 51, S5, S4, 86)'

In [9, Section 4], it was shown that true singularities of Cs4) (51, 52, 53, 54, 55, 56)
are determined by

(6.21) s1+sa+ss=1—1 (I € Ny);

( ) Sot+si+s5+s¢=1—1 (I € Ny);

( ) s3s+s5+ss=1—1 (I €Ny);

(6.24) S1+ S+ sat+ss+ss=2—-1 (Il € Ny);
(6.25) S1+ 83+ sa+ss+se=2—1 (Il € Ny);
(6.26) So+S3+Ssat+ss+se=2—1 (Il €Ny);
( ) S1+ So+ 83+ S84+ S5+ 86 = 3.

Using (6.20), we see that (6.23) and (6.26) determine true singularities from
the fact that (6.21) and (6.24) do so. This argument for (6.23) and (6.26)
is much simpler than the original method in [9]. Hence we can see that
this kind of argument using symmetry is convenient for checking whether
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singularities are true or not. On the other hand, the method used in the

latter part of the proof of Theorem 4.2 and in Remarks 5.3 and 6.3 is

convenient for getting explicit information about singularities. Therefore it

seems that we should use these two methods properly case by case.
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