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1. INTRODUCTION

Let r be a positive integer, sy, ... , s, be complex variables, aq, ... , a,., wy, ...
w, be complex parameters, and consider the r-ple zeta-function

G((s1y v y80);(Qn, .o yap), (W, ... w,))

— Z e Z (o1 + mywy) " (g + mywy + mows) ™2

m1=0 my=0
X oo X (ap + mpwy + -+ mpw,) (1.1)
If aj + mqwy + -+ + mjw; = 0 for some j and some (my,...,m;), then the

corresponding terms are to be removed from the sum.

This type of multiple zeta-functions was introduced by the author [11] [12], as
a simultaneous generalization of both Barnes multiple zeta-functions (the case
s1=---=s5,_1=01in (1.1)) and Euler-Zagier sums (the case a;; = j, w; = 1 for
1 <j<rin (1.1)). Let ¢ be a fixed line on the complex plane C crossing the
origin. Then ¢ divides C into three parts; two open half-planes and ¢ itself. Let
H(?) be one of those half-planes, and assume that

w; € H(0) (1<j5<r). (1.2)

In [11] it has been proved that, under assumption (1.2), the series (1.1) is con-
vergent absolutely in the region

A ={(s1,-..,8) €CT | R(srps1+---+s) >k (1<k<r)}
(1.3)

uniformly in any compact subset of A,. In [12], the meromorphic continuation
of (1.1) to the whole space C” has been shown in the special case when 0 < a; <
ay < -+ <, and w; =1 for all j.

Then in [13] [14], the meromorphic continuation of (1.1) has been studied in a
more general setting. In [13], besides (1.2), we further assume

a;eHE) (1<j<r) (1.4)
1
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and
Qi1 — Q5 € H(g) (1 S ] S r— 1) (15)

Note that «; + mqwy + - - - + myw; € H(¢) always holds under (1.2) and (1.4).
In [13], the meromorphic continuation of (1.1) to the whole space C" has been
established under the above assumptions. Moreover in the same paper, the as-
ymptotic expansion of (.((s1,...,s); (a1,...,q.), (wy,... ,w,)) with respect to
w, when |w,| — 0 has been proved. In [14], the meromorphic continuation of
(1.1) has been proved just under assumption (1.2), without assuming (1.4), (1.5).

In the present paper we return to the situation in [13]; therefore hereafter
we assume (1.2), (1.4) and (1.5). The main purpose of the present paper is
to study the asymptotic behaviour of (.((s1,...,s:); (a1, ..., q.), (w,... ,w,))
when |w,| — co. In the next section we will prove a formula, which describes the
behaviour of ¢, when |w,| — oco. In Sections 3 and 4 we will study an important
special case, that is the class of Barnes multiple zeta-functions. Then in Section
5 we will deduce an asymptotic expansion formula for multiple gamma-functions.
Finally in Section 6 we will give some comments on Shintani’s theory for Hecke
L-functions of totally real number fields. In particular we will show that there is
a recursive structure in the family of Shintani multiple zeta-functions.

2. THE GENERAL ASYMPTOTIC FORMULA

The purpose of this section is to prove an asymptotic expansion formula for
general (.((s1,...,8); (a1,... ), (wi,...,w,.)), under assumptions (1.2), (1.4)
and (1.5). Let

()= m™, (s = X (mta)”

m=1 m=0

be the Riemann zeta and the Hurwitz zeta-function (with parameter a) respec-
tively, where

(m+a)”® = exp(—slog(m + a)), —r < arg(m+a) < .

Let N be the set of positive integers, N the set of non-negative integers, and
put

s\ _Js(s—=1)---(s—k+1)/k! if ke N,
<k>_ L if & = 0.

The case r = 1 is easy. In this case the series (1.1) is

Ci(s1;00,w1) = i (a1 +mwy) ™" = w ™ i (m + ﬂ) - (2.1)

m=0 m=0 wy
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similarly to (3.6) of [13]. The right-hand side of (2.1) is equal to wy **((s1, a1 /wy).
When a is a non-zero complex number with |a| < 1, we have

C(s,a)=a~* + é) (‘lj>g(s 4 k)ak. (2.2)

When 0 < a < 1, this is due to Mikolds [16]. Or it can be proved by letting
N — o0 in Lemma 6 of Katsurada-Matsumoto [8]. Lemma 6 of [8] is stated only
for real positive a, but it is valid also for complex a. Substituting (2.2) into the
right-hand side of (2.1), we obtain the expansion formula for ;(s1; aq,w;) which
is valid when |w,| is large.

Now we assume r > 2, and write s; = o; +it; (1 < j <r). Let N > 2 be a
positive integer, and at first assume

0; 20 (1<j<r-—1), o> N+r—1. (2.3)

Then (si,...,s.) € A,, hence the series (1.1) is convergent absolutely. Using
Mellin-Barnes integral formula ((3.1) of [13]), similarly to (3.7) of [13], we can
show

G((s1,- v y80); (0, ey ap), (wr, ... w,))

1 O(s, + 2)['(—2) '
- Q—W/(c) F(Sr) Cr71<<517--- y Sr—2, Sr—1 +5r+z)7

Qp — B
(o, yapq), (Wi, ..., weq)) € (—z, Tl) widz, (2.4)

where the path of integration is the vertical line Rz = ¢. In order to use the
Mellin-Barnes formula, it is necessary to assume —o, < ¢ < 0. Moreover, to
ensure the convergence of two zeta factors on the right-hand side of (2.4), we
require 0, + -+ 0,1 +o,+c>k (1 <k <r—1)and ¢ < —1. Therefore,
comparing with (2.3), a suitable choice is ¢ = —N + ¢ with a small € > 0.

We list up the singularities of the integrand on the right-hand side of (2.4).
The poles of the gamma factors are

(A) z=—s, —ny (n; € Ny),
(B) z=n (n € Ny).

The Hurwitz zeta-function gives a pole at
(C) z=—1.

Lastly, according to Theorem 1 of [13], the possible singularities of {,_; in the
integrand are

= 8= s+ j—ny (0 €Ng, 2 < j <1 —1),
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From (2.3) and the choice ¢ = —N + ¢ we see that the poles (B) and (C) are on
the right of the path of integration, while all the other poles are on the left.

Now let (8%, ..., s%) be any point in C”, and we aim at proving an asymptotic
formula of (.((s1,...,8.);(q1,..., ), (wy,... ,w,)) at the point (s?,...,sY).
Write 59 = o + it} (1 < j <r), and assume that

0, t2 %  +t2 ..., Y+ -+ are all different. (2.5)
This condition especially implies (in view of Theorem 1 of [13]) that (. is not
singular at (s9,...,s)). Let s§ = max{o},0} + it} (1 < j <r—1)and s} =
N + 17 —1+n+it% where n is a small positive number. Then (sq,...,s,) =
(s7,...,sk) satisfies (2.3), hence (2.4) holds for (s1,...,s,) = (s7,...,sk). Since
0080 18 o )+ -+ 12 are all different from 0 by (2.5), we can deform

the path Rz = ¢ of (2.4) to obtain the new path C from ¢ — ico to ¢ + ico, such
that all the half-lines

Li={o—ilti_;j+-+t) o< —0) ;= —o)+j (0<j<r—1)
(2.6)

are on the left of C, while the poles (B) and (C) still remain on the right of C (see
Figure 1). Then we have

G((s1y. e y80);(agy ooy ap), (wy, ... w,))

1 /C L(s, + 2)[(—2)

CT‘—l((Sla v 3 Sp—2,Sp—1 + Sy + Z)a

27 I'(s,)
Qy — ;
(a1, ... ,ap_1), (w1, ... ;we—1)) C (—z, T1> widz. (2.7)
The next step is to move (sy,...,s,) from (s},...,s*) to (s?,...,s%) with

keeping the values of imaginary parts of each s;. The poles (A), (D) and (E)
of the integrand move along the half-lines L; (0 < j < r — 1), hence they do
not cross the contour C during this procedure. To carry out this procedure, it is
necessary to show that the integral is always convergent during the procedure.
For this purpose, we need one more assumption. Let

p(a, w) = max{| arg a], | arg w]}.
We assume
pla; — iy, w;) + ploy —aj_q,w;) <m (1<i<j<r) (2.8)

(where ap = 0), which is necessary to use Theorem 4 of [13]. Write z = x + iy.
Applying Stirling’s formula to gamma factors, Theorem 4 (iii) of [13] to ¢,_1, and
Lemma 2 of [13] to the factor

C (_27 Ay — arl) wf

Wy
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Fig.1

in the integrand, we find that the integrand is

™ ort+xr—
< exp (0tel = [t 9l = yD)) It + ]+ )71
(] + 1) (] 1)

r—1
x {Z(\tm +tr+y[+ 1) D exp(|t, 1+t + ylplay — amwj))}
j=1

X Jw, [*(|y| + 1) exp(ly|p(ay — a1, wy)), (2.9)

where f(j), f(r — 1) are certain positive numbers depending on oy,... , 0., ,¢.
Therefore, under assumption (2.8), we see that the integral is convergent abso-
lutely during the above procedure. Hence (2.7) with (s1,...,s,) = (s{,...,s?)

© 9 Op
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is established. The idea of the above argument of analytic continuation was first
appeared in [15].

Next we deform the contour C back to the original path Rz = ¢ = —N + <.
During this deformation we meet several poles, whose residues we should count.
Because of assumption (2.5), none of the poles (A), (D), (E) for (s,...,s,) =

(s%,...,5Y) coincides with each other. Hence we can easily show inductively, by
using (4.4) of [13], that all of those poles are (at most) simple. We denote the
residues of ¢, _1((s1,. .-, Sr—2, Sr_1+ 8- +2); (a1,... , 1), (w1,... ,w,_1)) at the
poles (D) and (E) by
R]D(n]a (Sla s 757’—2); (ala s 7ar—1)7 (wla s 7w7"—1))
(nj € Np,2<j<r-—1)and
RE((SD s 787"—2); (ala s 7ar—1)7 (wh s 7w7’—1))7

respectively. (These do not depend on s,_1, s..) Then the residues of the inte-
grand on the right-hand side of (2.7) with (s1,...,s,) = (s?,...,s%) at the poles
(A), (D), (E) are

0 0 5 . 0 0
A —s0—n D —Sp_j T sehd B, —Spo1—srtl
XA (n)w, ™™ X (ng)wr , XPwr :

respectively, where

XA(nl) :XA(nl;(s(l),... 30),(a1,... ,aq), (wy, .o w,))

»er

g0
:< r>§r1((s(1], o ,5972, 3271 —nq); (o, o), (W, ..o we—q))

ni

R B
X]D(nj) :ij(nj; (s, ... ,80) (s ap), (wr, e w,))
Doy sy g )Ty 4ot sl m)
N [(s2)
X R]D(nj; (s, ... ,8% )i(ag, ... ap_y), (wr, ... ,we_y))
, Oy — O
XC(SSJ-+'“+89—J+”]‘,71),
and
XE=XF((s,... .89, (aq,...,0p), (wy,...,w,))
T =8 Jl(s) o +57— 1)
N (s7)
x RE((s9,...,8% )i (an,... ,ap 1), (wr, ... ,wp_1))

Wy
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The poles of the form (A) are on the right of Rz = ¢ when —0°% —n; > —N +¢,
that is,

0<n  <N-—0o°—c¢. (2.10)
Similarly, the poles of the form (D) are on the right of Rz = ¢ when

Ognj<N—(ag_j+---+aE)+j—5 2<j<r-—1).

(2.11)
The poles of the form (E) are on the right of Rz = ¢ when
—0%  —0%+1>~—-N +e. (2.12)

We choose N = N(o?,...,0?) sufficiently large such that (2.12) is valid and the

right-hand sides of (2.10) and (2.11) are positive. Let A\§ = o7 _; 4 --- 4 0], and
. 0 o O O O . . O . .

write A5 = [Aj] + {Aj}, where [A]] is an integer and 0 < {A7} < 1. Similarly we

write 00 = [02] + {o%}. If we choose € = £(a¥,... ,0?) > 0 sufficiently small for

which {\)} +e <1 (2<j<r—1)and{0)}+¢e <1, then from (2.10) and (2.11)

we have

0<n <N-—[oY] -1, OSHjSN—[)\?]Jrj—l 2<j<r—1).

T

Therefore
CT((S(I]V' ,82),(041, 7ar>7(w17 7wr))
N—[09]-1
= Z XA(nl)wr o
n1=0

o1 N=[\J]+j—-1 . 0 . 04
D e A A E, ~Sr-175r
£ X e + XPu,
j=2 =0

1 (s + 2)T(—2)
el I e CRI(C AR S
Qap — Q. ;
(Oél, . ,Oérfl), (wl, e ,wr,l)) C (-Z, T1> wrdz. (213)

Lastly we estimate the integral term on the right-hand side of (2.13). The
integrand is estimated as (2.9) with x = —N +¢. Hence the integral is convergent
and O(Jw,|~V*¢). Therefore we now obtain the following result.
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Theorem 1. Let r > 2, and assume (1.2), (1.4), (1.5) and (2.8). Let (s9,...,s%)
be any point in C" satisfying (2.5). Then the formula

G((sY, ..., 8% (an, .oy, (W, ..., wy))
N-lop)-1 0 ra N=RH R
=Y Xmurt Y Y XDy T
n1=0 7j=2 n;=0

0 0
—s,_1—spt1

+ X P, + O(fw,| ) (2.14)

holds for any sufficiently large N and sufficiently small € > 0.

Remark 1 Let 6 € (—m, 7] be the number determined by
H(E):{wEC\{O} ‘9—g<argw<9+g}.

Then, without assumption (2.8), we can prove a formula similar to (2.14), but
with replacing w, by w,e~%, by the method developed in the last section of [13].
Moreover, it is also not difficult to obtain a formula without assumptions (1.4)
and (1.5), if we follow the argument in [14].

Remark 2 In Theorem 4 of [13], we have shown an upper bound estimate of
(-, valid uniformly in any vertical strip. Such an estimate is not necessary if we
only want to prove the analytic continuation and the asymptotic expansion for
small |w,|, because we can prove those results by the “right-shift” argument of
the path of integration, and during this procedure the factor (,_; in the integrand
is always in the domain of absolute convergence (see [14]). However, as we have
seen in this section, the estimate of Theorem 4 of [13] is essentially necessary to
study the behaviour of (. when |w,| is large.

Remark 3 Formula (2.14) is not the asymptotic expansion with respect to w,
in the strict sense, because the Hurwitz zeta factors in the coefficients X“(n,),
XP(n;), X” still include w,. But when |w,| is large, we can substitute formula
(2.2) of Mikolds into those factors to obtain the asymptotic expansion. A special
case is the situation when

oy — 1 = bw, (2.15)

holds with a constant b satisfying | argb| < w. Then ((s, (. —a,—1)/w,) = ((s,b)
is independent of w,, so (2.14) itself is the asymptotic expansion with respect to
w, in the strict sense.

Remark 4 This remark is an additional comment for [13]. In [13] we have
discussed the asymptotic behaviour of (, when |w,| is small. We have stated
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asymptotic expansion formulas (Theorems 2 and 5 of [13]) only under the above
condition (2.15). However we can relax the condition to

qp — Olp_] = blwr —+ b2 (216)

with two constants by, by. In this case we have

— b
wT' wr

Hence we can apply Katsurada’s asymptotic formula (Theorem 1 of [7]) to obtain
the asymptotic expansion of (s, (., —a,._1)/w,), hence the asymptotic expansion
of ¢, when |w,| is small.

3. THE CASE OF BARNES MULTIPLE ZETA-FUNCTIONS

One of the originators of analytic thoery of multiple zeta-functions is Barnes,
who introduced his r-ple zeta-function

Car(sion (i, ..o wy)) = > - Y (a+muwy + -+ + mw,)

in [1] (r =2) and [2] (any 7). As mentioned in Section 1, this is the special case
s1=+=58_1=0,s =sand o, = ain (1.1). It is now well known that Barnes
multiple zeta-functions are very important objects in number theory, hence it is
natural to study this case in detail.

Let r > 2, N be a large positive integer, and aw € H(¢). Assume (1.2), and also
assume

pla,w;) + pla,wj) < (1<i<ji<r-—1), (3.2)
pla,w) + largw,| <7 (1<i<r-—1).
Choose the parameters oy, ... ,a, by
a; = jloz (1<ji<r-2), ai1=a aq =a+uw,. (3.4)
7"‘_

Then (1.4), (1.5) and (2.8) are satisfied. Hence we can apply the argument in the
preceding section to the present case.

Let s1=---=s,_1=0,s.=sand write s =0 +it. Wheno > N +r—1, we
have (0,...,0,s) € A,, and (2.4) in the present case can be rewritten as
CBr(s;a+ w,, (wl, ce W)
=G (0,0, 8); (a/(r = 1), s wy), (wr, ... wy))
(=2)

1 (s+z)F '
_%/@ G0 0 2)

)
(af(r—=1),...,a),(w,... ,w—1)) ((—2)widz, (3.5)
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because (o, — a,—1)/w, = 1. The poles (A), (B) and (C) of the integrand are
the same as in Section 2. The poles (D) and (E) are coming from the factor (,_,
which is now

Go1((0,...,0, 84 2); (af(r=1),...,a), (wy, ... ,w,—1))
=C(pra1(s+ z 0, (W, ... ,w_1)). (3.6)
The poles of Barnes multiple zeta-functions were studied by Barnes himself.
Barnes [2] proved that (3.1) can be continued meromorphically to the whole com-

plex plane, and holomorphic except for the poles of order 1 at s =k (1 <k <r).
Hence the poles of (3.6) are at

(F)z=—-s+k(1<k<r-—1),

which are on the left of the path of integration 8z = c = —N +¢.
Let s° = 0% +it° € C with t° # 0. Then we can define a path C’ from ¢ — ico
to ¢ 4 100 such that
{o—it" |o < -0 +7r—1}
is on the left of C" while (B) and (C) are on the right of C’ (see Figure 2, where
s* = N +r—1+mn+it°). Then, by an argument similar to that in the preceding
section, we can continue (3.1) to s = s%, and we have

gB r(SO' o+ Wy, (wh s ,U}r))

N—[o%]—

- Z YA(ns) S_"JrZYFkS) o0tk

1 ['(s®+ 2)I(—z ) ' .

%/( - NED CB,T,l(SO + 2z, (wy, ..., wWeq)) C(—z)wrd%j)
where
YA(n; s%) :YA(n; % a, (wr, ..., we_1))
)
:< ’I’f )CB,?"—l(_n; «, (w17 s 7wr—1))C(80 + TL),
YF(k:; s%) :YF(k; % a, (wr, ... ,we_1))
E—DIT(s° —k
! %(ng )Rr—l,k(Q)C(SO — k),
and

Rr—l,k(a) = Rr—l,k(ay (wla S 7wr—1))
is the residue of (5, 1(s°+2; a, (w1, ... ,w,_1)) as a function in z at z = —s*+ £,
that is, the residue of (5 ,_1(s; o, (wy,... ,w,_1)) as a function in s at s = k.
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A

—s"+r—1
|
XXXX XX X-mmbmmmmmpm - 9
/‘—3*\ /
—s* =1 —s +1 I |

Fig.2

Combining (3.7) with the relation

Cor(s%a+w,, (wy, ... w,))
= CB’T(SO; a, (wy,. .. ,w,.)) — ngr_l(so; a, (wy, ... ,we_1)) (3.8)

(formula (4.9) of [13]), we have

QB’T(SO; a, (wy, ... ,w,.))
= CB,T,l(SO; a, (wy, ... ,w._1))
N—[o%]-1
+ > YA s ‘"+ZYF ks 0wk
n=0
1 [(s°+ 2)'(—2 ) 0 ' o
5 /( o T(s) CBr1(s” + zya, (wy, ... ywe—q)) C( z)wrd?é'g)

The value of R,_; ;(a) was evaluated by Barnes. Let u be a complex variable,
and define A, x(u) and T, ,,(u) by the following Laurent expansion:

T

e BT (1) = S0 @ 4 S T

k=1 k=1 (3. 10)
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The n-th r-ple Bernoulli polynomial S, ,,(u) = S, (u; (w1, ... ,w,)) is defined by
the properties S,,(0) = 0 and

1 d
E%Sr,n(u) = Tr,n(u).
Then it is not difficult to see that
App(u) = SE W) 1 <k<w), (3.11)

where the right-hand side means the (k + 1)-th derivative of S, ;(u) with respect
to u (Section 3 of Barnes [2]). Since S, 1(u) is a polynomial of degree r + 1 in u
(Section 7 of [2]), A, x(u) is a polynomial of degree r — k in u. Barnes proved (in
Section 28 of [2]) that the residue R, () of (g, (s;a, (wy,... ,w,)) at s =k is

(—=1)F S8 (@)
(k —1)!

R (o) = , (3.12)

hence

YE(k;s%) =

(_1)k+r—1 (ht1) N 80 -
s S ONC ) (3.13)

The integral term on the right-hand side of (3.9) is O(|w,|~*¢), as in the pre-
ceding section. Therefore we now arrive at the following theorem.

Theorem 2. Letr > 2, a € H({), and assume (1.2), (3.2) and (3.3). Let s° be
any complex number whose imaginary part is not 0. Then the formula

CBW(SO; a, (wy, ... ,w,.))
= B,T*l(so; «, ('LUl, s 7w7“71))
r—1 (_1>k+r71

+O(Jw,|7) (3.14)

holds for any sufficiently large N and sufficiently small € > 0.

Remark Since the choice (3.4) satisfies (2.15) (with b = 1), the above formula
(3.14) gives the asymptotic expansion with respect to w, in the strict sense.



MULTIPLE ZETA-FUNCTIONS 13

4. SPECIAL VALUES OF BARNES MULTIPLE ZETA-FUNCTIONS AT INTEGER
POINTS

Theorem 2 in the preceding section requires the assumption t° # 0. Hence
it excludes an important special case that s = h is an integer. However, for-
mula (3.9) actually gives the analytic continuation of (g, (s% a, (wy, ... ,w,)) to
a neighbourhood of any point s satisfying t° # 0. Therefore, putting s = h+t°
in (3.9) and letting t° — 0, we can obtain explicit information on the behaviour
of (g, around s° = h.

(I) Non-positive case. First consider the case of non-positive integers. Let
s — —h, h € Ng. Then YA(h + 1;5%) has a singular factor ¢(s° + h + 1), but
this singularity is cancelled by the binomial coefficient factor

< N ) = (=)(=s" =) o= = )/ (h + 1))

h+1
which vanishes at s = —h. The result of the cancellation is that
1
lim Y4(h+1; r1(—h —1; W)
40 Lmh ( + S ) h—'—lCB 1( O (w17 , W 1)) (41>
The binomial factor is also equal to 0 at s® = —h for any n > h + 2, hence
YAn;—h) =0  (n>h+2). (4.2)

Since I'(s?) has a pole at s = —h, the integral term on the right-hand side of
(3.9) also vanishes. Therefore, letting s — —h in (3.9) we obtain

Theorem 3. Under the same assumptions as in Theorem 2, we have

Cer(—hya, (wy, ... ,w,))
= (pro1(—h o, (wy, ... ,w_q))

o5 S ) (h kil
={0 *

D (ht k)

1
- h—_HgB,r—l(_h - 1a a, (wla sy Wee 1))w_1

+ Z ( )CBT (=n;a, (Wi, ... we_1))C(=h + n)wh™ (4.3)

for any h € Ny.

On the other hand, Barnes proved

G ) = S ) (4.4
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for any h € Ny (Sections 22 and 30 of [2]). Hence (4.3) may be rewritten as
follows.

Proposition 1. For any h € Ng, we have

r—1 1

’ =-S5, - S (@)C(—h — k)wlt®
r,h—i—l(a) r—l,h+1(a) ];1 (h + 2) . (h + k’) 1,1 (a)C( )U}

+ S ()w, ! — zh: hotl S’ ()¢ (=h +n)wh™
h+2 r—1,h+2 r = TL+1 r—1,n+1 r 45)

This is an explicit formula for S}, ;(a) in terms of (r — 1)-ple Bernoulli poly-
nomials. The special case h = 0 of (4.5) is

1 —11 1 _
7{,1<04) = _557,»—1,1(04) - ySﬁﬁﬁ}l)(a)C(—k)wf + 2 7/’—1,2<&>wr L
k=1""

(4.6)

(IT) Positive case. Next consider the situation when s° — h, where h € N,
1 < h < r. The function (g, has a pole of order 1 at s® = h, and we write the
Laurent expansion as

Cpr(h+6;a, (wy,...,w,))

1
= Ren(a)5 + CO(@) + CLy(a)d + C2p(a)d® + - - - .

The factor ¢(s®+n) in Y4(n; %) is singular at s® = h only if h = 1 and n = 0.
In this case the residue of Y4(0; s°)w*" at s = h =1 is

Car-1(05 0, (wy, . wen))wy = (=178 (@)w, (4.7)

Next we determine when Y'(k; s°) is singular at s° = h. From (3.13) we see that

(i) if 1 < h <r —1, then the factor ((s°—1)---(s®— k) for h <k <r—1
is singular at s° = h,

(ii) if 2 < h < r, then the factor ¢(s° — k) for k = h — 1 is singular at s° = h.

Therefore, when h = r (> 2), the singularity appears only from (ii). Putting

s =7+ 6, we have

YF(T _ 1, SO)wr—SO-i—T—l

= 1 (r) 11—
T 110240 (r—1+ 5)5?71,1(04)((1 + &)w 0

1 r (1 1 1
- (7,_1>,S£)1,1(a)wrl{g_<1+§+"'+T_—1—’y+logwr>+...}’
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where «y is Euler’s constant. Hence the residue of the right-hand side of (3.9) at
sO=ris

1
S(T)
(r—1)! r=11

On the other hand, by (3.12), the residue of the left-hand side of (3.9) at s = r
1s

(Q)w; . (4.8)

T

1 o
Rrr(0) = 7= 1>!S,(,71+1)(a). (4.9)

Since
SU (@) = v (4.10)

w1w2 .. .wr

(Section 7 of [2]), it is clear that (4.9) coincides with (4.8). Concerning the
constant term of the Laurent expansion at s° = r, we have

C’gr(a) = (pr1(r; o, (wy, ..., wr 1))
1 1
B A D ER
(T—l) @), Jr7“—1 v+ logw
N—r—1
+ ZYF k- T) —r+k+ YA(TL r)w—r n O(|wr|_N+€).
k=1 N=0 (4.11)
When 2 < h < r—1, we should count the residues of both (i) and (ii). The first
term (g, 1(s%; , (w1, ... ,w,_1)) on the right-hand side of (3.9) is also singular.
Hence the residue of the right-hand side of (3.9) in this case is
(=D"" oy EDMT .
(h _ 1>' Srfl,l (O[) + (h, _ 1)| Srfl,l(a)wr
1)h+r 1 S(’H—l —_— _h+k
+z @ = b (4.12)

When h = 1, the singularity of the right-hand side of (3.9) appears in the terms
(roa(s%a, (wy,. .. ,w,_1)), YA(0;8°) (with the residue (4.7)), and (i). The re-
sulting residue coincides with the case h = 1 of (4.12). Therefore (4.12) gives the
residue of the right-hand side of (3.9) for 1 < h < r — 1. This is to be equal to
the residue of the left-hand side of (3.9), which is

(=188 (a)

Brle) = =49y,

Hence we obtain the following formula.
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Proposition 2. For 1 < h <r —1, we have

U (@) = —=SP T (@) + P, (@)w) !

s T

- Zl G _1 h>‘Sﬁk+1}1) (a)C(h — k)w ", (4.13)
k=h .

This identity is related with the behaviour of (g, at positive integer points,
but it is interesting to note that this identity can be deduced from (4.6), which
is related with the behaviour of (g, at s = 0. In fact, differentiating the both
sides of (4.6) h-times with respect to «, we have

1
sﬁ,’i“><a>=—§ 0(0) + o5 B ),
—zk,sft’;“ a)((—h)uk

1
— 550w + 55 D@

2 T T
5 L) — R (4.14)
- r—1,1 :
k=h+1 (k - h)
Barnes proved
Sian(@) = (n+ 1S4 () (4.15)

for any n (Section 7 of [2]). Putting n = 1 in (4.15) and differentiating (h — 1)-
times, we have

S (@) = 280, 1 (a). (4.16)

T

Also, since S,_11(a) is a polynomial of degree r in «, we see that S(Hl () =0
for k£ > r. Therefore from (4.14) we have

r—1
1 k+1) —h+k
- 57(’—1 1 (Q)C(h - k)wr * ;
2 T

which implies (4.13).
Note that, when h = r—1 and h = r—2, formula (4.13) can be checked directly
by using Barnes’ formulas (4.10),

e’ wy + -+ Wy
wl...wr 2w1...wr

S(?")( ) =

I
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and
2 DY
Syl_l)(a) _ Q _ (w1 + + wr)a
’ le...wr 2w1...wr
1 2 2
+ 9 (wi+-+w;)+3 w;W,
12w1...wr{( ! ) 1%;9 ]}

which are proved in Section 7 of [2].

It is also possible to deduce an asymptotic expansion formula similar to (4.11)
for CYp () (1 <h <r—1).

5. AN ASYMPTOTIC EXPANSION FOR MULTIPLE GAMMA-FUNCTIONS

The major purpose of Barnes’ paper [2] is to develop the theory of the r-ple
gamma-function I'.(a; (w1, ... ,w,)). It is defined by

Uy (o (wr, ... wr))

pr(wh s 7w7")

log = (p, (0505 (wy, ... ,wp)), (5.1)

where (p,. denotes the derivative of (5, with respect to s, and

log pr(wy, ... ,w,) = _EL% (C]'B,T(O; a; (wy,...,w,)) + log a) : (5.2)

When a = z+ ag, where ay is fixed and |z| is large, the asymptotic expansion for
log I, with respect to z is discussed by Barnes [2] himself, and also by Katayama
and Ohtsuki [6]. In the case of double gamma-functions, some asymptotic expan-
sions were studied also by Billingham and King [3], and by Ferreira and Lépez
[4].

In this paper we prove an asymptotic expansion for log ', with respect to w,
when |w,| is large. Define by

B (wy, ... w,) =

Sen(u; (wy, ... ,w,)) (5.3)

u=0

da
du

S|

the n-th r-ple Bernoulli number.
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Theorem 4. For any sufficiently large positive integer N, we have
log Dy (o, (wy, ... ,w,))
=logl,_1(a, (wy,... ,wr_1))

{((1 + % et %) C(—k) + C’(—k)) wh — ((—k)w” 1ngr}
0;

&, (w17 s 7w7’71)) - (_1>rilBr71,1(w17 s 7w7“71)}
X (logw, — log 2m)
+{Coraa(=Lia, (wr,. .. ,we_y)) = (=1) ' Byia(w, . wey) |

x ( - Hlogw, —yw; )

—
o~
W
ﬁ
H
—~

n

CB,T*l(_n; o, (w17 s 7w7'71>>

2
—(=1)" ' By (e we) ),
+ O(|uw,| ),

where v is Buler’s constant.

(5.4)

When r = 2, the above type of asymptotic expansion was first proved in [9],
and then in an improved form in [10]. The above theorem gives a generalization

of those results.

Proof of Theorem 4. From (3.9) we have

C/B,r«); a, (wh s 7wr))
= CIBT 1(0'05 (w17 s 7w7’*1))

+ Z{ — Y (k; 5)
N-1 d "
" nZ:(] { ds (n’ 8) s=0

+ L/( a {MCBml(erz;a, (w1, ... 7wr1>)}

w® — Y (k; 0)wk log wr}

s=0

w, ™ —YA(n;0)w, " log wr}

270 J(~N+e) ds [(s) 0
x I'(=2)((—z)widz. (5.5)
By direct computations from (3.13) we have
—1
vF(k:0) = T sE R @) (k) (56)

k!
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and
d , _ D e 1 1 :
RV =@ (g )b G <_k>)<'5.7>
Also we have
_%CB,rfl(O; a, (wl, e ,wr,l)) (n = 0),
YA(n;0) = —Cpro1(—1;a, (wr, ... ,w,_y)) (n=1), (5.8)

0 (n>2).

In fact, the second and the third formulas are the special case h = 0 of (4.1) and
(4.2), respectively, and the first formula is immediate from the definition and the
fact ¢(0) = —1/2.

Next, we have

T E {di (‘n) } Caroa(=nian (w1, . w0 ))C(s + )
; (‘n) Cormsomios ) )
and |
)0 om0 =t e
(1

= {(s+1)(s+2)--(s+n—1)+s(s+2)---(s+n—1)+

bt s(s 1) (542) - (s4n—2)) (n>2).
When n = 0, since ¢'(0) = —(1/2) log 27, we have

iYA(o; s)

1
o = —5(108;277')(3,1“71(0;04; (wy, ..., we_1)). (5.10)

s=0

When n = 1, noting the Laurent expansions

1 1
1) == ! )= —— +...
(D) =—dr+- (et =—5+,
we have
d
%Y (L;s)]  =—Cgra(—La,(wy,... ,wr_1)). (5.11)
s=0

When n > 2, since
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we have
dy s (="
d—Y (n; s) = Cro1(—n;a, (wy,... ,w.—1))C(n) (n>2).
5 5=0 n (5.12)
Next consider the integral term on the right-hand side of (5.5). We see that
d [I'(s+=z
% {%CB,T—l(S + z; (wla s 7w7"—1))}
(s + 2)

= WCBWA(S +z;a, (wy, ... ,wr_q))

r
+ %g&ml(s + zZ; @, (wla s 7w7"—1))

—T'(s+ Z)ECBJA(S + 2z, (wy, ..., We_)).

[(s)?
The first and the second terms on the right-hand side vanish at s = 0, while the
third term at s =0 is
F('Z)CB,T‘fl(Z; Q, (w17 s 7w7‘71)>

because

M|

L(s)],o
(see p.248 of [10]). Hence the integral term on the right-hand side of (5.5) is

L / L(2)Cpr1(2 o, (wy, ... ,w—))(—2)((—2)widz,
(~N+e)

2mi

(5.13)

which is O(Jw,|~*). Substituting this estimate and (5.6), (5.7), (5.8), (5.10),
(5.11), (5.12) into (5.5), we obtain

(B (05, (wy,. .., w,))
= (pr-1(0; (wl,... wr-1))

7" 1 Z k' (lc+1
x {((1 ¥ % TR %) (k) + ¢'(=h) ) w = C(—k)uk Tog .|

1
+ 5@“3,,«,1(0; a, (wy, ... ,w,_1))(logw, — log 2m)

+CB7’ 1(_1'05 (wla“- 7wr—1))(wr_1 lngr _’ywr_l)
+ Z

+ O(\wr| N+€). (5.14)

CB?" 1 n;oz,(wl,... 7wr—1))C(n)w;n



MULTIPLE ZETA-FUNCTIONS 21

Now we consider the limit o — 0 of the right-hand side. From (4.4) and (5.3)
we have

. . o (_1)7171 !
ili% gB,r—l(_nv a, (wlv cee 7w7’—1)) T +1 rfl,n+1(0)
= (—1)“13,1,1,”“(101, Ce ,wr,l). (515)
Also, the error estimate on the right-hand side of (5.14) is uniform in a.. In fact, by
(5.13) this claim is reduced to the uniformity of the factor (g ,—1(2; @, (wq, ... ,w,—1))
in «, and, by formula (4.4) of [13] (for » — 1 instead of r), this is further re-
duced to the uniformity of the Hurwitz zeta-function ((z,a) in « for z = —k

(k =0,1,... ,M — 1) and for Rz = —M + ¢, where M is a positive integer.
The latter claim is verified by the formula ((0,a) = (1/2) — « for z = 0, and by
Lemma 2 of [12] for all other z. Hence the error estimate on the right-hand side
of (5.14) is still valid when o — 0.

Therefore, adding log « to the both sides of (5.14) and taking the limit o — 0,
we obtain

—log pr(wy, ..., w,)

= —logp,_1(wy,... ,we_1)
w1
(-1 Y SsE N 0)

X {((1 - % +ooe %) C(—Fk) + C'(—k)) wh — C(—k)wflogwr}

1
—+ 5(_1)7“713747171(11}1’ c. ,wr,l)(log Wy — lOg 27T>
+ (=)' B a(wi, - wes)(wy  logw, — yw, )
= (_1)n r—1 —n
+ - (=) Broinsa(wi, . wen))C(n)wy
n=2
+ O(Jw, |7V F9). (5.16)

From (5.14) and (5.16), we obtain the form of formula (5.4), with a slightly weaker
error estimate O(|w,|~N7¢). However, considering the same form of formula with
N + 1 instead of N, we see that the error term can be replaced by O(|w,|™).
This completes the proof of Theorem 4.

Remark It is also possible to show an asymptotic expansion for log ', when
|w,| is small, but Theorem 3 of [13] is not suitable as the starting point, because
if k£ is positive, then (g ,—1(k;a, (wy, ... ,w,—1)) is not uniformly bounded in «
when o« — 0. We have to introduce

gg,r—l(k:; a, (wlv s awr—l)) = CB,T—l(k; a, (wh s 7w7"—1)) —a’
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and state the expansion formula in terms of (3, ;, as in the case of (1.7) of [10].

6. CONNECTIONS WITH SHINTANI’S RESULTS ON HECKE L-FUNCTIONS OF
TOTALLY REAL NUMBER FIELDS

We conclude this paper with a discussion on certain connections between our
theory and Shintani’s results on Hecke L-functions.

In his important series of papers [17] [18] [19] [20], Shintani discovered the
relationship between Barnes multiple gamma-functions and Hecke L-functions of
totally real algebraic number fields. Let F' be a totally real algebraic number field,
and f an integral ideal of F'. Let y be a character of the group of narrow ideal
classes modulo f of F'; and Lp(s,y) the associated Hecke L-function. Shintani
(Theorem 1 of [19]) proved that, for a certain type of x, the value Lg(1, x) can be
written as a linear combination of log I',.. Therefore, combining with our Theorem
4, we can deduce a certain asymptotic expansion formula for Lg(1, x). We do not
state the result here, because it would require further notations and pages. But
it should be a generalization of the expansion formula for Lg(1,x) when F'is a
real quadratic field, which has been proved in the Corrigendum and Addendum
of [9].

In order to prove his results, Shintani introduced the following type of multiple
zeta-functions. Let «i,...,q, be non-negative real numbers, (aq,...,q,) #
(0,...,0), and

Lj(Xla"'7X7“):wj1X1+"'+werr (]-SJST)
be linear forms with positive coefficients. Shintani’s zeta-functions are defined by

Z Z HL]<&1+m17 7057’_'_777'7“)_8

m1=0 my=0 j=1

(6.1)
Later Hida [5] introduced the multi-variable version, that is

Comr((s15 -y 80)i (s 0p), Wi)
=> > J[Lilar+m,...,ar+m,)"%

m1=0 my=0 j=1

=Y > T(wjilen +ma) + - + wjp(an +m,)) ™, (6.2)

m1=0 my=0 j=1
where W, is the matrix (wjj)1<j<r1<n<r- This is convergent absolutely when
Rs; >1 (1 <j <r). It is clear that Shintani’s function (6.1) is the special case
sp =--- =8, = s of (6.2). Shintani discovered that Lpg(s,x) can be expressed
as a linear combination of his zeta-functions (6.1), and the value at s = 0 of the
derivative of (6.1) can be expressed in terms of logI',. Therefore (6.1) plays a
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vital role in his theory. Hence the study of analytic properties of (6.1) and (6.2)
is an important problem.

The meromorphic continuation of (6.1) to C was done by Shintani [17]. Hida
(Theorem 1 in Section 2.4 of [5]) gives the continuation of (6.2) to C", following
the idea of Shintani. On the other hand, the continuation of (6.2) to C” can
also be shown by (a slight generalization of) Theorem 3 of [15], whose proof is
based on the Mellin-Barnes integral formula. In particular, a recurive integral
formula can be shown for (s, (see (2.4) of [15]), which is the key of the proof.
A prototype of such a kind of integral formula was already given in Section 8 of
[12] for (sm 2.

However, in the case of Shintani zeta-functions, a different type of recursive
integral formula, similar to (2.4) or (3.5) of the present paper, can be proved. For
this purpose, we introduce the following modified Shintani multiple zeta-functions.
Let 1 < k <r, and define

CSH,]C,T((‘Sl) cee ST‘); (Oél, L ,Oék;), Wk‘)

= i i ﬁ(wjl(oﬂ—'—ml)+"'+wjk<04k+mk‘)>78jv (6.3)

m1=0 m=0j=1
where W), = (wjn)1<j<r1<n<k- This series is convergent absolutely when

The meromorphic continuation of (g, to C" is again verified by Theorem 3 of
[15].
Assume «y, > 0, and also at least one of aq, ..., ag_1 is not 0. Then

CSH,k‘,'r‘((Sh cee 57’); (ala s ,O[k-), Wk‘)

_ Z o Z H(wjl(al +mq) + -+ wj7k71(04k71 +my_q))" Y

m1=0 m=0j5=1

X (1 + wik (0 + M) >_8J .
wjl(al +my) -+ wj,k—l(ak—l + my—1)

(6.5)
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Applying the Mellin-Barnes formula ((3.1) of [13]), we obtain
Csmpr((s1,- -y 80); (Qn, - s ag), W)

— i . .. Z H(wﬂ(al + ml) + -4+ ij{;—l(ak?—l + mk—l))_Sj

m1=0 mp=0j5=1
1 / [(s; +2)T(=2)
2 [(s)
< wik (0 + M) )Z] dz;
wﬂ oy + m1 + -+ wj, k,l(ak,l + mkfl) J
r D(s; + ZJ)P(_ZJ’)W%
cr cl F(Sj)
X Z s Z H(wﬂ(()él + ml) + -+ ’wjvk,1<()ék71 + mrfl)isjizj
m1=0 my—1=0j=1
X Z (g +mp) T dzy - - - dzy, (6.6)
my=0

where —Rs; < ¢; < 0 (1 < j < r). Under assumption (6.4), we can choose
ci,...,c. for which
1-Rsj<¢; <0 1<j<k—-1),
—Rsp < < —1 (j=k), (6.7)
—Rs; <¢; <0 (k+1<j<r)

holds. Then R(s; +2;) >1 (1 <j<k—-1),R(s;+2;) >0 (k<j<r), and
R(z1 + -+ + 2,) < —1. Hence both of the series on the right-hand side of (6.6)
converge, and we obtain

Proposition 3. Let 1 < k < r. If ap, > 0, and at least one of aq, ... ,cqp_1 1S
not 0, then

Compr (81,0 y80); (aq, ... o), W)

[(s; + 2;)T( Zj)w]z‘j
- (Q;i)r /< / ( - F(Zj) k)

X CSH,k—l,T((Sl + ZlyeeySp + Zr)a (ala s 7ak—1)7 Wk—l)
X ((—z1— =z, qp)dzy -+ - dz, (6.8)

in the region (6.4), where ¢y, ... ¢, are constants satisfying (6.7).
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ObViOllSly CSH,r,r = CSH,T? while
Csmar((S1,--.,80); a1, Wh)

= Z H(wj1(a1+m1))_5f = Hw;j C(s1+ -+ sp,01).
mi=0 j=1 j=1 (6.9)
Therefore, when all o; (1 < j < r) are positive, the above proposition gives

the recursive structure

CSH,r = CSH,r,r - CSH,rfl,r - CSH,r72,r — CSH,l,r,

where the last one is essentially the Hurwitz zeta-function. In view of this recur-
sive structure of the family of (modified) Shintani multiple zeta-functions, (6.8)
may be useful as a starting point of further analytic studies of this family.
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