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Transformability from Discrete-time Periodic Non-homogeneous
Systems to Time-invariant Ones

Yoshikazu Hayakawa and Tomohiko Jimbo

Abstract— This paper considers when a discrete-time pe-
riodic non-homogeneous system can be transformed to a
time-invariant one by using regular linear mappings of state
variables, inputs and outputs, respectively. The problem on a
homogeneous system has been already solved as discrete-time
Floquet transformation, and also the similarity classes of Flo-
quet transformations have been characterized. Those previous
results are used to derive some conditions on transformability
of non-homogeneous systems.

I. INTRODUCTION

A lot of model-based control method for periodic sys-
tems have been proposed, e.g., [2] [3] [10] [11] [13] and
references therein. In order to establish model-based con-
trol designs for automotive engine, the authors proposed a
model representation of V6 Spark Ignition SICE benchmark
engine [9]; a continuous-time periodic nonlinear state space
model is constructed first, then the model is discretized to
get a discrete-time periodic nonlinear one, and finally by
introducing a concept of “role state variables”, the discrete-
time periodic model can be transformed to a time-invariant
one. In the last process, the discrete-time periodic system
Tet1 = fu(zr,uk), yx = gr(zk, ur) has been transformed
to the time-invariant one &1 = f(&k, k) M = 9(Eky Tk)
by using periodic regular mappings & = pr(Tk), T =
qr(uk), mk = r(yx). Even if the original periodic system is
nonlinear, it is easy to find out those regular mappings be-
cause of the characteristics of automotive engine. Of course,
it is very difficult to develop the above transformability for
the general nonlinear systems. In order to challenge this
difficult problem, as the first step, this paper aims to establish
the transformability for the general linear systems.

It is well known [1] [4] as theory of Floquet that ev-
ery continuous-time periodic linear homogeneous system
Z.(t) = Ac(t)z.(t) with a period T can be transformed
to a linear time-invariant system &.(t) = A.£.(t) by a
state transformation &.(t) = P(t)x.(t) with P(t) being
nonsingular and periodic P(t + T) = P(t).

For discrete-time periodic linear homogeneous system
Trpr1 = Apxy, so-called discrete-time version for theory
of Floquet has been derived in [12] [6], which show that
all discrete-time periodic homogeneous systems can not be
transformed to time-invariant ones.

Furthermore, it has been shown in [6] that if a discrete-
time periodic homogeneous system has a Floquet transfor-

Y. Hayakawa is with Department of Mechanical Science and Engineer-
ing, Nagoya University, 464-8603 Japan. He is also with R.T.C. Riken.
hayakawa@nuem.nagoya-u.ac. jp

T. Jimbo is with Toyota Central R & D Labs., Inc., 480-1192 Japan.
t-jmb@mosk.tytlabs.co.jp

978-1-4244-3872-3/09/$25.00 ©2009 IEEE

mation, then the system has a lot of Floquet transformations,
and so three kinds of similarities in the set of Floquet
transformations are introduced and it has be derived that
the set of Floquet transformations splits into exactly a finite
number of equivalent classes induced by the similarity.

In this paper, we consider a discrete-time periodic linear
non-homogeneous system xpi1 = Apzi + Brug, yp =
Crzp and investigate when the non-homogeneous system
can be transformed to a time-invariant one by using periodic
linear regular mappings of zy, ug, yx, respectively.

Section II formulates a problem to be considered in
this paper, then reviews the previous results on discrete-
time Floquet transformations and also gives an example to
understand a essential difficulty in the problem. Section III
is a main part of this paper, where the previous results on
similarity classes of Floquet transformations are summarized
first and new results on transformability are derived. Some
conclusion remarks are stated in Section IV.

Notation: R is a set of all real numbers, C' a set of all
complex numbers, and Z a set of all integers.

For any positive integer n € Z, n := {1,2,---,n} and
n~ :={0,1,---,n—1}. Forany k € Z , mod(k/n) denotes
”k modulo n” .

Associated with 4, B € C"*", A ~ B means that A
is similar to B, i.e., there exists a nonsingular matrix S €
C" ™ such that B = SAS~!. Note that this notation 7~
is also used for similarity of Floquet transformations, which
will be defined in Section III, however, it is clear from the
context whether similarity is used for matrices or Floquet
transformations.

Jm(X) denotes an m x m Jordan block with eigenvalue
A, and for any square matrices C' and D,

c 0
CeD:= { 0 D ] .
II. PROBLEM STATEMENT

Consider a discrete-time periodic non-homogeneous sys-
tem with a period NV
Ay, + Brug,
Ckl’k

Tk+1 =

Y =

where k € Z is time, x € R" is state, upy € R™ input,

and y, € RP output. The matrices Ay, By, C are real with

appropriate sizes, IV is a positive integer greater than or equal
to 2, and it is assumed that

(1)

A = Anod(k/N)s Bk = Brodk/N)s Ck = Crod(k/N)-
)
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Suppose that there exist matrices A, B, C' with appropri-
ate sizes and also there exist nonsingular matrices P, =
Prod(k/ny € C™", Qr = Quoagryn)y € C™™, Ry, =
Ruoa(k/ny € CP*P such that for any k € Z,

Py Ay = AP, (3)
Pyy1By = BQy , 4)
R,Cy = CP;. &)
Then the following equivalent transformations
&k = P, T = Qruk, Mk = Riyk, (6)
can transform the system (1) to a time-invariant system
§rp1 = A+ B )
m = C& .

This paper aims to make clear a necessary and sufficient
condition for the system (1) to have A, B,C and P, =
Prodk/nys Qk = Qmod(k/N)> Bk = Rimodk/n) in (3)-(5).
When the system (1) can be transformed to the time-invariant
system (7), the system (1) is called to be transformable to
time-invariant one (abbreviated as TTT).

A set of A and Py = Ppoq(x/n) satisfying (3) is denoted
by AP = {A, Py = Pooag/n) | k € Z} and AP is called
a Floquet transformation.

Associated with the system (1), recall that the following
matrix ® is called a monodromy matrix.

O :=An_1--- A1 A 3

A necessary condition for the system (1) to have a Floquet
transformation is that the monodromy matrix ® has an N-th
root matrix. In this sense, the /N-th root matrices of ® is
very important [5] [6] [7] [8].

A necessary and sufficient condition for the system (1) to
have a Floquet transformation has been derived in [12] and
[6]. The following theorem is given in [6].

Theorem 1: [6] A discrete-time periodic system (1) with
Ak = Amod(k/n) € R™™"™ and a period N > 2 has a Floquet
transformation AP = {A, P, = Pyoa/n) | k € Z} if and
only if it holds that

rankAy_1Ag_o--- Apy1 Ay = rankAF—h

forhe N andk—hen ©)

where A € C"™*" is any matrix similar to one of N-th roots
of the monodromy @ given by (8). O

Let the system (1) satisfy the rank condition (9) of
Theorem 1, and suppose we have constructed a Floquet
transformation AP = {A, P = Puoa(k/n) | k € Z}. Then
it is easy to see [6] that the following theorem holds.

Theorem 2: [6] Suppose that the system (1) has a Floquet
transformation AP = {A, P = Puoa(k/n) | k € Z}. Then
there exist B, C' and nonsingular Qx = Quod(x/N)> Bk =
Rinodck/ny satisfying (4),(5) if and only if it holds that for
any k € Z,

Im Py 11 By
KerCp P, L=

ImPkBk_l
Keer,lPkill.

(10)
(an
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d

Theorem 2 with Theorem 1 seems to give a necessary and
sufficient condition for the system (1) to be 771, but you have
to understand Theorem 2 very carefully. See the following
example.

Example 1: Consider the following system with a period

N=3
Tpy1 = Apzp + Brug
Y =

Oy (12)

Co=[1 2],Ci=[1 1],Co=[5 3]

The monodromy matrix ® is obtained as ® = A3 A; Ay =
diag(0, 8). Choose A = diag(2,0) as a cube root matrix of
® and then it is easy to see that the rank condition (9) of
Theorem 1 holds.

According to the way of constructing Floquet transforma-
tions (See [6] in detail), we can get a Floquet transformation
AP = {A, P, = Pmod(k/S) | ke Z} where

0 1 10 2.5 0
ne[Vo]nelon]e=[T0]

Now let us check whether the condition (10) of Theorem
2 holds or not. In fact, we get

-3 nn=[2]. no 1]
and therefore we conclude that the condition (10) does not
hold and the system (12) is not 777 at least under the Floquet
transformation AP;.

Note that the Floquet transformation is not unique for the
system (12). The system has another Floquet transformation
AP12 ={A, P}, = P} /3 | k € Z} where

mod

r_ | 01 , |10 ;125 0
PO_{IO’Pl_ OZ’PQ_ 0 3|
In this case, it is easy to see that the conditions (10) and

(11) of Theorem 2 hold. In fact, it follows that

(3], rn=[3]. e}

CoPp)™'=[2 1], Cu(P)'=[1 05]
Co(P))™' =12 1].

Therefore, by using Qo = 0.5,Q1 = 1/3,Q2 = 1,Q) =
Qmod(k/S) and Rp = 1,R1 = 2, Ry = 1, Ry, = Rmod(k/{)’),
we can get a time-invariant system (A, B, C') with

A{§8y3[1y0[21L

and so we can conclude that the system (12) is 771. O
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III. MAIN RESULTS

Associated with the discrete-time periodic non-
homogeneous system (1), if we can find a Floquet
transformation by which the conditions (10) and (11) of
Theorem 2 hold, then we can conclude that the system (1)
is TTI. On the other hand, it is very difficult to conclude
from Theorem 2 that the system (1) is not 777 because, as
shown in the previous example and also in [7], the system
(1) has an infinite number of Floquet transformations if it
has.

Therefore, in order to handle the problem on 777, it is first
needed to understand a structure of the set of all Floquet
transformations and also to characterize all the Floquet
transformations.

Suppose the discrete-time periodic non-homogeneous sys-
tem (1) has Floquet transformations, and let a set of all
the Floquet transformations be denoted by F7, i.e., ev-
ery element of F7 is a Floquet transformation AP :=
{A, Py = Pooagyny | k € Z} with A,Py’s satisfying (3).
Then we consider the following similarities between two
Floquet transformations.

Definition 1: [7] Suppose AP, AP’ € FT with AP =
{A,Pk = Lmod(k/N) | k € Z} and AP’ = {A/,Pk/: =
Pr’nod(k/N) | ke Z}.

1) AP’ is strongly similar to AP, denoted by AP’ ~5
AP, when A’ ~ A and there exist a nonsingular

constant matrix V' € C™*" such that

P = VP, (13)

2) AP’ is similar to AP, denoted by AP’ ~ AP, when
A’ ~ A and there exist nonsingular matrices Vj, =
Vmod(k/N) € C™*" such that

Pl =V, P, (14)

3) AP’ is weakly similar to AP, denoted by AP’ ~"
AP, when (A")N ~ AN and there exist nonsingular
matrices Vi, = Vinoagk/ny € C™™" such that

Pl = VP, (15)

|

Each similarity can induce an equivalence relation in F7,
and so denote its similarity class (i.e., equivalence class)
respectively as follows.

S

AP" = {AP' € FT | AP'~* AP}  (16)
AP = {AP' € FT | AP' ~ AP} a7
APY = {AP € FT | AP' =" AP}  (18)

Under the above definitions, it is easy to see [7] that AP° C
AP c AP = FT.
Define

A:={AcC™" | AN ~ ®, A satisfies (9)}, (19)

recalling that 4 has a finite number n. of similarity classes
A;’s, e, A= A; , FT also splits into n, similarity

€N,
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classes as follows [7].

FT = \J AP, AP:(\AP; = o for i £

1E€ENe

(20)

Figure 1 shows the structure of F7; there exist a finite
number of similarity classes AP, AP, - - - ,ﬁne. Each
similarity class AP; consists of an infinite number of strong
similarity classes AP, AP, - -.

AP,

AP,

Fig. 1. The structure of F7T

Now suppose we obtain a Floquet transformation, e.g.,
AP = {A, Py = Pyoae/ny | k € Z} € AP}, Beginning
with AP, a way of constructing all Floquet transformations
of ﬁil, AP, and all the other AP;’s is given as follows.
Before showing the way, we need some notations.

Associated with A, A’ € A, a set of all nonsingular and
commutative matrices S’s with A and A’ is denoted as
C(AA), ie.,

C(A,A"):={S € C"" : nonsingular | SA=A'S}.
2D
It is trivial that C(A, A’) is not empty if and only if A ~ A’.
When A = A’, we use a simple notation C(A) for C(A, A).
A set of all N periodic sequences S’s of commutative
matrices with A; A" € A is denoted as SC(A, A’,N), i.e.,

S :={Sk = Smoak/n) €EC"" | k€ Z} € SC(A,A',N)
where every ), is nonsingular and satisfies

Spa1A=A'S, . (22)

It is easy to verify that SC(A, A’, N) is not empty if and only
if AN ~ (A)N because (22) implies Sy AN = (AN S,.
When A = A’, we also use a simple notation SC(A, N) for
SC(A, A, N). Therefore, W € SC(A, N) means that W is
a set of nonsingular matrices Wy, = Wi,oq(x/n) With

Wk+1A == AWk (23)
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Note that C(A, A’) = SC(A, A’,1). For any W € C(A),
define W = {W;, = W | k € Z}, then it is easy to see
that W € SC(A, N) for any positive N € Z. In this sense,
we could say that C(A) C SC(A, N). This fact holds for
C(A,A’) and SC(A, A’,N), and so we could also say that
C(A,A") C SC(A,A,N).

The next theorem characterizes each similarity class by

using C(A), SC(A,N), C(A, A") and SC(A, A’, N).

Theorem 3: Suppose AP = {A, P, = Pyoag/n) | k €
Z} e FT.
1) AP ={A',P{ = Py, | k € Z} € AP" if and
only if there exists an S € C(A, A’) such that

P, =8P, . (24)

2) AP' = {A", P}, = Pl aun) | k € Z} € AP if and
only if there exist S € C(A,A") and W = {W, =
Winod(k/ny | k€ Z} € SC(A, N) such that

Pl = SW;,P; . 25)

3) AP = {A', P, = Ploaun | k € Z} € AP" if and

only if there exist an & = {Sp = Smoa(e/n) | k €
Z} € SC(A, A, N) such that

P, = SiPys . (26)

O
(Proof)
1) Instead of (24), the item 1) has been given as P}, = SW P,
with S € C(A, A’) and W € C(A) in [7]. Note that SW €
C(A, A’) because it holds that (SW)A = SWA = SAW =
A'SW = A'(SW).
2) This item is just the same as given in [7].
3) Necessity part: Note that P41 A, = AP, and P}, 1Ak =
A'P/. Therefore it follows that (P}, ) 'A'P, = A =
P AP, . Define S := P[P, it is trivial that (26)
holds and also we obtain A" = Sj1AS, ! which means
S = {Sk = Smod(k/N) | ke Z} € SC(A,A/,N).
Sufficient part: Existence of S € SC(A,A,N)
implies that (A)N ~ AN because (A)N =
(SNASRY ) -+ (S2AST 1) (S1AS;!) with Sy = Sp.
Therefore this and (26) mean AP’ € AP" .

(QE.D)

The above theorem means that C(A, A’) and SC(A, A’, N)
are very important to construct all Floquet transformations
of ﬁil, AP, and all the other AP,’s.

The set C(A, A’) is well known, so here only the set
SC(A, A’, N) is summarized below. Note that SC(A4, N) =
SC(A,A,N) .

The following lemma is trivial.

Lemma 1: Suppose that J4 and J4/ be the Jordan forms
of A and A’ respectively and also suppose that S € C(J4, A)
and S" € C(Jar, A").

) IfWwW= {Wk = Wmod(k/N) | ke Z} € SC(JA,N),

then W' = {SW,S~1 | k € Z} € SC(A, N).

WeBIn1.7

2) IfS ={S; = Smod(k/N) | ke Z} € SC(Ja,Jar, N),
then ' = {S'SpS~1 | k € Z} € SC(A, A', N).
O

Therefore, in order to characterize SC(A,N) and
SC(A, A, N), without loss of generality, it can be assumed
that A and A’ are in the Jordan forms.

Associated with A, A’ € A, suppose that

Ja=Jas®Jy, Jar=Jas®Jy 27)

where J4,, Jae € C™*™ are nonsingular, and .J,, is nilpo-
tent. Recall Theorem 1, which claims that AV ~ (A")N ~ @,
ie., JY ~ JI ~ ®. And also notice that .J4 and .J 4 satisfy
the rank condition (9) of Theorem 1, which is the reason why
we could assume that J4 and J4 have the same nilpotent
J, in (27).
Lemma 2: Suppose that J4 and J 4, are given by (27).
1) Every S = {Sk = Smod(k/N) | k € Z} S
SC(Ja,Jar, N) is given by
Sk =So1 © Wy
where S, = {Sg,k = Sgﬁmod(k/N) | k €
Z} € S8C(Ja,,Ja,N) and W, = {W,; =
Wu,mod(k/N) | ke Z} € SC(JIMN)
2) If § = {Sk = Smod(k/N) | k € Z} €
SC(Ja,,Jar, N), then each Sy is given by

Sy = lelod(k/N)SOJX;nod(k:/N)

(28)

(29)

with any Sy € C(J} ,J} ).

3) Suppose that .J, is given as J, = Jy,, (0)@- - @, (0)
with m; > --- > mg. Then every W = {W), =
Winod(k/ny | k€ Z} € SC(J,, N) is given by

Wiir Wik Wi,q.k
Woir Waak W gk
W, = . ) (30)
L Wq,l,k Wq72,k quqyk
where W, ;,, € C™ "™ is given as
gk for 1 < j
O(m; —m;)xm;
Wi i = . .
inok Ep, i for i = j
[ Omix(m]‘—mi) Emi,k ] fori > j
€1,k €2k €3k €m,k
0  erry1 €2k41 Cm—1,k+1
By = 0 0 €1,k+2 €m—2,k+2
0 0 0 €1,k+m—1

€jk = €jmod(k/N) fork € Z, jEm

and also the parameters e; ;,’s must be chosen such that
Wi, is nonsingular.
O
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The proof of this lemma can be given as almost same ways
of the proof for Lemmas 5 and 6 in [7], and so it is omitted
here.

The following theorem is derived easily from Theorem 2
and Theorem 3.

Theorem 4: The discrete-time periodic non-homogeneous
system (1) is 771 if and only if
1) There exists a Floquet transformation AP = {A, P, =
Pmod(k/N) | ke Z}
2) There exists S = {Sp = Smoae/n) | k € Z} €
Uarea SC(A, A’, N) such that

ImSk+1Pk+1Bk = ImSkPkBk,1 (31)
KerCp,P 'S, ' = KerCp1 P ' Si 1, (32)
O

Note that the Floquet transformations .AP1; and AP15 in
the example 1 are similar in the sense of Definition 1, i.e.,
AP11, AP15 € AP;. Therefore the example 1 shows that a
similarity class AP could include the Floquet transformation
by which either (10) or (11) of Theorem 2 does not hold even
if the system (1) is TTI.

Beside the above observations, the following theorem is
very interesting.

Theorem 5: Suppose that the system (1) has a Floquet
transformation AP by which Theorem 2 holds. Then the
conditions (10) and (11) of Theorem 2 hold under all Floquet
transformations in the strong similarity class AP°. O

(Proof) Suppose that AP = {A, P, = Pyoae/n) | kK € Z}
satisfies (10) and (11), i.e.,

ImPk+1Bk = ImPkBk_l

KeerPgl Keer,lP,;_ll.

Let AP’ = {A",P, = P’ od(Jk/N) | k € Z} be strongly

m

similar to AP. From Theorem 3, there exists an S €
C(A, A") such that P = SPy. Therefore it follows that
ImP; By = ImSPy 1By, = SImPy1 By,
= SImPyBy—1 = ImSP;By_1 = ImP,By_1
KerCy(P}) ™! = KerCy,(SP,) " = KerC P, 'S™!
= SKeerP,;1 = SKeer,l.P];_ll
= Keer,lPkf_llS_l = Keer,l(SPk,l)_l
= KerCy,_1(P/_;)™*
which means that the conditions (10) and (11) hold for AP’.
(Q.E.D)

Example 2: Consider the system (12) again. We can
construct another new Floquet transformation AP =
{A", P! = Pl q/n) | K € Z} , which is not similar to
AP11 and AP, given in the example 1, as follows.

A,,:[M‘%/B 0} Pé’:{ 0 1]

0 0 0.5 0
g [ e300 y [ 2.5ed7/3 0
Pl - |: 0 ej27'r/3 7P2 - 0 1.5ej47'r/3

WeBIn1.7

It is easy to see that A4Ps; satisfies Theorem 2 as well as
AP15. In fact,

ol 2 | 3
P'By = ei?7/3 1}7 Pé/B1=€J4/3[1'5],

1
05 |~

Co(Py)t=[1 1],

PyB; = [
Cy(P)t=e231 1]

Co(PY)y L =ei/3[ 2 2] .

Let the similarity classes to AP12 and APs; be denoted
as AP, and AP, respectively. Then we can construct
the third Floquet transformation APg3, = {A"” P

Pa/ny | k€ Z}, which is not included in either AP,
or AP, as follows.
2e747/3 0 1
" __ L
AT = o o) = | osers o)
i eJ47'r/3 0 o 2.5(3]271'/3 O
! 0o 1] 0 1.5¢74m/3

And it is easy to see that AP3; satisfies Theorem 2 as well.
O

From the examples 1 and 2, we can see that the set
of Floquet transformations for the system (12) splits three
similarity classes AP, APy and AP3 and each similarity
class includes at least one Floquet transformation by which
Theorem 2 holds.

The above observation would give us the following con-
jecture; when a discrete-time periodic system (1) is 771,
every similarity class of Floquet transformations has at least
a Floquet transformation by which the conditions (10) and
(11) of Theorem 2 hold.

But this conjecture is not true, which will be shown later.

As a case study, consider a system (1) with the following
assumptions.
Al) All Ay’s are nonsingular.
A2) The monodromy matrix ¢ has n eigenvalues
A1, A2, - -+, Ay, which are mutually different.
A3) Denote N-th roots of A\; by ~;1,7Vi2, -, vin. Then all
Yim (¢ € n, m € N) are mutually different.
The following theorem claims that the structure of F7 is
very simple under the above assumptions.

Theorem 6: Consider a system (1) with the assumptions
A1)-A3). Then the system has Floquet transformations and
the set 77 consists of N similarity classes AP;, i € N™ .

Furthermore, every similarity class AP; consists of only
one strong similarity class ﬁfl ie, AP; = ﬁjl O
(Proof) Under the assumptions Al) -A3), it is easy to see
that ® has N similarity classes of N-th roots and the rank
condition (9) of Theorem 1 holds. Therefore the system (1)
has Floquet transformations.

The set A defined in (19) has N similarity classes whose
representatives are given by

Jmlam27"'7mn = diag(’ylmN’Vsz» o 7’Ynmn) (33)
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where my, mo, -+, m, € N.

It is easy to verify from the assumption A3) that
SC(Jmymo. e mns N) = C(Jmy ms,-m,, )- This fact means
AP = AP". (Q.E.D.)

From Theorem 5 and Theorem 6, we can see that in order
to decide whether the system (1) with A1)-A3) is T77 or not,
we have to check the conditions (10) and (11) at most for
N™ Floquet transformations.

As we mentioned before, it would be conjectured from
the above examples 1 and 2 that when a discrete-time
periodic system (1) is TTI, every similarity class of Floquet
transformations has at least a Floquet transformation by
which the conditions (10) and (11) of Theorem 2 hold. But,
understanding Theorems 5 and 6, the following example
shows that the conjecture is not true.

Example 3: Consider the following system with a period
N =3
Tr+1 =
Y =
where
1 0 2 -4 0
R R R e

e[ 2] me [

Co=[7 0],Ch=[6 —-14],C,=] -14 4 ].

Apxy, + Brug

Croan (34)

Bg

Il
| — |
I o
—_
— =

It is easy to see that the system satisfies the assumptions
Al)-A3).
The monodromy matrix is given as

0 -8
@:A2A1A0=|:1 9 :|

and the rank condition (9) of Theorem 1 holds. Therefore

we can get a Floquetiansformation AP = {A, P, =
Puoakss) | k € Z} € APy where

1 1 1 0 0 1
PO_[1 8]’P1_[2 14]’P2_{14 4}
By this AP the conditions (10) and | (11) of Theorem 2 hold.
Consider another similarity class .AP5 which has a Floquet
transformation AP" = {A', P = P} 4 /3 | k € Z} where
A’ = diag(ei?™/3,2¢747/3) and

11 ei?m/3 0
’_ I
PO - |: 1 8 :| ’ Pl - |: 2ej47'r/3 14ej47r/3
14e7 /3 4672#/3
In this case we get
, ej27T/3 , e]'471'/3
PiBy =2 _Reidn/3 | PyBy = —14 _5ei2m/3

1
PéBQ:—7{ s ]

WeBIn1.7

and therefore by this AP’ the condition (10) does not hold.

Therefore, from Theorems 5 and 6, it follows that the
similarity class AP5 has no Floquet transformation by which
Theorem 2 does not hold even though Theorem 2 holds under
the similarity class AP, and we can see that the above
conjecture is not true. O

IV. CONCLUSION

This paper has considered a condition for discrete-time
periodic non-homogeneous linear systems to be transformed
to time-invariant ones. Because the condition depends on
Floquet transformations, before using the condition, you have
to know all Floquet transformations and its structure, where
a concept of similarity classes and some special sets of
commutative matrices play important roles.

When the condition is used, it has been shown that every
Floquet transformation in a strong similarity class gives the
same conclusion whereas not in a similarity class.

In the case that the monodromy matrix is nonsingular
with diagonalizable N-th roots, the structure of all Floquet
transformations is very simple; similarity is reduced to strong
similarity. Therefore, in order to get a conclusion, it is
enough to check the condition for a finite number of Floquet
transformations.

The future researches are to consider the same problems
from the view point of impulse responses of the system and
to extend all the results to the case of nonlinear systems.
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