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Abstract— The energy efficiency at the algorithmic level on
DVS systems and its analysis and optimization methods are pre-
sented. Given a problem the most energy efficient algorithm is not
uniquely determined but dependent on multiple factors, includ-
ing intratask dynamic voltage scaling (IntraDVS) policies, the size
of intermediate data structure, and the size of inputs. We show
that at the algorithmic level principles behind energy optimiza-
tion and performance optimization are nrot identical. We propose
a metric for evaluating optimal energy efficiency of static voltage
scaling (SVS) and a few new effective IntraDVS policies employing
data flow information. Experimental results on sorting algorithms
show the existence of several tradeoffs in terms of energy con-
sumption. Transforming algorithms by employing problem spe-
cific knowledge and data flow information successfully improves
their energy efficiency.

I. INTRODUCTION

Energy efficiency has been one of the crucial concerns in
modern software development as well as in a system design.
The prediction of energy consumption in the upper process re-
duces the number of iterative development cycles. When de-
signing and selecting algorithms at the upper process, tech-
niques for analyzing and optimizing energy efficiency repeat-
edly at the algorithmic level assure us of enhancing software
productivity.

However, the energy complexity theory is a rudimentary
art [5, 3, 4], compared to the time and space complexity the-
ories. This is partly because there is no synthetic system-level
energy model available for either analyzing the energy com-
plexity of algorithms or guidelines to construct energy efficient
algorithms. To be concrete, we are unable to determine which
algorithm, either quicksort or heapsort, is more energy effi-
cient, before executing their implementations or without select-
ing specific hardware and its configurations. It is also uncertain
how to construct new energy efficient sorting algorithms.

In contrast, the hardware technology and techniques for trad-
ing off energy for performance have been established. For ex-
ample, dynamic voltage scaling (DVS) has been implemented
in the off-the-shelf processors. To use the benefit of DVS

978-1-4244-2749-9/09/$25.00 ©2009 IEEE

processors to the greatest extent, techniques at various levels,
including circuit logics, processors, compilers, and operating
systems, have been exploited. We take one more step towards
algorithmic level energy minimization.

To reduce energy consumption, in contrast to almost all of
the existing DVS techniques, our techniques exploit the logic
and structure of programs. Algorithmic reconfiguration, which
transforms algorithms by employing problem specific knowl-
edge and data flow information, results in energy optimization
at a more abstract level than at any of the above mentioned
lower levels. This abstraction facilitates general discussion, in-
dependently of particular hardware and software implementa-
tion.

The main contribution of this paper includes:

o findings that at the algorithmic level energy and perfor-
mance optimization are not always identical on DVS sys-
tems. The fastest algorithm on average is not always the
most energy efficient on average. Energy and memory
space are sometimes a tradeoff.

e ameasure of optimal energy consumption of static voltage
scaling (SVS). Under an ideal assumption for comparing
energy efficiency of algorithms, this measure is indepen-
dent of the deadline constraint.

e formulation of intratask DVS (IntraDVS)' policies em-
ploying data flow information. Based on this formulation,
we propose a few new effective policies.

e new energy efficient sorting algorithms. The best result
achieves 62.6 % energy savings on the system of 10/3
voltage and frequency scalability from heapsort.

The rest of this paper is organized as follows. Sect. II ex-
plains the reason why we rely on CMOS based model even
at the algorithmic level and describes the assumptions used in
next sections. Sect. III reviews a few sorting algorithms and
discusses energy optimization methods at the algorithmic level.

IWhile ordinary inter-task DVS adjusts the processor speed and voltage
task-wise, intra-task DVS does within tasks. IntraDVS is detailed in [7] and
references therein.
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Sect. IV introduces a metric of optimal SVS and compares en-
ergy efficiency when SVS is used. Sect. V represents several
IntraDVS policies and evaluates a few algorithms with those
IntraDVS policies on DVS systems. Finally, we end with a few
remarks in Sect. VI.

1I. OUR ENERGY MODEL OF DVS SYSTEMS AND
ASSUMPTIONS

Since our objective is to investigate algorithmic factors af-
fecting energy efficiency at a system level, the model should
be abstract enough to be independent of specific architecture
and environment. Tiwari, Malik, and Wolfe [8] proposed an
instruction set simulator (ISS) for estimating power consump-
tion. It is modeled and parameterized with the aid of current
measurement of real chips in the case that the same instructions
are consecutively executed. For given instructions, their esti-
mation is accurate. However, for given an algorithm, the power
estimation is too much affected by characteristics of specific in-
stances, such as chips, compilers, programming, and program-
ming languages. This ISS level abstraction itself is not suffi-
cient for studying general tendencies and characteristics of en-
ergy and performance tradeoffs at the algorithmic level. In the
upper processes of software development many hardware con-
figurations are unspecified, and ISS simulators require many
indeterminate HW/SW configurations. Their simulations are
also not lightweight.

The model, on the other hand, should be precise to reflect
realistic characteristics and behavior of the latest chips. For ex-
ample, in augmented Turing machine (ATM) model [4], which
is of highest abstraction, the amount of dissipated energy is
augmented in each transition between states. This model could
be one of the bases for constructing the energy complexity the-
ory. However, none of real architecture has reflected Turing
machine and low-power technologies for CMOS based archi-
tectures have not been simply modeled on it. Therefore, we
focus on CMOS based architectures.

For the sake of simplicity, in this paper, we use the following
assumptions. Dynamic power consumption is proportional to
the cube of V:

Pagn x V3. (1)

The scale of normalized voltage ranges over [0.3, 1]. The num-
ber of operations, instead of the number of instructions, is used
for the measure of work, although in Sect. V IntraDVS policies
are formulated using cycles for the sake of compatibility to the
existing work. The amount of work does not change before
and after voltage scaling, and the speed of processing work is
proportional to frequency. Power consumption is the same for
any algorithms. The overhead of voltage transition in time and
energy is negligible. We focus on dynamic power, dominant
in the current technology, and ignore leakage power. Periph-
erals are ignored. We also ignore the effect of programming
languages, specific program structures, such as loop vs recur-
sion, data structures, memory access, architecture, logic, OS,
and compilers. The DC-DC converter has constant efficiency,
and therefore it can be ignored when comparing power and en-
ergy efficiency of multiple configurations. Our targets are hard
real time systems with a single processor given a single task.

III. SORTING ALGORITHMS

Over sorting algorithms with ©(n lgn) average-case execu-
tion time, quicksort is in practice dominant for large input ar-
rays. Although its worst-case execution time is ©(n?), it gen-
erally outperforms heapsort two to five times on average in C
implementation [6]. The slack time generated from the work-
load variation between the worst- and average-cases affords a
chance to lower voltages. However, for a large input array, the
limited frequency scalability of processors usually hinders us
from using up all the slack time.

The recursive case of quicksort is:

gsort (x:xs) = gsort (us) ++ [x] ++gsort (vs)
where (us,vs) = splitby(x,xs)
2)
The head x of a given list x : xs is selected as a pivot, and func-
tion splitby splits list xs into list us, in which all elements
are greater than or equal to x, and vs, in which all elements
are less than x. The problem of sorting xs is divided into two
smaller subproblems, sorting us and vs. The results of those
subproblems gsort (us) and gsort (vs) are concatenated
by (++) at the front and back of a singleton list [x], respec-
tively.

The step-counting is one of the quantitative measures, rep-
resentative of the execution time [1]. We denote by 6/ (n) a
predicted time complexity of function f that takes the size n of
the input list as an argument. The time complexity of quicksort
can be described as

gasort (n) = 5splitby(n 1)+ 3)
5qsort(d) + 5qsort(n —d— 1) -

with d a randomly chosen integer from range [0, — 1]. The
steps of splitby are assumed to be proportional to the size
of the input lists, i.e., $SPLIEPY () = ¢n. For the sake of
simplicity, the cost of gsort with a list of size zero or one
and concatenation (++) of two lists is assumed to be zero.
Because of those assumptions and the equation of §IS°TE (3),
the worst- and best-case complexities of STt () are cn?
and cn 1g n, respectively. For example, if the problem of size n
is divided into halves, the remaining worst-case execution time
becomes exactly half.

The keys to optimizing IntraDVS are the precise prediction
of the remaining execution time and its reduction as early an
execution stage as possible [7]. If we ignore the order of eval-
uation of quicksort, during the execution of gsort xs the
intermediate expression exhibits the form:

gsort (xs1) ++ [x1] ++ gsort (xsy) ++
++ o+ [x-1]

[x2]
++ gsort (xsp,)
“
in which any of gsort (xs;), the size of which is greater than
zero, can be updated using the above recursive case definition
of gsort (3). As implemented in many libraries, firstly com-
puting the smaller list of us and vs, for each recursion, results
in reducing the maximum size of a stack frame. This execution
order guarantees the maximum stack size up to the logarithm

2We adopt Haskell-like notation [1].
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of the input list size. On the other hand, the remaining exe-
cution time, computed with 37, §I5°FT (size(xs,)), does not
decrease rapidly, in which size returns the size of a given list.

However, if we always compute the longer lists in xs;
(1 < i < m) for each iteration in the different program struc-
ture, the remaining execution time sharply decreases in most
cases. The generated surplus slack time is available for lower-
ing voltages. The size k of a stack for controlling the evalua-
tion order and the decrease quantity of the remaining execution
time are a tradeoff. We will conduct an experiment for evalu-
ating this tradeoff in Sect. V-B. We call this division technique
an early division with stack size k. The number of steps does
not change by increasing the stack size k of an early division
while the consumed memory space increases. Thus, the order
of execution is important for lowering power.

Heapsort is often used in embedded systems with real-
time constraints, since its asymptotic execution time bound
©(nlgn) is the optimum in general sorting algorithms and
the auxiliary storage outside the input array has constant up-
per bound. Hence, heapsort does not generate much workload
variation and proper SVS minimizes energy consumption in the
case that only a task of heapsort itself is taken into account. In
addition to inefficient performance compared to quicksort in
most cases and on average, a drawback of heapsort on DVS
systems is incapability of exploiting the biased input list distri-
bution even known in advance in real applications.

Introsort [6, 9] is a hybrid algorithm of quicksort and heap-
sort. Introsort begins with quicksort and stops with excellent
performance for most inputs. If the recursion depth is detected
exceeding a predefined threshold by means of introspection,
it switches to heapsort to stay in ©(n lgn) asymptotic perfor-
mance.

Introsort has two advantages on DVS systems. First, it pre-
serves the benefit of quicksort; The early division technique,
applicable in quicksort phase, generates the slack time due to
the workload variation. Second, the ratio between average- and
worst-case execution time is bounded by a small constant; un-
like quicksort, it does not generate much useless slack time for
practical DVS systems with a limited voltage scalability.

Fig. 1 provides a performance comparison among heapsort,
Musser’s introsort [6], and quicksort. The number of executed
operators is normalized with the result of heapsort given the
worst-case input. For fair evaluation, throughout this paper,
experimental data and programs are excerpted from [9].3 In
Musser’s introsort, a threshold to switch to heapsort and inser-
tion sort are 21lgn, in which n is the size of an input array,
and 16, respectively. The code of quicksort is derived from
the Hewlett-Packard implementation of the C++ Standard Tem-
plate Library [9]; Median-of-3 pivot selection is used and a
threshold to switch to insertion sort is 16. Overall, heapsort
with the worst-case and random input show negligible execu-
tion time difference for generating the slack time. Given ran-
dom input, the performance of introsort and quicksort is almost
identical. In the case that the input size is either 52 or 100,
quicksort has the best performance. In the case that the input

3 According to [9], the data was “obtained on a MIPS R5000 processor with
512 kilobytes of secondary cache and 64 megabytes of main memory, using
version 7.2.1 of the Silicon Graphics MIPSpro C++ compiler.” “A minimum
of five trials were performed for each pair of algorithm and sequence, ....”
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Fig. 1. Normalized operator numbers of sorting programs.

size is more than 100, introsort is superior to quicksort both in
the worst- and average-cases, and introsort and heapsort are a
tradeoff.

IV. STATIC VOLTAGE SCALING

Static voltage scaling (SVS) is a technique for lowering en-
ergy consumption of systems by assigning a single supply volt-
age to each task before execution. The optimum voltage for
each task is determined as the minimum voltage to finish the
task execution exactly at the deadline. In SVS, the slack time
due to workload variance cannot be used for the further energy
reduction at runtime.

We propose a metric for evaluating energy consumption of
algorithms when a hard deadline is assumed and SVS is used.
Under the ideal assumption that power consumption is cubi-
cally proportional to voltage (1), relative energy efficiency of
algorithms is insensitive to deadlines. We denote by d,, and J,
the worst- and average-case execution cycles, respectively.

Lemma 1 (Optimal SVS). For SVS without scaling bound, an
algorithm of a given task is energy optimal on average iff

2
02 64 )
is minimum.

Proof. Let D be deadline. The execution at frequency 0y /D
finishes exactly on deadline. The corresponding power con-
sumption P(f) is the smallest in the case that f = dy,/D be-
cause P monotonically increases. The execution time is the
number of cycles X divided by frequency, i.e., X/(dw/D).
Thus, energy consumption is P(dy,/D)DX/dy,. Because we
are comparing the different algorithms under the same dead-
line, D is constant. The average energy consumption is propor-
tional to the average of 62 X, which is equivalent to (5). O

It should be noted that the scalability of real processors is
bounded by the minimum frequency fi,. This realistic as-
sumption provides us with a measure 62 (D fuin T da), in
which binary operator 1 returns the maximum of two argu-
ments. Hence, energy efficiency depends on deadlines.
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Fig. 2. Normalized energy of sorting programs using SVS.

The SVS energy measure (5) designates two elements affect-
ing energy consumption. The worst-case execution cycles dy
have the more impact; The major effort should be dedicated to
reduce this. The average-case execution cycles linearly affects
the SVS energy measure (5), which is not negligible as we will
see in the following.

The double logarithmic chart Fig. 2 shows energy consump-
tion normalized by using heapsort with random input. The plot-
ted data is obtained by multiplying the values in Fig. 1 using
the SVS energy measure (5). The characteristics of Fig. 1 and
Fig. 2 differ. The energy consumption of quicksort with ran-
dom input, as well as the worst-case input, increases sharply
due to quadratic effect of the worst-case execution cycles dy,
which quadratically increases the SVS energy measure (5). For
heapsort, the less execution time variance results in the less en-
ergy consumption variance. The input data size, as well as its
distribution, affects energy consumption.

The most energy efficient algorithm both on average and at
the worst-case depends on the input size. First, in the case that
the input size is either 52 or 100, quicksort with random in-
puts shows the best result. Quicksort with the worst-case input
is superior to both introsort with the worst-case and heapsort
with any input. Those results can be anticipated from Fig. 1,
since, given random inputs, quicksort and introsort outperform
heapsort and the difference of the worst-case execution time
between quicksort and heapsort reflects the difference of en-
ergy consumption between them. Second, in the case that the
input size is 200, heapsort and either of quicksort or introsort
is a tradeoff. The most energy efficient algorithm depends on
both the worst- and average-case execution time. Third, more
than 200, quicksort is no longer useful since it is outperformed
by the worst-cases of heapsort and introsort. Heapsort and in-
trosort remain a tradeoff.

The fact that quicksort with random input is not always the
best shows that the algorithm of the best performance on aver-
age is not always the most energy efficient when SVS is used.
It should be noted that the frequency lower bound, not assumed
here, exacerbates energy efficiency, since the less slack time is
generated from workload variation in quicksort. In the last two

cases, algorithms should be selected by comparing the signifi-
cance of the worst- and average-case energy consumption and
the size and characteristics of input arrays.

In embedded systems, the severe timing constraints are im-
posed and therefore heapsort is usually adopted as sorting al-
gorithm. However, with the little additional slack time, in-
trosort outperforms heapsort in terms of average and typical
energy consumption. The performance superiority of introsort
has been reported in [6, 9].

V. DYNAMIC VOLTAGE SCALING

Dynamic voltage scaling is a technique for scaling the pro-
cessor’s supply voltages and working frequencies at runtime.
Whereas SVS must always use the worst-case execution time
to meet deadlines, DVS takes into account actual available
execution-time information at runtime. To the best contrast of
energy efficiency of algorithms, we focus on energy optimiza-
tion of a single task and voltage scaling during its execution,
i.e., IntraDVS [7].

The development using IntraDVS consists of four parts.
First, we make a model of execution time of a given program
and estimate parameters. As seen in Sect. III, this process can
be automated, at least, for sorting algorithms by means of step-
counting functions. We exploit data flow information, but not
only control flow information. Second, programs are trans-
formed into ones with the steeper reduction of the worst-case
execution time or other time metrics likewise. For example,
in Sect. III, we suggested that the order of processing expres-
sions be changed to obtain the programs with the better remain-
ing execution time prediction in the early stages. Third, volt-
age scaling points (VSPs) annotated with parameterized scal-
ing factors are inserted. For the sake of simplicity, in this sec-
tion, we insert VSPs right after division of quicksort and in-
trosort, at which the remaining execution time can decrease by
more than single time unit. The scaling factors are contingent
on IntraDVS scheduling strategies, which are detailed in the
next subsection. Fourth, at runtime the remaining execution
time is predicted and voltages are scaled at each VSP,

A. IntraDVS policies

In IntraDVS, voltage changes are determined by IntraDVS
policies at runtime. Those policies are classified with respect
to the remaining predicted execution cycles (RPEC). For the
divide-and-conquer approach, e.g., used for quicksort and in-
trosort, we define the equation

6(d) = e(d) + €D | Do) |, Adp,..,dh,,} € div(d)
L (6)

as a general scheme for predicting the remaining execution
time ¢ of a given program with input d. Here, ¢(d) is the num-
ber of cycles in order to divide data d into a set {d},d],...}.
Variable j is determined by the way of separation. The second
term on the right hand side disappears if div(d) is an empty
set. In this section, we use the number of cycles to estimate the
remaining execution time. However, without loss of generality,
this measure can be replaced with, e.g., the actual time and the
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number of operations and steps, subject to the necessary preci-
sion and available prediction time and data. At each VSP, the
frequency is set to

)
<m ~L fmax) T fmin (7)

to meet deadline and minimize the energy consumption, in
which o represents the elapsed time, a range [ fimin, fmax] r€p-
resents available core frequencies, and binary operators 1 and
J return the maximum and minimum of two arguments, re-
spectively. We call such frequency the minimum sufficient fre-
quency with respect to the predicted cycles. At each VSP, the
frequency is set to the minimum sufficient frequency with re-
spect to RPEC. This idea is based on the fact that the most
power efficient frequency is the smallest constant, at which the
task exactly meets its deadline under the idealistic assumptions
such that power is a convex increasing function of frequency
(D) (et [2]).

In general, data flow diverges into many branches. We ab-
breviate a task of size d to task d, if it is clear which task is
designated in the context. For designing IntraDV S policies, we
follow the concept presented in [7]. To the best of the authors’
knowledge, the formulation of IntraDVS policies suitable for
divide and conquer algorithm is new.

We show several representative RPECs.
worst-case execution cycles (RWEC)

The remaining

(@) = e(d) + max (Z 6w<dz>> ,

{d,...,

is a simple but ineffective RPEC, which just returns the cy-
cles of split ¢(d) plus the maximum of the sums of the direct
subsequences. The policy based on RWEC is the most con-
servative and in most cases not utterly effective. The steps of
quicksort (3) becomes RWEC if d = 0.

The remaining near average-case execution cycles (RAEC)

&,.} € div(d) (8)

) = () + Y (Z 6a(dzi>> i

(...

are much smaller than RWEC in many applications due to
workload variation at runtime. Here, we assume that the sum
of all probabilities is one, ) p; = 1. The minimum sufficient
frequency with respect to RAEC also becomes much smaller.
For example, RAEC of quicksort is:

&,.} € div(d) (9)

égsort(n) _ 6:plitby(n _ 1) +
n—1

1
> (0 (d) + 557 (n —d = 1)) —

d=0

(10)

To compute J,(d), the RPECs of all successors are needed and
it is in general impossible to analytically obtain it. However,
RAEC is near real average-case execution cycles and can be
statistically estimated by using a number of real measurements
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of the execution time. The effect of hot paths is appropriately
reflected by the weight of probabilities p;. The maximum fre-
quency bound makes RAEC policy not safe, violating dead-
line.

The remaining safe execution cycles (RSEC) (cf. [7])

D —o(d)

R )

¢(d) (1)
are the number of cycles in the case that the maximum fre-
quency is used for all descendant nodes and the smallest possi-
ble frequency while meeting the deadline is used for the current
node with z(d) a deadline of division of d:

6w (d) — C(d)
fmax ’

o(d) a given starting time of processing d, and f,,x the maxi-
mum frequency. The runtime computation of the policy derived
from RSEC is lightweight; The right hand side on the RSEC
equation (11) does not include the RSECs of the successors,
and both ¢ and d; are statically determined.

The RSEC policy is the most aggressive, in the sense that
it decreases frequencies as much as possible at any moment
while satisfying deadline constraints. However, if RWEC does
not substantially decrease at runtime, the RSEC policy exhausts
the slack time in the early stage of task execution, resulting in
the worse energy consumption.

To remedy this, we combine two policies of different char-
acteristics. A hybrid policy with RSEC guarantees meeting
the deadline constraints while using possibly aggressive pre-
diction. The hybrid remaining execution cycles between RSEC
and some RPEC:

Omax(a,y)(d) = max (3. (d), oy (d))

2(d) =D — (12)

(13)

avoid overestimation by using the RSEC policy in the early
stage of task execution. We refer to the hybrid cycles dpax (s a)
between RSEC and RAEC as the remaining safe average ex-
ecution cycles (RSAEC). The construction of this RSAEC is
new.

B. Experimental Results

Fig. 3 shows a comparison of energy consumption normal-
ized with the result of heapsort with the worst-case input. Each
deadline is set to the worst-case execution time of introsort with
the same size input. Since, as expected, quicksort returns much
poorer results than introsort and heapsort, we here ignore it. At
runtime, required voltage changes, specified by each VSP, are
designated by using a lookup table, the remaining execution
time, the current time, and deadline. Lookup tables are con-
structed by the experimental data presented in Fig. 1, and the
intermediate values among them are predicted by using linear
interpolation. Therefore, the cost of introsort for the smaller
input size is underestimated, since fast insertion sort is used
for the lower size data. For heapsort, voltage can be statically
assigned. Introsort with the RWEC policy and the worst-case
input runs at the highest frequency. Since heapsort with ran-
dom input shows almost the same result as heapsort with the
worst-case input, we omit it. The tradeoff between heapsort
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Fig. 3. Normalized energy of sorting programs using DVS.

and introsort with the RWEC policy and the worst-case input is
preserved from Fig. 1. Since the slack time, if any, is limited,
at input size 52, introsort with many configurations has almost
the same result. The stack size of an early division is 4 lgn,
in which n is the input array size. The result of the RSAEC
policy is not superior to the RWEC policies in the case that the
input size is the smaller. This is because the early consumption
of the slack time makes frequencies scaled up near deadline.
Oracle introsort runs at the minimum frequency without taking
deadline constraints into account. The ratio between this oracle
and introsort using the RWEC policy with the worst-case input
should be and was approximately squared frequency scalability
times the ratio of their execution time, which is approximately
3 %. Early division strictly improves energy efficiency of in-
trosort with the RWEC policy. At size 5 000, for random inputs
early division introduced to introsort with the RWEC policy re-
sults in 62.6 % energy savings. It is only 44 % greater than the
result of oracle. The RSAEC policy approaches the result of
oracle, given the larger input. The experimental result shows
that the difference of the RSAEC policy and oracle is less than
1 % from 25 000 to 1 000 000.

Fig. 4 shows a tradeoff between space and energy in in-
trosort using an early division. The greater stack size it has,
the more energy is saved. The energy savings are saturated
to approximately 25 % of energy consumption of a single unit
temporary stack. This saturation occurs approximately at line
y = 3000 x 2% It should be noted that the energy overhead
due to the larger memory was ignored and taking into consid-
eration those effects may exacerbate the energy consumption.

VI. CONCLUDING REMARKS

Through a case study on sorting algorithms, we have shown
a lightweight, automatic analysis and optimization method on
DVS systems under the time constraint for improving algorith-
mic energy efficiency, which is needed in the upper process in
software development. The sorting algorithms showed trade-
offs between energy and other metrics in multiple factors. The
most energy efficient algorithm also depends on the size of in-
put data. The algorithmic reconfiguration successfully reduces
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Fig. 4. Effects of the stack size on energy consumption.

energy consumption. Therefore, at the algorithmic level energy
optimization and performance optimization differ.
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