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/103254�6�7�8:9�;< 8:=>4�?,@BAC0�DE4GFH?�6�IKJ�FHJ�@�LB03M�FHNO6�P�8Q9�R

S 9TFVU�NXW�4�W�N,7Y4ZP�8Q? < 7VNOFVN�6�9�8Q[�N,7�?H4�\Q8QF^]_FVU�N,J�7VN,I J�`ba#Jc7VJc9B8:9edf?gF^]�W�NX`hJc7
L i`h6�9 < FH8QJc9�?�J�`j9�NOk�`hJc7�Il?�8Q?�JcmBFH4�8:9�NOPe0

n N%`hN,7�N,9 < N,?,o�p�qCFH8rFH\QN,?,0

s�tvuOw�xzy|{�}�~���x|�h{�w't S 9�FVU�NZk�J�7V=����,��M�0KD�0Ca#Jc7�Jc9�8:9�@1?VNON�4�\Q?VJ����>�l�����G��@
JcmBFH4�8:9BN,P)4Cm�7V8Q\:\:8:4�9�F�FVU�N,J�7VN,I.Jc9�FHU�N�6�9�8r[cNO7V?H4G\:8QF^]lJ�`�FHU�N n 8:NOI�4�9B9��,NOFH4 i `h6B9 < FV8:Jc9

ζ(s)
@

s = σ + it
0'��N�W�7�Jz[cN,P+FHU�4GFKN%[cN,7&]+4�9�4�\r]�FV8 < 9�J�9 i [G4�9�8Q?VU�8Q9�RYJc9�FHU�N)P�8:? <

{

s ∈ C : |s| < r, r < 1
4

} `h6�9 < FH8QJc9�k�U�8 < U)8:? < Jc9�FH8:9�6�J�6�?�Jc9�FHU�N�m�Jc6�9�P�4G7�]�J�`5FVU�8:?
P�8Q? <�< 4�9Km�N�6�9�8r`hJc7VIK\Q]14�W�WB7VJ���8:Il4GFHNOPKk�8rFHUKP�N,?�8:7H4Gm�\:N�4 <O< 6�7V4 < ]bm�]bFH7V4�9�?V\:4GFH8QJc9�?�J�`
FHUBN `h6�9 < FH8:J�9 ζ(s)

0�¡�U�8:?�FHU�NOJc7VNOI¢k�4�?£8:IKW�7�J|[�N,P¤4�9BP�RcN,9�NO7H4�\Q8:�ON,P¥`hJc7�J�FHU�NO7£�,N%F¦4 i`h6�9 < FH8QJc9�?�4�9�PE§ 8:7�8 < U�\QNOF�?VNO7V8QN,?�m�]¤Il4�9�])4�6BFVU�Jc7�?,0�¨�N©k�8Q\:\e?&F¦4GFVN©FVU�Nª\:4�?�F�[�N,7V?�8:Jc9
J�`�FVU�N«a#Jc7�Jc9�8Q9lFHUBN,Jc7�N,I¬�®­>��0�25N%F

meas{A}
P�N,9BJ�FHN FVU�N¯2�NOm�NO?VRc6�N�IKN�4G?V6�7�N J�`�FVU�N

?VN%F
A
@34�9�P)\:N%F�@�`hJc7

T > 0
@

νT (. . .) =
1

T

IlN,4�?
{τ ∈ [0, T ] : . . .},

k�U�NO7VNgFHUBN°P�J�FH?�IlN,4�9Z?VJcIKN < Jc9�P�8rFH8:J�9±?H4>FH8:?&²�N,P³m�] τ
0�M�6�WBW�Jc?�NgFHU�4>F

K
8:?¥4

< J�IlW�4 < F)?V6�mB?VNOF)k�8QFVU < Jc9�9�N < FVN,P < JcIKW�\:NOIlNO9�F¤JG`1FHUBN´?&FH7�8:W {s ∈ C : 1/2 <

σ < 1}
@34G9�PE\QNOF«4b`h6B9 < FV8:Jc9 f(s)

m�N < Jc9�FH8Q9�6BJc6�?«4�9�PE9BJc9 i [G4�9B8:?VUB8:9�RbJc9 K
@�4�9�P

4�9�4G\Q]�FH8 < 8:9�FHUBN©8Q9�FHN,7�8:Jc7�J�` K
0�¡�UBN,9e@�`hJc7�N%[cNO7�]

ε > 0
@

lim inf
T→∞

νT (sup
s∈K

|ζ(s + iτ)− f(s)| < ε) > 0.

¡�U�N¤\µ4>FHN,7¶FVU�N,J�7VN,I·?VU�Jzk�?bFHU�4GFbFVU�N¤?VNOFb`«?VU�8r`¸FH?bJ�`�FHU�N n 8:NOI�4�9B9X�,NOFH4 i `h6B9 < FV8:Jc9k�U�8 < U¶4�W�WB7VJ���8:Il4GFHN#4�Rc8Q[�N,9ª4�9�4�\r]�FH8 < `h6B9 < FV8:Jc9©8:?5?V6�¹ < 8:NO9�FV\Q]�7�8 < Ueoz8rF5U�4�?�4�W�Jc?V8rFH8r[cN
\:Jzk�N,7�P�NO9�?V8rF^]c0

¡�U�Ng6�9B8Q[cNO7V?V4�\:8rF^]�W�7VJcW�N,7&F^]+`hJ�7lJ�FVU�N,7K`h6�9 < FH8:J�9�?lPBNO²�9�NOPZm�](§ 8Q7V8 < U�\:N%Fl?�N,7�8:N,?
U�4�?�m�N,N,9EJcmBF¦4G8:9�NOP�m�]EM�0�D�0�º�J�9�N,=Y�f»G��@�/ª0 n NO8 < U���¼G��@��r��½G�¾@�¿ 0�¿£4GR < U�8'�r���,�¾@5���|�>��@
/10'254�6�7�8:9�;< 8:=>4�?¤��­>��@��r�zp>���³���|­>��@#/10#254�6�7�8:9�;< 8:=>4�?b4�9�P±AC0'DE4GFH?�6�IKJ�FHJ+�r��»G�¾@����z¼G��@
/10#254�6B7V8:9�;< 8:=>4�?O@�AC0'DE4GFV?V6�IKJ�FHJ�4�9�P±LB0'M�FVN,6�P�8Q9�R+�®��½>�¾@#AC0'DE4GFV?V6�IKJ�FVJ+���c�>��@'LB0
M�FVN,6�P�8Q9�R(����pG��@��®�>q��¾@'�©0£D�8Q?VU�J�6����cÀ>��@«�����G��@'�ª0'¿£4�6BN,7g���c­>��@ n 0�º�4�7V6B9�=�;?�FH8Q?E����»G��@
/10�254�6�7�8:9�;< 8:=>4�?,@�¨Á0�M < U�k�4�7V�Y4G9�PZLB0�M�FHNO6�P�8Q9�R(�����,��@'4�9�P(m�]ÂJ�FHUBN,7l4�6BFHUBJc7V?O0 S F
FH6B7V9�NOPlJc6�F�FHU�4>F�FHU�N�Il4|Ã�Jc7V8rF^]©J�` < \µ4�?�?V8 < 4�\��,NOFH4�4�9�P L i `h6�9 < FV8:Jc9B?#4�7VN�6�9B8Q[cNO7V?V4�\�8:9FHUBN¶a#Jc7VJc9B8:9°?VNO9�?VNG05¡�U�Nb2�8:9�9�8Q= i S m�7H4�R�8:IKJ|[ < J�9>Ã�N < FH6�7�NK?V4�]�?�FVU�4GF�4�\Q\�`h6�9 < FH8QJc9�?

�



8:9±4 < N,7�FH4�8:9±U�4�\Q` i W�\µ4G9�N�Rc8Q[�N,9(m�]±§ 8:7�8 < U�\QNOFK?VNO7V8QN,?,@�4�9�4G\Q]�FH8 < 4�\Q\Q] < Jc9�FH8Q9�6�4�m�\:N¤FHJFHUBN1\:N%`¸F JG`�FHU�NªU�4�\r` i W�\:4�9�N�J�`#4�mB?VJc\Q6BFHN < Jc9�[cNO7VRcNO9 < Nb4G9�Pg?H4>FH8:?&`¸]�8:9�Rl?VJcIKNª9�4GFH6�7V4�\Rc7�J|k�FVU < Jc9BP�8QFV8:Jc9�?14�7VN�6�9�8Q[�N,7�?H4�\�0�¨³8QFVU�Jc6BF¶4�9�] P�J�6�mBF¶FVU�N¥\µ4>FVFHNO7 < Jc9>Ã�N < FH6�7�N¤8:?
< J�IlW�\Q8 < 4GFHNOP¥FHU�Jc6�FHU)4�\:\�N%�B4�IKW�\:NO?�?V6�W�W�Jc7&F«8rF�0

S 9Y�®�G½G��k�N¯Jcm�F¦4�8Q9�N,P�FVU�N¯6�9B8Q[cNO7V?V4�\:8rF^]lJG`
L i `h6�9 < FH8QJc9�?£J�`59BNOk�`hJc7�Il?�m�]l6�?�8:9�RC4IKNOFHUBJ�P)m�4�?�N,PEJ�9)FVU�NªIKNOFVU�J�P�J�`�FHU�N�k�Jc7V=Y���z¼G��@�k�U�N,7�N©FVU�N < 4�?�NªJ�`j9�NOk�`hJ�7VIK?«J�`

\:N%[cNO\���k�4�? < Jc9B?V8:PBN,7VNOPe032�NOF SL(2, Z)
m�N�FHUBN�`h6B\:\eIKJ�PB6�\µ4�7�Rc7VJ�6�We@34�9�P¤\QNOF

Γ0(q) =

{(

a b

c d

)

∈ SL(2, Z) : c ≡ 0 (mod q)

}

m�N�8QFH?5��N < =GN�?V6Bm�Rc7VJ�6�We0�/X`h6�9 < FH8QJc9 F (z)
4�9�4G\Q]�FH8 < 8:9¯FVU�N#6�W�W�N,75U�4�\r` i W�\:4�9�N S I z >

0
8Q? < 4�\Q\:NOP¥FHU�N < 6B?VW�`hJ�7VI.JG`�k�N,8QRcU�F

κ
4�9�P¤\:N%[cNO\

q
8Q`
@�`hJ�7�4�\:\ (a b

c d

)

∈ Γ0(q)
@

F
(az + b

cz + d

)

= (cz + d)κF (z),

4�9�PY8r`
F (z)

8:?�4G9�4�\Q]�FV8 < 4G9�P°[�4G9�8:?�U�8:9�R¤4>F¯FHU�N < 6�?VWB?,0 S 9°FHU�8Q? < 4�?�N F (z)
U�4�?�4>F

∞
FHUBN�`hJ�\:\:Jzk�8Q9�R � Jc6�7�8:NO7�?VN,7�8:NO?�N ��W�4�9�?�8:Jc9

F (z) =

∞
∑

m=1

c(m)e2πimz .

/ `hJ�7VI
F (z)

8:? < 4�\Q\:N,PE4l9�N%k�`hJc7VI 8Q`j8QF«8:?«9�J�F 4 < 6�?�Wg`hJc7VI�J�`�\:NO[�N,\�\:NO?V? FVU�4GF
q
@

4�9�P�8Q`�8rF£8:?�4�9�NO8:RcNO9B`h6�9 < FH8:J�9�J�`�4�\Q\��«N < =GN�JcW�N,7H4>FHJc7�?,0�¡�U�8:?£8QIlWB\:8:NO?�FHU�N«8:9�N���6�4�\:8rF^]
c(1) 6= 0

@34�9�P�k�N < 4G9�?�6�W�W�Jc?VN�FHU�4>F c(1) = 1
0

¡�JKN�4 < U�9�J�7VIl4�\:8Q�,N,P�9BNOk�`hJc7�I.k�N < 4G9�4>FVF¦4 < U)FVU�N L i `h6�9 < FH8:J�9

L(s, F ) =

∞
∑

m=1

c(m)

ms
.

¡�U�N£\:4GFHNO7j?�N,7V8QN,? < Jc9�[cNO7VRcNO?�4Gm�?VJc\Q6BFHNO\Q]�`hJc7 σ > (κ+1)/2
0cD�Jc7�N,Jz[cNO7,@�FVU�N�`h6�9 < FH8QJc9

L(s, F )
8:?Y4�9�4G\Q]�FH8 < 4�\Q\Q] < Jc9�FV8:9�6�4�m�\QN FHJZFHUBN�k�UBJc\:N s i W�\µ4G9�N�4�9�PT8:?Y4�9ÁNO9�FV8:7�N

`h6�9 < FH8QJc9e0 S 9¤FHU�N©U�4�\r` i W�\:4�9�N σ > (κ + 1)/2
FVU�N©`h6B9 < FV8:Jc9 L(s, F )

U�4�?�FHUBN���6�\QN,7
W�7�J�P�6 < F�Jz[cN,7�W�7�8:IKN,?

L(s, F ) =
∏

p|q

(

1−
c(p)

ps

)−1
∏

p-q

(

1−
c(p)

ps
+

1

p2s+1−κ

)−1

.

2�NOF
D = {s ∈ C : κ/2 < σ < (κ + 1)/2}

0#¡�U�N,9Z8Q9�����½G��FHU�N)`hJc\:\QJzk�8:9�R
?�FH4GFHNOIlNO9�F«U�4�?�m�NON,9)JcmBF¦4G8:9�NOPe0
���	� {�y ��
 s�t
���������������������

F (z) � � �"!#�%$'&(��) �+* �-,.!#�'/102�%$'&3�40�/5� �+6 ��� κ
��!7,

)8�'9��')
q :7; �'� K < � �(=>�%& ����='�
�'� < ���'�?�40������@�'�A$ � � D

/ � ���B=>�%!�!#�>='�C�-,D=>�%& �7)8�'&E�'!��GF
�



��!7,B)8�'�
f(s) < � � =>�%!�� � !����%����!#�%! � 9%��! � �>� � ! 6 �%! K

0 � !#='� � �%! / � � =>� � � ��!7��) � � � =
� ! ����� � !��4�'$ � �%$"�40 K :�� ���'!�F�02�%$"�'9��'$ � ε > 0

lim inf
T→∞

νT (sup
s∈K

|L(s + iτ, F )− f(s)| < ε) > 0.

¡�U�N¶4G8:I.JG`jFHUB8:?�9�J�FVN©8Q?�FHJKJcmBF¦4G8:9�4KP�8Q? < 7VNOFVN©[�N,7�?V8:J�9�J�`j¡�U�N,J�7VN,I!�c032�N%F�@�`hJc7
W�Jc?V8rFH8Q[�N�8:9�FHNORcN,7

N
@

µN(. . .) =
1

N + 1
#(0 ≤ m ≤ N : . . .),

k�U�NO7VNªFVU�N©P�J�FH?�IKN�4�9�4 < N,7�FH4�8:9 < J�9�P�8QFV8:Jc9¤?V4GFH8Q?�²�NOPEm�] m
0�M�6�W�W�Jc?VN©FHU�4GF

h
8Q?«4

²B��N,P�W�Jc?�8QFH8r[cN«9�6BI¶m�NO7�?�6 < U�FHU�4GF exp
{

2πk
h

} 8:?�8:7V7V4GFH8QJc9�4�\�`hJ�7�4�\Q\38:9�FHNORcN,7�?
k 6= 0

0
� Jc7�N%�B4�IKW�\:NG@�k�N < 4�9EFH4�=�N h = π

@3?V8:9 < N1m�]¤FHUBN12�8:9BP�N,Il4�9�9)FHU�NOJc7VNOI exp{2k}
@

k 6= 0
@�8Q?�8:7V7V4GFH8QJc9�4�\�0

���	� {�y ��
 � t ; �'� F (z)
F

K
��!7,

f(s)
� ��� � �G0 � �����"=>�%!7, � � � �%!��"�40 � ���>�%$ �'&�� :

� ���'!�F�02�%$��'9��'$ � ε > 0
F

lim inf
N→∞

µN(sup
s∈K

|L(s + imh, F )− f(s)| < ε) > 0.

n N < NO9�FV\Q]�@ FVU�N M < U�8:I¶6B7H4 i ¡j4�9B8Q]�4GI�4 < Jc9>Ã�N < FH6�7�N·U�4G?¬m�N,NO9 W�7�J|[�N,P ����¼G��0
� Jc9�?�N ��6�NO9�FV\Q]�@GN%[cN,7&]©9�Jc9 i ?V8:9BRc6�\µ4G7eN,\Q\:8:W�FH8 <�< 6�7&[cN'Jz[cN,75FHUBN#²�N,\:P©J�`�7H4GFV8:Jc9�4�\c9�6�I¶m�N,7

E : y2 = x3 + ax + b, ∆ = −16(4a3 + 27b2) 6= 0,
8:?�IKJ�P�6�\µ4G7,@�FVU�N,7�NO`hJc7�N�8QFH?

L i `h6�9 < FH8:J�9

LE(s) =
∏

p|∆

(

1−
λ(p)

ps

)−1∏

p-∆

(

1−
λ(p)

ps
+

1

p2s−1

)−1

, σ >
3

2
,

< J�8:9 < 8:P�NO?Kk�8rFHU L i `h6�9 < FV8:Jc9±J�`�4 < N,7&F¦4�8Q9±9�N%k�`hJc7VI J�`¯k�N,8QRcU�F¤�´JG`�?VJcIKNg��N < =GN
?V6Bm�Rc7VJ�6�We0'¡�U�N,9e@�8:9Â[�8QNOk�J�`¯¡�U�N,Jc7�N,I �

LE(s)
U�4�?KFHU�N�P�8:? < 7VN%FHN�6�9�8Q[�N,7�?H4�\Q8QF^]

W�7�JcW�NO7�F^]�0e�«NO7VN¶8Q9EFHUBN¶P�8Q²�9�8QFV8:Jc9)J�`
LE(s) λ(p) = p − ν(p)

@�k�U�N,7�N
ν(p)

8Q?«FHUBN
9�6�I¶m�N,7�J�`�?VJc\Q6BFH8QJc9�?£JG`�FVU�N < Jc9�R�7V6�NO9 < N

y2 ≡ a3 + ax + b(modp).

M�8:IK8:\:4�7V\r]CFHJb¡�U�NOJc7VNOI �¶FVU�N�`hJc\:\QJzk�8:9�R¶?&F¦4GFVN,IKN,9�F < 4�9)m�N�JcmBF¦4G8:9�NOPe0

���	� {�y ��
	��
 t ; �'� F (z)
��!7,

K
� ��� � �G0 � �G���(=>�%!7, � � � �%!�� �40 � ���>�%$ �'&���F@��!7,)8�'� �����50 ��!#='� � �%! f(s) < �D=>�%!�� � !����%��� �%! K

��!7, ��!7��) � � � = � ! ����� � !��C�'$ � �%$(�40 K :
� ���'!�F�02�%$��'9��'$ � ε > 0

F

lim inf
N→∞

µN(sup
s∈K

|L′(s + imh, F )− f(s)| < ε) > 0.

p



� J�FVN�FHU�4GF�8Q9¤¡�U�N,Jc7�N,I�p¶FHUBN�`h6B9 < FV8:Jc9 f(s)
I�4�]¥U�4z[�Nª�ON,7�Jc?«J�9

K
0

���	� {�y ��
	��� t�� �%$(��$ < � � $ ��$ � σ1
F

σ2
F

κ/2 < σ1 < σ2 < (κ + 1)/2
F �G���'$ �

��� � �'��� � =>�%!��'� ��!�� c = c(σ1, σ2) > 0
�'��=>� �������@02�%$ �'��� = � �'!�� ) � )+��$ 6 � N

�����
0 ��!#='� � �%! L′(s + imh, F )

���%� � * �'$ � �%! ����� , � ��= |s − σ̂| ≤ (σ2 − σ1)/2
F

σ̂ = σ1+σ2

2

F�02�%$.&E�%$ � ������!
cN

!���& < �'$ � m
F

0 ≤ m ≤ N :
� t
	�� � 
 �hx�x �	� {3y ��
 
 {3yKx �	��
 ~�w���x|�h{�w

L(s, F )
t ¡�U�N¯W�7�J�J�`5JG`5¡�U�N,Jc7�N,I �

6�?�N,?�4�P�8Q? < 7VNOFVN#\:8:IK8QF�FHUBN,Jc7�N,I�8:9�FVU�N#?VN,9 < N'J�`�FVU�N#k�N,4�= < Jc9�[�N,7VR�N,9 < N�J�`�W�7VJ�m�4�m�8Q\:8QF^]
IKN�4�?�6�7VNO?�8:91FVU�N�?VW�4 < N�J�`�4�9�4G\Q]�FH8 < `h6�9 < FH8QJc9�?�`hJc7�FHU�N£`h6B9 < FV8:Jc9 L(s, F )

0c2�N%F
H(G)m�N£FHU�N�?�W�4 < N�JG`�4G9�4�\Q]�FV8 < J�9 G

`h6�9 < FH8QJc9�?�N���6B8:W�W�N,PCk�8QFVU¶FHU�N£FVJcW�Jc\:JcRG]ªJG`�6B9�8Q`hJc7�I
< J�9�[�N,7�RcN,9 < N�Jc9 < JcIlW�4 < FH4B0�§ N,9�JGFHN¯m�] B(S)

FHU�N < \:4�?V?�J�`5¿�Jc7�N,\�?VN%FH?£J�`�FVU�N ?�W�4 < N

S
0 S 9�FVU�8:?�?VN < FH8QJc9�k�N�k�8:\Q\G?&FH6�P�]¯FHU�N�k�N�4G= < Jc9�[�N,7VR�N,9 < N�J�`�FHUBN�W�7VJcm�4�m�8:\Q8QF^]�IKN�4�?�6�7VN

PN(A) = µN(L(s + imh, F ) ∈ A), A ∈ B(H(DM)),

k�U�NO7VN
DM = {s ∈ C : κ/2 < σ < (κ + 1)/2, |t| < M}

0
2�NOF

γ = {s ∈ C : |s| = 1}
P�N,9�JGFHN«FVU�N�6�9�8QF < 8Q7 < \:N�Jc9lFVU�N < JcIKW�\:N �bW�\µ4G9�N�@�4�9�P

Ω =
∏

p

γp,

k�U�NO7VN
γp = γ

`hJc7Â4�\:\�W�7�8:IKN,?
p
0b¨³8rFHU¢W�7VJ�P�6 < FÂFVJcW�Jc\:JcRG] 4�9�P�W�J�8:9�F^k�8:?�N

I¶6�\rFH8QW�\:8 < 4GFV8:Jc9 FHUBNT8Q9B²�9�8rFHN i P�8QIlNO9�?V8QJc9�4�\�FHJ�7V6�? Ω
8:?³4 < JcIlW�4 < FZFVJcW�J�\:JcRc8 < 4�\

/ m�N,\Q8µ4�9 Rc7�Jc6�We0�¡�U�NO7VNO`hJ�7VNvJ�9
(Ω,B(Ω))

FHU�N�W�7VJ�m�4�m�8Q\:8QF^](� 4c4G7�IKN�4�?�6�7VN
mHN%��8Q?�FH?O@>4�9�PªFVU�8:?5\QN�4�P�?�FVJ 4�W�7VJ�m�4�m�8Q\:8QF^]«?VW�4 < N (Ω,B(Ω), mH)

0G§«N,9�J�FVN�m�]
ω(p)

FHU�N
W�7�J>Ã�N < FH8:J�91J�`BN,\:NOIlNO9�F ω ∈ Ω

FVJ«FVU�N < J�J�7VP�8Q9�4GFHN#?�W�4 < N γp

@>4�9BP1Jc9©FHU�N'W�7VJ�m�4�m�8Q\:8QF^]
?VW�4 < N (Ω,B(Ω), mH)

P�NO²�9�N�4�9
H(DM) i [�4G\:6�NOP�7H4�9�PBJcI¢NO\:NOIlNO9�F

L(s, ω, F )
m�]

FHUBN�`hJ�7VI¶6�\:4

L(s, ω, F ) =
∏

p|q

(

1−
c(p)ω(p)

ps

)−1∏

p-q

(

1−
c(p)ω(p)

ps
+

ω2(p)

p2s+1−κ

)−1

. (1)

2�NOF
PL

?&F¦4�9BP�`hJc7£FVU�N�P�8:?&FH7�8:m�6BFV8:Jc9�JG`�FVU�N�7H4�9�PBJcI N,\QN,IKN,9�F
L(s, ω, F )

@�8�0�N�0

PL(A) = mH(ω ∈ Ω : L(s, ω, F ) ∈ A), A ∈ B(H(DM)).

� ��
 
�� s�t � ��� �7$ � < � < � ) � � � &E�-�%�'��$ � PN

/5�-���%) � =>�%!�9��'$ 6 �>�.�C� PL

�%�
N →

∞ :�� $>���40 : ¡�U�N1\QN,IKI�4¶8Q?�4 < Jc9�?VN���6�N,9 < NCJ�`�4bRcNO9�N,7V4�\5P�8:? < 7VN%FHN©\:8QIl8rF�FHUBN,Jc7�N,I�`hJc7
FHUBN1D�4GFH?�6�IlJGFHJb�,N%F¦4C`h6�9 < FV8:Jc9¤Jcm�F¦4�8Q9�N,P¤8:9´�fpc½G��0

q



� Jc7lWB7V8:IKN,?
p
P�NO²�9�NEW�Jc?V8rFH8r[cN)8:9�FHNORcN,7�?

g(p)
0�D�J�7VN,Jz[�N,7,@�\:N%F

a
(j)
p ∈ C

4�9BP

f(j, p)
@
1 ≤ j ≤ g(p)

@�m�N©W�Jc?�8QFH8r[cN¯8Q9�FHN,R�N,7V?O03§ NO²�9�N14bW�Jc\Q]�9�JcIK8µ4G\

Ap(x) =

g(p)
∏

j=1

(

1− a(j)
p xf(j,p)

)

J�`jP�N,Rc7�N,N
f(1, p) + . . . + f(g(p), p)

0 S 9���pB�O��Ab0�D�4GFH?�6�IlJGFHJbm�NOR�4�9¤FHJK?�FV6�PB]¤FHU�N
`hJc\Q\:Jzk�8:9�R1�,NOFH4 i `h6B9 < FV8:Jc9

ϕ(s) =
∏

p

A−1
p (p−s). (2)

� 9BP�N,7Y7VNO?�FV7V8 < FH8QJc9�? g(p) ≤ cpα
4�9BP

|a
(j)
p | ≤ pβ

k�8QFVUTW�Jc?�8QFH8r[cN < Jc9�?�FH4�9�F c4�9�PX9BJc9 i 9BN,R�4GFV8Q[�N < Jc9B?�F¦4G9�FV? α
4�9�P

β
FHU�N�8:9B²�9B8QFHNlW�7VJ�P�6 < Fb8:9�������� < Jc9�[cNO7VRcNO?

4�m�?�Jc\:6�FHN,\r]�`hJ�7
σ > α + β + 1

4�9�P°P�N%²�9�NO?�FVU�N,7�Nb4�9Y4�9�4G\Q]�FH8 < `h6�9 < FH8QJc9gk�8QFVU°9�J
�,NO7VJc?O0

S 9 FVU�N°k�Jc7�=Á��p�½G��4�P�8:? < 7VN%FHN´\:8QIl8rFlFVU�N,Jc7�N,I 8Q9³FVU�NY?VW�4 < NvJG`1IKN,7�JcIlJ�7VW�U�8 <
`h6�9 < FH8QJc9�?�`hJc7£FHUBN�`h6B9 < FV8:Jc9 ϕ(s)

U�4�?�m�NON,9)JcmBFH4�8:9�NOPe0�M�6�WBW�Jc?�N�FHU�4GF�FVU�N�`h6�9 < FV8:Jc9

ϕ(s)
8:?CIKN,7�JcIKJc7VW�UB8 < 4G\:\Q] < Jc9�FH8Q9�6�4�m�\QN¤FVJ°FHU�N¤7VNORc8:J�9 D̂ = {s ∈ C : σ > ρ0}k�U�NO7VN
α + β + 1

2
≤ ρ0 ≤ α + β + 1

@�4�9�PÂFHU�4>F¥4�\Q\£W�Jc\:NO?l8Q9ÂFVU�8:?K7VNORc8:Jc9+4�7�N
8:9 < \:6BP�N,P¤8:9)4 < J�IlW�4 < F�?VN%F�0�D�Jc7�N,Jz[cNO7,@3\:N%F�@B`hJ�7 σ > ρ0

@

ϕ(σ + it) = O(|t|δ), |t| ≥ t0,

k�8QFVU¤?VJcIKN
δ > 0

@34�9�P

∫ T

0

|ϕ(σ + it)|2
P
t = O(T ), T →∞.

§ NO9�J�FHN�m�]
M(D̂)

FVU�N�?VW�4 < N�J�`�IlNO7VJcIKJc7�W�U�8 < Jc9 D̂
`h6�9 < FH8:J�9�?jk�8QFVUCFHU�N£FVJcW�J�\:JcR�]

J�`�6�9�8r`hJc7VI < Jc9�[cNO7VRcNO9 < NªJc9 < JcIKW�4 < F¦4B@�4�9�P)\:NOF

ϕ(s, ω) =
∏

p

g(p)
∏

j=1

(

1−
ωf(j,p)(p)a

(j)
p

psf(j,p)

)−1

m�N�4�9
H(D̂) i [�4G\:6�NOP)7V4�9�P�J�I.N,\QN,IKN,9�F�Jc9�FVU�N�W�7VJ�m�4�m�8Q\:8QF^]K?�W�4 < N (Ω,B(Ω), mH)

0
¡�U�NO9E8:9Y�fpc½G�58rF£k�4�?«WB7VJz[cNOP�FHU�4GF�FHU�N�W�7�Jcm�4�mB8:\:8rF^]KIlN,4�?V6�7�N

µN(ϕ(s + imh) ∈ A), A ∈ B(M(D̂)),

k�N�4�=�\Q] < J�9�[�N,7�RcN,?¯FVJ�FHU�N1P�8:?&FH7V8Qm�6BFV8:Jc9)J�`�FHUBN17H4G9�P�JcI�N,\QN,IKN,9�F
ϕ(s, ω)

4�?
N →

∞
0

À



� Jc7
σ > (κ + 1)/2

FVU�N�`h6�9 < FV8:Jc9 L(s, F ) < 4�9)m�N�k�7V8rFVFVN,9¤8:9�FHUBN�`hJ�7VI

L(s, F ) =
∏

p|q

(

1−
c(p)

ps

)−1
∏

p-q

(

1−
a(p)

ps

)−1(

1−
b(p)

ps

)−1

,

k�U�NO7VN
c(p) = a(p) + b(p)

@�4�9�P¤8:9�[�8:N%k�J�`�FHU�N©§ NO\:8QRc9�N�N,?&FH8QI�4GFVN,?

|a(p)| ≤ p
κ−1

2 , |b(p)| ≤ p
κ−1

2 .

� Jc9�?�N ��6�NO9�FV\Q]�@cFHU�N£`h6�9 < FH8QJc9 L(s, F )
8Q?�4¯W�4G7�FH8 < 6�\:4�7 < 4�?VN�JG`�FHU�N�DE4>FH?�6�IlJGFHJ¯�ONOF¦4 i`h6�9 < FH8QJc9�k�8QFHU α = 0

4G9�P
β = (κ− 1)/2

0
¡�U�N�`h6�9 < FV8:Jc9 L(s, F )

?V4GFH8Q?�²�NO?�FVU�N�`h6�9 < FH8:J�9�4�\eN���6�4GFH8QJc9

q
s

2 (2π)−sΓ(s)L(s, F ) = ε(−1)
κ−s

2 (2π)s−κΓ(κ− s)L(κ− s, F ),

k�U�NO7VN�@�4�?©6�?V6�4�\¾@
Γ(s)

8Q?�FVU�N �#6B\:N,7©R�4�IKIl4 i `h6�9 < FH8QJc9e@�4�9�P ε = ±1
8:?�FHU�NK?V8QRc9

J�`£FVU�N�`h6�9 < FH8QJc9vN���6�4GFH8QJc9e0�¡�U�N¥\:4GFVFVN,7�`h6�9 < FV8:Jc9�4�\#N ��6�4GFV8:Jc9v4�9�PvFVU�N � U�7H4GRcI��NO9 i2�8:9�PBN,\��JG`�WB7V8:9 < 8:WB\:N¯8QIlW�\r]c@�`hJc7 σ > κ/2
@�FHU�N�N,?&FH8QI�4GFVN

L(σ + it, F ) = O(|t|δ), |t| ≥ t0,

k�8QFVU¤?VJcIKN
δ > 0

0�D�Jc7VNOJz[cN,7O@38:9´��pc�>��8QF�k�4�?�W�7�J|[�N,P)FHU�4GF,@B`hJc7
σ > κ/2

@

∫ T

0

|L(σ + it, F )|2
P
t = O(T ), T →∞.

¡�U�6�?,@�k�NªU�4�[cN©FHU�4GF 4�\Q\�U�]�W�J�FHUBN,?VNO?�J�`�FVU�N©FVU�N,J�7VN,I�`h7�JcI!��p�½G��4�7VN©?H4GFV8:?&²�N,P)k�8QFHU

ρ0 = κ
2

@34�9BPe@�?V8Q9 < N�FVU�N�`h6�9 < FV8:Jc9 L(s, F )
8Q?�N,9�FH8Q7VN�@�FVU�N�W�7VJ�m�4�m�8Q\:8QF^]KIKN�4�?�6�7�N

µN(L(s + imh, F ) ∈ A), A ∈ B(H(D̂)),

k�N�4�=�\Q] < Jc9�[cN,7�RcN,?gFVJ+FVU�NvP�8Q?�FV7V8:mB6BFH8QJc9 JG`¶FHU�N H(D̂) i [�4G\:6�NOP_7H4G9�P�JcI NO\:N,IKN,9�F
P�N%²�9�N,P°m�] �&� ��4�?

N → ∞
0eM�8Q9 < N©FHU�N©`h6�9 < FH8:J�9 u : H(D̂) → H(DM)

Rc8Q[�N,9gm�]
FHUBN < J�Jc7VP�8Q9�4GFVNOk�8:?�N¯7VNO?�FV7V8 < FH8QJc9¥8:? < Jc9�FH8Q9�6�Jc6�?O@�U�N,9 < N©4�9�P¥`h7�JcI.¡�U�NOJc7VNOI���0r�b�fpcpG�
k�NªJcm�F¦4�8Q9¥FHU�N©4�?�?VN,7&FH8QJc9¤J�`�FVU�N�\:NOIlIl4B0


 t ���	��� ~��	��{3yzx�{ 
 x �	� 
 � �
� ~�y �
PL

t 25N%F
P
m�Nb4�W�7VJcm�4�m�8:\Q8QF^])IKN�4�?�6�7VN

Jc9
(S,B(S))

0c¨vN�7�N < 4G\:\BFVU�4GF'4¯?V6BW�W�J�7�F'J�`3FHU�N�IKN�4�?�6�7VN P
8:?�FVU�N�Il8Q9�8:Il4�\ < \QJc?VNOP

?VN%F
SP ⊂ S

?V6 < UEFVU�4GF P (SP ) = 1
03¡�U�N©?VNOF

SP
< Jc9�?V8Q?�FV?«J�`�4�\:\�NO\:NOIlNO9�FV? x ∈ S?V6 < UYFVU�4GF«`hJc7 N%[cN,7&]g9�NO8:RcU�m�Jc6�7�U�J�J�P G

J�`#NO\:N,IKN,9�F
x
FVU�N¶8Q9�N ��6�4�\Q8QF^]

P (G) > 0F¦4G=�N,?�W�\:4 < NG0
2�NOF

SM = {g ∈ H(DM) : g(s) 6= 0 or g(s) ≡ 0}.

�



� � 
 
 � � t � ��� �'�������%$ �@�40 �����.&E�-�%�'� $ � PL � �.����� ���'� SM :� $>���40 : S 9��®��½>��8QF�k�4�?�W�7VJz[�N,P�FVU�4GF�FHUBN©WB7VJcm�4Gm�8:\Q8QF^]KIlN,4�?V6B7VN

νT (L(s + iτ, F ) ∈ A), A ∈ B(H(DM)),

k�N�4�=�\Q] < Jc9�[�N,7VR�N,?YFHJ(FHUBNXIlN,4�?V6�7�N PL

4�?
T → ∞

@¯4G9�PT4�\:?�J±FHU�NO7VN�8QF�k£4G?
JcmBFH4�8:9BN,P�FHU�4>F�FHU�N�?V6BW�W�J�7�F�J�`�FHU�N�IKN�4�?�6�7VN

PL

8:?£FHUBN©?�NOF
SM

0

� t � y|{e{ 
 { 
D���	� {�y ��
 � t�� m�[�8:Jc6�?�\Q]�@�FVU�N,7�NlN �B8Q?�FV?
M > 0

?V6 < U FVU�4GF©FHU�N
< J�IlW�4 < F�?VN%F K ⊂ DM

0
� 8:7�?�F°k�N�?V6�W�W�Jc?�NÂFVU�4GF°FHUBN�`h6B9 < FV8:Jc9 f(s)

U�4�?Y4³9�Jc9 i [�4G9�8:?�U�8:9�R(4�9�4�\r]�FV8 <
< J�9�FV8:9�6�4GFV8:Jc9bFHJ�FHUBN«7�N,Rc8QJc9 DM

0�§ NO9�J�FVN«m�]
G
FHU�N�?VN%F�JG`e`h6�9 < FH8:J�9�? g ∈ H(DM)?V6 < U�FHU�4GF

sup
s∈K

|g(s)− f(s)| < ε.

S 9¶[�8:N%k+JG`�25NOIlIl4¯��FHU�N£?�NOF
G
\Q8:N,?�8:9©FHU�N£?�6�W�W�Jc7�F�J�`�FHU�N�IlN,4�?V6�7�N

PL

0�¡�UBN,7VN%`hJc7VN

PL(G) > 0
0�D)Jc7VNOJ|[�N,7O@cFHU�N�?VN%F

G
8:?�J�W�NO9e0 � Jc9�?�N ��6�N,9�FV\Q]c@�¡�U�NOJc7VNOI ��0r��`h7VJcI.��pcp>�

4�9�P�2�N,IKI�4¥��]�8:NO\:Pe0

lim inf
N→∞

µN(sup
s∈K

|L(s + imh, F )− f(s)| < ε) ≥ PL(G) > 0. (3)

� Jzk³\:N%F
f(s)

?H4GFV8:?&`¸]CFHU�N«U�]�W�J�FHUBN,?VNO?£J�`�¡�UBN,Jc7�N,I.��0�¡�U�N,9¥m�]bFHUBN�D�NO7VRcNO\Q]�4G9
FHUBN,Jc7�N,I �fp�q��eFVU�N,7�NªN ��8:?�FV?�4bW�Jc\r]�9BJcIl8:4�\

pn(s)
@
pn(s) 6= 0

J�9
K
@�?�6 < U�FVU�4GF

sup
s∈K

|f(s)− pn(s)| <
ε

4
. (4)

¡�U�N)W�J�\Q]�9�JcIK8µ4�\
pn(s)

U�4�?KJc9�\r]v²�9B8QFHNO\Q]vI�4�9�]XJG`¯�,NO7VJc?O0#¡�U�N,7�NO`hJc7�N)FVU�N,7�N�8Q?b4
7VNORc8:J�9

G1

k�8rFHU < Jc9BN < FVN,P < JcIKW�\:NOIlNO9�F�?�6 < UvFVU�4GF K ⊂ G1

4G9�P
pn(s) 6= 0

Jc9

G1

03¡�U�8Q? ?VUBJ|k�?�FHU�4>F Jc9
G1

FHU�NO7VN1N ��8:?�FV?¯4 < Jc9�FH8Q9�6�Jc6�?«m�7H4�9 < U log pn(s)
k�U�8 < U

8:?�4�9�4�\r]�FH8 < 8:9lFHU�N¯8Q9�FHN,7�8:Jc7'J�` G1

0B¿']lFVU�N�DE4�7�RcN,\r]�4�9¥FVU�N,J�7VN,I¢4�R�4G8:9lFVU�N,7�N¯N%��8Q?�FH?
4CW�J�\Q]�9�JcIK8µ4�\

qm(s)
?�6 < U�FVU�4GF

sup
s∈K

|pn(s)− exp{qm(s)}| <
ε

4
.

¡�U�8Q?«4G9�P � q ��?�U�Jzk�FHU�4>F

sup
s∈K

|f(s)− exp{qm(s)}| <
ε

2
. (5)

�«Jzk�NO[�N,7,@
exp{qm(s)} 6= 0

0 � J�9�?VN���6BN,9�FH\r]c@3m�] ��p �

lim inf
N→∞

µN

(

sup
s∈K

|L(s + imh, F )− exp{qm(s)}| <
ε

2

)

> 0.

­



¡�U�8Q?«4G9�P �¾À���]�8:NO\:P�FHUBNª4G?V?VNO7�FV8:Jc9)J�`�¡�U�N,Jc7�N,I���0
¡�U�NbW�7VJ�J�`'J�`�¡�U�N,J�7VN,I p¤8Q?�?V8QIl8Q\µ4�7�FHJ�FVU�4GF�J�`'¡�U�NOJc7VNOI ��0 S 9°FHU�8Q? < 4�?�NCFHU�N

?V6BW�W�J�7�F�J�`�FHU�N�\:8QIl8rF�IKN�4G?V6�7�N©JG`�FVU�N�IlN,4�?V6�7�N

µN(L′(s + imh, F ) ∈ A), A ∈ B(H(DM)),

4�?
N →∞

8:?£FHUBN©k�U�J�\:N�J�`
H(DM)

0�¡�U�8:?�8:?�Jcm�F¦4�8Q9�N,P¤m�])4�?V8Q9�RbFHU�N©4�7�Rc6�IKN,9�FH?
?V8QIl8Q\µ4�7#FHJCFVU�Jc?VN©6�?�N,P)8:9´�r�z­>�¾0� $>���40"�40 � ���>�%$>�'& � 0�2�NOF

σ̂ =
σ1 + σ2

2
, σ0 = max

{
∣

∣

∣
σ1 −

2κ + 1

4

∣

∣

∣
,
∣

∣

∣
σ2 −

2κ + 1

4

∣

∣

∣

}

,

4�9�P
f(s) = s− σ̂

4�9BP
0 < ε < (σ2− σ1)/10

0�¡�U�NO9e@�m�]�¡�UBN,Jc7�N,I¢pªFHU�NO7VN¯N ��8:?�FV?
4 < Jc9B?�F¦4G9�F c = c(σ1, σ2) > 0

?V6 < U)FHU�4>F�`hJc7�?V6B¹ < 8:N,9�FV\Q]�\:4�7VRcN N

µN

(

max
|s− 2κ+1

4
|≤σ0

|L′(s + imh, F )− f(s)| < ε

)

> c. (6)

¡�U�N < 8Q7 < \:N |s− σ̂| = (σ2 − σ1)/2
\:8QN,?£8Q9�FHU�N�P�8Q? <

∣

∣

∣
s−

2κ + 1

4

∣

∣

∣
≤ σ0.

¡�U�NO7VNO`hJ�7VN�`hJc7
m
?V4GFH8Q?�`¸]�8:9BR � � �

max
|s−σ̂|=

σ2−σ1
2

|L′(s + imh, F )− (s− σ̂)| <
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