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Abstract. We construct tessellations of the filled Julia sets of hyperbolic and parabolic
quadratic maps. The dynamics inside the Julia sets are then organized by tiles which play
the role of the external rays outside. We also construct continuous families of pinching
semiconjugacies associated with hyperbolic-to-parabolic degenerations without using
quasiconformal deformation. Instead, we achieve this via tessellation and investigation
of the hyperbolic-to-parabolic degeneration of linearizing coordinates inside the Julia set.

1. Introduction

After the work of Douady and Hubbard, the dynamics of quadratic maps f = f. :z+>
2% + ¢ with an attracting or a parabolic cycle have been investigated intensively; this is
because such parameters c of f, are contained in the Mandelbrot set and are very important
elements that determine the topology of the Mandelbrot set. See [DH] or [Mi2] for
more details.

The aim of this paper is to present a new method for describing combinatorial changes
of dynamics when the parameter ¢ moves from one hyperbolic component to another via
a ‘parabolic parameter’ (i.e. ¢ of f. with a parabolic cycle). The simplest example is
the motion in the Mandelbrot set along a path joining ¢ =0 to the center ¢/, of the
p/q-satellite component of the main cardioid via the root of the p/g-limb. In particular,
we join these points by the two segments characterized as follows:

(s1) ¢ of f. which has a fixed point of multiplier re>*?/4 with 0 < r < 1; and

(s2) cof f. which has a g-periodic cycle of multiplier 1 > r > 0.

Note that we avoid the hyperbolic centers (c of f. with a superattracting cycle) because we
regard these as non-generic special cases far away from parabolic bifurcations.

In the magnified box of Figure 1, segments (s1) and (s2) for p/q = 1/3 are drawn in
the Mandelbrot set. By the Douady—Hubbard theory, the change in dynamics of f = f,
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FIGURE 1. Chubby rabbits.

on and outside the Julia set is described by the external rays R ¢(0) with 6 € T =R/Z and
their landing points y(0), which satisfy f(Ry(60)) = Ry (20) and f(yy(0)) = yr(20).
For example, as ¢ moves from (sl) to (s2), the map yy : T — Jy loses injectivity at a
dense subset ® s of T consisting of the countably many angles that eventually land on
{1/7,2/7, 4/7} by angle doubling § : 6 > 26.

On the other hand, for the dynamics inside the filled Julia set K , there are no particular
means, such as external rays, for describing degeneration and bifurcation. However, as
indicated by the pictures of filled Julia sets in Figure 1 (with equipotential curves drawn
in), the interior of K y does preserve a certain pattern along (s1) and (s2).

1.1. Degeneration pairs and tessellation. 1In this paper, we introduce tessellation of
the interior K ; of Ky as a means of detecting hyperbolic-to-parabolic degeneration or
parabolic-to-hyperbolic bifurcation of quadratic maps.

Let X be a hyperbolic component of the Mandelbrot set. By a theorem due to Douady
and Hubbard [Mi2, Theorem 6.5], there exists a conformal map Ay from ID onto X that
parameterizes the multiplier of the attracting cycle of f = f. for c € X. Moreover, the
map Ay has the homeomorphic extension Ay : D — X such that A x (e27P/4) is a parabolic
parameter for all p, g € N. A degeneration pair (f — g) consists of a hyperbolic f = f,
and a parabolic g = f,, where (c, o) = (Ax (re*™P/7), Ax(e*"P/?)) for some 0 < r < 1
and coprime p, ¢ € N. By letting » — 1, the map f converges uniformly to g on C, and
we have a path which generalizes segment (s1) or (s2). For a degeneration pair, we have
associated tessellations which have the same combinatorics.

THEOREM 1.1. (Tessellation) Let (f — g) be a degeneration pair. There exist families

Tess( f) and Tess(g) of simply connected sets with the following properties.

(1)  Each element of Tess(f) is called a tile and is identified by an angle 0 in Q/Z, a
level m in Z and a signature * which is either + or —.

(2) IfTy(0, m, %) is such a tile in Tess(f), then f(Ty(0, m, x)) =Tr(20, m + 1, %).

(3) The interiors of tiles in Tess(f) are disjoint topological disks. Tiles with the same
signature are univalently mapped to each other by a branch of f ™" o fI, for some
i, j>0.
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(4)  LetI17(0, *) denote the union of tiles with angle 0 and signature *. Then its interior
[T (0, %)° is also a topological disk, and its boundary contains the landing point
vr(©0) of Ry(0). In particular, f(I1f(0, %)) =I17(20, *).

The above properties hold if f is replaced by g; moreover, we have the following.

(5)  There exists an f-invariant family Iy of star-like graphs such that the union of tiles
in Tess(f) is K} — Iy, on the other hand, the union of tiles in Tess(g) is K;.

(6)  The boundaries of Ty (6, m, x) and T¢(0', m’, ') in K} — Iy intersect if and only if
the boundaries of Ty(0, m, %) and Ty (0', m’, ') in K¢ do.

Here the angles of tiles must be the angles of external rays which eventually land on
the parabolic cycle of g. For example, if (f — g) are on (s1) or (s2) in Figure 1, the set
of angles of tiles coincides with ® y. See §§2 and 3 for the construction of tessellations
and Figure 2 for examples. The combinatorics of tessellations are found to be preserved
along (s1) and (s2); this is justified in §4 in more generality. Since f. € X — {Ax(0)} is
structurally stable, the tessellation of K . has the same properties as Tess(f).

1.2.  Pinching semiconjugacy. As an application of tessellation, we show that there
exists a pinching semiconjugacy from f to g for the degeneration pair (f — g). In §§4
and 5 we will establish the following.

THEOREM 1.2. (Pinching semiconjugacy) Let (f — g) be a degeneration pair. There
exists a semiconjugacy h : C — C from f to g such that:

(1) h only pinches Iy to the grand orbit of the parabolic cycle of g;
(2)  hsendsall possible T¢ (0, m, ) to T,(0, m, %), Rg(0) to Rg(9), and y s (0) to y4(0);
(3)  h tends to the identity as f tends to g.

One may easily imagine the situation by looking at the figures of tessellation. As a
corollary, we have convergence of the tiles when f of (f — g) tends to g (Corollary 5.2).

First, the existence of & with properties (1) and (2) will be proved in §4 (Theorem 4.1)
by using combinatorial properties of tessellation. Property (3) is then proved in §5
(Theorem 5.1); this is done by means of continuity results for extended Bottcher
coordinates (Theorem 5.4) on and outside the Julia sets and linearizing coordinates
(i.e. Konigs and Fatou coordinates) inside the Julia sets associated with (f — g)
(Theorem 5.5).

In Appendix A, we present some useful results on perturbation of parabolics which are
used in the proofs of the theorems.

Notes.

(1) Forany f. € X — {Ax(0)}, we have a semiconjugacy . which has properties similar
to (1) and (2) by structural stability. From the work of Cui [Cu] and Haissinsky and
Tan Lei [Ha2, HT], it is already known that such a semiconjugacy exists. Their
results are based on quasiconformal deformation theory and hold even for some
geometrically infinite rational maps. On the other hand, our method is faithful to
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FIGURE 2. Examples of tessellation. For the two upper-left panels, parameters are taken from period-12 and
period-4 hyperbolic components of the Mandelbrot set, as indicated in the picture of a small Mandelbrot set.

the quadratic dynamics, and the semiconjugacy is constructed in a more explicit way
without using quasiconformal deformation. It is possible to extend our results to
certain classes of higher-degree polynomials or rational maps, but such extensions
are out of the scope of this paper.

(2) This paper is the first part of a project on Lyubich—-Minsky laminations. In [LM],
hyperbolic 3-laminations associated with rational maps were introduced as an
analogue of the hyperbolic 3-manifolds associated with Kleinian groups. In
the second part of this project [Ka3] we shall investigate, also by means of
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tessellation and pinching semiconjugacies, combinatorial and topological changes
of 3-laminations associated with hyperbolic-to-parabolic degeneration of quadratic
maps.

2. Degeneration pairs and degenerating arc systems

Segments (s1) and (s2) in the previous section are considered as hyperbolic-to-parabolic
degeneration processes of two distinct directions. Degeneration pairs generalize all of
such processes in the quadratic family. The aim of this section is to give a dichotomous
classification of the degeneration pairs {(f — g)} and to define invariant families of star-
like graphs (degenerating arc systems) for each f of (f — g).

2.1. Classification of degeneration pairs. First let us define some notation to be used
throughout this paper. Let p and g be relatively prime positive integers, and set w :=
exp(2mip/q); we allow the case of p = g = 1. Take a number r from the interval (0, 1),
and set A :=rw. As in the previous section, we take a hyperbolic component X of the
Mandelbrot set. Then we have a degeneration pair (f — g) that comprises a hyperbolic
f = f¢ and a parabolic g = f,, where (¢, o) = (Ax (re®™iP/ay )y (e27iP/1Y).

For the degeneration pair (f — g), let Oy :={ay, ..., a;} be the attracting cycle of
f with multiplier A = rw and f(o;) = a1 (taking subscripts modulo /). Similarly, let
Og :={B1, ..., Br} be the parabolic cycle of g with g(8;/) = B4 (taking subscripts
modulo I'). Let o' = 27"/’ denote the multiplier of O, with relatively prime positive
integers p’ and g (so Oy is a parabolic cycle with ¢’ repelling petals).

Our fundamental classification is described in the following proposition.

PROPOSITION 2.1. Any degeneration pair (f — g) satisfies one of the following.
Case (a): g=¢q andl=1';

Case(b): g=1<q' andl=1gq'.

In both cases, we have lqg =1'q’.

This proposition is proved by combining the results in [Mi2, §§2, 4 and 6]. For example,
a degeneration pair (f — g) on segment (sl) (respectively (s2)) with ¢ > 1 falls into
Case (a) (respectively Case(b)). Degeneration pairs (f — f5) witho =1/4oro =—-7/4
satisfy ¢ = ¢’ = 1 and thus Case (a).

A note on terminology. According to [Mi2], a parabolic g with ¢’ = 1 is called primitive.
The parabolic map g = f, with 0 =1/4 is also called trivial. For these g’s, any
degeneration pair (f — g) automatically belongs to Case (a) by the proposition above.

2.2, Perturbation of Og and degenerating arcs. For a degeneration pair (f — g) with
r ~ 1, the parabolic cycle O, is approximated by an attracting or repelling cycle 0} with
the same period !’ and multiplier A’ ~ eXmir'/a’ | Let o be the point in 0} such that
o) — Brasr — 1(cf. [Mi2, §4]).

In Case (a), the cycle 0} is attracting (thus 0} = Oy) and there are ¢’ symmetrically
arrayed repelling periodic points around «; = o{; we will then show that there exists an
f ! invariant star-like graph I(er}) that joins o) and the repelling periodic points by g’
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arcs. In Case (b), the cycle 0} is repelling and there are ¢’ =1/1’ symmetrically arrayed

attracting periodic points around o; we will then show that there exists an f !_invariant
star-like graph /(o)) that joins e} and the attracting periodic points by ¢” arcs.
In both cases, we define the degenerating arc system Iy by

Ip=J Fa@y.

n>0

The rest of this section is mainly devoted to the detailed construction of I, which plays
the role of a parabolic cycle and its preimages. It may be helpful to look at Figure 3 first,
which illustrates what we are aiming for.

2.3. External and internal landing. First, consider the parameter ¢ on segment (sl)
such that f = f. has an attracting fixed point Oy = {1} of multiplier A =rw; thus
c=x/2—2%/4. When r tends to 1, the hyperbolic map f tends to a parabolic map g
which has a parabolic fixed point O, = {81} with multiplier v = e¥P/4_ Note that g = ¢’
and [ =’ (=1), hence this situation falls into Case (a) of Proposition 2.1. It is known
that the Julia set J; of f is a quasicircle, and the dynamics on Jy is topologically the
same as that of fo(z) = z? on the unit circle. Since J s is locally connected, for any angle
0 € R/Z =T the external ray Ry(6) has a unique landing point y¢(#). The same is true
for Ry (), since J, is also locally connected. (See [DH, Exposé No. X].)

2.3.1. External landing. By [Mil, Theorem 18.11] due to Douady, there is at least one
external ray with rational angle landing at ;. Now [GM, Lemma 2.2] and the local
dynamics of B; ensure the following.

LEMMA 2.2. In the dynamics of g, there exist exactly q external rays, corresponding to
angles 01, ..., 0, with 0 <6y <--- <0, <1, which land on B1. Moreover, the map g
sends Rg(0;) onto Rg(6) univalently (or equivalently, 0y = 20; modulo 1) if and only if
k=j+ pmodgq.

In particular, such angles are determined uniquely by the value p/q € Q/Z. We take the
subscripts of {¢;} modulo g. For these angles, we call p/q € Q/Z the (combinatorial)
rotation number. Note that the external rays R, (60;) divide the complex plane into g open
pieces, called sectors based at ;.

2.3.2. Internal landing. On the other hand, the set of landing points {yy(6;)} of
{Rr(0;)} is a repelling cycle of period ¢, and the corresponding rays do not divide the
plane. They do, however, continuously extend and penetrate through the filled Julia set,
landing at the attracting fixed point.

LEMMA 2.3. For0y, ..., 0, as above, there exist q open arcs 1(01), . . ., 1(8y) such that:
) for each j modulo q, the arc 1(9;) joins oy and yr(0;);
° f maps 1(0;) onto I(0y) univalently if and only if k = j + p mod q.
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There is no canonical choice for the arcs {/(0;)}, but we will make a judicious choice
in the proof. An important fact is that the set {I(6;) U yr(0;) U Ry (91-)}3:1 divides the
plane into ¢ sectors based at «1. This is topologically the same situation as for g. Indeed,
as r tends to 1, we can consider the arcs {/(6;)} constructed above as degenerating to the
parabolic B;.

Sketch of the proof. (See [Ka2, Lemma 2.3.3] for a detailed proof.) Let w = ¢ (z) be a
linearizing coordinate near 1, where f near ¢ is viewed as w +— Aw. We can extend this
o ¢y K} — C and normalize it so that ¢ r(0) = 1 [Mil, §8]. Now we pull back the gth
roots of the negative real axis in the w-plane, which are g symmetrically arrayed invariant
radial rays, to the original dynamics. We can then show that the pulled-back arcs land at
a unique repelling cycle with external angles determined by the rotation number p/q. In
particular, they are disjoint from the critical orbit. O

Definition. (Degenerating arcs) In the construction of {/(¢;)}, we make a particular choice
of such arcs so that they are laid opposite to the critical orbit in the w-plane. We call these
arcs degenerating arcs.

2.4. Degenerating arc systems. Let us now return to a general degeneration pair

(f =8

2.4.1. Renormalization. Let By be the Fatou component containing the critical value c.
We may assume that Bj is the immediate basin of oy for f!. It is known that there exists
a topological disk U containing B such that f! maps U over itself properly by degree
two; that is, the map f! : U — f(U) is a quadratic-like map which is a renormalization of
f. See [Mi2, §8] or [Hal, Partic 1]. In particular, the map fl :U — f(U) is hybrid
equivalent to f(z) =z + ¢; with ¢; =1/2 — A?/4 in segment (s1), which we dealt
with earlier. More precisely, the dynamics of f! near B; (respectively on Bj) can be
topologically (respectively conformally) identified with that of f| near K s, (respectively

on K}’cl).

2.4.2. Definition of degenerating arc systems. In Ky, we have g degenerating arcs
associated with the attracting fixed point of f;. By pulling them back to the closure of B;
with respect to the conformal identification above, we obtain g open arcs {/ j}jzl which

are cyclic under f'.

When g = ¢’ and [ =1', i.e. in Case (a), the arcs {Ij}?=1 join ¢’ repelling points (cyclic
under f! = f l/) and o) = o/l; in this case we define I (ai) by the closure of the union of
{1; }(11':1' When 1 =g <q' =1/, i.e.in Case (b), we only have I; that joins the repelling
point o/l (fixed under f l/) and «/1; in this case we define / (ai) by the closure of the union

/ 1
of { F¥' (I, )}ZZO . In both cases, we have / («}) as desired. Now we define the degenerating
arc system of f by

Ip=J Fa@y.

n>0
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FIGURE 3. The left panel shows the Julia set of an f in segment (s2) for p/q = 1/3; the right panel shows the Julia
set of an f in segment (s1). Their degenerating arc systems are roughly drawn in. Attracting cycles are depicted
by heavy dots, and degenerating arcs of types {1/7,2/7/4/7} and {1/28, 23/28, 25/28} are emphasized.

For z € I, it is useful to denote the connected component of /¢ containing z by /(z).

For later use, we define oy := |, f " (1), the set of all points that eventually land
on the attracting cycle Oy. Note that /; and oy are forward and backward invariant, and
are disjoint from the critical orbit. In particular, for any z € I, the components /(z) and
I (a}) are homeomorphic. In Case (a), the points in ay and the connected components
of Iy have a one-to-one correspondence. In Case (b), however, they have a g’-to-one
correspondence. See Figure 3 and Proposition 2.5.

Similarly, for g of the degeneration pair (f — g) and one of its parabolic points
B1 € Oy, we define

Ig:==J g7"(BD).

n>0

We shall see that this naturally corresponds to /¢ rather than o f.

2.4.3. Types. After [GM], we define the fype ©(z) of z in Jy (or Jg) by the set of all
angles of external rays which land on z. Let § : T — T be the angle-doubling map. Since
J has no critical points, one can easily see that §(©(z)) coincides with ®(f(z)). The
same holds for g. By an unpublished result of Thurston, if z in the quadratic Julia set
does not have a finite orbit, then card(®(z)) < 4. See [Ki] for a generalized statement and
proof. In our case, (pre-)periodic points in J; and J, have uniformly bounded numbers of
landing rays. Hence we have the following.

LEMMA 2.4. For any point z in Jy or Jg, the set ©(z) consists of finitely many angles.

We shall abuse the notation ®(-): for any subset E of the filled Julia set, its type O (E)
will be the set of angles of the external rays that land on points in E. (So ®(E) is empty
when E does not touch the Julia set.) For each ¢ in af, we formally define the type of
¢ by ©(¢) :=0©(I(¢)). Then one can easily see that §"(®(¢)) = ©(«;) for some n > 0.
We also set © y := O (Iy) and O := O(l;). We will show that ® s is equal to ®, in the
next proposition.
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2.4.4. Valence. For any ¢ € ay, the component I (¢) of I¢ is univalently mapped onto
I(a1) by iteration of f. Thus the value val(f) := card(®(¢)) is a constant for a given f.
Similarly, since a small neighborhood of & in I, is sent univalently over B by iteration of
g, the value val(g) := card(® (§)) is constant for g. Now we claim the following.

PROPOSITION 2.5. For any degeneration pair (f — g), we have ®jy =0, and
val(f) = val(g). Moreover:
° ifg=q'=1landl =1" > 1 (i.e. Case (a) and non-trivial primitive), then val(g) = 2;
. otherwise val(g) = q’.

We call val(f) = val(g) the valence of (f — g). Note that the valence depends only on g.
The proof of this proposition makes use of some facts from [Mi2].

Proof. The two possibilities of val(g) above are shown in [Mi2, Lemma 2.7, §6]. If we
can prove that @(ozi) = ©(B1), then ® y = O, and val(f) = val(g) follow automatically.

Case (a): q =¢q'. (Recall that in this case we have / =/’ and ; = «.) First, consider
qg=¢q' =1. By the argument of [Mi2, Theorem 4.1], there exists a repelling cycle
{yi, ..., yr} of f which satisfies yjy — Bj as f — g and O(y;)) =O(;) for j' =
1, ..., 1. Take the degenerating arc {;} in the construction of /. Then I joins «j (= o/l)
and y1, and hence @(o/l) =0 (x1) =0O(y1) =0O(B)).

Next, consider ¢ = ¢’ > 1. When f is in segment (s1), the identity @ (a}) = ©(B) is
clear by Lemma 2.3. In the general case, we use renormalization.

Let us take a path 5 in parameter space that joins ¢ to o according to the motion
as r — 1. By [Hal, Théoreme 1], there is an analytic family of quadratic-like maps
{f c{, Uy — f f/(Uc’)} over a neighborhood of n such that the straightening maps are
continuous and they give one-to-one correspondence between n and (s1).

Let a1 € Oy and B € O, be the attracting and parabolic fixed points of f I = fg :
U.— ff(Uc) and g/ = fé Uy — fé(UU), respectively, satisfying o1 — B1 as f — g.
By Lemma 2.2, we can find g external rays landing at §; in the original dynamics of
g, which is cyclic under g/. In particular, there can be no more rays landing at g,
because any such rays must be cyclic of period ¢ under g/, and this would contradict [Mi2,
Lemma 2.7]. Similarly, in the dynamics of f, by Lemma 2.3 and continuity of the
straightening, there are exactly g external rays of angles in ®(8;) landing at g ends of
I(o)) =1 (ai). In fact, if there is another ray of angle t ¢ ® (1) landing on such an end,
then R, (¢) must land on f; by orbit forcing [Mi2, Lemma 7.1]; but this is a contradiction.
Thus O (a1) = O(a}) = O(B).

Case (b): g=1<¢q'. By the argument of [Mi2, Theorem 4.1], the repelling points
O}- ={af, ..., al’/} must satisfy @(oz;.,) =0y forj'=1,...,1. O

In both Case (a) and Case (b), it is convenient to assume that the o/, ajryp, ...,
o jr4(g'—1)r have the same types as B/, for each j'=1, ..., I’. Equivalently, we assume
throughout this paper that

[(O[j/) = ]((xj/+l/) == I(aj/+(q/71)l/)'
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2.5. Critical sectors. For & in I,, the external rays of angles in ® (&) cut the plane up
into val(g) open regions, called sectors based at &. Similarly, for { in af, the union of
the external rays of angles in ®(¢) and 7(¢) cut the plane up into val(f) = val(g) open
regions. We abuse the term sectors based at 1 (¢) for these regions.

Let By be the Fatou component of g that contains the critical point z =0. We may
assume that By = B is on the boundary of By. Now one of the sectors based at Sy contains
the critical point 0; this is called the critical sector. For later use, let 98‘ , 0y € R/Z denote
the angles of external rays bounding the critical sector, such that if we take representatives
9; <y < 98‘ + 1, the external ray of angle 6 with 98‘ <0 <0, is contained in the
critical sector. For example, we defined 9; :=4/7 and 0, =1/7 for Figure 3, while
for Figure 8 we took 9; :=5/7 and 6, :=2/7. We also define the critical sector based at
I (atp) to be one of the sectors bounded by I (ctp) and R (033).

3. Tessellation
In this section, we develop (and make more concise) the method in [Ka2], and construct a
tessellation of the interior of the filled Julia sets for a degeneration pair (f — g).

For each 0 € ©® y = ©, and some m € Z (with a condition depending on ), we will
define the tiles T¢ (@, m, £) and T, (@, m, £) with the properties listed in Theorem 1.1.
As one can see from Figure 2, the idea of tessellation is simple, but we need to do the
construction precisely in order to figure out the combinatorial structure in detail.

3.1. Fundamental model of tessellation. Take R € (0, 1), and consider the affine maps
F(W)=RW + 1and G(W) =W + 1 on C as the W-plane. The map F has a fixed point
a =1/(1 — R) and one can see the action by the relation F(W) —a = R(W — a).

3.1.1. Tiles for F. Set I :=[a, 00), a half line invariant under F. For each u € Z, we
define ‘tiles’ of level u for F by
Ay(H):={WeC—1:R""\a<|W —a| <R'a, ImW >0},
Au(=) ={WeC—1:R""\a <|W —a| <R'a, ITmW <0}
One can check that F (A, (*)) = Ay41(*), where * € {+, —}. For the boundary of each
Ay (%), we define:
° the circular edges by the intersection with A 41 (%);
° the degenerating edge by A, (x) N I; and
° the critical edge by the intersection with (—oo, a).
Note that A, (x) C C — I, so the degenerating edge is not contained in A, (x).

3.1.2. Tiles for G. Analogously, for each u € Z, we define ‘tiles’ of level u for G by

Cu(H)={WeC:u<ReW=<pu+1, ImW >0},
Cu(=) ={WeC:p<ReW=<pu+1, ImW <0}.

Then one can check that G(C,(x)) = C,41(%). For the boundary of each C, (x), we
define:
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FIGURE 4. The fundamental model.

° the circular edges by the intersection with C;, 41 (%), which are vertical half lines;

) the critical edge by the intersection with (—oo, 00).

Note that there is no degenerating edge for C, (*). One can consider C,, () the limit of
Au(x)as R — 1.

3.2. Tessellation for f and g. First we reduce the dynamics of f| K and g| kg to the
dynamics of F and G on C.

3.2.1. From f to F. Let By be the Fatou component of f containing 0. We may assume
that o9 = oy € Bg. There exists a unique extended linearizing coordinate ¢ : By — C
such that ¢ r(ag) =¢(0) — 1 =0 and ¢f(fl(z)) =Ady(z) [Mil, §8]. Set w:=¢(2)
and R := A9 =r9. Then fl9| B, 1s semiconjugate to w > Rw. To reduce this situation
to our fundamental model, we first take a branched covering W = w4. Then f ! |B, and
fla| B, are semiconjugate to W+ RW and W — RYW, respectively. Next, we take an
affine conjugation W + a(1 — W). Then f!| B, and f laj B, are finally semiconjugate to F
and F9 in the fundamental model, respectively. Let ® ; denote this final semiconjugation.
Now we have ®#(0) =0 and ®s(ByNIs)=1 (the second equality comes from the
construction of the degenerating arcs in Lemma 2.3). In particular, the map ® s branches
at z € By if and only if either f/”(z) =0 for some n >0, or ¢ > 1 and f"*(z) = ag for
some n > 0.

322. FromgtoG. Let B be the Fatou component of g containing 0. We may assume
that Bo = By € B;. There exists a unique extended Fatou coordinate ¢, : By — C such
that ¢,(0) =0 and ¢g(glq(z)) =¢g(z) +1 [Mil, §10]. Set w := ¢¢(z); then gl‘1|30 is
semiconjugate to w — w + 1. To adjust the situation to that of f, we take an additional
conjugacy w > W = qw. Then g4 |B, is semiconjugate to GY(W) = W + g. We denote
this semiconjugation z = w > W by ®,. Note that ®¢(0) = 0 and @, branches at z € By,
if and only if g/"(z) = 0 for some n > 0.

Let us summarize these reduction steps. Now &y :By— C semiconjugates the
action of f!4:By— Iy — By— 1y to that of F9:C—~1— C~—1. Similarly, the

CAMBRIDGE JOURMNALS

http://journals.cambridge.org Downloaded: 22 Nov 2010 IP address: 133.6.32.9



http://www.journals.cambridge.org

590 T. Kawahira

G‘I

&

C C

FIGURE 5. f!4 and g'? are semiconjugate to F¢ and G4.

map @, : By — C semiconjugates the action of gl By — B to that of G¢:C— C
(see Figure 5). In addition, we have one important property as follows.

PROPOSITION 3.1. The branched linearization ® y does not ramify over C — (—oo, 0] or
C — (=00, 0] U {a} according to q = 1 or q > 1. Similarly, the branched linearization ®
does not ramify over C — (—o0, 0]. In particular, both ® y and ®4 do not ramify over tiles
of level u > 0.

See Theorem 5.5 for another important property of ® 5 and ®.

3.2.3. Definition of tiles and their addresses. A subset T C K;’p is a tile for f if
there exist n € N and p € Z such that f"(T') is contained in By and ® 7 o f" maps T
homeomorphically onto A, (+) or A, (—). We define circular, degenerating and critical
edges for T by their corresponding edges of A, (3). We call the collection of such tiles
the tessellation of K ; — I, and denote it by Tess(f). In fact, one can easily check that

ks—1;= |J T
T eTess(f)

Eachz e K ; — Iy is in the interior of a unique 7' € Tess(f), on a vertex shared by four or
eight tiles in Tess(f) if f(z) = f"(0) for some n, m > 0, or on an edge shared by two
tiles in Tess( f).
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R:(6)

FIGURE 6. Angles of tiles in Case (a) (left) and Case (b) (right) with ¢’ =3. The thick curves represent
degenerating arcs.

Tiles for g and the tessellation of K; — I, = K are defined by replacing f, By and
A (£) by g, 36 and C, (%), respectively.

Each tile is identified by an address, which consists of an angle, a level and a signature.
These are defined as follows.

Level and signature. For T € Tess(f), i.e. f*(T) C Bgand @7 o f"(T) = A, () with *
being + or —, we say that T has level m = pul — n and signature *. Then the critical point
z =0 1is a vertex of eight tiles of level 0 and —/.

For a tile T’ € Tess(g), its level and signature are defined in the same way.

Angle. For T € Tess( f), there exists ¢ in a ¢ such that / (¢) contains the degenerating edge
of T. There are then val(f) = v > 1 rays landing on /(¢), and these rays and 7 (¢) divide
the plane into v sectors. (In the case of v = 1, or equivalently g(z) = z + 1/4, we consider
the sector as the plane with a slit.) Take two angles 6, < 6_(< 64 + 1) of external rays
bounding the sector that contains 7" (so any external ray of angle 6 with 64 < 6 < 6_ would
be contained in the sector). We define the angle of T by 6,, where x* is the signature of T’;
see Figure 6.

For a tile T” € Tess(g), one can check that there exists a unique point g’ € I, N dT".
Since there are v rays landing on B’ and they divide the plane into v sectors as in the case
of T € Tess(f), we can define the angle of T’ in the same way as above.

We denote such tiles by T = T (0x, m, x) and T = T, (0«, m, x), and we call the triple
(04, m, %) the address of the tiles. For example, Figure 7 shows the structure of addresses
for the two tessellations on the lower left of Figure 2.

Now one can verify the desired property

(T, m, %) =Tr(260, m+1, %).

The same holds if we replace f by g. One can also check properties (1) to (5) of
Theorem 1.1 easily.

http://journals.cambridge.org Downloaded: 22 Nov 2010 IP address: 133.6.32.9



http://www.journals.cambridge.org

592 T. Kawahira

FIGURE 7. ‘Checkerboard’ and ‘Zebras’, showing the structure of the addresses of tiles. Checkerboard (top

panel), with some external rays drawn in, illustrates the relation between the external angles and the angles of

tiles. The invariant regions colored in white and gray correspond to tiles of signature + and —, respectively.

Zebras (middle and bottom panel) show the levels of tiles for f. with —1 < ¢ < 0; the levels get higher near the
preimages of the attracting periodic points.

Remarks on angles and levels.

° We make an exception for non-trivial primitives (g = ¢’ and I =1' > 1). If (f — g)
is non-trivial primitive, then v = 2 and only tiles of addresses (6+, m, £) are defined.
However, we can formally define tiles of addresses (6+, m, F) by tiles of addresses
(6%, m, F) respectively; see Figure 8.)

° For a degeneration pair (f — g), the space of possible addresses of tiles is not
equal to ® ¢ x Z x {+, —} in general. For both f and g, all possible addresses are
realized when [ = 1. But when [/ > 1, the address (6, m, %) is realized if and only if
m +n =0 mod [ for some n > 0 with 2""0 = 935. In any case, note that 77 (0, m, *)
exists if and only if Tg (0, m, *) exists.
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FIGURE 8. A non-trivial primitive (f — g) with g(z) = 22— 7/4. We define, for example, T¢(2/7, m, +) by
T¢(5/7, m, +).

3.3. Edge sharing. Let us investigate the combinatorics of tiles in Tess( f) and Tess(g).
We will prove the next proposition, which is a detailed version of Theorem 1.1(6).

PROPOSITION 3.2. For 0 € ©y =0, and * € {+, —}, let us take an m € Z such that

T =T¢(0,m, x) and S = T,(0, m, x) exist. Then the following hold.

(1)  The circular edges of T and S are shared by Ty(0, m £1, x) and T,(0, m £ 1, %),
respectively.

(2)  The degenerating edge of T is contained in 1($) with { € ay of type ©(¢) if and
only if § attaches at & € I, of type ©(§) = O(¢). Moreover, the degenerating edge
of T is shared with T¢ (0, m, %), where x is the opposite signature of *.

(3) T shares its critical edge with T(0', m’, ') if and only if S does the same with
T, (0', m', «'). In this case, we have m" = m and ' = %.

Thus, the combinatorics of Tess(f) and Tess(g) are the same.

Proof. (1) Circular edges: By Proposition 3.1, for any n > 0, the inverse map f~" o CID;I

over C — (—o0, a] is a multivalued function with univalent branches. It follows that the
property ‘A, (x) shares its circular edges with A+ (x)’ is translated to ‘T (8, m, *) shares
its circular edges with T(8, m £ 1, %)’ by one of these univalent branches. The same
argument works for &, : B(’) — C, which does not ramify over C — (—oo0, 0].

(2) Degenerating edges: The statement follows from the definitions of tiles and addresses.

(3) Critical edges: The combinatorics of tiles are essentially determined by the connections
of critical edges, which are organized as follows.
In the fundamental model, we consider the families of curves

AL (6) N{IW —a| = RFH1/2),
C.(x)N{Re W = uR + 1/2}

for 1 € Z, and we call these the essential curves of A, (x) and C,(x). Since ® 7 o f" and

®, o g" do not ramify over these essential curves, their pulled-back images in the original

dynamics form ‘equipotential curves’ in K ; and K. The essential curve of a tile is the

intersection with such equipotential curves.
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FIGURE 9. The thick curves show no and n6 in Case (a) with ¢ =¢’ =3. The dashed lines indicate the
degenerating arcs or external rays.

Let us consider a general tile 7 € Tess(f) as in the statement. By taking a suitable
n > 0, we may assume that f"(7) is a tile in By, with angle 7 in {66’, 8, } C O(ap) and
level ul for some o > 0. In particular, we may assume that f"(7') is in the critical sector
based at I («g). Then, for S in the statement, we can take the same n and u as those for T,
so that g"(S) is a tile in B(’) with angle ¢ in ®(8p) = O (xgp) and level pul.

Case (a): g =q’. Let o be the union of essential curves of tiles of the form T'f (¢, ul, )
with ¢ in @ (ap). Then no forms an equipotential curve around ay, since @ ¢, is a g-fold
covering over the circle {|W — a| = RY/?>*1}. For n > 0, set n_, = f "(10). Then 1_,
is a disjoint union of simple closed curves passing through tiles of level ul/ — n and with
angles in §7"(®(agp)). In particular, each curve crosses degenerating edges and critical
edges alternately. More precisely, let i be a connected component of 1_,. Then the degree
of f™:n— no varies according to how many curves in {f k(T))}Z:1 enclose the critical
point z = 0. One can check the degree by counting the number of points of f~"(xg) inside
n. Let ¢1, ..., ¢y be these points; then 1 crosses each 1(¢;), and thus 5 crosses the tiles
of level —n with angles in ® (1) U--- U ®(¢y) C T in cyclic order, and with signatures
switching as the edges of tiles are crossed. This observation provides a description of how
critical and degenerating edges are shared among tiles along 7.

Now we can take 1 passing through 7. From the above observation we deduce that:
if T shares its critical edge with T¢(0’, m’, %'), then m’ =m and %' = %; if T shares its
degenerating edge with T (0', m’, %), then ' =60, m’ =m and %' = x.

For S, consider a circle around By which is so small that the circle and the essential
curves of tiles with angle 6 € ®(fp) and level il bound a flower-like disk; see Figure 9. Let
us denote the boundary of the disk by 7, which works as 79. Since the combinatorics of
pulled-back sectors based at Sy and I («tg) are the same, the observation of g =" (n(’)) =n_,
must be the same as that of n_,. This concludes the proof in Case (a).

Case (b): g =1 <gq'. (Recall that in this case, O, is perturbed into the repelling cycle
O} ={a], ..., @, =ap}, with ¢y — Bo as f — g.) The same argument as above works
if we take 1o and 776 as follows: first, in the fundamental model, take € < 1 and two radial
half-lines from a with arguments +¢. Then there are univalently pulled-back arcs of two
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FIGURE 10. 59 and 7, in Case (b) with ¢’ = 3.

lines in the critical sector that joins oo and e,. Next, we take simple closed curves around
oo and a(’). For o, we take the essential curves along tiles of address (GSE, ul, ). For
o, we take just a small circle around «,. Then the two arcs and two simple closed curves
bound a dumbbell-like topological disk. We define g to be its boundary curve.

Similarly, for g, the essential curves of tiles of address (Qoi, ul, ) and a small circle
around By bound a topological disk. We take 7, as its boundary; see Figure 10. O

3.4. Tiles and panels with small diameters. We now show that the diameters of tiles
are controlled by their angles. For 6 in ® y = 0O, and * € {+, —}, let I1(8, ) and
[T (0, *) be the union of tiles with angle ¢ and signature * in Tess(f) and Tess(g),
respectively; we call these panels of angle 6 and signature x. (For later convenience,
we shall denote IT¢(6, +) UIl (0, —) by I17(6).) The depth of angle ¢ is the minimal
n >0 such that 2"0 =6, where 6 € ©(ap) = O(By) is as defined in §2.5. (Note
that IT f(OgL ) =T1¢(8, ) when (f — g) is non-trivial primitive.) We denote such an n
by depth(9).

PROPOSITION 3.3. For any fixed degeneration pair (f — g) and any € > 0, there exists
N = N(e, f, g) such that

diamI17(6, *x) <€ and diamIlg(0, *) <€
for any signature x and any 6 € ® y with depth(9) > N.

Proof. We first work with f and signature +. One can easily check that the interior IT of
IT f(é?ar , +) is a topological disk. For any 6 € ® ¢, the panel IT (0, +)° is sent univalently
onto IT by f" with n = depth(9). Let Fy be the univalent branch of f~" which sends IT to
[T7(0, +)°. Since the family {Fy : 0 € © ¢} on IT avoids the values outside the Julia set, it
is normal.

Now we claim that diam IT;(0, +) — 0 as depth(f) — oco. Suppose otherwise;
then one can find a sequence {6};.o with depth ny — oo and a § >0 such that
diam IT7(6k, +) > § for any k. By passing to a subsequence, we may assume that
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Fy := Fp, has a non-constant limit ¢. Fix any point z € I1, and set { := ¢ (z) = lim Fy(2).
Since ¢ is holomorphic and is therefore an open map, there exists a neighborhood V of ¢
such that V C ¢ (IT) and V C Fy (I1) for all k > 0. Since f"*(V) C I1 C K¢, any point in
V is attracted to the cycle O r. However, by univalence of Fy, there exists a neighborhood
W of z with W C Fk_l(V) = f™ (V) for all k > 0. This is a contradiction; thus the claim
is verified.

Finally, we arrange the angles of © ; in a sequence {6;};-( such that depth(§,) is non-
decreasing. Note that for any integer n, there are only finitely many angles with depth n.
Thus there exists an integer N = N (¢, f, +) such that [T (6, +) has diameter less than €
if depth(6) > N.

This argument also works if we switch the map (from f to g) or the signature (from
+ to —). Thus we obtain four distinct N’s, and we can take N (e, f, g) to be their
maximum. O

Indeed, as depth tends to infinity, we have uniformly small panels for f ~ g (see
Proposition 5.6).

4. Pinching semiconjugacy

In this section we construct a semiconjugacy h : C — C associated with (f — g) by gluing
tile-to-tile homeomorphisms inside the Julia sets and using the topological conjugacy
induced by the Bottcher coordinates outside the Julia sets.

THEOREM 4.1. For a degeneration pair (f — g), there exists a semiconjugacy

h:C — C from f to g such that:

(1) hmapsC—1 fto C—-1 ¢ homeomorphically and is a topological conjugacy between
fle_y, and gle_p 5

(2) for each ¢ € ay with type ©(;), h maps I(f) onto a point & € I, with type
OE)=0();

(3)  hsends all possible Ty (0, m, x) to Tg(0, m, x), Ry(0) to Rg(0), and y(0) to y4(6).

This theorem emphasizes the combinatorial properties of 4. In the next section we will
show that 4 — id as f tends to g uniformly.

4.1. Trans-component partial conjugacy and subdivision of tessellations. Let
(f1 — g1) and (f> — g2) be distinct satellite degeneration pairs with g1 = go. More
precisely, we consider (f] — g1) and (f, — g2) to be tuned copies of degeneration pairs
in segments (sl) and (s2), with ¢ > 1 by the same tuning operator. By composing
homeomorphic parts of the conjugacies associated with (f; — g1) and (fo — g2), we
deduce the following.

COROLLARY 4.2. There exists a topological conjugacy k =y, f, : C - Iy, — C-— Iy,

from f1 to f3.

For example, the panel ITy (9, %) is mapped to the panel IT, (6, x). Now we can
compare Tess(f1) and Tess(f2) via Tess(g;). By comparing Tess(g;) and Tess(g2), one
can easily check that
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_HOW)

FIGURE 11. H maps Ag(+) to Co(+).

qg—1
Ter 0, 11, %) = | Tey 0, e +1j, %)
j=0

for any Ty, (0, u, *) € Tess(g2). Thus Tess(gy) is just a subdivision of Tess(g2).
Take a tile T (0, m, *) € Tess(f1). Then there is a homeomorphic image
T,(6, m, %) ==k (Tf (0, m, %)) in K;z. We say that the family

Tess'(f>) := {k(T) : T € Tess(f1)}

is the subdivided tessellation of K ;2 — Iy,. Since Tess( f1) and Tess( f2) have, respectively,
the same combinatorics as Tess(g1) and Tess(g2), it follows that

qg—1
T O, 0= T}, @, n+1j. %)
j=0

for any Ty, (0, u, *) € Tess(f2). Now we have a natural tile-to-tile correspondence
between Tess(f1), Tess(g1) and Tess’(f2). In other words, the combinatorial property
of tessellation is preserved under the degeneration from f; to g and the bifurcation from g
to fo.

In [Ka3], we will use this property to investigate the structures of the Lyubich—Minsky
hyperbolic 3-laminations associated with f, g and f>.

4.2.  Proof of Theorem 4.1. The rest of this section is devoted to the proof of our main
theorem. The proof can be broken down into five steps.

(1) Conjugacy on the fundamental model. We define a topological map H : C — [ — C
which maps A, (%) to C,(+) homeomorphically. For W e C -1, set W :=a + pe'l,
where p > 0 and 0 < t < 2x. The map H is then given by

1 —1
HW) = 0ep = 0Ea + 2ai tan il

eC.
log R

One can check that H conjugates the action of ' on C — [ to that of G on C, and H maps
A, (&) homeomorphically onto C,, (£).
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(2) Tile-to-tile conjugation. Consider the critical sectors of f and g. Let I and ITj, denote
the union of tiles of addresses (GSE, ul, £) with > 01in Tess(f) and Tess(g), respectively.

By Proposition 3.1, the map @ f : [Ty — C is univalent, and we can choose a univalent
branch ¥, of @gl which sends {W : Re W > 1} to H(’). For each point in I1p, we define
h:=W,0Ho®s|,. Then h is a conjugacy between flqlnO and glq|1-[6. Note that
all tiles will eventually land on tiles in ITy or IT. According to the combinatorics of
tiles determined by pulling back essential curves in ITg and ITj, we can pull back & over

K; — Iy. Now the map £ : K; — Iy — K conjugates f|K; and g|K§.

_If
(3) Continuous extension to the degenerating arc system. Take ¢ € o y. For any point z in
1(¢), we define h(z) by the unique & € I, such that ©(§) = ©(¢).

We now show the continuity of the 4 : K% Ul — K7 U I, which we have defined
above. Take any z in 7 (¢). We claim that any sequence z,, € K ‘; U Iy converging to z must
satisfy h(z,) — &.

First, when z is neither ¢ nor one of the endpoints of 7(¢), it is enough to consider
the case of z, € K }’ — Iy for all n. Now, z is on the degenerating edges of at most four
tiles; let T =Ty (68, m, +) be one of these tiles. The subsequence z,; of z,, contained in
T is mapped to T, (6, m, +). In the fundamental model, the sequence /(z,,) corresponds
to a sequence whose imaginary part is getting larger. Thus %(z,,) converges to & with its
type containing €, which must coincide with ®(¢). By varying the choice of 7', we have
h(z,) — & with ©(§) = O(¢).

Next, if z is ¢ or one of the endpoints of /(¢), then it is an attracting or repelling
periodic point. If z is attracting, the levels of tiles containing z,, go to +o00. According to
the fundamental model, we then have h(z,) — £.

The remaining case is that z is repelling and hence in the Julia set. We deal with this
case in the next step of the proof.

(4) Continuous extension to the Julia set. Take any z € J and any sequence z, € K ; Uly
converging to z. Then pick a sequence 8, € ® ¢ such that z,, € I17(6,). After passing to a
subsequence, we may assume that 6, and /(z,) converge to some 6 € T and some w € K,
respectively.

We first claim that z = y¢(0); that is, 0 € ®(z). If the depth of 6, is bounded, then
0, =06 € ® for all n > 0. This implies that z,, € IT (@) for all n > 0 and it follows that
z €Iy (0) N Jy. Thus z =y (0) by definition of ITy(0). If the depth of 6, is unbounded,
it is enough to consider subsequences with the depth of 6, monotonically increasing.
Take any € > 0. For n > 0, we have |yf(6,) — z,4| < € by Proposition 3.3, and we also
have |y (6,) — vr(0)] < € by continuity of yy : T — Jy. Finally, |z — z,4| < € forn >0
implies |z — yr(0)| < 3¢, and we conclude the proof of the claim.

Since h(z,) € I1g(0y,), the same argument works for /2(z,) and w. Hence we also have
w = Y, (0) € Jg. It follows that for the original z, — z, the sequence (z,) accumulates
only on y,(#), with 6 € ©(z).

By Theorem A.1, there exists a semiconjugacy hy : Jy — J, with hy o yy = y,. Since
yr (@) =yr(0") for any 0, 6’ in ©(z), we have y,(0) = yg(0’). This implies that 4(z,)
accumulates on a unique point y,(6). Thus & continuously extends to the Julia set by
h(yr(0)) :==y4(0) foreach 6 € T.
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(5) Global extension. The final step is to define 4 : C-K F— C-K ¢ via the conformal
conjugacy between f|a_ Ky and g|@_ K, given by the Bottcher coordinates. This conjugacy
and the semiconjugacy above are continuously glued along the Julia set, thus giving a
semiconjugacy on the sphere.

Properties (2) and (3) of Theorem 4.1 are clear by construction. To check property (1),
we need to show that A= : C — I F— C-— I, is continuous. Continuity in C-K ¢ and
K is obvious by construction. Take any point w € J; — Ig. An argument similar to that in
step 4 shows that any sequence w, — w within C — I ¢ is mapped to a convergent sequence
zn — z within C — I that satisfies ©(z) = ©(w) C T — O,. O

5. Continuity of pinching semiconjugacies
In this section we deal with continuity of the dynamics of the degeneration pair (f — g)
as f tends to g. We will establish the following result.

THEOREM 5.1. Let h : C — C be the semiconjugacy associated with a degeneration pair
(f — g) as given in Theorem 4.1. Then h tends to the identity as f tends to g.

Here are two immediate corollaries.

COROLLARY 5.2. The closures of T¢(0, m, ) and Ilf(0, x) in Tess(f) converge
uniformly to those of Tg(0, m, *) and T14(0, *) in Tess(g) in the Hausdorff topology.

COROLLARY 5.3. As f — g, the diameters of the connected components of 1y tend to
zero uniformly.

Let us start with some terminology to be used in the proof. Two degeneration pair
(f1i — g1) and (f> — g2) are said to be equivalent if g1 = g> and both f] and f; are in the
same hyperbolic component. For a degeneration pair (f — g), by f ~ g we mean that f
is sufficiently close to g; in other words, the multiplier 7w of O is sufficiently close to ,
ie.r~1.

Formally, we consider a family of equivalent degeneration pairs {(f — g)}
parameterized by 0 < r < 1, and investigate its behavior as r tends to 1. To prove the
theorem, it suffices to show the following.

(i)  For any compact set K in C — Kg, we have K C C- Ky forall f~gandh—id
on K.

(ii) ~ For any compact set K in K, we have K C K; forall f ~ gand h — idon K.

(iii) & is equicontinuous as f — g on the sphere.

In fact, any sequence hy associated with f; — g has a subsequential limit /1, which is
the identity on C — J¢ and continuous on C. Since C — Jg is open and dense, the map Ao,
must be the identity on the whole sphere.

5.1. Proof of (i). Let By : C-D—>C-K ; be the extended Bottcher coordinate of
Ky, ie. By :C-D—>C- Ky is a conformal map such that Bf(wz) = f(Bf(w)),
By(w)/w— 1 as w— oo, and Bf(ezme) =yr(0) € Jr. Now (i) follows immediately
from this stronger claim below.
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THEOREM 5.4. (Bottcher convergence) As f — g, we have uniform convergence
By — By on C —D.

Note that establishing uniform convergence on compact sets in C — D is not difficult. Our
proof is a mild generalization of the proof of [Po, Theorem 2.11].

Proof. By Corollary A.2, one can easily check that C — K £ converges to C - K, in the
sense of Carathéodory kernel convergence with respect to oo. Thus pointwise convergence
By — Bgoneachz e C — D s given by [Po, Theorem 1.8] and B’ (o0) = B’ (00) =1.To
prove the theorem, it is enough to show that K  is uniformly locally connected as f — g,
by [Po, Corollary 2.4]. In other words, it is sufficient to show that for any € > 0, there
exists a § > 0 such that for any f ~ g and any a, b € Ky with |a — b| < §, there exists a
continuum E C K ¢ such thata, b € E and diam E < €.

For contradiction, suppose we have a sequence of equivalent degenerating pairs
(fn — g) which satisfies: f, — g uniformly; for each f,, there exist a, and a,, in Jy,,
with |a, — a;,| — 0, which cannot be contained in the same continuum in K y, of diameter
less than €y > 0. We may set a, = yf, (6,) and a;, =y, (6,) for some 6,, 6, € T, since
vf, maps T onto Jy,. By passing to a subsequence, we may also assume that 6, — 6
and 6, — 6'. Since yy, — y, uniformly by Corollary A.3, the assumption |a, — a,| — 0
implies that we have y, (0) = v, O)=we Jg. Now we consider the following cases.

Case 1: 6 =6'. We may assume that 6, <6, and that both sequences tend to 6. Set
E, :={yy, (1) :t € [0y, 6,1}, which is a continuum containing a,, and a;,. Then, for any 7 €
[0, 6,1, we have |y, (1) —w| < |y, (1) — vg (O] + [ve (1) — v ()] — 0, since yz, — v
uniformly and y, is continuous. This implies that diam E,, — 0, which is a contradiction.
Case 2-1: 0 # 0" and w ¢ I,. First we show that y, (0) =y, (0"). Let hy, : Jr, — Jg be
the semiconjugacy given by Theorem A.1. Since h, o yy, = y,, we have

w=hyoys0)=h,o0y0) ¢ I,.
By property (1) of Theorem A.1, this implies that y, (9) =y, (0"). Now set
Ey:={ys @ :1t =01 <16, — 6| or|t —0'| <6, — 6'l},
which is a continuum containing a, and a,. Again one can easily check that
lyf, () — w| — O uniformly for any yy, (t) € E,, and thus diam E,, — 0, a contradiction.

Case 2-2: 6 #6’ and w € I,. There exists an m >0 such that g"(w) = fy. Since
hy o ys, = Ve, we have vy, (0), yr, 0 €hy\(w) C Jy, NIg. If g=1, then hy, is
homeomorphism by Theorem A.1. Thus yy, (6) = yy,(9'), and a contradiction follows
by the same argument as before.

Suppose ¢ > 1. Then we are in Case (a) (¢ = ¢’ and [ =1') of Proposition 2.1. In
particular, we have w,, € a s, such that w, — w and f," (w,) is an attracting periodic point
ap,, € Oy, which tends to fy. Let A, = rpe™iP/4 be the multiplier of Oy, withr, /1. In
a fixed small neighborhood of w, we have

™o flao fMz)y =rlz (1429 + 0(2%9))
— g " o0gogM(2) =z (14274 0(z*))
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by using suitable local coordinates as in Appendix A.2. (For simplicity, we abbreviate
conjugations by the local coordinates.)

By Lemma A.7, we can find a small continuum E;, C Ky, which joins w, and pre-
periodic points yr, (), vy, (0"). Set E, as in Case 2-1. Now E}, U E, is a continuum
containing a, and a),. Since diam (E;, U E,) — 0, we again obtain a contradiction. O

5.2. Proof of (ii). 'We start with the following theorem.

THEOREM 5.5. (Linearization convergence) Let K be any compact set in K ;. Then
K C K5 for [~ g, and ® y — g uniformly on K.

Proof. One can easily check that, by Corollary A.2, K C K} if f~g. Letfe O
NdB). By taking a suitable N >0, we may assume that K’ = gV (K) is sufficiently
close to By and contained in Bj. Then K’ is attracted to By along the attracting direction
associated with B by iteration of g For simplicity, set/ :=lq =1'q’.

Recall that @y and ¥, semiconjugate f I'and g! to F7 and GY, respectively, in the
fundamental model. We will construct further semiconjugacies ® rand o ¢ Which have the
same property as @y and @, and are such that ) = ) ¢ on compact subsets of a small
attracting petal in B(). Then we will show that they coincide.

By Appendix A.2, there exist local coordinates ¢ = 7(z) and ¢ = ¥,(z), with
Yy — g near By, such that we can view f I glas

@) = ac (1 +¢7 + 0@
— @O =¢0+¢"+0¢™)

where A — 1. (To simplify notation, we abbreviate conjugations by these local
coordinates. For example, we write f/(¢) to mean v rof l'o w;l(g).) There are two

cases for A.
° In Case (a) (¢ = ¢’ and [ =1'), the fixed point ¢ = 0 is attracting, and A = A9 =r?
=R <.

. In Case (b) (g =1 < ¢’ =1/1’), the fixed point ¢ = 0 is repelling, and |A| > 1.
By taking branched coordinate changes w=W¥s() = —A‘f//(q/{‘/) and w = W¥,(¢)
= —1/(q’§q/), respectively, we can view f! — g as
flaw)y = A1 w+ 1+ 0(1/w)
— dw=w+1+01/w).

Case (a). Set T = A7 =R > 1. By simultaneous linearization as described in
Appendix A.3, we have convergent coordinate changes W = u s (w) — u4(w) on compact
sets of P, := {Re w > p > 0} such that f — g' can be viewed as

FW) = fl(W) =tw + 1
— G(W):=g'(W) =W +1.

Let us adjust F— G to F9 — G in the fundamental model. Recall that the map
F(W)=RW + 1 has an attracting fixed point at a = 1/(1 — R). On the other hand,
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the map F has the repelling fixed point & = 1/(1 — R™9) instead. Set Tr(W):=aW/
(W —a). Then T (W) =qgW({1 + O(W/a)) — Tg(W) =gW on any compact sets on the
W-plane as R — 1. By taking conjugations with T and T,, we can view F— G as
F49 — G4 on any compact sets of the domain of G.

Case (b). By Rouché’s theorem, there exists a fixed point b of f!(w)= A w41
+ O(1/w) that has the form b=1/(1 — A_q/) 4+ O(1). Indeed, this b belongs to the
image of the attracting cycle Oy, hence its multiplier is < 1. Set Sy (w) :=bw/(b — w).
Then Sy(w)=w(l+ O(w/b)) — Sg(w) =w on any compact sets of the w-plane as
r — 1. By taking conjugations by S and S, we can view flw) — g'(w) as

flw) = tw+ 14+ 0(1/w)
— dw) =w+1+4+01/w),

where T =1/r > 1. By simultaneous linearization, we have convergent coordinate
changes W = u r(w) — ugz(w) on compact sets of P,, such that f I — g is again viewed
as

FOW) = flW) =W + 1
— GW):=g/(W) =W +1.

Since g = 1, we adjust F — G to F — G in the fundamental model. Set b := 1/(1 —1)
and Tr(W):=bW/(b— W). Then Tf(W)=W(l+ O(W/b)) — To(W)=W on any
compact sets on the W-plane as r — 1. By taking conjugations by Ty and Ty, we can
view F — G as F — G on any compact sets of the domain of G.

Adjusting critical orbits. Now we denote these final local coordinates conjugating f N gi
to F4 — G7 by o F— ﬁDg, where the convergence holds on compact subsets of a small
attracting petal P’ in B, corresponding to P, in the w-plane.

We need to compare the images of the critical orbits by P = <i> on the W-plane with
those by ® y and ®,, and adjust their positions. We may assume that g”l (0) € P’ for fixed
n> 0. Then f"(0) € P’ forall f ~ g. Sets := & ((f"(0)) and s’ := &, (g"(0)). Then
s — s’ as f — g. On the other hand, we have

Q)f(f"l_(())) =F"(ds(0)=F"90)=R""+...+1=1R,

and Cbg(g”l(O)) =nq. Set Up(W):=k(W —a) +a and Ug(W) :== W + nq — s’, where

= (R, —a)/(s — a). Then one can check that Uy — U, on any compact sets in the W-
plane as f — g, and Uy and U, commute with F and G, respectlvely By defining ® f
and &, by U [t o ® s and U, o ®, respectively, we have ® ; — ®, on compact sets of P/,
with @ ¢ ( £1(0)) = R, and ® (g"l (0)) =ng.

Finally, we need to check that =, and &Jg = @,. The latter equality is clear by
uniqueness of the Fatou coordinate [Mil, §8]. For the former, recall that W = ® (z) is
given by

i ¢r@=w > wl=W = a(l = W)= Dr(2),
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and ¢ is uniquely determined under the condition of ¢#(0) =1 [Mil, §10]. Let us
consider the local coordinate ¢ £ on a compact set of P’ given by

- w7
> Pr()=W (1—;) =:1¢r(2) =w,

where we take a suitable branch of the gth root so that (]Bf( £"(0)) = 2™ on the w-plane.
Then ¢ #(f (2)) = A £ (2). Since ¢ £(0) = 1is equivalent to ¢ s (£ (0)) = "%, the map ¢
coincides with ¢ ¢. This implies the equality P F=oy.

Now we may assume that K’ = gV (K) € D € P’ for some open set D. If f ~ g, then
fN(K) c D and we have uniform convergence & ¢ —~> @7 on D. Uniform convergence
on K is then obtained by ®;(z)=F N (®,(fN(2)) > GV(Py(g"(2)) = Dy (2)
forz e K. O

Proof of (ii). We begin by working with the fundamental model. Suppose that € \ 0, and
set R=1—¢. Then F(W)=RW + 1 fixes ac = 1/(1 — R) = ¢~'. For a fixed y with
1/2 <y < 1, we define a compact set Q. C C by

Oc:={W=uac+pe™ D cC:|t| <€, |p—ac| <acsine’}.

Let D be any bounded set in C. For all € <1, the compact set Q. contains
D. Let H:C —[ac, 00) > C be the conjugacy between F and G(W)=W + 1 as
described in §4. Then one can easily check that |Re W — Re H(W)| = 0(€*~1 and
Im W —Im H(W)| = 0(* ") on Q.. Thus H — id uniformly on D.

Let K be any compact set in K¢, and let D be the 1/10-neighborhood of ®,(K). For
all f~ g,wehave K C K;} and ® (K) C D by Theorem 5.5. By the argument above for
the fundamental model, the restriction & |g is a branch of CI>&Tl o H o @ that converges to
the identity. (The branch is determined by the tile-to-tile correspondence given by 4.) O

5.3.  Proof of (iii). 'To show (iii), we need two propositions on the properties of panels
as f — g. The first one is a refinement of Proposition 3.3, and the second is on the
convergence of panels with a fixed angle.

PROPOSITION 5.6. (Uniformly small panels) For any € > 0, there exists N = N (€) such
that for all f ~ g, x = 4 and 6 € O, with depth(9) > N,

diam [T (0, x) <e and diamIIg(0, *) <e.

PROPOSITION 5.7. (Hausdorff convergence to a panel) For a fixed angle 0 € ©, and
signature x € {4+, —}, we have I17(6, x) — I1,(0, *) as f — g in the Hausdorff topology.

Let us prove (iii) first by assuming these propositions hold.

By (i), we have equicontinuity near oo. Assume that there exist degeneration pairs
(fx — g) with semiconjugacies hj as given in Theorem 4.1, points a, a; € C with
lax — ai| = 0, and by = hy(ap), by = hi(a;) with |by — b | > €9 > 0.

Suppose that g, a; € C — K; and hence by, b € C — Kg. Then there exist w,
w;, € C—D such that ax = By (wi), a; = Bf (w;) and by = Bg(wi), b} = Bg(w)).
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By Theorem 5.4, we have By, — Bg. Thus |ax — a;| — 0 implies |by — b;| — 0, which
is a contradiction.

Now it suffices to prove the case where ag, a,/C € Ky, and hence by, b,’( € K;. By
taking subsequences, we may assume that a; — a, a,’( —a, by — b and b,/( — b’, with
|b —b'| > €p/2 > 0. Since K s — K, in the Hausdorff topology, a, b and b’ are all in K.

First let us consider the case where a is bounded away from J,. Then we have a compact
neighborhood E of a such that iy | — id|g and gy, a,/( € E for all k > 0. This implies that
|bx — by,| = 0, a contradiction.

Next, consider the case where a € J,. For ay — a and by — b, we claim that a = b.
Then, by the same argument, we obtain a = b’ which is a contradiction.

For ai € K, we take any 6y € T such that ay =y, (6¢) if ax € J,, and otherwise gy is
contained in the closure of I g, (6;). (Hence by = y, (6k), or by is in the closure of ITg (6%).)
By passing to a subsequence, we may assume that 6y — 6 for some 6 € T.

If 6 ¢ ©g, we define its depth by co. Then there are two more cases according to
whether lim sup depth(6;) = oo or not.

If lim sup depth(6) = oo, we take a subsequence again and assume that depth(6y)
is strictly increasing. Then, by Proposition 5.6, we have |ax — y 5, (6r)| — 0. Since
Or — 6 and yp, — v, uniformly (Corollary A.3), we have |ay — y¢(0)| — 0,50 a = y4(0).
Similarly, we conclude that b = y,(9), and this gives a contradiction.

If lim sup depth(6)) < oo, we take a subsequence again and assume that 6y = 6 € ®, for
all k > 0. By Proposition 5.7, the ay € Il 7, () are approximated by some ¢ € I1;(6) such
that |ay — cx| — 0; thus ¢y — a € J,. Since I1g(0) N J; = {y,(8)}, we have a = y,(0).
On the other hand, if by € I14(9) is bounded away from Jg, there exists a compact
neighborhood E’ C Kg,’ of b where hy|gs — id|g/, and this leads to a contradiction.
Therefore b € J, and must be y,(6). Now we obtain a = b as claimed. O

To complete the proof of Theorem 5.1, we need to finish the proofs of the propositions.

Proof of Proposition 5.6. We modify the argument of Proposition 3.3. Suppose that
there exist fy — g which determine equivalent degeneration pairs (fy — g) and 6 with
nj = depth(6y) oo such that diam IT f, (6, +) > €9 > O for all k. Then we can take a
branch Fj of fkfn" such that Fy maps IT 7, (06r , +)° onto I £, (6, +)° univalently.

Take a small ball B € T 01,0, +) and fix a point z € B. By (ii), we may assume that
B eTy, (9+, 0, +) for all k£ > 0. Since the F|p avoid values near oo, they form a normal
family. By passing to a subsequence, we may also assume that there exists ¢ = lim Fi|p
which is non-constant by assumption. Now we have a small open set V € ¢ (B) with
V C Fx(B) for all k> 0, thus f,?k(V) CBC K;k. This implies that V C K}k for all
k > 0; hence, by Corollary A.2, we have V C K ; too. Since V is open, there exist a
tile T = Ty(0, m, +) and a small ball B” such that B’ € (T N V)°. From B’ C T and (ii)
again, we deduce that B’ C T := T7. (6, m, +) for all k> 0. Moreover, since B CV,
we have f'*(B') C B C T7, (6,0, +). Thus f'*(Tx) must be Ty, (8", 0, +); however,
fkn k(Ty) has level m 4 ny — oo. This is a contradiction.

The proof is completed by following the same argument as for Proposition 3.3. a

Proof of Proposition 5.7. 1t is enough to consider the case of 6 = 6‘; and x = 4. Recall
that the attracting cycle O ¢ has multiplier re?™iP/4 We introduce a parameter € € [0, 1)
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of f — gsuchthatr? =R=1—e. Set Tl :=T17(6;, +) and [Ty := [1z(6; , +). Then
the semiconjugacy h = h. sends Il to ITp. To conclude the proof it suffices to show
the following statement: for any § > 0, we have 1y C Ns(Il¢) and I1. C N5(I1p) for all
€ < 1, where Ns(-) denotes the §-neighborhood.

It is easy to check that Ily C Ns(Il). We can take a compact set K such that
K CTlg e Ns(K). Since he —id on K, we have K CTIg for all € < 1. Thus
Ilp C Ns(K) C Ns(I1¢).

The proof of I, C Ns(ITp) is more technical. Here let us assume that ¢ = ¢, i.e. Case
(a). The proof for Case (b) (g = 1 < ¢’) is analogous.

Local coordinates. Set B := B(fp, 6). For fixed ¢ that is sufficiently small, there exists

a convergent family of local coordinates ¢ = ¢ (z) — Yo(z) on B, with the following

properties for all 0 < e < 1.

° There exists a 8’ > 0 independent of € < 1 such that A := B(0, §’) € ¥(B).

o Let fei=f", fo:=g"and Re =1 —¢; then fe(¢) = Re¢ (1+¢7+ 0(¢%)) on
A. (See Appendix A.2.)

o  Yemaps [ Ny 1(A)into A :={¢ € A: —7/2q < arg ¢ < 37/2q}. (This is just
a technical assumption.)

o Let Ec:={¢eA :|arg¢9 <m/3, |t9]>¢/2); then f;'(Eg) C EoU {0} and
fV(Ee) C E. forall 0 < € < 1. (See the argument of Lemma A.7.)

Let us interpret the setting of Theorem 5.5 by using € € [0, 1). For 0 < € < 1, we denote
D, Wy, up, Ty and Uy by @, W, ue, Te and U, respectively; for € = 0, these denote
D, Wy, ete. In particular, we consider W, only on A’. For later use, we define W = x(¢)
for each ¢ € We(K}€ N B) by xe := P 0 1//6_1.

Now, through w = W, (¢), we can view f on A" as fo(w) = tcw + 1 + O(1/w) where
Te = R;q. On this w-plane, take P = P, = {Re w > p > 0} such that forall 0 <e < 1,
the set P := \IJe_l(P) is contained in A’ and u. is defined on P. Note that forall 0 <e « 1
we have f.(P) C P and ug(w) = w(l + o(1)) by Lemma A.6. One can also check that
Xe © \Ile_l(w) =U¢ o T¢ oue(w) on P, and that

Ue o Te o ue(w) = Up o Ty o ug(w) + o(1) = qw(l + o(1))
on compact sets of P.

Rectangles. For fixed positive integers M and N, we define the following compact sets in
the W-plane:

Co:={WeC:(N—-1g<ReW <Ng, 0<ImW < Ng},

M
Qo:=JG™(Cp and C{:=G"M(Cy),

k=0

where G(W) =W + 1.
By taking sufficiently large N and M, we may assume the following.

(1) Let Qg := o N @, (Qp) in the z-coordinate; then Ty — Qo € ¥, ' (A).
(2) In the w-coordinate, we have XO_I(CO) c Pand Xo_l(C(/)) C Ep.
See Figure 12. In fact, for any compact set K with [1p — K € l/fo_l(A), the set ®y(K)
is compact in Hy := {Im W > 0} and covered by Qg if we choose sufficiently large N
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FIGURE 12. Choosing M and N.

and M. Thus we have (1). If N > 0, the set Co must be contained in xo(P). Since
[T N ®, L) is compact, it is uniformly attracted to the repelling direction by iteration
of (g|n0)_l‘7. Thus, by taking M much larger, we have (2) .

Perturbation. Fix integers N and M as described above. Now we consider perturbations
of fixed rectangles Co, Cj, and Q¢ having properties (1) and (2). By using the conjugacy
H=H,:C—[a, c0) - C between F = F, and G = Fy, we define C¢, C, and Q. by
their homeomorphic images by He_l. Since H, — id as € — 0 on any compact sets (see
the proof of (ii)), we have Cc — Co, C. — C6 and Q. — Qg in the Hausdorff topology.
Moreover, the following properties hold for all € < 1.
(1) Let QE =TIl N @;I(Qe) in the z-coordinate; then Qe C NS/Z(QO).
(2') Inthe ¢-coordinate, we have Xe_l(Ce) C P and Xe_l(Cé) C E..
In fact, since Qo = he(ée) and is compact, property (1) follows from ®, — ®g as € — 0.
Property (2) holds because x. — xo on compact sets in P and flaM s glaM

Now it is enough to show that IT, — 0. € Yo '(A) c B, which is equivalent to
Xe I(Hy — Q) € A in the ¢-coordinate. We consider the following three sets in Hy:

Xo:={WeHpy:ReW<(N—-M-1)q, ImnmW < Ng},

Yo :={WeHy:ReW > Ng, ImW < Ng},

Zo = {W eHy :Im W > Ng}.
Let X¢, Y., and Z. be their homeomorphic images by He’l. Then X . UY. U Z,
=Hw — 0¢.

Note that Xe = Uy, Fe “(C)) and Ye = Ugay FE9(Co). Since f7'(Ec) C Ec and
fe(IS) C P in the ¢-coordinate, (2') implies )(E_l(Xe) C E. and xe_l(Ye) C ﬁ, hence we
have )(6_1(X€ UYe) CA.

The proof is completed by showing that x- Y(Zo) c A. Tt suffices to prove that
Xe 1(3Z.) c A. Note that 3 Z, consists of two half lines: one is the interval I := [ac, 00)

where a is the attracting fixed point of Fe, and the other is I/ := HE_l (0Zp) along the top
edge of Q..
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FIGURE 13. An orbit in the w-plane. The dotted square has height N.

First we show that x I(I.) c A. Recall that Xe (1) is the image of a degenerating
arc in the ¢-coordinate. Let E(’) :={¢ € A : |arg(—¢?)| < m/3}. Then one can check that
fe(E}) C Ey and £ (Eo) C Ep forall € < 1 as in the argument of Lemma A.7.

The real part of g/4%(0) in the w-coordinate increases as k — oo, thus the critical orbit
of fo =g in A’ is tangent to the attracting direction in the ¢-coordinate. Therefore
we may assume that g/4"(0) in the proof of Theorem 5.5 is contained in E|. Hence
f lgn () = f2(0) in the ¢-coordinate is contained in E6 for all € <« 1. Moreover, the
property f.(E}) C E implies that the critical orbit of f. = f!¢ in A’ is eventually
contained in Ej. By construction of the degenerating arcs in Lemma 2.3 and by fe_1 (Ep) C
Ey, the arc Xe_l(le) must be contained in Eg C A.

Next we show that x 1 (1}) C A. Let s¢ and £ be the top edges of quadrilaterals C
and Q. that intersect I/. Then ¢ = Ullcwzo Fé_kq (se). It is enough to show that x ! (£c) is
contained in A, since XG_I(XG UYe) CA.

Take any point wq in W o Xe_l(se) = (Ue¢ o Te oue) ' (se) in the w-plane. We may
assume that N is sufficiently large and wg € B(N + Ni, N/4) for all € < 1, because
Ue o Te oue(w) =qw(l + o(1)) on compact sets of P. Moreover, we may assume that
V. (0A) C B(0, N/4).

Recall that fe(w)=rtcw+ 1+ O(1/w) and so f'(w)=1t""(w—1)+ 01/w).
Take any w with N/4 <|w|<4N; then we have |f'(w)— (w—1)]= O(eN)
4+ O(1/N). Thus, for any fixed ¥ < 1, by taking N > 0 we have |f€_1(w) —(w—-1| <«
for all € « 1. This implies that |arg(f€_1(w) — w)| < arcsin k.

By (2/), the orbit wy = fe_k(wo) of wo lands on W, (E) by at most M iterations of
fe_l (so arg wys > 27 /3). For small enough «, the point wy satisfies N/4 < |wg| < 4N
and |arg(wy — wo)| < arcsink for all k =0, ..., M; see Figure 13. This implies that

Y, o Xe_l (£¢) never crosses over W (dA), and thus we have Xe_l(ﬁe) C A. O
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A. Appendix
In this section we present some results on the perturbation of a parabolic cycle
corresponding to the degeneration pair (f — g).

A.l. Pinching semiconjugacy on the Julia sets. Let (f — g) be a general degeneration
pair. Recall that the attracting cycle Oy ={a1, ..., oy =ap} has multiplier A =row
=rexp(2nip/q) with 0 <r < 1, and the parabolic cycle Oy ={B1, ..., By = Po} has
multiplier o’ = exp(27p’/q’).

By applying [Kal, Theorem 1.1] to (f — g), we obtain the following.

THEOREM A.1. If f & g, then there exists a unique semiconjugacy hy : Jy — J, with the

following properties.

() If card h;l(w) >2 for some wel, then wel, and card h;](w) =q
(thus ¢ = q’ > 2).

(2)  hy is a homeomorphism if and only if (f — g) is of type g = 1.

3) SUP ey, lz—hyj(@)|—0as f — g.

See also Proposition 2.1. The proof of [Kal, Theorem 1.1] is based on a pull-back
argument and does not use quasiconformal maps. Here is a useful corollary which follows
easily from property (3).

COROLLARY A.2. As f — g, the Julia set Jy converges to Jg in the Hausdorff topology.

Since hy o yy and y, determines the same ray equivalence, we have hj o yy = y,. For
0 €T, put y¢(9) into z in property (3) of Theorem A.1. Then we obtain the following
corollary.

COROLLARY A.3. As f— g, the map yy:T— Jr converges uniformly to
Ve : T — Jg.

A.2. Normalized form of a local perturbation. For a degeneration pair (f — g), the
parabolic cycle O, is approximated by an attracting or a repelling cycle O}- with the same

period [’ and multiplier A’ &~ o’ = €7 iP'/4" (see §2). Let o) € O} with ) — fo. Then,
by looking through the local /coordiflates Yr@@)=z— a6 and V¥, (z) = z — Bo near By, one
can view the convergence /' — g' as

yrof'o vl =22+ 0@
— Ygog' oy @) =2+ 0D,
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Here we claim that replacing vy — v, with better local coordinates yields a normalized
form of convergence

Vroflo vl =Nz + A o

— Ygog' oy @ =0z + 0T + 0.

More generally, we have the following.

PROPOSITION A.4. For € € [0, 1], let {fc} be a family of holomorphic maps on a
neighborhood of 0 such that as € — 0,

fe@=hez+ 0@E — folz) =roz + O(Z%)

where Ao is a primitive qth root of unity. Then there exists a family of holomorphic maps
{@e} such that
$e o feod '@ =hez+ 2" + 0P

and ¢ — ¢g near 7 =0.

Proof. First suppose that fi(z) =iz + A" + O(Z"T!), where 2<n<g. Let us
consider a coordinate change z+> z — B¢z" with B, = A¢/ ()»2’“ — A¢).  Note that
AL ) is bounded away from 0 when € < 1, because A converges to a primitive
gth root of unity. In particular, the coordinate change z + z — B¢z" also converges to
z > z — Bpz" near 0. By applying these coordinate changes, we can view the family { f¢}
as

fe@) =rez 4+ OE".

By repeating this process until n = g, we have the family { f¢} taking the form
fe@ =Aez + Cez?™ 4 ALZ" 4 O™,

where ¢ +2 <n <2q. Next, for each €, take a linear coordinate change z — Cel/ a;
which effectively normalizes C. to 1. Using another coordinate change of the form
Z+> ¢ =z — B/7" with B, = AL/ — A.), we have

fe@=hez+ 20+ 0.
Repeating this process until n = 2¢q gives the desired form of convergence. O

For this new family { f. (z) = Aez + 247! + O(z?41)} and n > 0, one can easily check
that
fH@) =M+ Cenz?™ + 0,

where C¢ , is given by the recursive formula C¢ 41 = AZHCE,H + AZ. Let n = q and set
A :=21¢ (=1 as € — 0). By taking linear coordinate changes z (Ce,q/Ag)l/qz, we
obtain convergence of the form

fA(z) = Aez (1429 + 0(z%))
— fl@ =z +27 + 0.
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The application of further coordinate changes with w = W, (z) = —AZ /(gz9) yields
Weo floW  (w) = AZ9w+ 1+ O(1/w)
— Yoo fl oWy (w) =w+ 1+ 0(1/w)

on a neighborhood of infinity. Note that we have a similar representation for f l'q" gl,q/.

A.3.  Simultaneous linearization. Ueda [Ue] recently proved a simultaneous lineariza-
tion theorem which explains hyperbolic-to-parabolic degenerations of linearizing coordi-
nates. Here we state a simpler version of the theorem which suffices for our purposes. For
R >0, let ER denote the region {z € C:Re z > R}.

THEOREM A.5. (Ueda) For € € [0, 1], let {fe} be a family of holomorphic maps on
{lz| = R > 0} such that

fe@=tz+14+01/2)
— fo(0) =z+14+0/2)

uniformly as € — 0, where t. =1+ €. If R> 0, then for any € € [0, 1] there exists a
holomorphic map uc : Eg — C such that

ue(fe(2)) = tete (z) + 1
and ue — uq uniformly on compact sets of Eg.

Indeed, Ueda’s original theorem in [Ue] claims that a similar statement holds for any
radial convergence 7. — 1 outside the unit disk. In [Ka4] an alternative proof is given, and
the error term O(1/z) is refined to be O (z~'/") for any n > 1.

LEMMA A.6. ug(z) =z(1 +0(1)) as Re z — oo.

It is well-known that if fo(z) =z + 1 +ao/z+ - - -, then the Fatou coordinate is of the
form ug(z) =z — ap log z + O(1); see [Sh], for instance.

A.4.  Small invariant paths joining perturbed periodic points. For a degeneration pair
(f — g) in Case (a) (¢ = ¢’), we may consider that the parabolic cycle O, is perturbed
into the attracting cycle O y with the same period / = I’ (see Proposition 2.1). In this case,
the convergence £/ — g'7 is viewed as

9@ =riz+294+ 0" — M@ =z+27+ 0@E"),

with r? 7 1 through suitable local coordinates near By € Oy, as in §A.2.
By an additional linear coordinate change z — z/r, we consider, instead, a family of
holomorphic maps { f¢} of the form

fe(@) = hez(1 + 27 + 0(z%)),

where we set rY =i =1—¢€ /1. The local solution of f.(z) =z is then z =0 or
77 = € + O(€?). The latter means that ¢ symmetrically arrayed repelling fixed points are
generated by the perturbation of a parabolic point with multiplicity g + 1. We claim that
the following holds.
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LEMMA A.7. Fore K 1, there exist q f.-invariant paths of diameter O (e'/?) joining the
central attracting point z = 0 to each of the symmetrically arrayed repelling fixed points.

Proof. First,we show that D := {z:|z]9 < €/2} satisfies f.(D) C D°. By checking the
real part of log f¢(z), we find

| fe@)] = Aclzl(1 +Re 2 + O(z%)).

Since Re z7 < €/2 on D, we have | fc(z)| = |z|(1 —€/2 + 0(€2)) < |z].
Next, we set
E = {z :

Note that E has g connected components around the repelling fixed points. Now we claim
that E satisfies f;l (E) C E°. Since f;‘ is univalent near 0, it is enough to show that
fUOE) C E°. Set

€

<|z?| < 4e and |arg 77| < %}

N1 ™

€ E4
=1{z:|z9 == and |arg 77| < — ¢,
el z: 2% 7 IgZ|_3}
e = zzlzq|:4eand|argzq|§%},
egc = z:§§|zq|§4eand argzqzzt%}.

By checking log fe’1 (z), we have

1 @) = A7z (1 = A7 Re 27 4+ 0(2%9)),
arg f7'(z) = argz — 279 Imz% + O(z*).

If z € ey, then Re z9 < €/2 and hence | . (z)| > |z|(1 + €/2 + O(€?)) > |z|. If z € ey, then
Re z7 > 2¢ and hence | f.(z)| < |z](1 — € + O(€?)) < |z|. For z € eSi, set |z7] = p with
€/2<p<4e. Then arg £ (z) =arg z F (v/3/2)p(1 + O(p)). Thus, overall we have
fY@E) C E°.

Take any ¢ points {z1, ..., z4} from each connected component of e;. Let n; be the

segment joining z; and fe(z;). Then the path |,y ¥ (n;) has the desired property. O

Remark. In Case (b) (¢ =1 < ¢’), the cycle O} in §A.2 is repelling. By taking f‘l/q/ —

g7 near O,, we have a form of convergence
fe@ =zl 427 + 0E))

which is similar to that in the g = ¢’ case, where L¢ = 1 — € + O(€?) € C*. This A, comes
from the fact that any non-zero solution of f(z) = z has derivative 0 <r < 1 (since it is
actually a point in Oy in different coordinates). One can easily check that the argument
used in Lemma A.7 works for this f. as well, and that the statement is also true when ¢ is
replaced by ¢’.
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