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Fault Detection and Diagnosis of Manipulator Based on
Probabilistic Production Rule

Shinkichi INAGAKI†a), Koudai HAYASHI†∗, Nonmembers, and Tatsuya SUZUKI†, Member

SUMMARY This paper presents a new strategy to detect and diagnose
fault of a manipulator based on the expression with a Probabilistic Pro-
duction Rule (PPR). Production Rule (PR) is widely used in the field of
computer science as a tool of formal verification. In this work, first of all,
PR is used to represent the mapping between highly quantized input and
output signals of the dynamical system. By using PR expression, the fault
detection and diagnosis algorithm can be implemented with less computa-
tional effort. In addition, we introduce a new system description with Prob-
abilistic PR (PPR) wherein the occurrence probability of PRs is assigned
to them to improve the robustness with small computational burden. The
probability is derived from the statistic characteristics of the observed in-
put and output signals. Then, the fault detection and diagnosis algorithm is
developed based on calculating the log-likelihood of the measured data for
the designed PPR. Finally, some experiments on a controlled manipulator
are demonstrated to confirm the usefulness of the proposed method.
key words: probabilistic production rule, fault detection, fault diagnosis,
manipulator

1. Introduction

The demand for design of reliable control system is rapidly
growing. The significant function to realize the reliable con-
trol system is to develop a fault detection and diagnosis
(FDD) procedure, and this problem has been addressed by
many researchers [1]–[5].

In the model based FDD for continuous systems, the
observer based approaches [1], [3], [4] are well-known and
effective in the case that a precise information of the system
structure and the interaction with the environment are avail-
able. However, these model based approaches often result in
high cost systems because of their high computational bur-
den. Furthermore, the application of these approaches are
generally limited to a linear system and its extensions. On
the other hand, an information processing based approaches
have been also developed. The typical ideas are expert sys-
tems and neural networks [5]. However, the expert systems
depend strongly on the expert knowledge, and the neural
networks have lots of difficulty in the design of the network
structure due to the lack of explicit relationship between the
performance of the FDD and the structure.

One of the interesting approaches of the FDD for the
continuous systems is to quantize the system and develop
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the FDD based on the highly quantized system description.
Since the computational effort depends on the quantization
level, i.e., the number of alphabets — wherein each alpha-
bet corresponds to each quantized symbol, the quantization
based idea leads to the flexible design of the FDD balanc-
ing the performance and the computational burden. Once
the system is quantized, several ideas of the FDD devel-
oped for the discrete event systems become available [6]–
[9]. Although these approaches are very useful when the
event occurrence and the system model are clearly defined
in advance, the direct application to the complex continuous
systems has not been addressed at all.

From this viewpoint, J.F. Martins et al. have developed
an interesting FDD strategy applicable to the continuous
systems based on a production rule (PR) based system de-
scription [10]. The advantages of PR based approach are (1)
this approach requires only the input-output data strings, and
no explicit model of the system structure is required at all
(i.e., applicable to nonlinear complex dynamical systems),
(2) the performance and computational burden of the FDD
can be controlled by appropriately designing the quantiza-
tion level.

One of the significant drawback of PR based approach,
however, is that the number of PRs tends to be unreasonably
large in proportion to the increase of complexity of the sys-
tem and/or the given task. In order to overcome this prob-
lem, we introduce the probabilistic production rule (PPR),
and exploit it for the design of the FDD of the continuous
dynamical systems. By exploiting the PPR, the number of
PRs can be reduced, and the flexible fault detection and di-
agnosis can be realized by evaluating the likelihood value of
the observed input and output data calculated from the PPR.

This paper is organized as follows: In Sect. 2, the PR is
briefly reviewed and the PPR is derived by assigning prob-
abilities to each production rule. Then a vector quantiza-
tion is introduced in order to quantize the input and output
data, and alphabets are created based on the quantized re-
sults in Sect. 3. In Sect. 4, the FDD process based on the
PPR description is proposed. In Sect. 5, the usefulness of
the proposed method is verified by some experiments using
a manipulator which has strong nonlinearity in its dynamics.

Copyright c© 2007 The Institute of Electronics, Information and Communication Engineers
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2. Description of the Dynamical System by Probabilis-
tic Production Rule

2.1 Description of the Dynamical System by Production
Rule (PR)

The system is supposed to be described by the following
input-output dynamics:

ỹk+1 = g0(Ũk)

ỹk+1 = g1(ỹk, Ũk)

ỹk+1 = g2(ỹk, ỹk−1, Ũk)
...

ỹk+1 = gn(ỹk, ỹk−1, · · · , ỹk−(n−1), Ũk). (1)

where ỹk is the output value at time index k, and Ũk is the
input value at time index k. This model implies that the one
step ahead output ỹk+1 is generated by the past outputs, and
current input and output. This system can be represented
by the following production rule (PR) [10] together with an
appropriate quantization of input and output (see Sect. 3).

yk−(n−1) · · · ykUk → yk−(n−1) · · · ykyk+1δ (2)

where yk and Uk are the output and input alphabets quan-
tized from ỹk and Ũk respectively. Also, δ denotes a special
symbol given by⎧⎪⎪⎨⎪⎪⎩ δ→ Uk+1 or (3a)

δ→ λ (3b)

where λ denotes an ‘empty’ symbol. Equation (2) represents
that the yk+1 is generated by the past n output alphabets and
current input alphabet. In the following, the generation al-
gorithm of the PRs based on the observed input and output
is described. Note that the structure of PR which includes
past n samples like (2) is referred by n-type structure.

1. Whenever a new alphabet is observed, this is embedded
as 0-type structure.

Uk → yk (4)

2. If more than one n-type rules (n=0,1,2,· · · ) contradict
with each other for the observation, then these rules are
expanded to (n + 1)-type rules. For example, consider
the case wherein the following two contradicting rules
are generated based on the observation:

yk−(n−1) · · · yk Uk → yk−(n−1) · · · yk yk+1 (5)

yk−(n−1) · · · yk Uk → yk−(n−1) · · · yk y
∗
k+1 (6)

(yk+1 � y∗k+1)

In this case, these two rules are expanded to the follow-
ing (n + 1)-type rules:

yk−nyk−(n−1) · · · yk Uk

→ yk−n yk−(n−1) · · · yk yk+1 (7)

y∗k−nyk−(n−1) · · · yk Uk

→ y∗k−n yk−(n−1) · · · yk y
∗
k+1 (8)

(yk−n � y∗k−n).

If k − n < 0, the conflicting n-type productions are all
deleted because there is no sufficient information be-
fore the initial time.

Generally speaking, if the system is known to have an
order of n, the system can be modelled by n-type PRs. From
viewpoint of the computational burden, the restriction of the
number of the type must be imposed in order to avoid the
generation of unreasonably large number of rules. In many
practical situations, however, many contradicting rules like
(5) and (6) may be generated because of an ignored fast dy-
namics and/or measurement noise in the system. As the re-
sult, the maximum number of type of the PR and the num-
ber of PRs tends to be unreasonably large. Furthermore,
many input-output strings may be observed in the detec-
tion/diagnosis phase, which does not coincide with any PRs
developed in the learning phase. In other word, PRs are not
always generated sufficiently because of the insufficiency in
the training data. In this paper, the assignment of probabil-
ity and smoothing strategy are introduced to overcome these
problems in the following:

2.2 Assignment of Probability to PRs

First of all, the maximum number of type of the PR is sup-
posed to be restricted to n + 1. If the system is known to
have an order of n, (n+ 1)-type would be enough in the PPR
with consideration of the observation noise or the nonlinear-
ity of the system. In this case, some contradicting PRs may
exist in the (n + 1)-type PRs by following the procedure in
Sect. 2.1. Note that there are no contradiction in the 0- to
n-type PRs. Therefore, the 0- to n-type PRs become deter-
ministic PRs. Next, we divide the (n + 1)-type PRs into the
“contradicting PRs” and the “non-contradicting PRs.” Then,
probability 1 is assigned to all the non-contradicting PRs.
These PRs also lead to deterministic PRs. Finally, we con-
sider the contradicting (n+1)-type PRs, that is, the PRs with
same antecedent. The occurrence probability is assigned to
these PRs as follows:

PR 1 yk−n · · · ykUk → yk−n · · · yk(yk+1)1 : P1

PR 2 yk−n · · · ykUk → yk−n · · · yk(yk+1)2 : P2

...

PR r yk−n · · · ykUk → yk−n · · · yk(yk+1)r : Pr (9)

where (yk+1) j denotes an output symbol at (k + 1)th time
instant appearing in the PR j, and must satisfy (yk+1)g �
(yk+1)h when g � h. Furthermore, Pi (i = 1, · · · , r) is an as-
signed probability for PR i, which is statistically calculated
from the observed frequency of the corresponding PR in the
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learning phase. Therefore,

r∑
i=1

Pi = 1 (10)

must hold.

2.3 Smoothing of the Probability

In order to overcome the problem of “insufficiency in the
training data,” the following smoothing procedure is intro-
duced. First of all, for (yk+1) j in (9), a new PR is gener-
ated by replacing (yk+1) j with its neighboring output sym-
bol. Note that if the replaced rule already exists, then it will
be eliminated. For example, assuming that we have an out-
put alphabet {a, b, c, d, e, f , g, h}, the neighboring symbols of
c are b and d, the neighboring symbol of h is g only. By ap-
plying this procedure, the following new PRs are generated.

PR r + 1 yk−n · · · ykUk → yk−n · · · yk(yk+1)r+1 : Pr+1

PR r + 2 yk−n · · · ykUk → yk−n · · · yk(yk+1)r+2 : Pr+2

...

PR r + l yk−n · · · ykUk → yk−n · · · yk(yk+1)r+l : Pr+l.

(11)

If the number of new generated PRs is l, then the total num-
ber of the PRs contradicting with each other comes to (r+ l).

As the last step, the assigned probabilities are updated
by the following equation with assuming the initial value of
Pr+i(i = 1, · · · , l) to be 0. For j = 1 · · · r + l,

P′j =
Pj + αmax (P1, P2, · · ·Pr+l)

1 + (r + l)αmax (P1, P2, · · ·Pr+l)
. (12)

where P′j is the updated probability of PR j, α indicates the
strength of smoothing and was empirically set to be 0.1 in
this work.

The probability of PRs which does not show up after
the above procedure is assumed to be small constant ε in or-
der to prevent the zero likelihood in the detection/diagnosis
phase. In this work, ε was set to be 0.0001.

3. Vector Quantization

3.1 Competitive and Selective Learning Quantization

In order to make PRs from the observed input and output
data, the data must be quantized. The quantizing process
is called vector quantization, which plays an essential role
to grasp the dynamic characteristics of the system. In this
paper, the competitive and selective learning (CSL) quanti-
zation [12] is adopted. The CSL quantization is known to
be robust to the initialization of the neurons. In Appendix
A and B, the detail of the competitive learning (CL) quan-
tization and the CSL quantization are explained. The CL
quantization is an original version of the CSL quantization.
The convergence threshold of CSL algorithm in Appendix
B was set to be 10−10 which was derived empirically.

3.2 Decision of Number of Quantization Levels

The number of the quantization levels, that is, the resolution
of the system description is positively correlated to the num-
ber of PRs. When the number of PRs becomes larger, the
computational burden and necessary memory storage also
become larger. As the result, the system will may have some
problems in real-time execution.

In the case that the number of the quantization levels is
not enough, even when a fault occurs in the target system,
it is unlikely that the fault can be detected and diagnosed
because of lack of the resolution for the description of the
characteristics of the system. On the other hand, if the sys-
tem is described with too much resolution, wrong detection
and diagnosis is likely to occur because the PRs become too
much sensitive to the measurement noise. Therefore, the
number of the quantization levels has to be decided by tak-
ing the balance between the accuracy and the sensitivity. In
Sect. 6, an appropriate number of the quantization levels is
discussed via an experiment.

4. Fault Detection and Diagnosis

The FDD is composed of two phases, a learning phase and
detection/diagnosis phase. In the following sections, the de-
tails are explained.

4.1 Learning Phase

In the learning phase, which is an offline process, the PPRs
are created from the input-output data sequence of normal
and expected faulty operating conditions by the following
algorithm:

Learning Algorithm:

At first, the set of expected operating conditions is defined
asΩwhich consists of normal and expected faulty operating
conditions.

1. Initialize: Ω′ := {φ}.
2. Choose ∃ω ∈ {ω|ω ∈ Ω, ω � Ω′}.
3. Observed input and output sequences under the operat-

ing condition ω are quantized by using CSL algorithm,
wherein the reference vector Yω is obtained.

4. Make PRs by the procedure in Sect. 2.1, and assign
probabilities to the created PRs by the procedure in
Sect. 2.2.

5. Smooth PPRs by the smoothing procedure in Sect. 2.3.
Then, the set of PPRs, Rω is created.

6. Ω′ := Ω′ ∪ {ω} and if Ω′ = Ω then the learning algo-
rithm terminates, otherwise go to step 2.

4.2 Detection/Diagnosis Phase

The detection/diagnosis phase is executed online, wherein
the log-likelihood values of all the operating conditions are
calculated and compared.
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Detection/diagnosis algorithm:

First of all, the log-likelihood value for the operating condi-
tion ω ∈ Ω at time index k is defined as Lωk .

1. Initialize: k := 0, Lωk := 0 ∀ω ∈ Ω and observe initial
input Ũ0 and output ỹ0.

2. k := k + 1
3. Observe the current input Ũk and output ỹk.
4. ∀ω ∈ Ω, quantize Ũk and ỹk to Uωk and yωk respectively

by the reference vectors Yω and find a PPR rωk ∈ Rω
which meets the quantized input Uωk−1 and the quan-
tized outputs yωk , y

ω
k−1, · · · .

5. Update log-likelihood values:

Lωk := Lωk−1 + log
(
P(rωk )

)
, (13)

where P(r) means the probability of the PPR r.
6. When the log-likelihood value of the data of the nor-

mal condition is below a threshold value, some fault is
considered to occur.

7. In addition, if the log-likelihood value of the data over
some specified faulty condition exceeds the threshold
value, the corresponding fault is considered to occur.
Otherwise, the current condition is considered to be
one under an unexpected failure.

8. Go to step 2.

5. Experimental Results

5.1 Experimental Setup and Faulty Conditions

A two-degree-of-freedom robot with direct drive motors
(DD-Robot) used for the experiment is shown in Fig. 1(a).
Although the analytical dynamical model of this type of
robot is already known, the FDD based on the nonlinear dy-
namical model often requires much computation. Further-
more, the existence of unmodelled dynamics, such as the
coulomb friction, may degrade the accuracy of the model.

Fig. 1 Direct Drive Robot (DD-Robot) and control trajectory of DD-
Robot (l1 = l2 = 0.24 [m]).

On the other hand, the proposed PPR-based system descrip-
tion can take a balance between the accuracy and the com-
putational complexity. This is a significant advantage of the
proposed model. The DD-Robot was supposed to operate so
as to follow the trajectory⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

X = d + a cos t′

Y = b sin t′

t′ = 2πt/C

(14)

where C is cycle time and was set to be 8 [sec]. This ref-
erence trajectory is shown in Fig. 1(b). In this experiment,
a = 0.1 [m], b = 0.3 [m] and d = 0.24 [m]. Each joint
was controlled by the PD control with sampling interval
1 [msec]. Figure 2 shows the input and output data acquired
from actuators and sensors. The input of the system is a
torque [N·m] to actuate each joint, and the output is an an-
gle [rad] of each joint. The input and output data were ac-
quired every 2 [msec], and as the result, 4,000 input and out-
put data were stored for one cycle, respectively. In order
to execute the CSL quantization and create PPRs (i.e., the
learning phase), data of 50 cycles, that is, 200,000 data were
used. On the other hand, in the detection/diagnosis process,
the log-likelihood value is calculated at each sampling in-
stant by integrating the probability of corresponding PPR
over the past 4,000 samples. The number of quantized sym-
bols of the inputs and outputs was set to be 12 including the
upper and lower limit values, and the maximum order of the
PPRs was assumed to be 3. In the CSL algorithm, the upper
and lower limit values are fixed. The number of quantized
symbols were determined based on the average distortion
given by (A· 6), the storage capacity, and the computational
burden. Table 1 shows a part of PPRs generated under the
normal condition (faultless case). The input alphabet con-
sists of 12 symbols {A ,B,C,· · · , L}, and the output alphabet
also consists of 12 symbols {a ,b,c,· · · , l}. Some samples of
the obtained PPRs are shown in Table 1. Note that the PPRs
in Table 1 are not smoothed.

PPRs were created under the following four conditions
in each joint control system independently:

1. Normal (faultless) condition

Fig. 2 Input and output data profile of DD-Robot under normal condition
(3 cycles).
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Table 1 Generated PPRs of the joint 1 under normal condition without
smoothing: Step 4 of Sect. 4.1.

Rule Prob. Rule Prob.
1-type rule 2-type rule

bB → bb 1.0 cdE → cdd 1.0
cD → cc 1.0 dcB → dcc 1.0
gD → gg 1.0 edB → edd 1.0...

... gfC → gff 1.0

3-type rule (deterministic) 3-type rule (probabilistic)

cddE → cddd 1.0 bbbD → bbbb 0.982
dccB → dccc 1.0 bbbD → bbbc 0.018
eddB → eddd 1.0 eeeF → eeee 0.986
gffC → gfff 1.0 eeeF → eeef 0.014

hhhD → hhhg 0.023
hhhD → hhhh 0.977

...
...

2. 30% torque fluctuation in the motor of the joint 1
3. Change of the viscous resistance in the joint 1
4. Change of mass in the Link 1

The faulty condition 2 is a case that some power devices in a
motor driver become failure. This was imitated by multiply-
ing the torque reference by (1+0.3 sin(2πt)). The faulty con-
dition 3 is a case of bearing burnoff. This was imitated by
adding virtual frictional torque to the torque reference. The
faulty condition 4 is a case that unexpected exogenous force
is added to a link. This was imitated by hanging 1 kg mass
on the tip of the Link 1. These faulty conditions are consid-
ered to be incident and reasonable enough to demonstrate
the proposed method. PPRs with smoothing were created
for the above conditions, respectively. The set of the cre-
ated PPRs and the corresponding probabilities are labeled
by J1F1, J1F2, J1F3, J1F4, J2F1, J2F2, J2F3 and J2F4 re-
spectively. For example, J2F1 means the set of the PPRs
and the probabilities of the joint 2 in the case of the faulty
condition 1.

The threshold to detect and diagnose a fault in the steps
6 and 7 in Sect. 4.2 was set to be −2000. The threshold
should be decided according to the number of quantization
levels. Conditions to establish the threshold are discussed in
Sect. 6.

5.2 Fault Detection

Figure 3 shows the result in the case that the faulty condi-
tion 2 has occurred. The vertical axis represents the log-
likelihood value.

In Fig. 3, the fault has occurred at the time step 16000,
i.e., the end of the 4th cyclic motion. In this case, the log-
likelihood value of J1F1 decreased as shown in Fig. 3(a).
This obviously indicates that some fault has occurred. Al-
though the log-likelihood value of J1F1 changed sharply, the
log-likelihood value of J2F1 does not show rapid change af-
ter the fault occurred. This is because the fault in the joint 1
made little influence on the observation as for the joint 2.

Fig. 3 Log-likelihood when the faulty condition 2 occurred.

Fig. 4 Log-likelihood when the faulty condition 4 occurred.

5.3 Fault Diagnosis

In Fig. 3, the profiles of the log-likelihood values for each
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faulty condition are also depicted in the case that the faulty
condition 2 has occurred. The log-likelihood values of J2
(Fig. 3(b)) do not show any symptom that a fault has oc-
curred because the log-likelihood value of the normal con-
dition keeps being high value after the fault has occurred in
the joint 1. However, as shown in Fig. 3(a), the condition 2
can be considered as the strong candidate of the fault from
the fact that the log-likelihood value of J1F2 keeps being
higher than the others after the fault has occurred.

Figure 4 shows the result of the fault diagnosis in the
case that the faulty condition 4 has occurred at the time step
16000. In this case, the fault in the Link 2 made influ-
ence on the observations of the both joints. Therefore, in
Fig. 4(a)(b), the log-likelihood values of J1F1 and J2F1 de-
creased sharply after the fault had occurred, and then those
of J1F4 and J2F4 increased. These results imply that the
condition 4 can be considered as the first candidate of the
fault. In addition, in Fig. 4(a), the log-likelihood values of
J1F2 also keeps being high value. Therefore, the condition
2 is considered as the second candidate. These results reveal
that the fault diagnosis is successfully realized.

6. Discussion

In this section, the number of quantization levels is dis-
cussed from the viewpoints of the computation burden and
the performance of the FDD.

Restriction of the number of quantization levels (i.e.,
the number of symbols) is an important matter to reduce the
computational burden for making PPRs, in particular, in the
CSL quantization. Table 2 shows the average distortion and
the computation time for the CSL quantization in three cases
of different number of the quantization levels. This proce-
dure appears in step 4 of Learning algorithm in Sect. 4.1.
When the number of quantization levels is large, the accu-
racy of the system description becomes higher thanks to the
decrease of the average distortion, while the computation
time increases. However, the computational time evolves
almost linear to the increase of the number of quantization
levels.

Table 3 also shows the number of generated PPRs and
the computation time to acquire PPRs from the quantized
input-output data. This procedure appears in step 4 and 5
of Learning algorithm in Sect. 4.1. When the number of
quantization levels is large, the number of generated PPRs
becomes higher due to the high resolution of the system de-
scription. Although the computation time increases accord-
ing to increase of the number of quantization levels, the evo-
lution of the computational time is almost linear to it again.

The performance of the FDD also depends on the num-
ber of quantization levels. Figure 5 shows profiles of the
log-likelihood values of the joint 1 in the faulty condition
1 (J1F1) for various numbers of quantization levels in the
case that the faulty condition 2 has occurred at the time
step 16000. In this case, the log-likelihood value must be-
come sufficiently small after the fault occurred. As shown
in Fig. 5, when the number of quantization levels is larger,

Table 2 Average distortion and computation time of the CSL quantiza-
tion: The computation time was necessary at the stage 2 in Fig. 1(a), and
was evaluated by Pentium4 2.8 GHz.

quanti- Ave. distortion Ave. distortion comp.
zation of the joint 1 of the joint 2 time
level input output input output

4 0.0548 0.0629 0.0508 0.0518 1h41m
10 0.0225 0.0238 0.0182 0.0203 2h06m
40 0.0054 0.0058 0.0049 0.0051 7h29m

Table 3 Number of PPRs and computation time to acquire PPRs from
quantized input-output data: The computation time was necessary at the
stages 3-5 in Sect. 4.1, and was evaluated by PentiumM 1.5 GHz. Note:
Type 3/3∗ is deterministic/probabilistic 3-type PR.

quantization
level

Joint type comp.
time1 2 3 3∗

4
1 5 2 2 12 66s
2 6 3 3 14

10
1 19 4 4 36 75s
2 24 15 15 48

40
1 82 29 31 168 115s
2 146 111 112 332

Fig. 5 Log-likelihood of the normal condition for various quantization
levels in the case that the faulty condition 2 has occurred.

the log-likelihood value reaches to smaller value after the
fault occurred. However, as for the duration before the fault
had occurred, the log-likelihood value is relatively smaller
when the number of quantization levels is larger. This can
be explained as follows: When the number of quantization
levels is excessively large, wrong detection and diagnosis is
likely to occur because the PRs become too much sensitive
to the measurement noise. Additionally, from this reason,
the threshold of the detection/diagnosis procedure should be
decided appropriately according to the number of quantiza-
tion levels.

As the result, the number of quantization levels must be
decided appropriately taking into account both performance
and computational burden.

7. Conclusion

In this paper, Probabilistic Production Rule (PPR) has been
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introduced and exploited for the fault detection and diagno-
sis. Some experiments on the manipulator control confirmed
the usefulness of the proposed method. The significant ad-
vantage of the PR model based approach is that the designer
can take a balance between the accuracy of the system de-
scription and the model complexity by appropriately speci-
fying the resolution of the system description. The proposed
methodology is applicable to many other kinds of dynami-
cal systems including nonlinear, stochastic, discrete-event,
or hybrid systems. A quantitative comparison with other ex-
isting methods, and application to other practical systems
are our future works.
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Appendix A: Competitive Learning (CL) Quantization

In the CL quantization, the input vector x = (x1, x2, · · · , xk)
is presented to neurons. Each neuron i is specified by a ref-
erence vector yi = (yi1, yi2, · · · , yik) ∈ Rk, and computes the
distortion d(x, yi) between its reference vector and an input

vector. The distortion is defined as the Euclidean distance
between x and yi:

d(x, yi) =

√√√ k∑
j=1

(
x j − yi j

)2
. (A· 1)

Then a winning neuron c which gives the minimum distor-
tion is selected.

d(x, yc) ≤ d(x, y j) for all j � c. (A· 2)

To reduce the distortion of the winning neuron c, its new
reference vector yc(t+1) is then slightly adjusted toward the
current input vector x(t):

yc(t + l) = yc(t) + η(t)[x(t) − yc(t)]. (A· 3)

The reference vectors of the other losing neurons are un-
changed. The nonnegative parameter η(t) (
 1.0), which
represents the learning rate for the adjustment of reference
vector, decreases monotonically to zero as learning pro-
gresses. Thus, the above algorithm practically converges in
a finite time. In practice, the reference vectors are modi-
fied by a finite number of training vectors X = {x1, x2, · · · ,
xT }. That is, these training vectors are repeatedly utilized
for updating the reference vectors until the algorithm con-
verges. With the above algorithm, the resulting performance
strongly depends on the distribution of the initial reference
vectors.

Appendix B: Competitive and Selective Learning (CSL)
Quantization

When a finite number of training data, X = {x1, x2, · · · , xT },
is available, it is repeatedly utilized to adjust the reference
vectors of neurons until the algorithm converges. Then, in
addition to the adjustment, the selection is performed every
T learning times. Note that to practically guarantee the con-
vergence of the selection itself, the number of neurons that
are subject to the selection must monotonically decrease af-
ter every selection. Thus, the selection always ends in a fi-
nite number of times. The details of the selection algorithm
are given in the following:

CSL Algorithm:

1. Initialization: Given N (the number of neurons), a
training set X, convergence threshold ζ, and initial ref-
erence vectors of neurons Y(0). Set m = 1 and D(0) =
∞. Let s(m) be the number of neurons that are subject
to the selection at the mth iteration in the CSL algo-
rithm.

2. Training: For all x ∈ X, perform the conventional com-
petitive learning algorithm described in Appendix A.

3. Selection: If s(m) > 2, choose s(m) neurons alternately
from both the first and the last rank of the sub-distortion
Dj given by (A· 4) and perform selection algorithm (see
later) for the chosen neurons and replace m with m + 1
and go to step 2. Otherwise go to step 4.
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4. Convergence test: Compute the average distortion
D(m) given by (A· 6) using the final reference vectors
obtained in step 2. If [D(m − 1) − D(m)]/D(m) ≤ ζ,
terminate with Y(m) as the final reference vectors. Oth-
erwise replace m with m + 1 and go to step 2.

The sub-distortion Dj in step 3 is computed by

Dj =
1
T

∑
x∈S j

d(x, y j). (A· 4)

Note that the divisor is not t j but T . S j denotes the Voronoi
region belonging to y j. That is,

S j =
⋂
k,k� j

{x|d(x, y j) ≤ d(x, yk)}. (A· 5)

The average distortion in step 4 at the mth iteration is calcu-
lated by

D(m) =
1
|X|
∑
x∈X

min
y∈Y(m)

d(x, y), (A· 6)

where Y(m) is the final reference vectors after step 2. The
number s(m) is forced to decrease monotonically as m in-
creases.

The selection algorithm for the s(m) neurons is given as
follows. Note that for simplicity, in the following algorithm,
the indices of these chosen s(m) neurons are rearranged and
referred to as j = 1, 2, · · · , s(m).

Selection Algorithm:

1. Compute a normalized fitness measure using the sub-
distortion Dj:

g j = Dγj

/∑s(m)

j=1
Dγj , (A· 7)

where γ (< 1) is a nonnegative constant.
2. Determine the number of neurons to be reproduced:

Compute [g j s(m)](≡ uj) for all j where [a] denotes the
largest integer less than or equal to a. For top s(m) −∑s(m)

j=1 uj neurons with respect to the value of g j s(m)−uj,
add one to each uj.

3. For every j, reproduce uj neurons with adding random
perturbation vectors δ jl (l = 1, 2, · · · , uj) to y j, where
‖δ jl‖ 
 ‖y j‖. If uj = 0, the neuron is eliminated. Ter-
minate.
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