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SUMMARY In this paper, we consider the net assignment
problem in the logic emulation system. This problem is also
known as the board-level-routing problem. There are ﬁeld programmable logic arrays (FPGAs) and crossbars on an emulator
board. Each FPGA is connected to each crossbar. Connection
requests between FPGAs are called nets, and FPGAs are interconnected through crossbars. We are required to assign each
net to the suitable crossbar. This problem is known to be NPcomplete in general. A polynomial time algorithm is known for
a certain restricted case, in which we treat only 2-terminal nets.
In this paper we propose a new polynomial time algorithm for
this case.
key words: logic emulator, net assignment problem, edge col-

oring, nearly equitable edge coloring

1.

Introduction

Logic veriﬁcation is the crucial step in the development of VLSI such as application speciﬁc IC (ASIC)
and CPU chips. In this step we verify that the designed circuit logically satisﬁes the required speciﬁcation. The logic simulation software has been used for
this step. However, we cannot verify the recent huge
circuits with the simulator in practical time. This motivates the logic emulation hardware (logic emulator),
which has a lot of ﬁeld-programmable gate arrays (FPGAs) to implement a prototype of the designed circuit.
We can verify the circuit with logic emulator 100 to
1000 times as fast as the simulation software.
Logic emulator has a lot of FPGAs and crossbars.
A crossbar is a kind of switch and can arbitrarily connect its own I/O pins. Figure 1 illustrates an example
of a logic emulator.
Large circuit is divided into pieces and each piece
is programmed into an FPGA. The original circuit is
implemented by connecting the I/O pins on the FPGAs through crossbars. Connection requests between
FPGAs are called nets, and we assign these nets to
the crossbars to realize the circuit. The net assignment
problem is that of ﬁnding an assignment of the nets to
the crossbars. Generally, this problem is known to be
NP-complete [5].
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2.

Preliminaries

We use the following notation for the net assignment
problem.
Let F = {F1 , F2 , . . . , Ff } and C = {C1 , C2 , . . . , Cc }
be the set of the FPGAs and the crossbars on the emulator board, respectively. There are m connections
between an FPGA and a crossbar. Thus there are
m × c I/O pins on a FPGA and m × f I/O pins on
a crossbar.
A net Ni ⊂ F is a set of FPGAs which we need
to connect. The cardinality of Ni , denoted by |Ni |, is
called the size of the net Ni . If the size of a net is t, this
net is called a t-terminal net. A netlist is the multiset
of the nets N = {N1 , N2 , . . . , Nn }.
The solution to the net assignment problem is an
assignment (mapping) a : N → C, where this assignment must satisfy the constraints that each crossbar
has at most m nets including the same FPGA.
It seems that this problem is combinatorially easy
when m = 1, but it is not; Consider the graph G =
(V, E). V = N , that is, each vertex in graph G corresponds to a net in the netlist. E = {(Ni , Nj ) |
Ni ∩ Nj = ∅}, that is, graph G has an edge (Ni , Nj ) if

Fig. 1

An example of a logic emulator.
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Ni and Nj have at least one FPGA in common. Solving
the net assignment problem is equivalent to ﬁnding the
vertex coloring of the graph G with c colors because of
the following argument. Assume that two nets Ni and
Nj share FPGA Fk . Since m = 1, there is only one wire
between Fk and each crossbar. Thus we cannot assign
these nets to the same crossbar. This corresponds to
assigning the diﬀerent colors to the adjacent vertices Ni
and Nj . For any graph G, there exists a netlist from
which we can construct G. This implies that the net
assignment problem is NP-complete even if m = 1.
Strictly speaking, the net assignment problem has
the board and the netlist as input. On the practical
point of view, however, we can consider that the board
is ﬁxed; The only input is the netlist.
For the general case, there exists a series of greedy
algorithms [1]–[4]. These algorithms share the same
framework, in which we repeatedly select a net and assign it to a crossbar until all of the nets are assigned. In
each step in the algorithms we select a net and a crossbar according to the values of the evaluation functions,
whose details diﬀer from one algorithm to other.
In the exceptional case, where every net is a 2terminal net and m is even, there exists an O(n2 )-time
algorithm for the netlist with n nets [5]. In Sect. 3 we
will propose a new algorithm for this case, which improves the running time.
3.

A New Polynomial Time Algorithm for the
Restricted Problem

Mak and Wong proved that the special case of the net
assignment problem is solvable in polynomial time [5].
Their algorithm runs in O(n2 ) time. In this section,
modifying the Mak-Wong’s algorithm, we show that the
running time can be reduced to O(n2 /c).
We restate the restricted version of the net assignment problem as follows:
Problem 1 (m-edge coloring): Given a multigraph
G = (V, E) with no self loop, where |V | = f and
|E| = n, and c colors, ﬁnd a coloring of the edges so
that no more than m edges incident to a node have the
same color.
In Problem 1, nodes, edges, and colors correspond to
the FPGAs, nets, and crossbars, respectively.
Let us denote the degree of node v by d(v), and
the degree of G by ∆ = maxv∈V d(v). We call an edge
with color α an α-edge. dG (v, α) stands for the number
of α-edges incident to node v in G, and eG (α) for the
number of α-edges in G. We omit the subscript G if
it is clear from the context. Using these notations we
write Problem 1 as follows:
Problem 2 (m-edge coloring): Given a graph G and
c colors C, color the edges so that the following “capacity constraint” is satisﬁed:

d(v, α) ≤ m for any node v ∈ V and color α ∈ C.
(1)
It is known that we can ﬁnd a solution (legal assignment) for any m-edge coloring instance, provided
that m is even and ∆ ≤ mc [5]. In the following we
assume this condition.
3.1 A New Algorithm
Mak and Wong presented an O(n2 )-time algorithm for
the m-edge coloring problem [5]. Our algorithm is almost the same as Mak-Wong’s algorithm. The diﬀerence is that our algorithm in fact solves the balanced
m-edge coloring problem, a constrained version of Problem 2:
Problem 3 (Balanced m-edge coloring): This problem is the same as Problem 2, except that the coloring
must satisfy the following “balance constraint:”
|e(α) − e(β)| ≤ 1 for any colors α and β.

(2)

The idea of the balance constraint is inspired from
Nakano-Suzuki-Nishizeki’s algorithm for nearly equitable edge-coloring [6].
Mak-Wong’s algorithm initially assigns only one
color to all of the edges and repeatedly exchanges two
colors violating the capacity constraint. On the other
hand, our new algorithm in Fig. 2 assigns each color to
m/c (or m/c) edges and repeats this exchange of
colors maintaining the balance constraint. Note that
the initial coloring satisﬁes the balance constraint (2).
In Fig. 2, Gαβ is the subgraph of G induced by α- and
β-edges.
Recolor(Gαβ , α, β) will recolor the edges in Gαβ
with colors α and β so that capacity constraint for any
node v and the following “strict balance constraint for
α and β”
eG (β) ≤ eG (α) ≤ eG (β) + 1

(3)

are satisﬁed. Recolor-Component(H, α, β) does the
same process as Recolor(Gαβ , α, β) for a connected
component H.
3.2 Analysis of the Algorithm
We show in this section the correctness and the running time of our algorithm. We will give the proof for
lemmas of [5] to make this paper self-contained.
Lemma 1 ([5]): The coloring after an invocation
of Recolor-Component(H, α, β) for a connected
graph H = (VH , EH ) satisﬁes the following conditions:
1. If all nodes in H are even-degree and |EH | is even,
then d(v, α) = d(v, β) for any node v.
2. If all nodes in H are even-degree and |EH | is odd,
then d(u, α) − d(u, β) = 2 for the start node u and
d(v, α) = d(v, β) for any node v other than u.
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Balanced-m-Edge-Coloring(G, C)
 solves the balanced m-edge coloring
using colors in C

1
2
3
4

problem for G = (V, E)

Assign C1 , C2 , . . . , Cc to m edges repeatedly, so that
m/c (or m/c) edges have the same color.
while there exists v ∈ V and α ∈ C such that d(v, α) >
m do
Select β ∈ C such that d(v, β) < m
Recolor(Gαβ , α, β)

Recolor(G, α, β)

 recolors the edges in G with α and β so that e(β) ≤ e(α) ≤

e(β) + 1

1
2
3
4
5

is satis ed.

Let x←α and y←β
for each connected component H in G do
Recolor-Component(H, x, y).
if H has odd number of edges then
Swap x and y.

Recolor-Component(G, α, β)
 colors the edges in G with α
e(β) + 1.

1
2
3
4
5
6
7
8
9

and β so that e(β) ≤ e(α) ≤

if G has an odd-degree node then
Add a new node w adjacent to all the odd-degree
nodes to form a new graph G .
Traverse the Euler circuit starting at node w and
assign colors β and α (β comes ﬁrst) to the edges
alternately along the way.
else
if G has odd number of edges then
Select a node u whose degree is not 2m.
else
Let u be the arbitrary node.
Traverse the Euler circuit starting at node u and
assign colors α and β (α comes ﬁrst) to the edges
alternately along the way.
Fig. 2

A new algorithm for balanced m-edge coloring.

3. If there are odd-degree nodes in H, then |d(v, α) −
d(v, β)| = 1 for any odd-degree node v and
d(v, α) = d(v, β) for any even-degree node v.
Proof: We ﬁrst prove the cases 1 and 2. H has an
Euler circuit because all nodes are even-degree. We
traverse the Euler circuit starting and ending at u and
assign colors α and β to the edges alternately along the
way. It is obvious that d(v, α) = d(v, β) for any node v
in the Euler circuit other than u. If |EH | is even, then
the ﬁrst edge of the Euler circuit is α-edge and the last
edge is β-edge, which implies that d(u, α) = d(u, β). On
the other hand, if |EH | is odd, then both the ﬁrst and
the last edges are α-edges. This implies that d(u, α) =
d(u, β) + 2.

Now we prove the case 3. Because v∈VH d(v) =
2|EH |, there must be even number of odd-degree nodes.
Thus all nodes in H  = (VH  , EH  ) (introduced at
line 2) are even-degree. We consider two cases.
If |EH | is even, implying that |EH  | is also even,
then d(v, α) = d(v, β) for any node in H  including
w. When we remove w and its incident edges, one
edge (v, w) for any odd-degree node v is removed. Thus
for any odd-degree node v, |d(v, α) − d(v, β)| = 1. For
any even-degree node v, it is obvious that d(v, α) =

d(v, β).
If |EH | is odd, then d(w, α) = d(w, β) + 2 and
d(v, α) = d(v, β) for any node v ∈ VH  \ {w} from the
case 2 of the lemma applied to H  . We can apply the
argument for the previous case to show that for any
odd-degree node v, |d(v, α) − d(v, β)| = 1 and for any
even-degree node v, it is obvious that d(v, α) = d(v, β).
✷
Lemma 2 ([5]): Assume that m is even.
The
coloring of H after the invocation of RecolorComponent(H, α, β) satisﬁes the following condition:
For any node v,
1. d(v, α) ≤ m and d(v, β) ≤ m if d(v, α) + d(v, β) ≤
2m before the invocation, and
2. d(v, α) ≥ m and d(v, β) ≥ m if d(v, α) + d(v, β) ≥
2m before the invocation.
Proof: If H = (VH , EH ) has even number of edges or
H has odd-degree nodes, then |d(v, α) − d(v, β)| ≤ 1 for
any node v. The lemma obviously holds in this case.
Now we consider the case that |EH | is odd and
all nodes in H are even-degree. In this case, there
must be a node w such that d(w) = 2m. Otherwise,

v∈VH d(v) = 2m|VH | = 2|EH |, that is, m|VH | =
|EH |. This is impossible, however, because m is even
and |EH | is odd. Thus we pick u as the start node for
which d(u) = 2m at line 6 of Recolor-Component.
For any node other than u, the lemma is obvious. For
the node u, d(u) = 2d(u, α) − 2 = 2d(u, β) + 2 from
Lemma 1. Thus if d(u) ≤ 2m − 2, d(u, β) < d(u, α) ≤
m. Otherwise, d(u, α) > d(u, β) ≥ m.
✷
Corollary 1: Lemma 2 holds for Recolor(Gαβ , α,
β) instead of Recolor-Component(H, α, β).
Proof: Consider componentwise.

✷

Lemma 3: The coloring after an invocation of
Recolor-Component(H, α, β) satisﬁes the strict balance condition, that is, eH (β) ≤ eH (α) ≤ eH (β) + 1.
Proof: If H = (VH , EH ) has no odd-degree nodes,
the lemma is obvious: If |EH | is even, then the coloring
inside Recolor-Component begins with α and ends
with β, implying that eH (α) = eH (β). If |EH | is odd,
then the coloring begins and ends with α, implying that
eH (α) = eH (β) + 1.
Now we consider the case where H has odd-degree
nodes. In this case Recolor-Component can be
viewed as the procedure which assigns β and α alternately to the edges staring at w along the way of an Euler circuit and removes node w and its incident edges. If
|EH | is even (and also is |EH  |), eH  (α) = eH  (β). Because dH  (w, α) = dH  (w, β), removing w means that
eH (α) = eH (β). Finally if |EH | (and |EH  |) is odd, then
eH  (β) = eH  (α) + 1 because the coloring begins and
ends with β. The coloring begins and ends at node w,
which implies that dH  (w, β) = dH  (w, α) + 2. Thus
✷
removing w means that eH (α) = eH (β) + 1.
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Corollary 2: Lemma 3 holds for Recolor(Gαβ , α,
β) instead of Recolor-Component(H, α, β).
Proof: Recolor(Gαβ , α, β) invokes RecolorComponent(H, x, y) for all connected component H
and swaps the colors if the component has odd number
of edges. Thus we only have to consider the connected
component with odd number of edges.
Assume that Gαβ has s connected component H1 ,
H2 , . . . , Hs with odd number of edges. For odd i, we
invoke Recolor-Component(Hi , x, y), where x = α
and y = β, and obtain the coloring with eHi (α) =
eHi (β)+1. For even i, the coloring will satisfy eHi (β) =
eHi (α) + 1. Summing up these equalities, we conclude
that eG (α) = eG (β) if s is even, and eG (α) = eG (β) + 1
if s is odd.
✷
Corollary 3: At any time of our algorithm, the inequality |e(α) − e(β)| ≤ 1 holds for any colors α and
β.
Proof: Proof is done by the induction of the number
of invocations of Recolor.
In the basis, at the beginning of the algorithm, the
lemma holds because we assign the colors equitably to
all the edges, which implies that |e(α) − e(β)| ≤ 1 for
any colors α and β.
We assume that the lemma holds after the k-th
invocation of Recolor. Now we consider the (k + 1)st invocation. If the colors α and β satisfy the equality
e(α) = e(β), then e(α) = e(β) should hold after the
invocation due to Cor. 2. On the other hand, if the
colors α and β satisﬁes the equality |e(α) − e(β)| = 1,
then after the invocation the same inequality must be
satisﬁed also due to Cor. 2. We conclude that in either
case the lemma holds after the (k + 1)-st invocation of
Recolor.
✷
We deﬁne the excess Φ(v) for the node v ∈ V as
follows:



d(v, α) − m .
Φ(v) =
α∈C : d(v,α)>m

The excess Φ of the coloring is the summation of Φ(v)
over all nodes v. We note that Φ ≥ 0 for any coloring.
The following lemma is used to prove that our algorithm terminates in ﬁnite time.
Lemma 4: Assume that there exist a node v0 and
colors α, β such that d(v0 , α) > m, d(v0 , β) < m. Φ
must decrease if we invoke Recolor(Gαβ , α, β).
Proof: Let ∆Φ(v) denotes the diﬀerence of Φ(v) before and after the invocation of Recolor(Gαβ , α, β).
In the following, d(v, α) and d (v, α) denote the numbers of α-edges before and after the invocation of Recolor, respectively.
If d(v, α) ≤ m and d(v, β) ≤ m, then d (v, α) ≤ m
and d (v, β) ≤ m (Lem. 2). Thus ∆Φ(v) = 0 − 0 = 0.
If d(v, α) > m and d(v, β) ≥ m, then d (v, α) ≥ m

and d (v, β) ≥ m. Thus

 

∆Φ(v) = d (v, α) − m + d (v, β) − m

 

− d(v, α) − m + d(v, β) − m
 


= d (v, α) + d (v, β) − d(v, α) + d(v, β)
= 0,
because d(v, α) + d(v, β) = d (v, α) + d (v, β).
If d(v, α) > m and d(v, β) < m, we further consider
two cases. If d(v, α) + d(v, β) ≥ 2m, then d (v, α) ≥ m
and d (v, β) ≥ m. Thus
 


∆Φ(v) = d (v, α) − m + d (v, β) − m


− d(v, α) − m

 
= d (v, α) + d (v, β) − d(v, α) − m
= d(v, β) − m < 0.
Thus, in this case Φ(v) will decrease. If d(v, α) +
d(v, β) ≤ 2m, then d (v, α) ≤ m and d (v, β) ≤ m.
Thus


∆Φ(v) = 0 − d(v, α) − m = m − d(v, α) < 0.
In all cases, Φ(v) must not increase. Moreover,
Φ(v0 ) must decrease because v0 matches one of the last
two cases. Thus we have proven the lemma.
✷
The value of Φ is bounded as follows:

Φ(v)
Φ=
v∈V

=







d(v, α) − m

v∈V α : d(v,α)>m

≤



d(v, α)

v∈V α∈C

=



d(v) = 2|E| = 2n.

v∈V

From Lemma 4, in the course of the algorithm the
value of Φ must decrease by at least 1 when we invoke Recolor. Thus after at most 2n invocations of
Recolor, Φ must be 0.
Now we can prove the main theorem.
Theorem 1: Balanced-m-Edge-Coloring solves
the balanced m-edge coloring problem in O(n2 /c) time.
Proof: The balance constraint is always satisﬁed
(Cor. 3). Because Φ = 0 implies that the capacity constraint is satisﬁed, the algorithm terminates after at
most 2n invocations of Recolor with a legal coloring.
Now we analyze the running time of Recolor.
Lemma 5: The running time of Recolor(Gαβ , α, β)
is O(e(α) + e(β)).
Proof: First we consider the running time of
Recolor-Component(H, α, β) for the connected
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graph H = (VH , EH ). The running time of the traversal of an Euler circuit of a graph is linear to the number of edges. Thus, the traversal of an Euler circuit
of H takes O(|EH |) time. On the other hand, the
augmented graph H  has at most VH + EH edges.
Thus, the traversal of an Euler circuit of H  takes
O(VH + EH + n) time. In both cases, the running time
of Recolor-Component(H, α, β) is O(VH + EH ).
Summing up the result of this lemma for all
connected component of Gαβ , the running time of
Recolor(Gαβ , α, β) is O(e(α) + e(β) + f ) since Gαβ
has e(α)+e(β) edges and at most |V | = f nodes. Moreover, for any graph G = (V, E), |V | ≤ 2|E|. Thus the
lemma is proved.
✷
The following lemma shows the eﬀect of adding the
balance constraint (2).
Lemma 6: e(α) = O(n/c) for any color α at any time
of the algorithm.
Proof: We assume that e(α) ≥ e(x) for any color x ∈
C, that is, α is the color with which we have the most
number of edges. Because the balance constraint is
satisﬁed, e(α) ≤ e(x) + 1 for any color x. This implies
the inequality e(α) ≤ n/c + 1. Otherwise, the inequality e(x) ≥ e(α) − 1 ≥ n/c implies

e(x)
n = |E| ≥
x∈C

= e(α) +
≥
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e(x)

x∈C\{α}


n
+ 1 + (c − 1) · = n + 1,
c
c

n

a contradiction. Thus, at any time of the algorithm,
e(α) = O(n/c) for any color α.
✷
From Lems. 5 and 6, Recolor(Gαβ , α, β) takes
O(n/c) time.
We conclude that the running time of Balanced✷
m-Edge-Coloring is O(n × n/c) = O(n2 /c).
4.

∆ ≤ (m−1)c. For multiterminal nets, we use the multilayer crossbar structure and divide each multiterminal
nets into distinct 2-terminal nets. See [5] for detail.
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Conclusion
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If m is odd or there exist multiterminal nets, we
can treat them in the same manner as in [5]. If m is
odd, we may limit ourselves to use at most m − 1 wires
between an FPGA and a crossbar. Thus if m is odd,
we can still apply our algorithm in this way, provided
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