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3.1 � � � � ! " #$�%'&�(*)�+�,.-�&0/�1�2	3'465.798;:=<?>;@	A9BDC	EGF02GH*I�JLKM/�1	NO>QPMRTS	(*UV &0W?:YX�Z	N[>TP
\�]

3.1 n ^ HY_`R>�a0H�bdce(gfihOKgjlkm3'4 k ^�nporq 8;:�s�tu?a0H.KQ( n ^ HGaH�bdc
k ^ Bgv�uYw	x (permutation)

B;y=z	(*@	AGH0{�
OK
nPk

-Q|	N	P=RTS	(
nP0 = 1-}.>?B~N[>YP

�

\��
3.2 n, k

K
0 ≤ k ≤ n

BMR�>r���GH[�~��
�B~N[>YP`�QH[B0�Q�.��HY���`�Q�`�iN[>TP
nPk =

n!

(n − k)! �

NOTE:
RTS	(

nPk = n(n− 1) · · · (n− k + 1)
B�|	N�Br(

k = 0
H0��EGH*���GH��G�Y��b

o 4'��<�P k = 0
HY�	E'&

n(n − 1) · · · (n − k + 1) = 1
Bm����� o���� N[>.��B�aM�= G-&�}.>TP

\�]
3.3 n ^ HY_`R>�a0H�bdce(gfihOKgjlkm3'4 k ^�nporq 8;u*¡�ELKQ( n ^ HGa0H�bdc

k ^ BMviuY¢�£�¤�¥ (combination)
B6y�z�(�C�E?FQ2?HY{�
[K

nCk ¦ u�& (

n
k

) -Y|�N	P�RS�(
nC0 = 1

-�}.>GB~N[>TP
�

NOTE: §=¨ Hi©iªG- «¬C�E?FQ2GR�>;I�J[KQ©iªp86:?>Y��(��.��-�& «¬C�E?FQ2�B<�®°¯=±L4�²�³´RY��µ`KQ¶'·*3.¯�R�>G�m�	¸�±¹B�8�: n�o�º v�:�<'>YPQ»��lke¼`u½86P
\��

3.4 n, k
K

0 ≤ k ≤ n
BMR�>r���GH[�~��
�B~N[>YP`�QH[B0�Q�.��HY���`�Q�`�iN[>TP

nCk =
nPk

k!
=

n!

k!(n − k)! �

\��
3.5
C�E'FQ2�
O4�¾d86:i�.��HQ¿	À.���Q�G�iN[>YP

nCk =











1 if k = 0 ∨ n = k

n−1Ck + n−1Ck−1 if 0 < k < n

0 otherwise
�

3.2 Á Â Ã Ä Å ! Æ � Ç È$�%´&=(�)	+�,
1.3.1
%'HTÉÊ

(pp.25–26)
4�Ë=ÌN[>YP

\�]
3.6 ÍGÎ ¡.E A

H�Ï	Ði
[K
|A|
-Y|�N

(#A
-Y|�N½��B�a�}.>

)
P

�
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\��
3.7
��?H ÍGÎ ¡.E A, B

4�Ë¹86:i���HY�����Y�`�iN[>YP
(1) |A × B| = |A| × |B| (2) |2A| = 2|A| (3) |BA| = |B||A|

R�S�(
(3)
4TS�<�:�(

00 = 1
B��L·�>GB~N[>YP

�

NOTE: 00 = 1
B��´·	>YH	&���&���u o ��H��`-�&�R�<�P	��& xy

H�©�ª?&*h.Ð�
 § 4 ¦- �e�L4�
��.-G�.>iH���	(��YH�
���8�u.¾Q
'�
(x, y) = (0, 0)

4TS.<.:����
( � Hp®��� ® I.J

?)
-�&	Ri<.H	-}.>YP�����(

00 = 0
B��L·T:'a

00 = 1
B��L·T:´a*(dk.c*40¸ ®B

00 = e
B��L·�:'a*( � ¼'R o 4	����R����G�=�� ´4�R�v=:½8 ¦ ® P

NOTE:
$� 	ª"!T-�&

00 = 1
B$#�©l86:=S �mP	R�S�(T)	+�,-´a	�QH�#�©'K�%'&�86:�<>Y&�3�R=H'��i(r)=+	,�-	&

x0
H)(`H	*'+-,i�'4�.	<dBQ��/Q��} o10�2 H�354Q��}�>0P~$6-7 -.&	384=&�9�: ke¼`:G>�H�-5;=<'>'RL�mP

3.3 ? @ A " BDC E ( F G H I )$�%´&=(�)	+�,
1.3.1
%'H��.Ê

(pp.24–25)
B

1.3.3
%

(pp.32–38)
40Ë=Ì.N[>YP

\��
3.8
��?H ÍGÎ ¡.E A, B

4�Ë¹86:
|A ∪ B| = |A| + |B| − |A ∩ B|

�Y�`��P
JLK M��?&

A∪B
4)N�NO>MÏ�Ð�
OKPO¹8;:=<?>QP � ��-=(*���`-?�;¼9c6HTÏ�Ð.�"Q�HSR®r4M
 ·'c ¼`:�<´>Yb�K��L·�:'T´>YP

• A
4=H�T'N�N[>*Ï	Ð

: |A|
HL!T-

1 U LVM
d·'c ¼`:�<'>YP
• B
4=H�T-N	N[>*Ï	Ð

: |B|
HL!T-

1 U LVg
d·'c~¼`:�<'>YP
• A
B

B
H'W�X´4)N�NO>MÏ�Ð

: |A|
(
|B|
(
|A∩B|

H � ¼ZY�¼�- 1 U 3�[�
[·?c�¼�:`>YH-YW]\�B�86:
1 + 1 − 1

(=N?R�F��
1 U LVM
d·'c ¼`:�<'>YP� § R o A ∪ B

H�Ï�Ð�^Q~¼ a
1 U 3][i
d·´c ¼`:�<'>�H�-�(����'& |A ∪ B|

4Q��_�P
�©i�

3.8
&M��� ^ H*¡.E[K n�o�º ·�>]RO®r4)
��iN[>���Bg�	-���>YP\��

3.9
��?H ÍGÎ ¡.E A1, A2, . . . , An

4�Ë¹86:=�.��H�¾=`L�Q�`�iN[>TP
|A1 ∪ · · · ∪ An| =

n
∑

k=1

(−1)k+1[
∑

1≤i1<···<ik≤n

|Ai1 ∩ · · · ∩ Aik |]

JLK
n
4=¾0NO>Pa'b�c-	d	N	P

n = 1
H0��E?& V c;b�P

n > 1
B NO>QPY���	-�&0U V H��

e-f K�gSh.>Yu�h�4�i-j]k-l «
1 ≤ i1 < · · · < ik ≤ n

'K «
ik E n

.-'m=|�N[>YP
|A1 ∪ · · · ∪ An| = |A1 ∪ · · · ∪ An−1| + |An| − |(A1 ∪ · · · ∪ An−1) ∩ An|

(∵
©i�

3.8
R o )

= |A1 ∪ · · · ∪ An−1| + |An| − |(A1 ∩ An) ∪ · · · ∪ (An−1 ∩ An)|
=

∑n−1
k=1(−1)k+1[

∑

ikEn−1 |Ai1 ∩ · · · ∩ Aik |]
+|An| − |(A1 ∩ An) ∪ · · · ∪ (An−1 ∩ An)|
(∵
a-b]c`H	#�©nR o )
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=
∑n−1

k=1(−1)k+1[
∑

ikEn−1 |Ai1 ∩ · · · ∩ Aik |]
+|An| −

∑n−1
k=1(−1)k+1[

∑

ikEn−1 |(Ai1 ∩ An) ∩ · · · ∩ (Aik ∩ An)|]
(∵
a b]c`H�#�©"R o )

=
∑n−1

k=1(−1)k+1[
∑

ikEn−1 |Ai1 ∩ · · · ∩ Aik |]
+|An| −

∑n−1
k=1(−1)k+1[

∑

ikEn−1 |Ai1 ∩ · · · ∩ Aik ∩ An|]
=

∑n
k=1(−1)k+1[

∑

ikEn∧ik 6=n |Ai1 ∩ · · · ∩ Aik |]
+|An| −

∑n
k=2(−1)k+2[

∑

ikEn∧ik=n |Ai1 ∩ · · · ∩ Aik |]
=

∑n
k=1(−1)k+1[

∑

ikEn∧ik 6=n |Ai1 ∩ · · · ∩ Aik |]
+|An| +

∑n
k=2(−1)k+1[

∑

ikEn∧ik=n |Ai1 ∩ · · · ∩ Aik |]
=

∑n
k=1(−1)k+1[

∑

ikEn∧ik 6=n |Ai1 ∩ · · · ∩ Aik |]
+

∑n
k=1(−1)k+1[

∑

ikEn∧ik=n |Ai1 ∩ · · · ∩ Aik |]
=

∑n
k=1(−1)k+1[

∑

ikEn |Ai1 ∩ · · · ∩ Aik |] �

NOTE:
��HT©T�-�d98ruQ����&T( ����� ¤��	��


(sieve formula)
������ �

(inclusion-

exclusion principle)
B�y��Q¼[> Í�� -	b�[�f�Ï`R��.��-�}.>YP

�
3.10 q���� n � H���� �"!*- q���� W�#G� $&%('*),+ K	- �/. o $0%('*),+2143´K65®QBr<p® P��0HOB��Q(�7 a� �`H�$&%('�),+ 4=&���udc�R�< RL®~R8143GH[8;b�u	H�
'&�9

: o }>��/ ® b ;q���� n � 4 1
bdc

n ¦ -	H : 8=<">GK	?8Vg( ¦ u�<"> j
H q���� ��-?vT:�Tu $&%('�)+~a�@&AB<C>

j
-�O�N¹B~N[>YP � 8�:�( 1, 2, . . . , n

<´H qD� � ��EnV n v=uF$G%H'I)J+�H<�>��
j1, j2, . . . , jn

-�}�>?B�< ®*�GBQK*@�K�Ë
(j1, j2, . . . , jn)

-�OML¹8;(?��¼�cgHY@�K�ËWZ\OK
X
-�OML	Nd>�P ¦ u	(8<�> i

H q/�F� � �m�?-�-´v�:`�iu�$G%N'0)O+�K�E"V n v:d8 ¦ ®P143 X�c?4*ËiÌ�NO>;@�K�Ë�W�\'K Ai

-	O	N	P V c;b.4
Ai

&Y����HSRL®e4=O�L-��>YP
Ai = {(j1, . . . , jn) ∈ X | ji = i}�0HOB��DQ�h�>�143GH�R�XGH�
'&

|(A1 ∪ · · · ∪An)c| : o BgR o (	S=¡�EGH�©�ª R o ����HRO®r4/T�U�-���>TP
|(A1 ∪ · · · ∪ An)c| = |X| − |A1 ∪ · · · ∪ An| = n! − |A1 ∪ · · · ∪ An|©i�

3.9
R o (

|A1 ∪ · · · ∪ An| =
n

∑

k=1

(−1)k+1[
∑

1≤i1<···<ik≤n

|Ai1 ∩ · · · ∩ Aik |]
� § R o Q�h�>�143GH�R�XGH�
'&�V�HSRL®e4�Q�h´cD¼O>QP;u d8e(0� e'f K�g�h�>QuZh�4i-j]k l «

1 ≤ i1 < · · · < ik ≤ n
?K «

P
�-'mi|p8�:�<'>YP

|(Ai ∪ · · · ∪ An)c| = n! − |A1 ∪ · · · ∪ An|
= n! − ∑n

k=1(−1)k+1[
∑

P |Ai1 ∩ · · · ∩ Aik |]
= n! − ∑n

k=1(−1)k+1[
∑

P |{(j1, . . . , jn) ∈ X | ji1 = i1, . . . , jik = ik}|]
= n! − ∑n

k=1(−1)k+1[
∑

P (n − k)!]

= n! − ∑n
k=1(−1)k+1

nCk (n − k)!

= n! − ∑n
k=1(−1)k+1 n!

k!

= n!(1 − 1
1!

+ 1
2!
− · · ·+ (−1)n 1

n!
)
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§ |GH����LKM7.<?>`Br( |X| = n!
-.}�>YH�-=(T-�udc=h�4 $&%('�),+ K�143¹8;:?a 7 a��GH $G%H'I)J+ 4��iu.v=: 8 ¦ F�Ri<���� pn

&
pn = 1 − 1

1!
+

1

2!
− · · ·+ (−1)n 1

n!-i¶?·?c�¼O>QP
limn→∞ pn = e−1 ≈ 0.367879 · · ·

-.}�>YH�-=( q���� H�
G�	����
�<T��E(-�udc=h�4 $&%('�),+ K�143¹8;:?aM((7 a� �`H�$&%('�),+ 4 ��u�vT:d8 ¦ F	R�<���`&j
37%
BMR`>

(
�`&

n ≥ 4
R[c	�=<-[-'a j

37%)
P����Lg�<����`- §�� �6<½��RO® -}>YP��`<½B�� AQ> � a*<'>Yb´a��	¼?Ri<.����P �

3.4 � � � � � � ����! #"%$�&('
1
�*)�+(,.-0/

10 1 (p.39) 203#4576	89;:
3.11 A, B < |A| = n

"
|B| = k =?>�6@BADC0E�F )%GIH�JKML 5B6	8(N )OL�P%" AQOR

B S )#T%U*)�V�WX 	YZ() @7A[2;C�6�8
|{f ∈ BA | f

 %T%U
}| = n! kCn\�]

n > k
)!L^P	 	_0`�a 2 0

L C7bdc(e�8 n ≤ k
)gf#K <^h.i;6 Lj"kT�U�)gV%W. �" A

)l�mon 2 B
)0p 6 mon <rqos L�t bDu�v6Dw#x )yWzL|{%} 5*6 ) = k(k−1) · · ·(k−n+1) =

k!
(k−n)!

= n! kCn

L C�6	8 �9;:
3.12 A, B < |A| = n

"
|B| = k =?>�6@BADC0E�F )%GIH�JKML 5B6	8(N )OL�P%" AQOR

B S )�~�U*)�V�WX 	YZ() @7A[2;C�6�8
|{f ∈ BA | f

 �~�U
}| =

k
∑

i=0

(−1)i
kCi (k − i)n

\�]
S = {f ∈ BA | f

 �~�U
}
"

B = {b1, b2, . . . , bk}
L��" l

j 2�3 � Fj = {f ∈ BA |
bj 6∈ f(A)}

L 576�8*N )7L�P�";�o� 3.7(3) <0hXi	v l j1, . . . , ji(1 ≤ j1 < · · · < ji ≤ k) 23 ��Y�Z <y�B6�8
|Fj1 ∩ · · · ∩ Fji

| = |(B \ {bj1 , . . . , bji
})A| = (k − i)n�o�

3.7(3)
L[�#�

3.9 <0hXi	v "o�!� 6 V�W |S|
 	YZ() @7A[2g� Rk� 6�8

|S| = |BA \ (F1 ∪ · · · ∪ Fk)|
= kn − |(F1 ∪ · · · ∪ Fk)|
= kn − ∑k

i=1(−1)i+1[
∑

1≤j1<···<ji≤k |Fj1 ∩ · · · ∩ Fji
|]

= kn − ∑k
i=1(−1)i+1[

∑

1≤j1<···<ji≤k(k − i)n]

= kn − ∑k
i=1(−1)i+1

kCi (k − i)n

= kn +
∑k

i=1(−1)i
kCi (k − i)n

=
∑k

i=0(−1)i
kCi (k − i)n �

NOTE: |A| = n < k = |B|
)BL�P; �� RrQ 2 |{f ∈ BA | f

 �~�U
}| = 0 8	5!C���� "

n < k
)7L�P# o"

∑k
i=0(−1)i

kCi (k − i)n = 0
)��g�!� c?eo5B6�8

NOTE:
~�U!)�V�W! ���� 576��������g�;� W (Sn

m)
L���� C �g�!� >6�8
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3.5 � � � � ����! #"%$�&('
1.3.2

�*)	���
(pp.29–32) 203#4�576�89��

3.13 �
	 ) @.A�C n×n
)���) � Z����)�� Q!R C�6����� <gh!i�6�8�N ) @XAjC�� ��� = ���� O(0, 0)

QBR
P (n, n)� =����! �"�# � )	V�W <�$�%'&�(*) (Catalan number)
L,+

- "
Cn =/.�5�8�0�1 �["32�4�5 C0 = 1

L 576�8 �
O

P

9;:
3.14 6.��7�� W 2 �7� v YZ)�8�9':�� c?eo576�8

Cn =

{

1 if n = 0

C0Cn−1 + C1Cn−2 + · · · + Cn−1C0 if n > 0

\�]
n = 0

)7L�P# �� R�Q 8 n > 0
L 576�8 k < 0 < k ≤ n

L C�6[E�F )<;>=;W L 576�8N )7L�P�YZ()��g�!� c?eo5B6�8
•
����

(0, 0)
QBR ����

(k, k) 2��?�@# � ) A[� " EF ) i < k 2g3 � v ���� (i, i)<BA R C3C�# � )�V;W* %"/���� (1, 0)
LD����

(k, k − 1) <y3FE L 5 6�G#xFH 5)
6?��7�� W 203#45B6�8�5IC���� Ck−1

LD{�} 5B6�8
•
��'�

(k, k)
QOR ����

(n, n) 2*�I�># �  Cn−k A bKJFL(576�8
N � R )/M�N @*b Cn =

∑n
k=1 Ck−1Cn−k = C0Cn−1 + C1Cn−2 + · · ·+ Cn−1C0

� � R|� 6�8
�

9;:
3.15 ( OQPQ&SR�T�U'V )

Cn =
2nCn

n + 1\�]
( WQX )3�3Y 5 )

����
O(0, 0)

QBR
P (n, n)

� = )  F"F# � )�V;W* 2nCn

V 8�N �R ) A[�BZ�[IC�# � " 5.C;��,\ � OP
)35�] 2  ��Q^ 5_# � )�V;W* %"����� (0, 1)

L
(n, n+1) <a`�b/\ � 2 � 5!6[3�c3d*2,e?f 5*6�N L 2(@?b "a�_F� (0, 0)

Q R
(n−1, n+1)S )  �"�# � )�V�WMLD{�} 5B6(N Lr��� Q 6 ( g�h  ���i pp.30–32 <Bj'k ) 8*@�l#v " Z

[*C�# � )�V�W! 2nCn−1 8*@�l;v " Cn = 2nCn − 2nCn−1 = 2nCn

n+1
<y�B6�8 �

NOTE:
�o�

3.14
)�8�9': <,mnC(v_oFpq70� )�r�: <�st�oN Ly `Fu'v�w�8ax �0W*) Wy <BzQC*6 L�"F{ � C b )3|Q} =�~ � = P 6 ) 1 �;"������I)S�F�Q� <��Bi�6 ) = t�� 8

NOTE: �ao!���F� ����o_pq70� � Leonhard Euler)
 ��p�� )S� 6 18 �F�X2B��� � 0W��3� 8,�Q� 5  ����_�IC W��3� L � +�� � 6a� 2���v�CS��� <*� � 0 (  �¡  �~'¢ 2;C6���£n¤*<�¥�� � ¥<¦30 ) 8 { ��§ i�2 "	W���) > R*§ 6 ��¨ 2 ©ªo_pq7�� )�r':�« C�6

� )�� J_L(576�8S¬Bi �o" ejθ = cos θ + j sin θ �Bo_pq70� )�r': L+�� � 6�8
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3.6 n � � � � k � � � � � � � � � 	 
 � � � �� � � ����! #"%$�&('
1.3.2

�*)��'�
(pp.26–29) 203#4�576�8

n
VI)�� < k

VI)�� 2�� �I� = P C�CX@ A[2�� � 6 ��K ���  �� A b G 6/1 �BA Q ! N)���K �"�  �� <$#�%(576 Q'& A Q "(� <)#�%(576 Q*& A Q 2?@�l#v�m � w?��l#v<�%6�8��� =  �{ �,+o� )�f�K 2"-'C(v".0/�5B6�8
3.6.1 13254 27698 :0;=<?>A@9��

3.16 #�% ) C�C n
V*)B� <$#�% ) C�C k

V*)C� 2C� �*�ED C7@7A�2�� � 6 �(K �
� )�W < n

)
k F � S )CG0H ) (partition number)

L,+ - "
P k

n =/.�5�8 �

NOTE: n
)/��t�W

Pn

 
P 0

n + P 1
n + · · · + P n

n =EI*i Rk� 6�8 5 =EI!i�0 “k F � S )��t�W
”
LKJML 2 p C�6aW y =�>6 M 2"N;FPO � 0 � 8L C A��
¦o= �X� 6�Q  P k

n A b[=�>�6 ) 1 ��" N � 1
¦o=  �R � �0C_C8o=  #" P k
n

L "S)TVU 2 & ) @XAjC W C ) 1W�BA Q ! P k
n <�X �$Y 5 :? �Z R|� v�CC3C � ( [IC � L

�]\  CZ R C�C )
"#YZ()S8�9': 2�@Xb P k

n <CI*i�6(N L^� = P 6�89;:
3.17 n

)
k F � S )/��t�W 2 �7� v YZ)�8�9':�� c?eo576�8

P k
n =











1 if (n > 0 ∧ k = 1) ∨ n = k

P 1
n−k + P 2

n−k + · · ·+ P k
n−k if 1 < k < n

0 otherwise\�]
1 < k < n

)�f�K.)3� h!i�6�8 k
V.)�� 2 � < 1

V$^ -�� � "_{ ��QBR � b n− k
V)�� < k

V.)��I) A[� ) C �_- Q (1
V QBR

k
V � = )

)�� 2�� �.� C3C!@XAD2`� � 6 ��K�"� )�WI� P k
n 2 {�} 576	8	5IC���� " P k

n = P 1
n−k + P 2

n−k + · · ·+ P k
n−k 8 �

3.6.2 1bac698edAfe4�ac698hg3i?>A@9;:
3.18 #�% ) C�C n

V*)B� <$#�% ) >�6 k
V*)C� 2C� �*�ED C7@7A�2�� � 6 �(K �

� )�V�W! o" 0 < k ≤ n
)�f�K

n−1Ck−1

VML C b " k = n = 0
)�f�K* 

1
V 2;C b "�{ �YEjI)�f�K* 

0
V 2;C�6	8

\�]
0 < k ≤ n

)�f�KI)���Y 5�8 n
VI)�� < {Ek 2"l$m "B� Ln��)�} n − 1

V0o 2 k − 1V$oI) w$p br<�q76rxMr s V�WMLD{�} 5B6�805*C����Ct n−1Ck−1

V�L C?6�8 �

3.6.3 1bac698 :(4�ac698 :0;=<?>A@9��
3.19 #�%us�>�6 n

V s � <$#�%usC�C k
V s � 2C� �*�ED C7@7A�2�� � 6 �(K �

�vs W < ( w 2 x ) yQ%�Rez�(({�) (Stirling number) | + - t Sk
n }C~0�$� �
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|�� ����� }��
	�� Q
� Sk
n �� }���� s����)t������ � } � R������ � �C} �Et��� "!#�$&%(' |(� S$TWU�) & s+* ��� ' � s�� � �-, .

/&0
3.20 �� "! #�$&%(' Sk

n

)213��465�7 s28�9�:��<;�= �>�C�

Sk
n =











1 if (n > 0 ∧ k = 1) ∨ n = k

Sk−1
n−1 + kSk

n−1 if 1 < k < n

0 otherwise

?�@
1 < k < n sBADCusFEFG �$��HJILK���� n + 1 M KFNLO�H�IPK � � k M K"Q )&���

�SRUT �6V 5�7 K 2 W K�X�Y�K M ' KBZ |\[�] �>�C�
(i) ^�_ K n M O k − 1 M K"Q )(` ��VB^Ua K 1 M Ocb � K2Q )(` � �C�
(ii) ^�_ K n M O k M K2Q )(` ��VB^Da K 1 M O
d � , K2Q )Jef��gih �(�

(i) K M ' � Sk−1
n M }�� � V (ii) K M ' � kSk

n M }��U�"� *2j 4 V Sk
n+1 = Sk−1

n + kSk
n Ock

�C� �

/&0
3.21

Sk
n =

1

k!

k
∑

i=0

(−1)i
kCi (k − i)n

?�@ Q
O6H�I)�L� |ml h2n A6CUV ��	�� M ' �<V N<o�p ,fqr� �ts C ,Pq Q&o&p ,Pq�� �
s C�u KJoFvwK M ' |t[F] �L��� *(j 4 V�� K A&C��<xBy 3.12 * � ∑k

i=0(−1)i
kCi (k− i)n

| � �"�<zU{ ) � QfO&HcI �S� � KB} V+��� O k! }"| j n2} 1
k!

∑k
i=0(−1)i

kCi (k − i)n �
Sk

n |\[�] �>�(� �

3.6.4 ~��
� ���i�����f���
/&0

3.22 HJILK���� n M K&N
O�HJILK���� k M K<Q )<� Q �F���>* ��)J` � �S� C �� K M ' � k!Sk
n M | � �(�

?�@ x�y 3.21 K"���B}C�W} )��F����4 � � �FV �+	U� M ' ��V N�oDp ,�qS� �\s C ,�q
Q�oDp ,�qS� �\s CDu K2o&v+K M ' |�[&] �f�"� *2j 4 V<x�y 3.12 * � k!Sk

n �B� , � �"�
�

� � � �
�

3.1 n, k O 0 < k ≤ n | � ��� ' | �>�C� � K |2� 5�7 K<� :��";�= �>� �W| O '���6�&  TLO�¡ � 4 �w� � * �
nCk = k−1Ck−1 + kCk−1 + · · · + n−1Ck−1
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�
3.2 x, y OJz ' | � V n O���� ' | �f�"� � K |J� 5U7 K"� :��2;�= �f� �,| O '�� ��&  TPO�¡ � 4 �+� � * �

(x + y)n =

n
∑

i=0

nCi x
n−iyi

NOTE: � KB� :w����� )	��
f���� /&0 (binomial theorem) |����"� � x6y ��� ���� � 1653 � )�������n��! #" K%$'& )(� � �C� � K%$�& � �� | ,�)'*�} | , K	+�,fO
� `���n V�* � ��V �� -" K�.�/
O10�2 ��n43�5��Ph �76�8 � $�&,� ��9 V � �#� � ���
K(:<;LO�=�><? ,iq K�=�> )�@ �>��A<B�O(C ��4'D 2 ��n#E��\� �
NOTE: FGUx�y �tp � 5 j 3IHi�S,�qKJ q � 4 � n � �
P�L3 ��M%ND� 10 O#P K�Q �
= �SR-T ( U �WV Q )

3IX R�YD![Z ( \ $^] ) K ;�_+� J�q � 4 � E�� N �$� ^ 5�H � �[`
�Sa qJ)�b j 4 P'c�d 3 O�P KSe $�f R gh\ $i]kj ) * � 5 K � E�� N �0� �9 V Q � =

�lR#T��#F-G�x&y ( m )<57n[oD� x&y ) K��+� 5(pLh64#9 � V��c� q K��+� � '�� �F�� 
TLO�¡ � n ^�_ KB�w� � E��\� �
�

3.3 q�V-r�V-s�V�t K 4
n NuSv%w p�K 4 W K w O(x � . � �C��y�z ��4�{4|�)&� �

x � R>O { [ 31`} � 3�~  � K%x � R � ��� , � y4� O7�>	 4%�>h * �
NOTE: � ���<! � ) * � ��� �#��� p���K�� �!`�)(� � �%B(�v�� �#��� p 3-�Ph ��V��q � 
 ��K�/#���-�LK (2001 ��� ) �2!�� � 9 �'� C � 5 ~�� )(��� � �
�

3.4 �� �R $�' K ^�_ K 5 G C0, C1, C2, C3, C4 OJ�
	 * �
�

3.5 �JA#� ' 4 � K�� !��[� $ ����K���  � 5�7 K 5 �� �6l h
q � �(�

n � � V"�¡�� K A�C 5 ��A-�L��¢-£�¤ )¦¥+,�q¨§�© NF� � 3 l h �"� ��A-� ' � n ��N
�U� A�C Kª� !��<� $ �«��K	��  � Tn �� N �U� 3 �f�"� � K 3 � 5U7 K�B � )��fh * �
(i) ¬#UC ' � ~ UC )�� � , .

(ii) Tn K 8�9�: O p
h * �
(iii) n = 1, 2, 3, 4, 5 K A�C K Tn OJ�
	 V�[�®�G O�¯�° � *�±² $ � : Tn ��³ yDK%´�µ N p
hBn ��¶ ''· 3¹¸'ºL»�@�¼¾½�¿ ¶ ±
(iv) (iii) N ¯-°ÁÀ n Tn K [®'G!ÂFV (ii) N p+h<n 8�9U:�Â p+h ¶ Tn

3 [&]#Ã ¶'Ä 3 O¦Å� �6�&  TLO�¡�Æ 4 �w� �ÈÇ ±
�

3.6 2n � , q 1 � ¿6nÁÉ 500 Ê�¡�W s¾Ë�¶�ÌPO l h ¶ ± Ä�Ä N&V n �[Í 500 Ê�Î!Ï O
1 W�V b É n �lÍ 1000 Ê(Ð O 1 Ñ�ÒLj 4 ¶�Ó[Ô N ¿ ¶ 3 Ã ¶ ± s�Õ
KÖ4× N 9-Ø�É Â-ÙÉÚ»SÛ�»fq¦» Æ ÇLÜ » s�ÕwK ¤#ÝSÍ ~'ÞßÉà¿ ¶�á yL� O��WË 4��fh Ç ± n Ó¾À V Õ�âwK E
O l h V�ã á q s¾Ë n á Í H(IäÀ » Æ 5 K 3 Ã ¶ ±
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�
3.7 � �������	� Å S1

5 , S
2
5 , S

3
5 , S

4
5 , S

5
5 O 
 Ë Ç ±

�
3.8 ����	��� 3 Í�������� ½ ;�= À n ���+K���� »���� ± ���� N�Í 5 �! K"��#

O 5 $'¡�WFC�% 25 $ O�&!'�(*) � V E Ä�á q � X	+ ½�, � À.- 5 $0/7¤ ½21 �43 ��5 ½
5 y"�76 Â y a98 ¶ ± E�:�; 3 �!5 :�< Í>=7? : ÇLÜ ½ 3 {L| � É�39@ Ü 5":!:BAC:�D!E
/GF7HJI�K Æ I4LNM ¶ ( O�P ½ Í>3�? ½"Q�R Ã ¶S�T	U�V :>W�X I4LYM7Z ) [

\ M>]�34^Ý�_ : ?'Í>3 2 Ýa`�b 3 Ýa`93 4 Ýc`�b 5 Ýa`àÂ	d>8�e>8gf0h � É I ¿ Z Ì /�3i*j × : ?�kB3 2,4,5 Ýl`nm�foh �ap ICq�Z2rJ/�3G^�s!t : ?�kB3 1,3,5 sl`u3 2,4 sl`nm�d
8�e>8gf0hwv p I�qCZxrg/xy{z.|	}JZ4[g~x|!3�L :4�o���o� m4��� p qCZ4�4LYM��"[
NOTE: ����3 AC�!:�� Lo/ k � p bn����bS3w��� U!V :BW�� k k +2

W b2��Z�[�����|�3�!� :BWC: �����!� b � ;T:BWC: ���T:"�!�7��� k	?	m>�*M*��8�|�}C�B}7[!�>��  � 3 A
?�kx_*�N�¢¡ � ��£7¤ ( ¥	�>¦§�>~�¨ )

���ª©	«
(  !�	¬�7z )

����®�¯
( ��°�±N² )

� bS}�² X³ m>�*M*��8�|�}*Z�[4´2µo�B}�¶TI7k7q�Z�m�3�·¸8¹� :»º ¬ :BW k��7� p½¼ ]B}�¶�3G¾ ��ª£�¤�� k"��¿>À7ÁCÂ EoÃ ���2¥7�>}���m>Ä @>Å �o�C�S}�I�qCZBÆ![
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