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!"#! $%&'()*+,-./01,Schrödinger234!

! Newton(56234789:;<,=> Lagrange(56234,Hamilton(

56234?@ABCDEF&GHIJKB@7ILCMNFO7O,$%&

'(PQRS;ETUC,VW:C(XYZ[KPQ\]^R_`aRb:W

<O:cdcRefNFg(Hh(^i>,&+&'@jkGlmnopq7

nC,rsV(dcKtuKPQlv8wqK8K`(7@(xy\z{KN

V@F^|>,dn}~�KHh@O<,$%&'()*+ � \e��R�7

��`F=> Hamilton ($%234C��;<{WWq�7n�`(R@(�

�\�lJE�NF 

! ^i(xy?(��@O<>,�$%&'l��<Vg,$%234(���

\ILCMNF Hamilton-Jacobi(234RSWqVW\��CMN(C,gW

:C>���,���./(y�l��N�,��./?(�KNi� (�R

¡��K¢\£�8WNFO7O,��./v��./R�`<(¤¥v*¦

\§`/¨>,V(dcK©ª«¬C�KN¢�@®c>¯>K`F«78

/¨°±R>,²8KN¤�³´¦lµ¶wqK8K`F·�N¸RJ,g(

dcK³´¦l¹ºpNE¶(»¼½(L¾\µ¶8WNFLiouville(¿Iv$

%�� (PQ\VWRÀENFi2,^|(xyRÁpN��@O<>,-

./01(ÂÃ@(ÁÄ\Å`dcR®cFVVC>,iÆÇWNÈÉ@O<,

-./01@$%&'()*+ � (ÂÃ0lÄÊO<�NF»ËR,^i(x

yRJ��NÌÍC,$%&'()*+ � (PQ78 Hamilton-Jacobi (jkG

234lÎÏO<,Schrödinger 234RSNÐ(nlÑXRÒO,$%�� 

(g(ËR�`<ÓÔpNF 

!

ÕÖ×ØÙRÚ¬N-./(ÛÜ1!

! ÝÞ(ßÇnlà¶K`×ØÙl��,7�,Ù(Kpáâ@O<ãä& 

RdNJ(«¬R½¿OE§½å& æ3RÁpN-./(^i,^|0

1>, 

! !       

! 

dU = "q# PdV ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (1-1) 
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! ! ! ! !

! 

dS " #q /T! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (1-2) 

@ÂÃ²WNF

! 

"q>Ù\çèOE-,

! 

" PdV>Ù\�Eáâéãä& \êC

ëNì,�Eáâ>$@pNÖCën, 

! 

dU>Ù(íîïðñòó& C,(1-1)

(^i01>,Ù\�E-@áâ(ô\íîïðñòó& CëN@õö<`

NF^i01>ïðñòó÷ø1RÁùpN\,ÜÀR��K(>�úû�C

ëN UéíîððñòóÖ\øüpNV@�lõö<`NýCëNF 

!

! 

dS>ïþÿ!"ó& C,(1-2)>^|1lÂp�#4Cën,#$>%&æ

3RÁO<(�'(pNF%)�§½å& >%&æ3CëN(C,#$\À

<>:NFg(*+,ïþÿ!"ó& >Ù(çè-l,- T C.;EJ(R

KNF�ïþÿ!"ó@`c-(ßÇnlÂpúû�\øüO,V(dc

K�#4l�/pN� \,-./(^|01CëNF-(ßÇn0ã\§`&

 ,1-& C>,

! 

"q = 0CëN78,(1-2)>,

! 

dS " 0@Kn, 

! ! ! 1-%&& RÁO<! ! ! !

! 

dS = 0               (1-2-1) 

! ! ! 1-2%&& RÁO<! ! !

! 

dS > 0               (1-2-2) 

CëNF(1-2-2)\ïþÿ!"ó34(01 RÀENF1-2%&& C>,-

(ßÇn«¬C>¾ZCMK`ïþÿ!"ó& éïþÿ!"ó¨'Ö\,5

R$(& �@O<¨fNV@lõö<`NFVW>06�RºVN& (2

7l8O9O<`NF1-%&& C(!

! 

dS = 0  >,06�& \%&�& 

@K;<`NV@lÂpF 

! I:;ãl<=ÝÞROE->*(?@R�`<(AñBó(PQ78,g

WCW,D-ëN`>áâ(EF§ORGMH¬N->*é^iI(JK>

*Ö>øüOK`L,:E,DAñBó(%&->*(?@lMNN->*

é^|I(JK>*Ö>øüOK`L @(O¿�P�@O<,QR>-./

(^i,^|01lSàpNF 

 

TÖ×ØÙ%)�§½åæ3RÁpN-./(ÛÜ4  

! -./(^i,̂ |01lU+pN,VW,(1-1)@(1-2)78

! 

"qlXYpN@, 

! ! ! ! ! !

! 

dU " TdS # PdV   ëN`> 

! 

TdS " dU + PdV  
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CëNF%)�§½åæ3R½¿pWq,VW>%&æ3CëN78, (1-2)(

^|01RÏDpN�#$(V@>ZW<,#$îG«¬ly�RßDNFV

W,×ØÙ(%)�§½åæ3C>, 

! ! ! ! ! !

! 

dU = TdS " PdV                         ! ! ! !     (2-1) 

CëNFV(XYK4\,×ØÙ@>©�,[R\]KÝ^Ù(%&& (Ü

ÞlÂÃO<`NFV(4>,×ØÙ%&& RÁpN-./ (ÛÜ4@_

qWNFK`ÛÜ4@_qWN(7R�`<abC��dcF 

! (2-1)(cd>íîïðñòóU (kGékå& ÖCëNFed(fg>,

9z&+CëN T!P@gW8(hiÁCëN9�&+(kG,dS!dV,(äR

K;<`NF9z&+>ÝÞ�RjøOK`úû�C,9�&+>ÝÞ�RÄ

kpNúû�CëNFU >ÝÞ�(n"#$%)l8¿OK`@l:8K`78,

Àm,9�úû�CëNFU!S!V \ÝÞ�RjøpNúû�CëNV@>0

ZCëNFO7O,QR(n(PQ(Áo>ÝÞ(ßÇnlà¶K`×ØÙC

ëN78,VW8\9�úû�CëNV@>,PQ(pRqOrBCÚ¬qÅ

`FU!S!V \ÝÞ�RjøpNV@>,ÝÞ(ßÇnlà¶NstÙ(P

QCunM�NF 

! V(dcK(*78,(2-1) 

! 

dU = TdS " PdVlvwx¶N@,-./(^i,

^|01>QRR�y(V@lz�<`N{|úû�CëNíîïðñòóU

(kGékå& Ö>,¢BK*+J,}(úû�(kG4,

! 

TdS " PdV,

R#O`|F~(©`2lpWq,](dcRKN{ 

íîïðñòóU >,MRõöEÝÞ�l>f¶]RKúû&+CÒõ²WN

Cë�c78,U>\+(úû&+(P, T, S, V, n, etc.)(*+CëNFU\úû�

CëN@>,VW8&+(�\l:Wq,U (�Jl:NV@l©cFVW8

(\&+l xi@Òp@,

! 

U =U(x
1
,x

2
,......x

n
)! CëNF�;<,g( U (kå&

 >,i�R,](�kGC��8WNF 

          

! 

dU =
"U

"x
1

dx
1
+
"U

"x
2

dx
2
# # # +

"U

"x
n

dx
n

=
"U

"x
i

dx
i

i=1

n

$             (2-2) 

(2-2)>,\&+*+(kG(i��*�CëNF@V�\,-./(^i,^
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|01>,úû� U (�kG>,J;@�ã�CXY Cën,

! 

TdS " PdVR#

O`@©cF«78, 

            

! 

dU = TdS " PdV                                 !  (2-1) 

@(2-2)lÄöWq,U (\&+> S @ V «¬CëN@-./01>©ZO<

`NF 

            

! 

U =U(S,V )                                   !  (2-3) 

V(�dl S,VCjkGO<,(2-2)@(2-1)lÄöWq, 

            

! 

"U

"S

# 

$ 
% 

& 

' 
( 
V

= T,          
"U

"V

# 

$ 
% 

& 

' 
( 
S

= )P  ! ! ! ! ! ! ! ! ! ! !  (2-3) 

CëNF(2-1),(2-2)78pN@,U(�kG\

! 

TdS " PdVKN�¿(kG4R#O

`ì,g(dcKkG4>��kGé4ÖCëN @©cFVW>+/�ÂÃ

CëN\,-./(01>,

! 

TdS " PdV\ U (��kG4CëN @õö<`

N(CëNF 

! ��kG4(��æ3é~(úûRlÎ<�(úûR�N& æ3ÖC(ä

G>�CëNF 

! ! !        

! 

dU" = (TdS # PdV )" = 0! ! ! ! ! ! ! ! ! ! ! !  (2-4) 

i�R,úû

! 

A = (S
A
,V

A
)78úû

! 

B = (S
B
,V

B
):C(äG>, 

           

! 

(TdS " PdV )
A

B

# = dU

A

B

# =U(B) "U(A)                  (2-5) 

CëN. V(kG4> dU R#O`78,&+ S!V R*pN& Î�(äGl

[�R¢cvN7R�`<®`��V@>K`F�¶@��n(úû«¬l8

¿pWq,

! 

U(B) "U(A)@O<kG4(äG�\�8WNF|U>úû�CëN|

@(©Z>V(V@lõö<`NF��æ3C>,��(úû\rCëW,

! 

A = B

CëN(C 

! 

U(B) "U(A) = 0@Kn,¡¯(2-4)\'(pNF 

! ��kG4CëNV@,VW,g(kG4\r7i�(*+(�kGR#O

`@©cV@>,i��R>'(OK`Cë�cF«78,kG40ãRg(

Hh\�²W<`NR�`K`FgW>,(2-2)\T&+(*+@O<, 

! ! ! ! ! ! !

! 

dU =
"U

"x
1

dx
1

+
"U

"x
2

dx
2
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CëN*+,¡¯ 

! ! ! ! ! !

! 

"

"x
2

(
"U

"x
1

) =
" 2U

"x
2
"x

1

=
" 2U

"x
1
"x

2

=
"

"x
1

(
"U

"x
2

)!               (2-6) 

@KNV@CëNFV(&J'(pNFU(S,V)@O<�¬q, 

! ! ! ! ! ! !

! 

"

"V
(
"U

"S
) =

"

"S
(
"U

"V
)                              (2-7) 

CëNF(2-3)C  

! 

"U

"S
= T,   

"U

"V
= #P  «78,(2-7)>ab(#4@KNF 

! ! ! ! ! ! !

! 

"T

"V

# 

$ 
% 

& 

' 
( 
S

= )
"P

"S

# 

$ 
% 

& 

' 
( 
V

 

! aM(dcR,-./^i,^|01lU+OE

! 

dU = TdS " PdV\��k

G4CëN@`cV@>,ab(��(©Z@#�K(CëNF 

! ! ! (1)! U>úû�,!  

! ! ! (2)!

! 

dU" = (TdS # PdV )" = 0,!  

! ! ! (3) 

! 

"

"V
(
"U

"S
) =

"

"S
(
"U

"V
)!   

 

! gO<,

! 

dU = TdS " PdV(��kG478-./*�4l�{æ3>,](d

cK��ó�R:@¶NV@\ßDNF 

! ! ! ! ! ! ! ^ 1,201(U+ 

! ! ! ! ! ! ! ! ! ! � 

! ! ! ! ! ! ! -./(ÛÜ4  

! ! ! ! ! ! ! ! ! ! � 

&'()*! ! ! ��kG4   ! 1+,-./0%1! ! 2+,-./0%1 

2,345%! ! ! �! ! ! ! ! ! 6789:,;<! ! 678=:,;< 

! ! ! ! ! ! ! ! ! � 

! 

U =U(S,V ) �  

! 

dU = TdS " PdV    

! 

"U

"S

# 

$ 
% 

& 

' 
( 
V

= T,  
"U

"V

# 

$ 
% 

& 

' 
( 
S

= )P     

! 

"T

"V

# 

$ 
% 

& 

' 
( 
S

= )
"P

"S

# 

$ 
% 

& 

' 
( 
V

 

 

¡Ö¢(&+(£�+�¤l&�pN Legendre&'  

!

! 

dU = TdS " PdV(edR>,T!P J¥lßO<`N,O7O,VW8(&+

>,

! 

U =U(S,V )(¢(&+C>K`@-./(01>õö<`NFïþÿ!"ó

S(dcKJ(l&+R��N(>Å`@O<J,Ã[([¦@}UpN&+@
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O<>§`�`&+CëNFgVC,¢(&+@O<( V>g(::RO<,S

(¨�nR Tl¢(&+RpNV@l��NFT>[¦�R}WRl¿CMN7

8CëNF 

       

! 

d(TS) = SdT + TdS                               ! ! !  (3-1) 

CëN78,V(�d78,

! 

dU = TdS " PdVl©Oª¬q,ed¸C

! 

TdS>X�

<{W<,

! 

SdT\«;<{WNF 

! ! ! ! ! ! !

! 

d(TS) " dU = (SdT + TdS) " (TdS " PdV )! ! ! ! ! !  

! ! ! ! ! ! !  

! 

d(TS "U) = SdT + PdV ! ! ! ! ! ! ! ! ! ! ! ! ! (3-2) 

�d(¬$l&�<, 

               

! 

d(U "TS) = "SdT " PdV ! ! ! ! ! ! ! ! ! ! ! !  (3-3) 

@KNFV(cd¸C, 

               

! 

F "U #TS                                     (3-4) 

@EK-./*+ F! (Helmholtz(0Ïïðñò®Öl¿¯pWq, 

               

! 

dF = "SdT " PdV ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (3-5) 

KN T@ V(��kG4 \�8WNFO`-./*+

! 

F " F(T,V )(¢(&+

> T@ VCëNF 

! V(dcK¢(&+(&�@gWR°;<ßDNO`*+>,!  

! ! ! *+±é²&+Ö!é&+Ö®²*+! ! ! ! ! ! ! ! (3-6)!  

ëN`>VWRê¬$l³¬EJ(Cën,EK��kG4> (3-6)(kG4

78�8WNFV(dcK¢(&+(&�> Legendre&'@_qWNF 

!

! 

L(qi, ˙ q i)" H(qi, pi)(&'C,²&+

! 

qi>g(::RO<ÚM,Jci�(²&

+

! 

˙ q i(¨�nR

! 

pil&+@OEV@J´fCëNF (3-6)>

! 

L(qi, ˙ q i)lµ`<

! 

H(qi, pi)l¿¯pN4@´fCëNF 

! ÛÜ4

! 

dU = TdS " PdV(��kG4RÁO< 3N( Legendre&'lmnoO,

¶KN&+(£�+�¤(��kG4\�8W,¶KN&+(£l¢(&+@

pNab(-./*+\�8WNF 

! !

! 

dU = TdS " PdV,!

! 

U "U(S,V ),íîïðñò®             (3-7-1) 

! !

! 

dF = "SdT " PdV, 

! 

F " F(T,V ),Helmholtz(0Ïïðñò®  (3-7-2)   
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! !

! 

dG = "SdT +VdP, 

! 

G "G(T,P),Gibbs(0Ïïðñò®      (3-7-3) 

! !

! 

dH = TdS +VdP,!

! 

H " H(S,P),  Enthalpyéïþ·ñ"óÖ    (3-7-4) 

!  

ÛÜ4é��kG4,

! 

dU = TdS " PdVÖ  

! ! !

! 

U "U(S,V ) 

! ! ! ! ! � 

! ! ! Legendre&'!  

! >?5% S@A5% TB!  ! ��kG4é

! 

dF = "SdT " PdVÖ 

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! -./*+

! 

F " F(T,V )  

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! � 

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! Legendre&'  

                        >?5% V@A5% PB!  ! ��kG4 

                                                 é

! 

dG = "SdT +VdPÖ 

! ! ! ! ! ! ! ! ! ! ! ! ! ! !                    -./*+

! 

G "G(T,P)  

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !                      � 

! ! ! ! ! ! ! ! ! ! ! ! ! ! !                      Legendre&'  

                         ! ! ! ��kG4   C! >?5% T@A5% PB!  

                           é

! 

dH = TdS +VdPÖ 

! ! ! ! ! ! ! ! ! ! ! ! ! -./*+

! 

H " H(S,P) 

 

¸¹RõöE��ó�R�`, 

 

&'()*! ! ! ��kG4   ! 1+,-./0%1! ! 2+,-./0%1 

2,345%! ! ! �! ! ! ! ! ! 6789:,;<! ! 678=:,;< 

! ! ! ! ! ! ! ! ! � 

! 

U =U(S,V ) �  

! 

dU = TdS " PdV      

! 

"U

"S

# 

$ 
% 

& 

' 
( 
V

= T,  
"U

"V

# 

$ 
% 

& 

' 
( 
S

= )P     

! 

"T

"V

# 

$ 
% 

& 

' 
( 
S

= )
"P

"S

# 

$ 
% 

& 

' 
( 
V

 

@´fV@\,f��kG4RJ'n(�(C,iU(jkG�+RÁpN|

�(#4,|U(jkG�+R*pNi�(#4\�8WNFVW8iU,|

UjkG�+(#4�ã>,Maxwell(*�4@_qWNF 

! -./(^i,^|01dn��8WN

! 

dU = TdS " PdVlµ`< Legendre &

'lºcV@C,¶KN¢(&+(£C��8WN�<(-./*+\�ß²

W,:E��kG4(�Þ78f-./*+(iU,|UjkG�+(»(#

4\�ßCMNFg(ÌÍC,

! 

dU = TdS " PdV>ÛÜ4K(CëNF 

! aMõöE×ØÙ%&& RÁpN-./*+(��2>,��kG4@V

WRÁpN Legendre&'lµ`NýC,$%&'()*+(��2@ÁùO<
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`NFVW>,./\-ÃoJ¼�dcR½¾²WEJ(\�-¿./�«7

8CëNFV(ý>,stÙ%&& RÁpN-./*+l��EËRvQO

dcF 
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!"#$%&'()*+,-./012345678!

! %9:;95<=29>?,-.@1ABCD5EFGFHIJKLM5N

OFPQRST5UKV"KW"=XYZ[\%52348=]^Z_``=

PK%9:;95<=K29ABCD=PSaKLM5EFGFbQR1#$

%HIJKc`=52345678HdX01_%5e1AB9fgPK[\

%5hi9jYa>?,-.@1b5.kJgKLM5NOF.lmABHn

Z.IJopqT_)*+,-rs./012345tuKtvw8PK 

! !       

! 

dU = "q+ "W

! 

= "q+ (#PdV + µidni
i

$ )! ! ! ! ! ! ! !  (4-1) 

! ! ! ! !

! 

dS " #q /T! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !   (4-2) 

9S1_

! 

dUP%5xyz{|}~,-K

! 

dSPz����~,-,

! 

"qP%U��

fZ2K

! 

"W P#$%U:;��eZ�AB=]FK``=PK

! 

"W = (#PdV + µ
i
dn

i

i

$ )9S^gT1_tu�PK%5>?,-.lmAB=K[

\%5hi9jY=]1_#$%=PKLM��.lmABHIJ�pS�S

T5=K 

! 

µ
i
dn

i

i

" Uk�1_̀ oP234tuw85��=PSaKtuw8U

�m9`�5AB

! 

"W5��H�>(.�TZCD=]1_LM i5�|�5�

k

! 

(dn
i
).l^g%Ue1AB5��U

! 

µ
i
dn

i

i

" =]1_

! 

µ
i
P-4�����|  

(chemical potential)9�poK� �|�¡¢�|"5LM iU%.k�1£.

%.S¤o1ABH¥¦fK§5¨©ª=«J�o1_ 

! ! ! !

! 

µ
i
"
#U

#n
i

$ 

% 
& 

' 

( 
) ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (4-3) 

-4�����|P� �|�]ZF5¬=]1��K`o.�|�,-H

DZ

! 

µ
i
dn

i
UKxyz{|}~,- dU.®«01_¯ª iU°±]opKco�

.²T5�Uxyz{|}~.®«01_ 

! 2345tuKtvw8(4-1), (4-2)��

! 

"qH³´01`9=Kµ¶H·i01

9K! !  

       

! 

dU " TdS # PdV + µ
i
dn

i

i

$                               (4-4)  
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!"#$%&'()*+,-)./0123456789:;<=>?@-A

B#CD2EFG7%&'()*+,HI2 

! ! ! ! ! !

! 

dU = TdS " PdV + µ
i
dn

i

i

#                        (4-5)  

7J;KL2MNO7PQ6HR#$(4-5)H2

! 

dn
i
= 0  STU7AVW(XY

!/012Z[7\]G%&'()*+,7PQK-^_/#$EFG7PQ

K(4-5)I2\]GPQK>`abcd!XefgXeh#$ 

 PQK(4-5)I2

! 

dULij

! 

(S,V ,n
1
,n

2
,....,n

N
)7J;K-8Xhk!,! lm2no

J;KHR#k!>pq/#$Z[H7rst>uvXe2 

       

! 

U =U(S,V ,n
1
,n

2
,....,n

N
)    ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (4-6) 

ij

! 

S,V ,n
1
,n

2
,....,n

N
>w-2

! 

x
i
!xheXys12

! 

U =U(x
1
,x

2
,......x

n
)!Xe2 

! ! ! !

! 

dU =
"U

"x
1

dx
1
+
"U

"x
2

dx
2
# # # +

"U

"x
n

dx
n

=
"U

"x
i

dx
i

i=1

n

$ ! ! ! ! ! ! ! (4-7) 

HR#k!I\]G7z{!|}HR#CD$k0!(4-5)>~�012 

    

! 

"U

"S

# 

$ 
% 

& 

' 
( 
V ,n

i

= T,          
"U

"V

# 

$ 
% 

& 

' 
( 
S,n

i

= )P2   

! 

µi =
"U

"ni

# 

$ 
% 

& 

' 
( 
S,V ,n j ( j) i)

          (4-8) 
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    ! !
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(
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"xi
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"x j"xi
=

" 2U

"xi"x j

=
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"xi
(
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)! ! ! ! ! ! ! ! ! ! (4-9) 

HR#CD2\]G7z{!|�-24�7�J;�j7�78K!Xe2 
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(4-11-1)!"#$,"%$&'( 
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"T
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=
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i

"S
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! 
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i

=
#µ
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#V
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(4-11-1)&'( 

! ! ! ! ! ! ! !

! 

"µi

"n j

=
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Legendre-./0+ U&' F(G(H!12  

! 345!6789:;-</=>+?@A!BCD (4-5)/(SET F>+

Legendre-.GHIF( Helmholtz!JKLMNOP!QR$FS+, 
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F =U(S,V ,n
i
) "TS # F(T,V ,n

i
)! ! ! ! ! ! ! ! ! ! ! ! ! (4-13) 
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i
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i

i
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! 
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i

i

#                          (4-14) 

WXFYZ((4-14)!<A[\]^_NV(̀ aU/*bc!d!e Legendre-
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=
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B:HT62UVWXYZ[4\]^_"C/`9#$%&'-ab1cde

_fghKL9-C/62)*+,-.&'W1ijYKLk2O-ab1cd

e_fglmnhKL9:aoKpq9ABC2r-s81tuKL9;2r
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²³WM9´�cq@µ¶"{$6-(·HR45q)¦¸456%,F�^

ijXmnGD¹9X�{ºc@(@{1HB#$JC456%&-»4)¼
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!"#$%&'()* H'=0 +,-./01234-5H'=0 +,-./678
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= #H(qi, pi,t)NMO#L>$ 
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"(qi,t)#exp(
i

!
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i
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+,-5M6$
  

! 

"W

"qi
exp(

i

!
W (qi,t)) =
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!

i

"
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!"#$9:;1Schrödinger 5<=>?@!1 (6-2)5
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! 

" =W (qi,t) /! = 2#W (qi,t) /h                           (6-7) 
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VW>?@), XYZ([F\, Schrödinger 5<=>?@6Q#$XY3]5
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! 
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