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!""! Hamilton-Jacobi#$%&'()  

! *+,W-./01234H'=056/789

! 

W (qi,t)-+6/Hamilton-Jacobi

#$%&'()4:;<9=<>9?;-01@AB#CDEFGH9Schrödinger

#IJ'()-K/.=<>LMNOPQRST Hamilton-Jacobi#$%&'()

-U/V(P901234WXHYZK[\F]^H_/T`#0123#[

\Fabcdef-gHh/T`dH9 Hamilton-Jacobi#$%&'()#iF

jX/=5>9kJ'()lmFin=5Po/5pid.bT  

 

qrstukJ#vQFwxB6/0123  

! 01'()49st2,F2yHaz{6/5|b#40123Po/Ts

tukJ#}~>01'()# Hamiltonian-o�9`#vQ-��</��2

,4�Po/�->�;K_>�Po/T=<>9��F�-��K_��#

�p@ F#��%&4 H5 F5#������)-�d_=59 

              

! 

dF

dt
= [H,F]

C
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  (1-1) 

�;a��?</T������)>0123P�2Po�9��-9���

���)F�2-6/��2340123Po/�=<>O#�P��6/rT

� H9st¡kJFvQ6/->012,Po<¢�Pa£_T¤-9st

2,4Nawx-K/012,F�b59stukJ#vQ¥¦4§w-K/T

NawxKst2,5>9¨H4©,#st2,Po/T� H9st2

,F¨H©,-6/01234o<¢9stukJ#vQ4Wª-wxB

?</T

! 

(qi, pi)" (Qk,Pk )4st2,F¨H©,-6/0123Po/5>9 

! ! ! ! ! ! !

! 

˙ P k = "
#H '

#Qk

= 0,      ˙ Q k =
#H '

#Pk

= 0! ! ! ! ! ! ! ! ! ! !  (1-2-1) 

! ! ! ! ! ! !

! 

Pk ="k,    Qk = #k     (k =1,2,....., f )                     (1-2-2) 

#=5Po/T

! 

"
k
,  #

k
 4¨H©,Po/�;9=<>« Hamiltonian 4 09H'=0

F¬y/0123Po/Tst2,4l©Po/�;9®u¯#01235

°±=5a²³/T 

!

! 

W
2
(qi,Pk,t)K/*+,F´y/59 
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! ! ! ! ! ! !

! 

pi =
"W

"qi
,    Qk =

"W

"Pk
,    H '= H +

"W

"t
 ! ! ! ! ! ! ! ! (1-3) 

#µ¶·¸¹4:;</=5>º-QRST==P>9H'=0 Po/0123F

´yH_/#P9(1-2-2)�;9

! 

P
k
 >©,

! 

"
k
5K�9 

         

! 

W
2
(qi,Pk,t) =W (qi,"k,t) =W (qi,t)                         (1-4) 

5»n=54²³E/9�S9H'=0Po/�;9µ¶·¸¹#¼µ)�; H½

4¾y/T¼¿)>d¢;nÀÁ-dH9¼l9¼µ)9 

! ! ! ! !

! 

pi =
"W

"qi
9! !

! 

"W

"t
= #H(qi, pi,t)! ! ! ! ! ! ! ! ! !  ! (1-5) 

FlÂ-6/59 

! ! ! ! ! !

! 

"W

"t
+ H(qi,

"W

"qi
,t) = 0! ! ! ! ! ! ! ! ! !  ! ! ! !   (1-6) 

4:;</T Hamilton-Jacobi#$%&'()5°¢</T=#W-+6/$

%&'()>901'()#}~FÃÄ-ÅÆdH_/>�Po/T  

! lm-9(f+1)Ç#

! 

(qi,t)FÈ{2,56/+, W-É6/lÊ$%&'()P9

2,5�^,(f+1!Ç#©,!kF�Ëi9 

       

! 

W =W (q
1
,q
2
,....,qf ,t,"1,"2

,....," f ) +" f +1 =W (qi,"k,t) +" f +1       (1-7) 

>Ì¨i�o/_>Ì¨Í&r5°¢</T(1-6)#'()P9 W>%&Î,

#ÏPÐ H_/#P9W4iK; W-��#©,FÑySa#ai5K/T

lÂ#©,

! 

" f +1>=#.bKwK/ÒÑ©,Po/T=#ÒÑ©,FÓ_S f

Ç#©,!k F�Ë

! 

W (qi,"k,t)4stÔÕ#i5dH>YZPo�9=<>

Hamilton#Ö+,(Hamilton's principal function)5°¢</TlÊ#$%&'

()#lmi>��+,F�Ëa#Po�9,t¡->YZPast¡->Y

ZP>K_T 

! ==P9ÀÁ-dSµ¶·¸¹¼¿)-Â_H´y/T=#'()#i

! 

W (qi,t)

-×Ø_H9

! 

qi, pi  F�� t #+,5dHÙ#.b-ÚX/�#ÔÕ-Û4/T

i

! 

W (qi,t)> fÇ#©,!kF�Ë#P9

! 

W (qi,"k,t)5»nT (1-3)#¼¿)

! 

Qk =
"W

"Pk

>9(1-2-1)5(1-2-2)P

! 

Pk ="k,   Qk = #k Po S�;9  
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! 

"k =
#W (qi,$k,t)

#$k

         !                           (1-8) 

Po/T=#�)>©,

! 

"
k
 9

! 

"
k
5 t9

! 

qi! PÅÆ?<H_/�;9=<F!

! 

qi = qi("k,#k,t)! #Ï-iÜ¢9

! 

qi! 4Ú S=5-K/Tl'9

! 

pi#'>9(1-5)

# 

! ! ! !

! 

pi =
"W

"qi
=
"W (qi,#k,t)

"qi
                               (1-9) 

F�bT=#ÝÞ-! (1-8)�;#

! 

qi = qi("k,#k,t)FßÐ6<¢9

! 

pi = pi("k,#k,t)!

4Ú�/T=#.b-dH9 

! !

! 

qi = qi("k,#k,t)9!

! 

pi = pi("k,#k,t)! !

! 

(k =1,2,....., f )     !  (1-10) 

4:;<9stÔÕ>iÜS=5-K/T  

! (1-6)P9ad9H4�� tF�-��KÜ<¢9��5��#2,>&àPE

H9=#i>wx-K/=54á/T=#ÔÕ-âËL-9Hamilton-Jacobi#$

%&'()(1-4)ã(1-6)#�äF9cdå#æç�;´y/T 

 

èrHamilton-Jacobi#$%&'()#�ä6/=5  

! (1-6)# Hamilton-Jacobi#$%&'()9 

! ! ! ! ! ! !

! 

"W

"t
+ H(qi,

"W

"qi
,t) = 0  

>=<¥¦wxPo/5|y¢9Ã�-`bPo/Td�d9`#�ä>a 

5éÃ-PE/T 

! 

W (qi,t)#��-Â_H#ê+,>92,4

! 

(qi,t)Po/�;9 

          

! 

dW (qi,t)

dt
=

"W

"qi

"qi

"t
i

# +
"W

"t
=

"W

"qi

˙ q i
i

# +
"W

"t
! ! ! ! ! ! ! ! (2-1) 

5ÅÆPE/T(1-3)#¼l)

! 

pi = "W /"qi9¼µ) 

! 

"W /"t = #HF�b59 

! ! ! ! !

! 

dW (qi,t)

dt
= pi

˙ q i
i

" #H = L! ! ! ! ! ! !             ! ! ! (2-2) 

5K/TNO#�)>9L# Legendre23P HF©ë6/)P9L5 HFÐ<

ìySa#Po/T Hamilton-Jacobi#$%&'()#*+, W#��%&4

Lagrangian (L)Po/5|y/T2&íp#��P9îïF Lagrangian (L)! #G

ðÍ&P©ëdST 
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! 

I = L(qi, ˙ q i
t1

t2

" )dt!  

=<>��-+6/©Í&Po/49 

! 

t
2
" t! 5dH´yHh<¢9 

! ! ! ! !

! 

I = L(qi, ˙ q i
t1

t

" )dt! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (2-3) 

Po/T

! 

t
2
" t5dS�;9�³#îï@ I #°ñ.�9îï+, I 5°±'

4£_T=<F tP%&dSa#> LPo/�;9(2-2), (2-3).�9 

! ! ! ! !

! 

W = L(qi, ˙ q i
t1

t

" )dt + const.! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (2-4) 

Po/=54á/T 

! Hamilton-Jacobi#$%&'()#*+,

! 

W (qi,t)#��%&4 Lagrangian (L)P

o/=5�2-2r9`#*+, W>îï+, I5��©,#òPo/=5�2-4r9

4��/T W5 L#á�ó?F9Hamilton-Jacobi#$%&'()4i¾dHn

</TWªK=5F|y¢9*+,W> Hamilton-Jacobi#$%&'()#iP

o/a#ôÜF´y9`#õö÷#*+,>abø<Ha£_n;_Po/T 

! Sôd9(2-4)>9W FjX/=5-ùú>ûïPEK_9(2-4)ÝÞ#��Í

&#Äü->GðFý©dKÜ<¢K;�9=<>9W#i�;

! 

qi = qi("k,#k,t)4

:;<SO#þô�;Po/T 

!  

ÿrH4�� tF�-��K_78# Hamilton-Jacobi#$%&'()  

! Hamilton-Jacobi#$%&'()(1-6)-Æ</ Hamiltonian (H)49�� tF�-

��K_78F´y/T=<>ÔÕF!©dHd�b=5Po/49"n#À

#u#ÔÕiÚ-sF$%6/T 

! ! !    

! 

"W

"t
+ H(qi,

"W

"qi
,t) = 0! &! !

! 

"W

"t
= #H(qi,

"W

"qi
)             (3-1) 

 H>À#?<l©Po/�;9

! 

"W /"t  al©Po/T'-9 

! ! ! ! !

! 

"W

"t
= const.= #H(qi,

"W

"qi
) = #E  

F�ä6/TE>À#?</ H#(9)*+,-Po/T'-9 
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! 

W (qi,"k,t) = S(qi,"k ) # E $ t                               (3-2) 

5��2,5��2,F&àdSÏ-ÅÆPE/T 

          

! 

"W

"t
= #E,      

"W

"qi
=
"S(qi,$k )

"qi
                            (3-3) 

Po/T(3-1)�;9 Hamilton-Jacobi#$%&'()>9 

! ! ! ! !

! 

H(qi,
"S

"qi
) = E ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (3-4) 

5K/T=<>��F��K_ Hamilton-Jacobi #$%&'()5°¢</T

(3-2)�;9E.t >îï+, W 5�^ [)*+,-.��]#/0F1ÂT (3-3)

#¼l)>9

! 

pi " (#E),   qi " t  5dH9)*+,-5��F012,É5´y/

=5-É26/T

! 

S(qi,"k )>îï+,P9W 5�^n [)*+,-.��]#/0

F1ÂT 

! (3-4)Fin=5-. H9

! 

S(qi,"k )4jX;</49S>

! 

"k (k =1,2,..., f )#©,

F�Ë#P9Ea

! 

"k (k =1,2,..., f )-�#6/=5-K/Tô�;9 

         

! 

E = E("
1
,"

2
,.....," f )                                    (3-5) 

#�äPo/T 

!

! 

S(qi,"k )  �;Ù#.b-dH9

! 

qi = qi(t)9

! 

pi = pi(t)4:;</�>9(1-8),! (1-9)

5�3Po/T WF

! 

S(qi,"k )P»nT(1-3)5(3-3).�9 

! ! ! ! !

! 

pi =
"W

"qi
=
"S(qi,#k )

"qi
                                   (3-6) 

(1-8)#+Î-Á�dH9(3-2)#4ÞF

! 

"k (k =1,2,..., f )P$%&6<¢9 

        

! 

"k =
#W (qi,$k,t)

#$k

=
#S(qi,$k )

#$k

%
#E

#$k

& t           

4z{6/T 

           

! 

(
"E

"#k

)t + $k =
"S(qi,#k )

"#k

                               !  (3-7) 

Po/T(3-7)F

! 

qi = qi("k,#k,t)5iE9=<F(3-6)ÝÞ-ßÐdH9

! 

pi = pi("k,#k,t) 

4Ú�/T56#´y'�;9Hamilton-Jacobi #$%&'()9

! 

H(qi,
"S

"qi
) = E9

#iE'>9(3-6),(3-7)�;9! ! ! ! !  
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! ! !

! 

"
k

=
#S

#$
k

%
#E

#$
k

& t    

! 

(k =1,2,..., f )!                   ! !   (3-8-1) 

      

! 

pk =
"S

"qk
!         

! 

(k =1,2,..., f )!                    ! !  (3-8-2) 

o/_>9

! 

"
1

= E  578Ph/59(3-8-1)>9 

! ! !

! 

t + "
1

=
#S

#$
1

,   

! 

"
k

=
#S

#$
k

  

! 

(k = 2,..., f )                   !  (3-8-3) 

5K/T 

! /-9

! 

S(qi,"k )#�äF´y/T (1-2-2)#

! 

Pk ="k,    Qk = #k  (k =1,2,....., f )> 

H'=056/0123-×Ø_H_/T`#0123#*+,WF2, t5��

2,-&àd9O9#:&4

! 

S(qi,"k )Po/T

! 

S(qi,"k )4*+,W5�3#[\

F;SdH_/=5>�<_K_T  (3-6), (3-7)F=>dH9 

! 

 P
k

="
k

= P'
k
  >

`#��5d9 (3-7)F«SKlm��

! 

Q'k5hK659(3-6)> 

! ! ! !

! 

pi =
"S(qi,Pk )

"qi
=
"S(qi,P'k )

"qi
 ! ! ! ! ! ! ! ! ! !      ! (3-9-1) 

PT(3-7)>9 

  

! 

Q'k = (
"E

"#k

)t + $k = (
"E

"#k

)t +Qk =
"S(qi,Pk )

"Pk
=
"S(qi,P 'k )

"Pk
!         (3-9-2) 

Po/T ?;-9

! 

S(qi,"k ) = S(qi,Pk )> tF�-��K_�;9 

! ! ! !

! 

"S(qi,Pk )

"t
= 0 =

"S(qi,P'k )

"t
! ! ! ! ! ! ! ! ! ! ! !   !  (3-9-3) 

! 

W
2
(qi,Pk,t)K/*+,F´y9W-ÉdH9(1-3)# 

! ! ! !

! 

pi =
"W

"qi
,      Qk =

"W

"Pk
,      H '= H +

"W

"t
! ! ! ! ! ! ! ! ! ! (1-3) 

#µ¶·¸¹4z{6/=5F� ST?#78, 

! 

(qi, pi)" (Qk,Pk ) = (# i,$ i)P>9 

(1-3)#¼µ)>9 

! ! ! !

! 

H '= H +
"W

"t
= 0   

Po/T(3-9-1)ã(3-9-3)>9/#è@Ê#2,23FÅdH_/T 

     

! 

(qi, pi)" (Qk,Pk ) = (# i,$ i)" (Q'k ,P'k ) = ((
%E

%$k

)t + #k,$k )! ! ! ! (3-10-1) 
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==P9A�@ÊFBC6/59 

! ! ! !

! 

(qi, pi)" (Q'k ,P 'k ) = ((
#E

#$k

)t + %k,$k )! ! ! ! ! ! ! ! ! !  (3-10-2) 

#23Po/T (1-3)P9

! 

Qk "Q'k ,Pk " P 'k ,H '(= 0)" H ' '(= 0),W " S5»Eùd

Sa#F(3-9-1)ã(3-9-3)>DEdHF�9 

        

! 

˙ P 'k = "
#H ' '

#Q'k
= 0,        ˙ Q 'k =

#H ' '

#P'k
=
#E

#$k

=% k! ! ! ! ! ! ! ! ! (3-11) 

4z{6/T (3-9-2)#

! 

(qi, pi)" (Q'k ,P 'k ) = (#kt + $k,%k )#

! 

H ' '(= 0)#23>901

23Po�9=#78

! 

H ' '= 0Po/�;9Hamiltonian -¨H#��2,4��

<H_K_Tô�;¨H#��2,4GH��Po�9(3-10)#¼l)#.b-

6RH#kJ@4À#@-K/T� H9

! 

S(qi,"k )>9¨H#��4GH��

-K/.bK0123#*+,Po/T

! 

"
1

= E  578ô78F´y/59

(3-10-2)>9

! 

(Q'
1
,P'

1
) = (t + "

1
,#

1
= E)Po/T��4lmB��-K�9=<-0

1I[KlmBkJ@4 E 5K H_/T=#.b-(3-4)#J��F��K_

Hamilton-Jacobi#$%&'()#iKPo/

! 

S(qi,"k )>9st#ÔÕFwxBd

H_/T 

!

! 

S(qi,"k )-L H_/M��2,FwÈ-N�Ob=54²³<¢9PQ9�

�2,#RS&à 4²³<¢9ÔÕ>?;-wxB?</T=#=5-Â_H

/-´y/T 
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!"#$%&'()*+  

!

! 

S(qi,"k )',#$%&

! 

qi-./01(3-6)' 

! ! ! ! ! ! !

! 

pi =
"W

"qi
=
"S(qi,#k )

"qi
 

23456781

! 

qi! 29:#$;<6=56=1>?-@ABCDE

! 

pi =" i
F

GHE=BIJ&;<67K-1(3-6)F1 

! ! ! ! ! !

! 

" i =
#S(q,")

#qi
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (4-1) 

;<67LM/1 S '%&'NOFPQ/L7RSTPQ567>?U

! 

qi;V

*5?W1 

! ! ! ! ! !

! 

S(q,") =" i # qi + S
0
 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (4-2) 

=B67 

! 

S
0
FV*J&;<6XY

! 

qi=FZ[\;<67>'>=XY56=1 

T/1

! 

q jR]'^0#$29:#$M=56=19:#$=@ABCDEF

^0J&=B6';1

! 

S(q,")F_'`a-bc;d6Fe;<67 

 ! ! ! !

! 

S(q,") = " i # qi
i$ j

% + S
0
(q j;"1,"2

,.....," f )! ! ! ! ! ! ! ! ! (4-3) 

>'fg1

! 

q jR]'^0'#$29:#$MXY1(3-4)' Hamilton-Jacobi 'h

i*jklF1Rm'1

! 

q j-no0'

! 

dS

dq j

Mp'jklqn-B67 

! ! ! !

! 

H(q j ,
dS

dq j

,"
1
,"

2
,.....," f ) = E ! ! ! ! ! ! ! ! ! ! ! ! ! ! (4-4) 

>>;

! 

dS

dq j

2rs6';1t'uvU(3-8)-wxyz>=;{2|Y?67 

! _-#$%&'()*+U}~67S'��[&2Rm'`aB�-B�0

�I1 

! ! ! !

! 

S(q,") = Sk (qk;"1
,"

2
,.....," f )

k

#       (k =1,2,..., f )! ! ! ! ! ! (4-5) 

Xn1 H2_'�;<?W1 

! ! ! !

! 

H(qk,
dS

dqk
,"

1
,"

2
,.....," f ) ="k      (k =1,2,...., f )! ! ! ! ! ! ! (4-6) 
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!"#$%&'()*+,-./0123 

! ! ! ! !

! 

"S(q,#)

"qk
=
dS(q,#)

dqk
=

d

dqk
Sk (qk;#1,#2

,.....,# f )  

45/6738!"#$9: 

! ! ! ! !

! 

H(qk,
dSk

dqk
,"

1
,"

2
,.....," f ) ="k      (k =1,2,...., f )! ! ! ! ! ! (4-7) 

 -3

! 

dSk

dqk
:;</=>?*@7A/0

! 

dSk

dqk
*@7AAB3CADE(FG3(4-5)

:HI3JDKL3(3-8):M2NOBPI0QR4STUDV<0 

 

WXHamilton-Jacobi=>?%YZU  

 5.1) [\ m3]^_$ k%`Jabc%dbD Hamilton-Jacobi%ef(= 

      >?DgIGYh0 

! i%j% H klm^nopE :qFh3

! 

H =
(px )

2

2m
+
1

2
kx

2
= E  45/0ab%

rst$u3

! 

" = k /m ,! Dvw-3 

! ! ! ! ! ! !

! 

H =
(px )

2

2m
+
1

2
m" 2

x
2

= E  ! ! ! ! ! ! ! ! ! ! ! ! (5-1) 

45/0(3-4) , (3-8-2)xL3yz{:k3

! 

H(qk,
"S

"qk
) = E3

! 

pk =
"S

"qk
 45/*3y

#$45/673

! 

qk " x,     pk = #S /#qk " px = dS /dx! -./0 

! |:3 

! !           

! 

H =
1

2m
(
dS

dx
)
2

+
1

2
m" 2

x
2

= E                         (5-2) 

45/0iAk3! ! ! ! !  

! ! ! ! ! ! !

! 

(
dS

dx
)
2

= 2mE "m
2# 2

x
2                              (5-3) 

-./673SkQ%xw.E(:./0 

! ! ! !

! 

S = ± 2mE "m2# 2
x
2$ dx = ±m#

2E

m# 2
" x 2$ dx! ! ! ! !    (5-4) 

(3-8-3)%xw:

! 

"
1

= E  -}~-3 
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! 

t + "
1

=
#S

#$
1

 ! 
  

! 

t + " =
#S

#E
= ±

1

$
(
2E

m$ 2% & x 2)&1/ 2dx = !
1

$
cos

&1
(
m$ 2

2E
x)   (5-5) 

"#$% &'()*+,-.(/012$3!  

   ! !

! 

y =
dx

a
2 " x 2

# (45+,

! 

x = acosz,     a > 0  "678, 

!  ! !

! 

y =
dx

a
2 " x 2

# =
"asinz

asinz
# dz = "z! 9:$%   

  ! ! ! ;<,

! 

x = acosz "  (x /a) = cosz" z = cos
#1

(x /a)! =>?, 

! ! ! !

! 

y =
dx

a
2 " x 2

# = "cos"1(x /a)  

        
  

! 

(!y) = cos
"1
(x /a)# (x /a) = cos(!y) = cos y                   (5-6) 

 (5-5), (5-6)>?, 

      

! 

x =
2E

m" 2
cos"(t + #) =

2E

k
cos("t + $),      $ ="#              (5-7) 

 

! 

px = dS /dx9:$>?,(5-4)@A, 

    

! 

px =
dS

dx
= ± 2mE "m2# 2

x
2

= ± 2mE "m2# 2
(
2E

m# 2
)cos

2
(#t + $)    

           

! 

= ± 2mEsin("t + #)                                   (5-8) 

"#$% 

 

5.2)! BCDE(;FGH(IJK Hamilton-Jacobi<LMKNOPQR$% 

! STDE1UV$WX m1Y6$Z[\# Lagrange]^ L+,_`9ab@

c1,

! 

L = (1/2)m(˙ r 
2

+ r
2 ˙ " 2 + r

2 ˙ # 2sin
2#) $V (r,",#) 9:$%db,_e9(/0>

?,STDE(;WXH(fgIJh+,     ! !                     

    

! 

pr =
"L

"˙ r 
= m˙ r ,!

! 

p" =
#L

# ˙ " 
= mr

2 ˙ " , 

! 

p" =
#L

# ˙ " 
= mr

2
˙ "  sin2$! ! ! ! ! (5-9) 

9:A,Hamiltonian+,

! 

H = pi
˙ q i

i=1

f

" # L  "iP, 

      ! !

! 

H =
1

2m
{(pr)

2
+
1

r
2
(p" )

2
+

1

r
2
sin

2"
(p# )

2
}+V (r,",#)! ! ! !  

9:$%BCDE(;FGIJ9+,

! 

V (r,",#)$V (r)"678jO%=>?,B
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!"#$%&'()$ Hamiltonian*+ 

! ! ! !

! 

H =
1

2m
{(pr)

2
+
1

r
2
(p" )

2
+

1

r
2
sin

2"
(p# )

2
}+V (r)! ! ! ! ! ! ! (5-10) 

,-./01+%&'()$2()3$45*67389:+;<8=>1?

@A+ 

! !     

! 

l
2 " lx

2
+ ly

2
+ lz

2
= m

2
r

4
{( ˙ # )2

+ sin# $ ( ˙ % )2
}             ! !  

,-./BCDE*2FGH$I8+)J r$BCDE*K0LMN-NO,P

QRS1/(5-9)PT@,+ 

        

! 

l
2 " lx

2
+ ly

2
+ lz

2
= (p# )

2
+
(p$ )

2

sin
2#

                           (5-11) 

89./OLPT@,+(5-10)$ Hamiltonian*+ 

! ! ! ! !

! 

H =
1

2m
{(pr)

2
+
(l)

2

r
2
}+V (r)! ! ! ! ! ! ! ! ! ! ! ! ! !  

OL*+;<-UV8WX1YZ[P\]^$_:$Z'$()A`1./()

abcA

! 

(r,"')PdefLg+

! 

p" ' = lh%eV89./ 

 (5-10)$ Hamiltonianij+Hamilton-Jacobi$()klm*+n$?@A-./ 

!     

! 

1

2m
{(
"S

"r
)
2

+
1

r
2
(
"S

"#
)
2

+
1

r
2
sin

2#
(
"S

"$
)
2
}+V (r) = E                (5-12) 

 

OO8+(4-5),(4-6)$#o$?@-GHEpPWX./(4-5)$?@A+ 

      

! 

S(r,",#) = S
r
(r) + S" (") + S# (#)! !                           (5-13) 

,qNMI./rGH8$sDE*t-.DEA-./uv+ 

     

! 

"S(r,#,$)

"r
=
dS

r
(r)

dr
,    

"S(r,#,$)

"#
=
dS# (#)

d#
.   
"S(r,#,$)

"#
=
dS$ ($)

d$
     (5-14) 

OLP(5-12)AwxSM+ 

! ! !

! 

1

2m
{(
dS

r

dr
)
2

+
1

r
2
(
dS"

d"
)
2

+
1

r
2
sin

2"
(
dS#

d#
)
2
}+V (r) = E              (5-15) 

89./LagarangianAy HamiltonianAyGH

! 

"*7zS-N$8+GH

! 

"*{

|}~89:+OLA��-()3*67389./O$()3P

! 

a",�fO

,Af.,+

! 

pk =
"S

"qk
�ij+

! 

a" =
#S

#"
=
dS"

d"
89:+�ESM+ 
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! 

S" = a" #"                                  (5-16) 

!"#$!%&'#($)*(5-15)+,-./0 

! ! ! !

! 

1

2m
{(
dS

r

dr
)
2

+
1

r
2
(
dS"

d"
)
2

+
(a# )

2

r
2
sin

2"
}+V (r) = E  ! ! ! ! ! (5-17) 

!1#%0234560578+9:/;0 

! ! ! ! !

! 

(
dS"

d"
)
2

+
(a# )

2

sin
2"

= (a" )
2
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (5-18) 

!<=$!%&'#(

! 

p" =
#S

#"
=
dS"

d"
,     p$ = a$  &>#?@0(5-18);(5-11)+A4

BBCD./EF0

! 

(a" )
2;GHI!./4JKLMI46N&>#((5-18)*O

P!0(5-17);0 

! ! ! !

! 

1

2m
{(
dS

r

dr
)
2

+
(a" )

2

r
2
}+V (r) = E ! ! ! ! ! ! ! ! ! ! ! !  ! (5-19) 

!1F0QR; r4S!1#( 

! TU4VP+./0Hamilton-Jacobi4LMWXY;0 

! ! ! ! !

! 

S" = a" #"                                    ! ! !   (5-16) 

! ! ! ! !

! 

(
dS"

d"
)
2

+
(a# )

2

sin
2"

= (a" )
2
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  (5-18) 

! ! ! ! !

! 

1

2m
{(
dS

r

dr
)
2

+
(a" )

2

r
2
}+V (r) = E ! ! ! ! ! ! ! ! ! ! ! ! ! (5-19) 

4ZQR+["#794WXY+\]&'#( 

! (5-19);0 

! ! ! ! !

! 

pr =
dSr

dr
= ± 2m(E "V "

a#
2

2mr
2
)  

!1#?@0$)* r&^\./0 

         

! 

S
r

= ± 2m(E "V "
a#

2

2mr
2
)dr

r

$                            (5-20) 

!1#( 

! (5-18);0_`-ab&cdefgh*i9j4kF4gl4LM+mn.(6

op4LMqrs+

! 

(r,"')*tu")v0 
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! 

"S

"#'
= p# ' = l = a#                                   (5-21) 

!"#$%&'()

! 

(r,"')&*+&,-

! 

"'./012345(5-21)."#6*.7

89:#&!)

! 

"'5;<=>!"#$,-

! 

r?@5AB;<=>!"#(4-3)&C

DE.FG#$

! 

q j  ?@5AB;<=>!"#HI5) 

! ! ! ! !

! 

S(q,") = " i # qi
i$ j

% + S
0
(q j;"1,"2

,.....," f )! ! ! ! ! ! ! ! ! (4-3) 

!"JG$KJB)(5-21) 5)   

! ! ! ! !

! 

S(r," ';a" ,E) = a" # "'+S0(r;a" ,E)                       

H1L)%%!&

! 

S
0
(r;a" ,E)5(5-19)&

! 

S
r
!"L)(5-20)M%:NOPBQ#$K

JB) 

! ! ! ! !

! 

S(r," ';a" ,E) = a" # "'+Sr                                (5-22) 

!"#$%:6L)R3-8-3)&6*.

! 

"
1

= E,   "
2

= a#  HS:T) 

!

! 

t + "
1

=
#S

#$
1

! U 

! 

t + "
1

=
#S

r

#E
= ±

2mdr

2m{E $V $ (a%
2
/2mr

2
)}

r

& ! ! ! ! (5-23) 

! 

t
0
&V.

! 

(r,"') = (r
0
,"
0
)HS#H) 

! 

t
0

+ "
1

= ±
2mdr

2m{E #V # (a$
2
/2mr

2
)}

r0

% ! U  

! 

"
1

= #t
0

±
2mdr

2m{E #V # (a$
2
/2mr

2
)}

r0

%  

%:N(5-23).WXS:T) 

! ! ! ! ! ! !

! 

t " t
0

= ±
2mdr

2m{E "V " (a#
2
/2mr

2
)}r0

r

$                 (5-24) 

H1#$%:M3Y r&VZ[8\NOP#$ 

 ]G)(3-8-3)^_ 

  !

! 

"
2

=
#S

#$
2

! U!

! 

"
2

=
#S

#a$
= $'+

#S
r

#a$
 ! U!

! 

"'= #
2
$
%S

r

%a"
          (5-25) 

!"#$!

! 

t
0
&V.

! 

(r,"') = (r
0
,"
0
)HS#H)

! 

"
0

= #
2
$ (
%S

r

%a"
)
(r0 ," 0 )

 !"#^_) (5-25)

!

! 

"
2
N`aS#H) 

! ! ! ! ! !

! 

"'#"
0

= #(
$S

r

$a"
) + (

$S
r

$a"
)
(r0 ," 0 )

= #{(
$S

r

$a"
) # (

$S
r

$a"
)
(r0 ," 0 )

} 
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!"#$%&'$ 

            

  

! 

"'#"
0

= !
2a" dr

r
2
2m{E #V # (a"

2
/2mr

2
)}r0

r

$                (5-26) 

()*+%&',-

! 

(r,"')./0*+(5-24)!)123,-456789:;(<

*+ 


