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PQY,>=,Þ>=[YÌ>=cf3F5>=0,c[kWXPQ (2-1'),¶

u>= U
-1[5_ªg/4,Ø<5(2-2'), U[_ª¥g/4,Ø<Ð*34vPQ.

�_,¶u>=[5567¢,H�E[îz,±±5S7,"í*+>��V

qS7,"í*+>h,zÕCitwP��5"ízÕ>='+ÂZPQ 
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a j ,"  0DEFE;GHC67: 

       

! 

x j = a j cos("t + #)   ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (5-14) 

0IFGCnJ#$%67E;K"@LMNB$%&'()O+&'()P 

! ! !

! 

"# ,    (a
(# )

)
T

= (a
1

(# )
,a

2

(# )
,......,a

n

(# )
)     

! 

(" =1,2,.......,n) 

QFRSTK;@UB3TVGC$%&'()*C(5-32)@WXCYZ[\"T]

^@_`NB&'(),aB3 (5-14)@ASHbc"dC 

! ! !

! 

x j

(" )
= a j

(" )
cos(#" t + $" )  

,aBefC

! 

(" =1,2,.......,n);GHC 

  

! 

x
(" )

=

a
1

(" )
cos(#" t + $" )

a
2

(" )
cos(#" t + $" )

•

a
n

(" )
cos(#" t + $" )

% 

& 

' 
' 
' 
' 

( 

) 

* 
* 
* 
* 

= cos(#" t + $" )

a
1

(" )

a
2

(" )

•

a
n

(" )

% 

& 

' 
' 
' 
' 

( 

) 

* 
* 
* 
* 

= [cos(#" t + $" )] + a
(" )      (5-33) 

,aB3g/FE;GHC6hiE;>jk]lmnHCon -QpR"BQC6

hiE@qGH*C$%&'()#rs\0YZ[GTt@ n-#uv;GHw@

xXHXB3K"f*4567#89U:,aB3 

! K"f89:#<yzl{C(5-13)#:;UB#,C<=:*C 

! ! ! !

! 

x = c"x
(" )

"=1

n

# = c"a
(" )
[cos($" t +%" )]

"=1

n

# = q" (t) & a
(" )

"=1

n

#            (5-34) 

;UB3

! 

c"*4567#IF;|}GUX~�#��#FE,aB3<=:0�?

B;X���,*C$%&'()#rs\0YZ[NB��*UX3��#��,

*C

! 

q" (t) = c" cos(#" t +$" );�XT3n-#YZ[\"T_`NB&'()

! 

a
(" ),�

�GT�@USHXB3�#��iEQ

! 

q" (t) = c" cos(#" t +$" ),aB3 

! K#�# Lagrangian* (5-10),aST3 
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! ! ! !    

! 

L = (1/2) (Mij
˙ x i ˙ x j

j

"
i

" #Kij xix j )                          (5-10) 

!" Lagrangian#$%&'"(5-34)!

! 

x = q" (t) # a
(" )

"=1

n

$ ()*+,-

! 

˙ x = ˙ q " (t) # a(" )

"=1

n

$  .

,/0$ 

! ! !  

! 

L = (1/2) Mij[ ˙ q " (t) # a(" )

"

$ ]i # [ ˙ q % (t) # a(% )

%

$
j

$
i

$ ] j
 

         

! 

"(1/2) Kij[ q# (t) $ a
(# )

#

% ]i $ [ q& (t) $ a
(& )

&

%
j

%
i

% ] j  

.1,-2%34$56789:";<=>?@AB$ 

! !

! 

(1/2) ( Mijai

(" )
a j

(# )

j

$
i

$ ) ˙ q " (t) ˙ q # (t)
#

$
"

$ = (1/2) %"# & ˙ q " (t) ˙ q # (t)
#

$
"

$  

CD,-EF$2G34$(5-21)C56789:";<=>?@(HIJ$ 

!

! 

(1/2) ( Kijai
(" )
a j

(# )

j

$
i

$ )q" (t)q# (t) =
#

$
"

$ (1/2) (%" )
2
( Mijai

(" )
a j

(# )

j

$
i

$ )q" (t)q# (t)
#

$
"

$  

                                 

! 

= (1/2) ("# )
2
($#% )q# (t)q% (t)

%

&
#

&  

    

! 

L = (1/2) "#$ % ˙ q # (t) ˙ q $ (t)
$

&
#

& ' ((1/2) ((# )
2
("#$ )q# (t)q$ (t)

$

&
#

&  

CD,-KIJ$ 

! !

! 

L = (1/2) [{˙ q " (t)}
2 # ($" )

2
{q" (t)}

2
]

"

%                          (5-35) 

.1,-!L4MNO"MPQ#DIJR,!C(STJR,-!" L/0UOV

WX(YZ[,C$

! 

d

dt
(
"L

" ˙ q #
) = ˙ ̇ q # (t) =

"L

"q#
= $(%# )

2
q# (t)! CD,/0$ 

       

! 

˙ ̇ q " (t) + (#" )
2
q" (t) = 0                                   (5-36) 

"MNO"UOVWX\]0L,-

! 

q" (t)4^_`a.1B$

! 

"#! \!L#bc+

,^_NOd.1,- 
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5.5! Lagrangian!"#$%  

! Lagrangian&'("#)$%*+,-./01.2345(6789:;<=>

.?@A=B>C;DE+1FB 

! >!G! LagrangianH (5-10))IJKB 

! ! ! !    

! 

L = T "V = (1/2) (Mij
˙ x i ˙ x j

j

#
i

# "Kij xix j )               (5-10) 

TL VLMNOP;QJ+E=RS/TU!OP(VJ+$%@A=B 

(5-23)~(5-25))WJKXY;/ 

    

! 

Mij
˙ x i ˙ x j

j

"
i

" = ˙ x i (Mij
˙ x j )

j=1

n

"
i=1

n

" = ( ˙ x ,M˙ x ) = ( ˙ x )
T
M˙ x               (5-37) 

! !

! 

Kij xix j

j

"
i

" = xi (Kij x j )
j=1

n

"
i=1

n

" = (x,Kx) = (x)
T
Kx                (5-38) 

LagrangianH>!OP(ZE+/ 

! ! ! ! !

! 

L =
1

2
{( ˙ x ,M˙ x ) " (x,Kx)} =

1

2
{( ˙ x )

T
M˙ x " (x)

T
Kx}         (5-39) 

.Q=B>>)!

! 

xH/(5-34)![\]?^_F=!)/>C(`aF=B 

! ! !

! 

x = q" (t) # a
(" )

"=1

n

$ ! bRS/

! 

˙ x = ˙ q " (t) # a(" )

"=1

n

$  )Ic/>CH 

    

! 

˙ x =

˙ x 
1

˙ x 
2

•

˙ x n

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

= a
(1)

a
(2) • a

(n )( )

˙ q 
1

˙ q 
2

•

˙ q n

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

=

a
1

(1)
a

1

(2)
• a

1

(n )

a
2

(1)
a

2

(2)
• a

2

(n )

• • • •

an

(1)
an

(2)
• an

(n )

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

˙ q 
1

˙ q 
2

•

˙ q n

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

      (5-40) 

.Q=B#defg)I=hidefg((5-40)!XY;jkK"#Hhidef

g"# U.lmC=B>C(VY./(5-40)H/ 

               

! 

˙ x = U ˙ q ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !   ! (5-41) 

)I=B[n/

! 

M˙ x H/>!hidefg"# U(VY./ 
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! 

M˙ x =

M
11

M
12

• M
1n

M
21

M
22

• •

• • • •

Mn1
• • Mnn

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

a
1

(1)
a

1

(2)
• a

1

(n )

a
2

(1)
a

2

(2)
• a

2

(n )

• • • •

an

(1)
an

(2)
• an

(n )

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

˙ q 
1

˙ q 
2

•

˙ q n

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

! 

= MU˙ q       ! ! (5-42) 

!"#$%&'(')*%&+,-./01)*%&'(23#456 

         

! 

( ˙ x ,M˙ x ) = ( ˙ x )T M˙ x = (U ˙ q )T M(U ˙ q ) = ( ˙ q )T (UTMU) ˙ q           ! ! !  (5-43) 

!"#$789:;6

! 

(x,Kx)9<=;>6 

         

! 

(x,Kx) = (x)TKx = (Uq)TK(Uq) = (q)T (UTKU)q           ! ! !  (5-44) 

!"#$(5-42)45?#!6 

 

! 

U
T
MU =

a
1

(1)
a
2

(1)
• a

n

(1)

a
1

(2)
a
2

(2)
• a

1

(2)

• • • •

a
1

(n )
a
2

(n )
• a

n

(n )

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

M
11

M
12

• M
1n

M
21

M
22

• •

• • • •

M
n1

• • M
nn

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

a
1

(1)
a
1

(2)
• a

1

(n )

a
2

(1)
a
2

(2)
• a

2

(n )

• • • •

a
n

(1)
a
n

(2)
• a

n

(n )

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

    (5-45)  

23#$@'ABCD+6%&'(9EF;6 

!      

! 

(U
T
MU)ij = ak

(i)
" (MU)kj

k=1

n

# = ak
(i)
" (Mkl " al

( j )
)

l=1

n

#
k=1

n

# ! ! ! ! ! ! ! ! (5-46) 

23#$AG6HIJKLM+NOPQR;STUV:;=#456(5-32)WT6 

! ! ! !

! 

a
1

(" )
a
2

(" )
• a

n

(" )( )

M
11

M
12

• M
1n

M
21

M
22

• •

• • • •

M
n1

• • M
nn

# 

$ 

% 
% 
% 
% 

& 

' 

( 
( 
( 
( 

a
1

() )

a
2

() )

•

a
n

() )

# 

$ 

% 
% 
% 
% 

& 

' 

( 
( 
( 
( 

= *")  

23T$@R.XY2Z[! 

          

! 

ai
(" )

Mija j

(# )

j=1

n

$
i=1

n

$ = %"# ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (5-47) 

23F1$(5-46)!(5-47).\]#!6

! 

(U
T
MU)ij = "ij23#@!^_4#$`a6

! 

(U
T
MU) = E 26bcCD+d;e6fbcCD+g23#hi%&23#$j4

56(5-43)+6 

! ! ! !

! 

( ˙ x ,M˙ x ) = (˙ q )T (UTMU)˙ q = ( ˙ q )T ˙ q                               (5-48) 
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!"#$ 

! %&'(5-44)(

! 

(x,Kx) (&)*+,-.+/0! (5-46)!123' 

    

! 

(U
T
KU)ij = ak

(i)
" (KU)kj

k=1

n

# = ak
(i)
" (Kkl " al

( j )
)

l=1

n

#
k=1

n

#

! 

= (Kkl " ak
(i)
al
( j )
)

l=1

n

#
k=1

n

# !  (5-49) 

!"#$(5-21),!  

! ! ! !

! 

Kijai
(" )

j=1

n

# a j

($ )

i=1

n

# =%$

2
Mijai

(" )
a j

($ )

j=1

n

#
i=1

n

#                   ! !  (5-21) 

,-45/6' 

    

! 

(U
T
KU)ij =

! 

(K kl " ak
(i)
al
( j )
)

l=1

n

#
k=1

n

#

! 

= (" j )
2

Mklak
(i)
al
( j )

l=1

n

#
k=1

n

# = (" j )
2$ij!    (5-50) 

78'9:;<3=>?@A(BCD=>&EF(=>G

! 

"
i
=#

i

2

HIJK'L9:

;<)MNO,-#PQ,-#$=>GPQ!RST# 

! ! ! !

! 

U
T
KU =

("
1
)
2

0 0 0

0 ("
2
)
2
0 0

0 0 • 0

0 0 0 ("
n
)
2

# 

$ 

% 
% 
% 
% 

& 

' 

( 
( 
( 
( 

= )                        (5-51) 

U4N' 

! ! ! ! ! !

! 

(x,Kx) = (q)T (UTKU)q = (q)T "q                        (5-52) 

VW'(5-39)( Lagrangian)'  

! ! ! ! !

! 

L =
1

2
{( ˙ x ,M˙ x ) " (x,Kx)}     

! ! ! ! ! !

! 

=
1

2
{( ˙ x )

T
M˙ x " (x)

T
Kx} =

1

2
{(˙ q )

T ˙ q " (q)
T
#q}             (5-53) 

!"#$X(PQYZ)'[\,]^5(5-35) 

! ! ! ! !

! 

L = (1/2) [{˙ q " (t)}
2 # ($" )

2
{q" (t)}

2
]

"

%  ! ! ! ! ! ! ! ! ! ! (5-35) 

!1_,-`'ab!1_Vc!"#$ 

     


