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§10! !"#$"%&'()*  

! +,-"./012345!"%6789:;<-"=>%5?@ABCD

EFGHIJKL;M:NO<>%$PQR89;

! 

1
S
0
=STEFGU-"89

VWX;YZ[WX* g\] <̂>%_`<a&'()*bVcdGef%.g;

hi:NGU345!"jk!"lmno%pqrst=YGl):NGUu

Au<345!"=;vYO<wx%!"yz{@:;<-"y5?@V|d

G“&'()*”jM:;Y}~CjNGU Fe3+, Cr3+, Gd3+%��z{@[§7-5-4^

%��V<3d�,y 4f�,j�,:NG-"./0�2!"yz{@:;<-

"#5?@%HIJKL;M:;YZ<�%�%a&'()*b0�gdG�

ijNGU!  

! w�<�!"$"y�!"$":;<$"Ho%��JK%()*%�V<

��<�K%JK%()*jNGUEBV<$"%-"89y�D!"%!"

�%��r��89j��dG()*���BFGU�FB��JK��%(

)*;<w�u�<$"%&'()*= ¡FGU��:;<!"#z{@y

$"%&'()*j¢%��V£¤QLV¥¦EFG%A0<§¨¤QAB�

�GU 

 

10-1)! N©"ªk!"lmnoVcdG«¬$­$.|®  

! �F¯:%lmno%°±:;<²³%&V345%k!"450m´u�<

tµ%��JK%¶0°±u�·¸Utµ:NGAB<��y�K%()*;

��YZ��¹}U>%_`=u�<º«¬$­AB Sackur-Tetrode[»¼½�

r#¾¿À�Á^%Â< 
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! ! ! !  

! 

S(E) = k
B
N{ln[(

2"mk
B
T

h
2

)
3 / 2
# (
V

N
)]+

5

2
}! ! ! ! ! §6-3-4 (93) 

0Ã}¸[§6-3-4 Û�%Â;345(Ne, Ar, Kr)%�@¿À?�%ÄÅÆ=¹Z

CÇdG�=0È¸(S 6É1)UuAu<§7-5-4:ÊË¸ Fe3+, Cr3+, Gd3+%k!"z

{@450m´u¸~C<Ì��z{@;tµ=¶Yd�=j:·G�%%<

L"±R&'�Í012ÎÄ;ÏÐ:·Y}U��0Ñd�=(oj>%&'

�Í%¥¦:NO<�@¿À?�Y¢%£¤QLV�>%ÒÓ0��G�ij

NGUk!"no%�@¿À?�VcdG Sackur-Tetrode%ÂV<!"#z{@

%&'()*VÔÕdGÖ0×¸VØ�G�ijNGUk!"#z{@%lm

no0��G~C�<_`=u�<&'()*=u�k!"#z{@%-"8

90�gu¸$.|®0��Ù¡YBY}U 

! ��:;<¯Ú<«¬$­%���AB<&'()*01¸Y} N©"ª%

$.|®j¢%��VST:·GA0ÛÜu<&'()*012lmnoy$

"V2}�;ÝÞ�ß:��GU  

! N©"ªj Nà%]©"ª%áâ}_Cãª:NGYB<äåæ%çèVÊ

Ë¸��V<>%«¬$­%$.|®;<éàjêf:·G~C;< 

! ! ! ! ! !

! 

Z(",V ,N) = [Z(",V ,1)]N! ! ! ! ! ! ! ! ! ! ! ! ! (1) 

:NGUuAu<éà%©"jëìíu<îïVêf:·ðñY}~C;,Ý%

��V< Gibbs%ò«j�iVYGU 

! ! ! ! ! !

! 

Z(",V ,N) =
[Z(",V ,1)]N

N!
                         (2) 

�%��V<N©"ª%«¬$­$.|®

! 

Z(T,V ,N);<1©"ª%«¬$­%$

.|®

! 

Z(",V ,N = 1):Ó�BFGU! §8-4Vóu¸��V< N©"ª%«¬$
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­$.|®

! 

Z(T,V ,N)jôBFF¡<>%£¤QL;>%$.|®

! 

Z(T,V ,N)0õ

}�ö÷VôBFG[§8-4%(36-1) ~(36-5)0øù Ûúû�K"ABYGüÐR

_ý=lmno%~CV2}�<�F0ÛÜu�þ��U 

! §7-5-1:Ñu¸��V<]à%úû�K"Vcd«¬$.|®; 

        

  

! 

Z = exp("#!$ /2) exp("#!$j)
j= 0

%

& =
exp("#!$ /2)

1" exp("#!$)
! !   ! §7-5-1 (25) 

:NGU¯¸<!

! 

sinh(x) " (1/2)(e
x
# e

# x
)! 0õ}G=<�F; 

! !

  

! 

exp("#!$ /2)

1" exp("#!$)
=

1

exp(#!$ /2) " exp("#!$ /2)
=

1

2sinh(#!$ /2)
 

=�ST:·GU Nà%úû�K"ABYGüÐR_ý:;<�K";îïV

êf:·GAB<[1^j«¬$.|®0Ó�Gÿ 

! !

! 

Z(",V ,N) = [Z(",V ,1)]N

  

! 

=
exp("#!$ /2)

1" exp("#!$)

% 

& 
' 

( 

) 
* 

N

= [2sinh(#!$ /2)]"NU! ! ! ! (3) 

�F�O

! 

lnZ(",V ,N)=�%!"$02ZO<§8-4%(36-1) ~(36-5)V#$dG�=

:üÐR_ý%£¤QL0ST:·GU>%_`;<º«¬$­AB%&¸�

%['6-2-4^=wÇdGU  

! w�<N©"ª%lmno;Ý%��VYGU§6-3-3:°±u¸��V<o(

V %)�o&V*ídG]à%()©"j+OôG,-RYL"89;<��

r��j E�.:NGH�%L"89["ÐR89^%®0

! 

W (0,E)=dG=< 

! ! ! !  
  

! 

W (0,E) =
1

8
"
4#

3
"
V

(#!)3
" (2mE)

3 / 2               §6-3-3-(74-1) 

:N/¸U�F;89®%(0Æ:NGAB<891*="º��r��23

%(:NG

! 

",(E)#EVöd=< 

! ! ! ! !

! 

"(E)#E =
dW (0,E)

dE
#E

  

! 

=
V

4" 2
# (
2m

!
2
)
3 / 2
# E

1/ 2
# $E  
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=YGU)�o V%4%]à%()©"VcdG«¬$­$.|®; 

! ! ! !

! 

Z(",V ,1) = exp(#"E)$(E)dE
0

%

&  

! ! ! ! ! ! !  

  

! 

=
V

4" 2
# (
2m

!
2
)
3 / 2 # e

$%E # E1/ 2dE
0

&

' ! ! !                (4) 

 =YGUçè%($;  

! 

x = E
1/ 2  þZ=<455%($[äå]^j6�GU 

! ! ! ! !  

! 

e
"#E $ E1/ 2dE

0

%

& = 2 x
2
e
" #x 2

dx

0

%

& =
1

2#

'

#
  

=YG%:<]©"%«¬$.|®; 

! ! ! ! !

! 

Z(",V ,1) =

  

! 

V

8
" (
2mk

B
T

#!2
)
3 / 2

= V " (
2# " mk

B
T

h
2

)
3 / 2

=
V

($
T
)
3

       (5) 

=YGU7�%8Â:;<
  

! 

! =
h

2"
='6-3-3:ÊË¸á£RÁ9Àz(de Broglié)

:;ã 

! 

"
T

=
h

2#mk
B
T

 06/�}GU£RÁ9Àz:;06�=Â;<uZ=

kVYGUSackur-Tetrode%Â�£RÁ9Àz:;06�=< 

! ! ! !

! 

S(E)

! 

= k
B
N{
5

2
+ ln[(

V

N
)("

T
)
#3
]}! ! ! ! ! ! ! ! ! ! ! ! ! ! (6) 

=>?R=kYST=YGU 

! '6-3-3:ÊË¸��V<ëìíª:NG N©"ªlmnoV;<(2)% Gibbs

%ò«0@�Â0õ}YAF¡YBY}U! B/�< N©"ª%$.|®; 

! ! ! !   

! 

Z(",V ,N) =
[Z(",V ,1)]N

N!
=

V
N

N!(#
T
)
3N

                    ! (7) 

=YGU 

! §8-4 Vóu¸��V<£¤QL;«¬$­%$.|®

! 

Z(T,V ,N)0õ}��.

%��VSTEFGU 

! ! ! ! ! ! ! !

! 

U = k
B
T
2
(
" lnZ

"T
)
V ,N                      §8-4 (36-1) 
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! ! ! ! ! ! ! !

! 

S = k
B
T(
" lnZ

"T
)
V ,N + k

B
lnZ                §8-4 (36-2) 

! ! ! ! ! ! ! !

! 

F =U " TS = "k
B
T lnZ ! ! ! ! ! ! ! ! ! §8-4 (36-3) 

! ! ! ! ! ! ! !

! 

P = k
B
T(
" lnZ

"V
)
T ,N                       §8-4 (36-4) 

                

! 

µ = "k
B
T(
# lnZ

#N
)
T ,V                      §8-4 (36-5) 

(7)%

! 

Z(",V ,N) =
[Z(",V ,1)]N

N!
=

V
N

N!(#
T
)
3N
=§8-4 (36-1)~(36-5)! 0õ}�<lmno

%£¤QL0«¬$­AB%&�¶��U�%$.|®%c®;< 

!   

! 

lnZ(",V ,N) = N lnZ(",V ,1) # lnN!

! 

= N lnV " 3N ln#
T
" lnN! 

:NGU5C�D@E%FG[

! 

lnN!" N lnN # N^06�=< 

! !

! 

lnZ(",V ,N) = N{lnZ(",V ,1) # lnN + 1} 

              

! 

= N(lnV " 3ln#
T
" lnN + 1) 

              

! 

= N{ln(V /N) " 3ln#
T

+ 1}                             (8) 

=YGU¯¸<(8)%H*"$;< 

! !

! 

" lnZ(#,V ,N)

"T
= $3N(1/%

T
)
"%

T

"T
=
3

2
&
N

T
                       ! ! (9-1) 

=YGUo("$;< 

    

! 

" lnZ(#,V ,N)

"V
=
N

V
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  ! (9-2) 

:NGU©"®VIG"$;< 

! !

! 

" lnZ(#,V ,N)

"N
= lnV $ lnN $ 3ln%

T
= ln[(

V

N
)(%

T
)
$3
]               ! (9-3) 

=YGUB/�<(8), (9-1)~(9-3)0§8-4 (36-1)~(36-5)V#$dG=< 

!   

! 

U = k
B
T
2
(
" lnZ

"T
)
V ,N

! 

=
3

2
k
B
NT                                   (10-1) 
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! 

S = k
B
T(
" lnZ

"T
)
V ,N + k

B
lnZ

! 

=
3

2
k
B
N + k

B
N{ln(V /N) " 3ln#

T
+ 1} 

                         

! 

= k
B
N{
5

2
+ ln[(

V

N
)("

T
)
#3
]}               (10-2) 

   

! 

F = "k
B
T lnZ = "Nk

B
T{ln(V /N) " 3ln#

T
+ 1}                  !   (10-3) 

   

! 

P = k
B
T(
" lnZ

"V
)
T ,N = k

B
T(
N

V
)                                !   (10-4) 

   

! 

µ = "k
B
T(
# lnZ

#N
)
T ,V

! 

= "k
B
T ln[(

V

N
)(#

T
)
"3
]                       !  (10-5) 

jôBFGU(10-1)~ (10-5)%_`;<«¬$­AB%&¸lmno%£¤QL:

NGUSackur-Tetrode%Â�J&�<º«¬$­ABô¸_`['6-3-6^VwÇ

dGU'6-3-6:;�QK¾@LMr0Ý%��VSTu¸ÿ 

! ! !

! 

µ = "k
B
T ln{[

2#mk
B
T

h
2

]
3 / 2
$ (
k
B
T

P
)}! ! ! ! ! !       '6-3-6 (101) 

uAu<�F;(10-4)%lmno%89�NÂAB< 

     

! 

[
2"mk

B
T

h
2

]
3 / 2
# (
k
B
T

P
) = ($

T
)
%3
# (V /N) 

=YO<'6-3-6 (101); (10-5)VwÇu�}GUlmno%£¤QLy89�N

Â;<º«¬$­�O�«¬$­AB%&G�j=k:NG�=jOGU 

! èV&'()*VcdG$.|®0��Gj<>%PV;(10-3)% F=(5)%]

©"«¬$.|®

! 

Z(",V ,1)%öQR|R0øùdG%:<�F0��:ÛÜu�

þZU 

           

! 

F = "k
B
T lnZ

! 

= "Nk
B
T{ln(V # $

T

"3
) " lnN + 1}! ! ! ! ! ! (10-3) 

! ! ! ! !

! 

Z(",V ,1) =

  

! 

V

8
" (
2mk

B
T

#!2
)
3 / 2

=
V

($
T
)
3

                       (5) 

AB<ST%öQ|R;<!  
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! !   ! !

! 

F = "Nk
B
T{lnZ(#,V ,1) " lnN + 1}  

! ! ! ! ! !

! 

= "Nk
B
T{ln[

Z(#,V ,1)

N
]+ 1}!                       (10-6) 

:NGU 

! ¯¸<(10-5)%

! 

µ = "k
B
T(
# lnZ

#N
)
T ,V

! 

= "k
B
T ln[(

V

N
)(#

T
)
"3
] � <Gibbs%()��r

��=�QK¾@LMr%U%Ý%|R 

! ! ! !

! 

G = Nµ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! '9-3-(52) 

VVWdG=< 

! ! ! !

! 

G = "Nk
B
T ln[(

V

N
)(#

T
)
"3
] = "Nk

B
T ln[

Z($,V ,1)

N
]               (10-7) 

:NGU Gibbs%()��r���<�%��YX::<]©"$.|®=ö

Q_Y2}�}GU(10-7)=(10-6)AB[G - F^0ZG=< 

! ! ! ! !

! 

G " F = Nk
B
T = PV  

:NG�=j[AGU'9-3-(56)Vc\dGU 

 �]%_`V^Wu�<&'()*0�2lmnoV2}�����U 
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10-2) !"#$%&#'()*+,  

10-2-1)! ()*+,-./!"#0123  

! 4456()*+,-7/ N8'!"#0123-9:;<!"#0123

=6!"#>?@'0123.ABC9:;<()*+,-7/DE#F*3

.GHIJKLF5M;N9:COIPQRST<UVWDE#'XYZ[\6W

DE#']^_`XYZ[\P

! 

E
trans
TNDE#'()*+,=abc;XYZ

[\P

! 

E
int
T'd5e:fgWhiCWDE#&jkl

! 

Z(",V ,1)6W]^_`=

kc;'&jkl

! 

Z
trans
(",V ,1)N()*+,=ac;&jkl

! 

Zint (",V ,1)'m5n

o5p;N9:;<  

        

! 

Z(",V ,1) = Z
trans
(",V ,1) # Zint (",V ,1)                        (11) 

! 

Z
trans
(",V ,1)6Wqr5stuv()*+,-7vwI0123E#=ac;

! 

Z(",V ,1)'4N5M;<x8'E#yz{|u}~5p��wI�W Gibbs'�

�y��=w;'6W()*+,-7vwI0123'�KN��5M;< 

! ! ! !

! 

Z(",V ,N) =
[Z

trans
(",V ,1) # Zint (",V ,1)]

N

N!
             ! !    (12) 

Nw;< 

! ()*+,=ac;DE#&jkl

! 

Zint (",V ,1)-9:;=�iC6W����

y��5M;<�w�N.W 

(i) ! E#'���'��W 

(ii) ! &#'()*+,N'k�W 

(iii)! !"#P>?@T'�#��W!  

w�=/IC����wfwI< (i)56W��Z &¡N¢\£&¡=/IC
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!"#$%&"'()*+,-./01(./0&23456789:;<=

(>?@ABCD,1E.FGHIJK:LMN<OPQ (ii).@,! RSTU

.456789@&"'()*+,-./01(./0&VWX#@&YZ[

\#$M.]<K:L^_%&56789`aTU=#b4[\#cde<f

LMN<O(iii).@&"'()*+,-456789:%H4g(>?4hij

J#kJHMN<O 

 

10-2-2)! l(4RSmnopBq1E&Ars1E&ABCD,1E!

! =(t#[0u&v4w4xyz{'(4[\#&|}~4Y�l(4�k

L�f���e<K:@.];JO�%H&�l(@&�opBql(�(fermion)

f�Arsl(�(boson)4b��f#1��0<O�4l(4��,=(�`

����

! 

(1/2, 3/2, 5 /2, ....)./<��`�opBql(�.&l(4��,=(

�`���

! 

(0, 1, 2, ....)./<��`�Arsl(�./<O 

! g((e)&�((p)&wm((n)@&J�0�&��,`)1/2-4opBql(.

/<O�(@Arsl(./<. K4�t@��4=(TU II��-4 11�13�L

���0QJO!  �l(./<'(¡�4*+,@&opBql(./<g

(&�(&wm(f�¢£�0HJ<4.& �l()'(¡�4*+,-`

¤�¥4opBql(f�£<��@&�4 �l(¦{4��,=(�@�

��:;i&opBql(./<O§�¥4opBql(f�£< �l(4

��,=(�@��./<f�&�4 �l(@Arsl(./<O¨Gu&

'(L¨#FG<:& 

      ©=� ª4«¬'()H=p+e-  ! !    ­ Arsl( 
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      !"# $%&'()*D=p+n+e+       ,! -./01) 

      !"# 2%3456(3He=2p+n+2e),  ! ! ,! -./01) 

      !"#7%3456(
4
He=2p+2n+2e),     ,! 89:1) 

      ;<456()(
23

Na=11p+12n+11e)!     ,! 89:1) 

=>?@()A%B)#*()CD+EFGH>IJ()A%KL)#MNO

>P=JQ%()R-./01)>%S89:1)>%SHTUV>P@ 

! ")WXRYZ[\]? 1920~1930^_J`a%")#GbY\]?c1)

")defgh%1)RijGk?SlmPn%opqrRJ-./01)=

89:1)GHsIt>?u=RvVSl>wx@u%yGJ-./01)>

%SJQ]=MJ89:1)>%SHz{G|?@ 

! Nh%}`-./01)SV>?~%���#*����#M��x���

#+HJ��%�m%1)f���?=JQ%�DR��l>?@u%u=fJ

���#H1)%��lmPn�����=��@u%������#%L!

l��J�-./01)�~GHJcm%")#%aGbY\]?c1)")d

efijGk?1)#Hc�H�G|?@u%��>c1)")de�%1)

%��d�fJ�1)H-./0��|?PH-./0 ¡¢£¤¥��l¦��

=SJ�1)H-./0��|?PH-./0 ¡¢£¤¥��l¦��=��@

§h%�-./01)�HJ}`%c1)")def¨�O>Pu=l>?RJ

u]H�©54(Pauli)%ª«(¬�=­n®V]nP?@u%(¬l��J¯°

H±²³%()%´)def¬µGk?��l>wx@ 

! `¶JNh%}`%89:1)SV>?~%���#HJ��%�m%1)

f��­nMJ���#H�[­>P@���#H1)%��lmPn����
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!"#$%&'()*+,&-./0123456789:!;2<=&>8,

&?!@ABC#<78DEFGH!I#78,/JK;LM$(N2<,!

O,PPP2Q)R&GH78,STBC#$%&<78>8DEU&78&VW

DXF2378;456YZ"#M;456[\]^_`a]^YZ/bc9d

e2378;456VW"#M;456[\]^_`a]^VW/bc9dfc$

78)*+,&'(-Pg'(-d456[\]^_`a]^VWdhijk[

lmnopVWd&'q+r;2>8st&uvwx!"#&!2y&z{|

}!t~��S"#����2��O��&� �� �2n^��P�h_o����

&��L�2�����&<<�2L��$��&YZst&z{|}O�/�2�

�!�1�M��S"#&!��BC M$ 

!  45678& 4
Hedhijk78& 3He!;2¡¢£(~OK)!&¤¥¦*S

§L#%dS¨©CªM#$%C;2«¬&78&YZ-&­Me©��BC

#$® 2¯°&±²>�³±�/´8;µ�¶·¸LM¹º�2´8S|»

^�1/2�&hijk78!"#%de©24j�¼^VW!;L½2hijk[

lmnopVW/u¾Mª��BC#$¸e¸LS©2¿6-3-5&(96)&±ÀÁ

ÂÃ])�SÄÅ78ÆÇ/³ÈªÉV/ÊMd&ËÌ2 

! ! ! ! ! ! !

! 

1

(V /N)
1/ 3

<<
(2"mk

B
T)

1/ 2

h
=
1

#
T

                ¿6-3-5(96) 

SÍÎBC#K12hijk[lmnopVWd456[\]^_`a]^VW

&ÏÐ;L½L12ÑC�24j�¼^VW!ÒÓ/ÔÕ!I#O2Ö�$! ¢£P

×£!&´8ØÙÚ¡¢£!&¤¥Û��Ü&wx;2Ý×&Þßàt&wx

d¸ª;Ú;1áâwx!"#$bãª2¿6-3-5(96)&ËÌFäå/2æçèé
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!"#$%&"'()*+,-.%&/01.234567+,89:;<=

>?'(@ABCD6-3-5 (96).EFGHIJKLMNO)PQRSTUVWB

X&YZ[ He.\]M$B@4,D14?^_9`abcdef=>g8hia

jJ<klmJ<=>"nopqrM,D15, D16?stupvpwnoO)C 

 

10-2-3)! =&gxy&.z{|}!g-.=~N�  

! �y&=&[�y&=&.�Z.��9�h"'(q\],��M4,��,

��,��,X&��,���.���9�h�=.�?��?�,  

! ! ! ! !

! 

E
tot.

= E
trans

+ E
rot

+ E
vib

+ E
elec

+ E
nuclear

            !  (A7-13) 

���9�h�=4��M��?�)g��FM'()�gR?�)C-.�

 ,¡¢£?¤¥q¦tM,=&�Z.=~N�4,§.¦tM��=.=~

N�.¨gp@, 

! ! ! ! !

! 

Z
tot.

= Z
trans

" Z
rot
" Z

vib
" Z

elec
" Z

nuclear
                !  (A7-14) 

��?�)C

! 

Z
trans
4=&©ª.��«�M¬O)=~N�?�+,�V4D10-1

?v¤pqxy&­®.��«�.=~N�M¬¯O)C5°@,

! 

Z
trans
"±B

q²+.¨

! 

Z
rot
" Z

vib
" Z

elec
" Z

nuclear
4,�³p@,́ =&.z{|}!µM¬O)=

~N�

! 

Z
int
g¶·V)C 

! ! ! ! !

! 

Zint (molecular) = Z
rot
" Z

vib
" Z

elec
" Z

nuclear
 ! ! ! ! ! ! ! (A7-15) 

�.¦tW=&z{|}!.=~N�"¸¹MO)g, (A7-15)º»��g��

.¼"±�,(A7-15)"´X&gy&�.��9�h.½&��µ¾¿M¬O)

=~N�gpqs.R,xy&YZ.z{|}!=~N�MÀ)C 

! ! ! ! !

! 

Zint (monatonic) = Z
elec
" Z

nuclear
! ! ! ! ! ! ! ! ! !  ! (13) 
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!"#$%&'()*+,-./01$2345627%&5),-./01

$2345627,89:;<=>:3?=@AB4CDEF&!"#G%H

4@&'()IJKLMGH4N5)GH4NOP9QR&S,TU)-./

01$V345627O

! 

Zint (",V ,1)=WXGY4C!OTZ,-./01$V[

34\)]^=_&

! 

E
i
OS,`abcd=34=&ebfgL5hNi& 

! ! ! ! !

! 

Zint (",V ,1) = exp(#E
i
/k

B
T)

all states

$ = exp(#"E
i
)

all states

$ ! ! ! !   (14-1) 

GH4Cj_&k:4

! 

E
i
$ZlF,mGWn34:i&(14-1),op%`abc

d

! 

E
i
,qr1

! 

giOslF& 

! ! ! ! !

! 

Zint (",V ,1) = gi exp(#Ei /kBT)
all E i

$ = gi exp(#"Ei)
all E i

$         (14-2) 

=WX_tu@vlC 

 wu&xyz{,5627=%&|10-1-(5),?=}Ni& 

! ! ! ! !

! 

Z
trans
(",V ,1) =

  

! 

V

8
" (
2mk

B
T

#!2
)
3 / 2

=
V

($
T
)
3
! ! ! ! ! ! ! ! !      (15) 

GH4C~$&TU)�+=_F,5627

! 

Z(",V ,1)%& 

! !      !

! 

Z(",V ,1) = Z
trans
(",V ,1) # Zint (",V ,1)! ! ! ! ! ! ! ! !       (16) 

GH4C'()IJKLMGH�5)GH�&����,*+U)GH4Ni&

?�i, NU)�$V345627

! 

Z(",V ,N)%&��,��$ 

! ! ! !

! 

Z(",V ,N) =
[Z(",V ,1)]N

N!
=
[Z

trans
(",V ,1) # Zint (",V ,1)]

N

N!
         !  (12) 

�$�_t(12)=:4Cj���&'()IJKLM=5)G%&

! 

Zint (",V ,1),

�+#-�%k:4,G&(12)%!"#:WnGH4C 

! ��b�������5h=ed���JL���JL5h,P9OQReb
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!"#$%&'()*+,-./$0123456&789$01:;<=>

.$0?@1ABCDEF1G)1<=>HIJ/KD/L0MN/O0PQ

RSTU/,1VWX$01:;<=>R'(8234/YZ[\.]^!"

#$%&'(89 

! _`a/$0\bc8$de1fghfijc8-/1) kl\./KD-I

J1CDUmn\opc8,-/2) KDCD-L0MNqr4mnbsc8,

-/3) $0Gt1uDbv&./KDwIJwL0MNRxyc8uDbv-

P1z{#MNU|3c8,-/X}U~j�)+89,�j.��4/kl

\./$0Gt\�c8$�bv.�<=>1$�bv1���\�v$�&

�X+,-R��c89��)/(A7-13)~ (A7-15).7��&4��&78,-

\��aX���XjX+9! 3)1��\ba)./����$0-�^���

$01��-a)/��K� ¡¢z{#.£¤8¥¦§¨1©0ªe«¬­Q

1®¯°&±²³´j�)+89µ¶·¸¹�_+9 

 ,,&1º_8»[./:;<=>R¼½ N¾1�O0¿ÀÁtR'(8,-

&781&/(A7-15)1$0Gt1$�bv\Â�8

! 

Z
rot
-

! 

Z
vib
U}1VWXÃt

[ÄÅ\X8i./Æ£)Ç10-4&ÈÉc89Ç6-2-4 ÊÇ10-1&./|Ë1Ì

KDRÍÎKD0&'(_1&/$01

! 

Z
vib
\½+)4,1ÈÉUÏ(8,-`

�ÐÑa)Ò\BT9 

 

10-2-4)! :;<=>1Ìªe©Ó1ÔÕ  

 §10-11Ö×&./:;<=>R¼_X+¿ÀÁt\�c8 Helmholtz1<=Ø

Ù^ÚÛF-­Ü0$�bv

! 

Z(",V ,1)-1bÝ 
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! ! ! ! ! !

! 

F = "Nk
B
T{lnZ(#,V ,1) " lnN + 1}  ! ! ! ! ! ! ! ! ! ! (10-6) 

!"#$%&'(

! 

Z(",V ,1))(16)(*+,-.)/01234567

! 

Z(",V ,1) 

       ! !  

! 

Z(",V ,1) = Z
trans
(",V ,1) # Zint (",V ,1)                      (16) 

89:;<=>?*+,-.)@ABCDE( FFGH!IJ=K&    

! ! ! ! !  

! 

F = "Nk
B
T{ln[Z

trans
(#,V ,1) $ Zint (#,V ,1)]" lnN + 1}! ! !  

              

! 

= "Nk
B
T{lnZ

trans
(#,V ,1) " lnN + 1}" Nk

B
T lnZint (#,V ,1)    (17) 

LMNOPQR!(10-6)STU8VW?*+,-.)@%XYBCDE!Z[K

F8VK&\$]?L^NF*+,-.!6[K_`RX Helmholtz(,-ab

cde

! 

F
int
8VK&  

! ! ! ! !

! 

Fint " #NkBT lnZint ($,1)! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (18) 

*+,-.!Z[K

! 

F
int
8VKfJEg V!Z[KhijOkl8:K(8?

(18)(mn8Oo7S$]( VOpS$]VK&

! 

Zint (",1),EO?(14-1)q%O 

(14-2)8r<J=?s. T(t(678VK& 

! Mu?*+,-.)@%XYBCDE8( Gibbs,-abcdeS12345

67

! 

Z(",V ,1)S(6vO?§10-1(wx8yz%{|!? 

 ! ! !

! 

G = "Nk
B
T ln[(

V

N
)(#

T
)
"3
] = "Nk

B
T ln[

Z($,V ,1)

N
]               (10-7) 

8V}%&! ''8(

! 

Z(",V ,1) )(16))9:;<KS?*+,-.( G~(�

rFIJ=K& 

! ! ! !

! 

G = "Nk
B
T ln[

Z
trans
(#,V ,1) $ Zint (#,V ,1)

N
] 

          

! 

= "Nk
B
T ln[

Z
trans
(#,V ,1)

N
]" Nk

B
T lnZint (#,V ,1)! ! ! ! ! ! ! (10-8) 

SXK&mn(LMNO?*+,-.)@%XYBCDE8( Gibbs,-abc
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!"(10-7)#$%&'()*+,-./01 Gibbs./234!"5167#%

89:;<'Helmholtz1./234!"

! 

F
int

 (18)=>?@A89 

! ! ! !

! 

Gint = Fint = "Nk
B
T lnZint (T,1)                             (19)  

        

! 

Zint = exp("Ei /kBT)
all internal states

# = gi exp("Ei /kBT)
internal energies

#           (14-1, -2) 

! ,-./01B1CDEF5167<'(19)#GHI'GA8J< F#KL8

CDEKMNOPQ:=@RS@I8TUV9 

 WXY'S#ZL8,-./0167<'CDEKMN

! 

S = "(#G /#T)
P

 #[J

\',-./0O]^_J`abc1 SOdJ^ef@A89gh<' 

! ! ! !

! 

Sint = "(#Gint /#T)P

! 

= "Nk
B
#
d

dT
[T lnZint (T,1)]                (20) 

=_89,-./0Oi]^_J`ajk1 S<'Sackur-Tetrode1N 

! ! ! !  

! 

S(E) = k
B
N{ln[(

2"mk
B
T

h
2

)
3 / 2
# (
V

N
)]+

5

2
}! ! ! ! ! ! ! ! §6-3-4 (93) 

@A81@'(20)<,-./0#l8 Sackur-Tetrode1N51mn*@A89 

! 2op4q"H#Z&\<'§9-1@rs&^ Gibbs./234!"G(T, p!#

KL8 Gibbs-Helmholtz1KMN'! !  

! ! ! ! !

! 

H =
"

"(1/T)
(G /T) = #T

2 "

"T
(G /T)! !                t9-1-(21) 

OPQ9(19) OuJ;Y',-./0#l8 H@1mn*<'  

          

! 

H int = "T
2 #

#T
[
"Nk

B
T lnZint (T,1)

T
] 

! ! ! ! ! !

! 

= Nk
B
T
2 "

"T
[lnZint (T,1)]! ! ! ! ! ! ! ! ! ! ! ! ! (21) 

=_89!

!v^',-234!"@1,-./0#l8mn*O

! 

U
int
=L8=' 
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§8-(11) !"#$%&'()*+,

! 

U = k
B
T
2
(
" lnZ

"T
)
V ,N = #(

" lnZ

"$
)
V ,N-./)0!

! ! ! ! !

! 

U
int

=

! 

= Nk
B
T
2 "

"T
[lnZint (T,1)] = H int! ! ! ! ! ! ! ! ! ! (22) 

!120H)34,567-.8-9,:!  

! ;<=>?

! 

C
P

= (
"H

"T
)
P

 )@ABC./)DEFGHA:(21)IJ0 

! ! !     

! 

C
P ,int = (

"Hint

"T
)
P

! 

= Nk
B

"

"T
{T

2 "

"T
[lnZint (T,1)]}              (23) 

!1,:KLMNOPQRS0;<=>?

! 

C
P

= ("H /"T)
P
-;T=>?

! 

C
V

= ("U /"T)
V
!.8!1,: 

! ! ! ! !

! 

C
P ,int

= C
V ,int

! 

= Nk
B

d

dT
{T

2 d

dT
[lnZint (T,1)]}! ! ! ! ! ! ! ! (24) 

UPVWSXYPZO[\-9]BA,^0C_`$ab9cd)ef,: 

      

! 

T
2 d

dT
[lnZint (T,1)] =

! 

T
2 d lnZint

dZ
int

dZ
int

dT

! 

= T
2 1

Z
int

dZ
int

dT
 

!1,IJ0(14-1)P!

! 

Zint = exp("E
i
/k

B
T)

all internal states

# gh_-0 

! ! !

! 

dZint

dT
= {(

E
i

k
B
T

2
)exp("E

i
/k

B
T)}

all i

# =
1

k
B
T

2
{E

i
exp("E

i
/k

B
T)}

all i

#  

-9,:UFi2 

!!!!!!

! 

T
2 1

Z
int

dZ
int

dT
=

! 

1

k
B

"
1

Zint

{E
i
exp(#E

i
/k

B
T)}

all i

$  

-9,IJ0(24)PVWS0 

! ! !

! 

C
P ,int

= C
V ,int

! 

= Nk
B

d

dT
{T

2 d

dT
[lnZint (T,1)]} 

               

! 

= N
d

dT

E
i
exp("E

i
/k

B
T)

all i states

#

Zint

$ 

% 

& 
& 
& 

' 

( 

) 
) 
) 
                     (25) 
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!"#$%&'()*+,-./0#!( 

 

! 

C
P ,int

= C
V ,int

 

     

! 

= Nk
B
{ 1

Zint

(
E
i

k
B
T
)2 exp("E

i
/k

B
T)

i

#

! 

"[ 1
Zint

E
i

k
B
T
# exp("E

i
/k

B
T)

i

$ ]2}    (26) 

!"#$!  

! 12345'(6789-:;<=>?*3@ABCD3EFGHIJ"K

LMNO#$ 
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10-2-5) !"#$%&'()*#+,-./012!

! !"#34)./01256789:;<=>?10-2-35@ABCD5!  

! ! ! ! !

! 

Zint (monatonic) = Z
elec
" Z

nuclear
! ! ! ! ! ! ! ?10-2-3 (13) 

EF8GH>!"#$%&'()./012-AI=>*#-J)KLMNO

+,PQR8S-5T8UVWXT+Y=Z578->[\)"#$%&'(

E>]^*#+,GH_`*#+,5abcd85efTKLMNOg=hi

eV&OjOEF8U! k lM)"#$%&'(EQR8-> 96.4853 (kJ/mol) !!100 

(kJ/mol) EF8U m>n2op-AI T=1000 K Pqr78-> 

! ! !  

! 

 k
B
T = 1.3806 "10

#23
(JK

#1
) "1000(K) = 1.3806 "10

#20
(J) 

-T8U

! 

1 (eV ) = 1.602177 "10
#19

(J)  sGH>

! 

E /k
B
T = 11.6EFt>S)uv)w

Mxy'z#=!

! 

exp("E /k
B
T) = 0.92 #10"5 $ 10"5! -T8U{A>T=300 K! P

qr78->

! 

E /k
B
T = 38.6E>

! 

exp("E /k
B
T) = 1.73#10

"17
$ 10

"17
$ 0 -AI|}U 

! [~>"#J)KLMNO+,E=>]^+,GH_`+,�)abKLM

NO=> MeV&OjO-QR��|}U*#+,)_`KLMNO) 1000�

)�EF8UsGH>��)opE=>"#J)KLMNO+,=�I]^+

,-QR>

! 

Z
nuclear

= 1! -78UJ��')�f�=>?10-2-3E��B���

�-&M���)��E�5T8�>]^+,5��8J��')��2$

! 

gn,0(

=��=��)6�-=d�>

! 

Z
nuclear

= 1-AI�DUAGA>S�=�� ¡

¢£¤$?5-5(-);¥E=¦§Pf78UNernst )q¨EF8

! 

T"0K
lim #S(T) = 0

=

! 

gn,0 " 1EF©I{��=T}U 

! 

"S(T)=[6)ª«¬)­®)+,¯)°E

Ft>

! 

gn,0 " 1EF©I{>./±²�³´AI}��>S)µ¶=·¸c�8
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!"#$%&'!'(

! 

T"0K
lim S(T) = 0! ) Planck)*+),-./012%&3)

45678(Widom9:;-<)=>?@ABCDE;#(Nernst )*+-FGHI

#$%0(Planck)*+-JKLMNOAPN;#$%QRS87%&TUV

WXHI5678)Widom)YZ-[\M)#]^_`a7& 

! 3)bc5(deFfghi6jkl(mno))pqrs#-(kl(mno)

)tuLMvlwxyz{|}0deFfgh~�%Q��%& 

! vl|}5��%����-(��5-( 

! ! ! ! !

! 

Z
elec

= exp("E
i
/k

B
T)

all states of i

# =

! 

gi " exp(#Ei /kBT)
Ei

$

! 

           (27)  

Q���%. '!'(�sL5

! 

Z
elec
)�h��%5-(��vl|})wxyz

{h

! 

E
0
Q'8(3`hwxyz{h�%��5���%&3)����)��

gh

! 

g
0
Q�%Q( 

! ! ! ! !

! 

Zelec = g0 exp("E0 /kBT) + g1 exp("E1 /kBT) + . . . . 

              

! 

= exp("E0 /kBT){g0 + g1 exp["(E1 " E0) /kBT) + . . . .} 

! ! ! ! ! ! !

! 

= exp("E0 /kBT) gi exp["(Ei " E0) /kBT]
E i

#               (28) 

#$%&wxyz{�)��Q'a��|})

! 

exp("E0 /kBT)h�7a�h( 

! ! ! ! !

! 

Zelec,0 = gi exp["(Ei " E0) /kBT]
E i

# ! ! ! ! ! ! ! ! ! ! ! ! ! (29) 

Q��'(3`h��L5�cvl|})����Q�%&(28)Q(29)!" 

! ! ! ! ! ! !

! 

Z
elec

= exp("E0 /kBT) # Zelec,0! ! ! ! ! ! ! ! ! ! ! ! ! (30) 

#$%&��vl|})wxyz{

! 

E
0
h(wxyz{h�%��5���%i

))(3)

! 

E
0
)�Fs-��#$%&! (30)#-3)���l0�t_`87
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!"#$%&'(

! 

g0 exp("E0 /kBT))*+,-./01!23456789:4

;./01!<=>?@"(30)AB1!=7 

! ! ! ! ! !   

! 

lnZ
elec

= lnZ
elec,0

" E
0
/k

B
T                         (31-1) 

             

! 

T(
d

dT
)lnZ

elec
= T(

d

dT
)lnZ

elec,0 +
E0

k
B
T

                 (31-2) 

             

! 

d

dT
(T lnZ

elec
) =

d

dT
(T lnZ

elec,0)                       (31-3) 

3C!"N=1=D0EFGH=D0IJ01!'37 (31-1)'KL7MN>

! 

("Nk
B
T)AOP0

! 

G
int

= F
int
AQR7(31-2)'KL47MN>

! 

(+Nk
B
T)AOP07

! 

H
int

=U
int
AQR!"(31-3)'KL47MN>

! 

(Nk
B
)AOP0

! 

S
int
AQR!<=>5

!"S10-2-4(20)~(26)>TDUVWXY:'

! 

G
int

,  ,F
int

,  H
int

,  U
int

 ,  S
int
=7(31-1)~ 

(31-3)'ZA[\!<=37]^_`abcH

! 

E
0
+defH>gR!hi'jE

+k!"(31-1)=(31-2)>lm7

! 

E
0

= 0=DUKL>[\ G7F7H7U'n4

! 

NE
0

oPpqr!"(31-3)st S>uD047bcH

! 

E
0
'hi4E1" CvdwHx

>y10z S={|'}~=5!" 

! <'l�5��st7���*>�P!VWXY:',���47#$��

%&']^_`aA

! 

E
0

= 0=D07)0'����%&'

! 

E
i
4

! 

E
0

= 0st�JU

nAB107 (29)>�J0��r!" 

! ! !

! 

Z
int

= Z
elec,0

=

! 

g0 + g1 exp("E1 /kBT) + g2 exp("E2 /kBT) + . . . . 

! ! ! ! ! ! !  

! 

= gi exp("Ei /kBT)
i

#                          (30-1) 

<'���'l�5bc

! 

E
0
�'��47���'�f�+�gr!�f��'�

��AQR! >7���'�f�'¡37¢£DU]^_`a'#¤A¥Br

!���=D0¦§Kr!vS13-14x"¨/©34

! 

E
0

= 0=QR0ª1" 
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! 

exp("E
i
/k

B
T) # 0   (i $ 1)!"#$%&'()*+,-./0123456~76

28%(29)98 

! ! ! !

! 

Z
int

= Z
elec,0

=

! 

g
0
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (30-2) 

:;<%=>+,-.(?@ABC!D4EFGH;IJ;4KLM%NO)

*+,-.(P/QR$%NSTU()*-./&'01234SVWX!Y

Z234[\F]^_K 

! ! ! !

! 

Z
int

= Z
elec,0

=

! 

g0 + g1 exp("E1 /kBT)! ! ! ! ! ! ! ! ! ! (30-3) 

(30-1)%(30-2)%(30-3)(`(9!Yab8%

! 

exp("E
i
/k

B
T)/cde4fg(hi

Jj4K28%`(j_J$'+,-.(

! 

gi:

! 

E
i
/k4l:!234(B^_

bm! lno8%pq2rs4j_J%Gt,(uvw)(+,-./xre4y

z{(|}bok4l:J;4K 
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10-3)   !"#$%&'()*+!",-./012"34  

10-3-10567862"9:;<5678=2"9:>  

! ?@!"&ABCD1E2FGHIJ"1!"K1LMG6N12"OPQ

RST+,U 10-1-V0WX*A567862"9:YZ[*+W\]^_`a

1!"(Li, Na, K, Rb, Cs)bBEcd2Refgh178i1LMG6N1j2"

OPQRST+WX*<b567862"9:YklmXYO&n+,U 10-1-B0W 

 

 

 

 

 

 

 

 

 

567862"9:1?@!"&ABopPQ34cqm+ Schrödingerrst

1uvuOw<*+Wx1uA?@!"1hyz{]|}~�Y��RB��

"34AB��"�BrD�"�B���"�1�I1�"�1�(n, l, m)&�

o)*+�! R;RB?@!"12"34��]�~AB��"� n��&��

MBn��c��RST+WX1�&�1!"Y�l�ST+W 

! 567862"9:YklR�+\]^_`a!"1��bBx1hyz{

]|}~�A?@!"Y1��;<B ¡A¢u&n+WR;RB\]^_`

V£W B£ ?@!" \]^_`a!" 

!"#$%&'()*+,-./01 

U 10W67862"9 

2&0 

(Li, Na, K, Rb, Cs) 

&0 

 

 

/03$401 
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!"#$%&'()*+,-./0123456789:"#$)*+,-;

<=>2.?@ABCDEFG8Na$'(1HIJKL$ D1.80.60nmM

NOPQRS01(588.995nm2 589592nm)HIJT2.UVWXYXZ5[JD

0[\-]^_!$ CsH.8T$S01$OP. 42.2nm `ab&JDT$c

C3S01.)*+,-$defg2cGZJA8T$defgAhijZJ

kl.8mnomp#qr9:s"#t$uv?w`x&J Schrödingeryz{

WX.|}H~3[DUhlenbeck and Goudsmit (1925) .8p#.��2p�H�

�J�p�H.3V8�$����`x���J�)���2[C�����

��8��$�)������ s�2�)�����=��,µ����2 u

Q8\-]^_!"#$'(1AS01HIJkl�|}&JT2`¡¢QRD

p#.8£p��a�no¤$�¥7�¦���Q5678TZ.p#$y§

�#¨ l$©ª����`«JDQWQ8¦���Q5[Jp#WXno¤�¬

­J28�£p��a�no¤�Ap#$®7�¦�Q5[JT2`3JD£p

�A¦���&J28no�`�¯A'°&JDT$�¯$no�`.p#A

±²&J$H8T$�¯.p#$�)�����=��,�2³´µ¶&JT

2`378/0`·¸QR¹º-»=�¼W`O½j¾JDT$³x¿À3Á

Â������¯2�)�����=��,�$³´µ¶.�)��;©ª³

´µ¶�2ÃGZJD 

! Äy8�mno/p#q�$ HerÅ 10-/-At`xÆ&J\-]^ÇÈ$"#

rBe, Mg, Ca, BatrÅ 10-/-Bt$'()*+,-`.É01AÊZJD�mno

/p#q�$ He`x&J Schrödingeryz{H.8p#ËÌ'$³´µ¶�Í

FÎG3X3[rÅ 10-/-AtDTZ.�mnomp#q�H.ÍÏ&JÐÑA



 272 

!"#$%&'()*+,-./0123& He415/012'()"678

19:;$<=)>?@A&BCDEF7GHIJA%KLM7NO=)PQ

F()*RS"&TUVWXYZ'7[ 10\/\];^= He;C=) Schrödinger

_`a&bVcL)YZF'd)*/e&01Ffghi81'()YZ"67

jklm&01noZlmpq&,klm&01noF()YZFrstu)*

vqM7+,-./0123&jklmnoF+GHIwxyz{|}3;~�

��=)YZ'7�h����41&��G���h&����&jk�%�

b'd)YZ;!)*!

 

 

 

 

 

 

 

 

 

! +,-./0123& He'57+,-.�0123ZqM��=�d���

z{|}F��#M<)*Y&��'7He5�%��!+,-.�0123'

()*Y&~ ;741��¡¢/7¢j7¢£)'57 

! ! +,-.,0123¤+,-./0123¤+,-. n0123 

Z�¥_V¦q§L)YZ'7+,-.�0123ZqM¨©41ª«¬I­&

]®®* B® He41 �h����41 

[ 10\/*,-./012®01¯&B�°±F²$;³´)* 

!"#$%& 

! (Be, Mg, Ca, Ba) 

2"#%& 

 

 

'()*+%,-./01234&5 

 

*%&6785 
*%&6785 
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!"#$%&'()*+,-./.0123456789:34;<=>?@

A4BC@'()8D4E7@FG*H-IJKID4E78!"#$%&'

()@L-0MNOP*QRS-./K234567TUITVITW?@XYZI3

4[\7ID4E7ID4]7@^_`UTIVVIWaITa?Sbcdef.ghI

ijbkD4E7@lmnopTT?Sq-K@rIssrZt@uvZwxy02

z{E7r|Yy}~�P*��Sq:2 

! 34567rZIk����A4�p@34;<=>?@!"#$%&'()

*��-Isf*��-y8�Ik����A4�p@��%�({��b��

-IA4BC@��%�(���@D4BC*��.01TUITVITW?2! k1�

��A4�p@��BCS�: Schrödinger���r@ Hamiltonian?

! 

ˆ H ;��4?

ZI�6-2-1rq-K8I k����A4�p@��@34;<=>?SgP

1A4@�� ¡S�:1

! 

ˆ H ZICGS¢£�rI¤@¥¦S§¨ef12 

!     !

  

! 

ˆ H = ("
!

2

2m
# i "

Ze
2

ri
)

i

$ +
Ze

2

rijj

$
i

$ + [
Ze

2

2mc
2

(ˆ s i •
ˆ l i)

ri
3

]
i

$  ! ! ! (31) 

!ZA4@©DI"ZAª«DIcZ6¬­I

! 

r
i
Z��®¯A4 i@°±, 

! 

rijZ²

³@A4 i¯ j@´µ°±*§:2ZZ¶A·S�¸:1¹4º;34»¼?r

½12 (31)¾¿@À�oZA4@ ¡��%�(IÀ²oZ¶A·S¥1ÁÂ

>ÃÄ%��%�(IÀÅoZ²³A4Æ@ÇÈ��%�(IÀÉoZ!Ê>&

ËÌ´µÍÎ@��%�(I*§¨-.012�A4�A4BC@��%�(

���ZI(31)*

! 

ˆ H ̄ :1 Schrödinger ���¯+Ïs¯r��f1s¯Sy1

8I�ÐZIÀ�o¯À²oÑ�y1

! 

ˆ H S�:1+*I��EÒ*Ó�-.Ô

�IA4ÇÈ@ÀÅoZs@+S�:1Õ¡o¯-.Ö¦2e�SI!Ê>&
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!"#$%&'()*+,'-.'/0*123456789:';<=>?

@ABCD>/0E'FGHI>J@KL'MNOPQRST'UVWXYZ

3[\FGX]89!

!

10-3-2) J@^_1 LS`a  

! (31)'bJc ZD>defgbJchZeffij_klm34mnogIgp9

4qrs'J@;t+uvw=Upx_=yz{8|'J@D>bJcX}~

{8e�X��HIj�89� 10-1(B)1� 10-2(B)=�H73p8;<=>�J

@���8�Q���D>bJc�ZjDg\>��'J@=;t��Af=}

~67�bJc�=;8�Q���j�89��3>4qrs'J@1uvw

'J@X��2>defgbJchZeffiX��{89!

! uvw'J@1D>���'��J@^_=r�2�J@j�89���'

��J@^_jD>J@MNOPQKLD� f=¡¢8'j9£mo>Ca?

@=¤¥8!"J@'¦§D>Ar'J@^_X&p3¨©jk>!

! ! !

! 

Ar (Z =18)    1s
2
2s

2
2p

6
3s

2
3p

6

Ca (Z = 20)   1s
2
2s

2
2p

6
3s

2
3p

6
4s

2
" [Ar]4s

2
! ! ! ! ! ! !   ! (32)!

j�t>2ª'�J@D

! 

4s
21¨©6789:' 

! 

4s
2 D>«¬@­ n=4, ®x¬

@­ l=0 ' s!"=�8¯�'J@X°±{89Pauli'²|?³HI{81>

¯�'J@�´�'!"

! 

(n,l,m,"
s
)=µ7gpHI>2ª'�J@D�¶�'·

k¸¥�¹<

! 

(n,l,m,"
s
) = (4,0,0,±1/2)'!"XºS23p8:1X°±{89»

J@!"¬@­D>¼½';<=>«¬@­ n=;t®x¬@­ l�¾¿67>

6I=>ÀÁ¬@­ mD®x¬@­ l=¾¿6789!



 275 

! ! ! ! l=0,1, 2, . . . . , n-1 

 ! ! !  m=-l, -(l-1), -(l-2), . . , 0, . . , +(l-2), (l-1), +l     ! ! ! ! ! !  (33) 

m!!"l#$%"#$%&'()*+&,l=0 #-! m&'()($*(+,

-././012 l3!456789:#;<=(>+,!

! ! ! l! = 0   1   2    3    4    5    6! ! 7! ! 8! /// 

          s   p   d    f     g    h    i    k !   l! ///! ! ! ! (34) 

s, p, d, f ?@!ABC#DE3F&GHgIJ!456789:K3%&,LM

NHj!012(OPQ3RSP&#@>T%U,?LH456789:K@! 

s, p!VWXY&GHZY[\ j]^_F+3`a]bcP&,  

  Z#F+3HCa#d1ef(

! 

[Ar]4s
2]NgH Arh#ijk(lmnoij

pd1qr]stP&Z]@Huvw:5xyz{](31)#|}t]#~��[H

���%�d��Zeff�\��@�&,!

! Rd1q��#d1��(��&-3��%#!Hq��@#d1�[�?

&������0

! 

ˆ L ]�u�����0

! 

ˆ S @�&!

         

! 

ˆ L = ˆ l 
1
+ ˆ l 

2
+ . . . .+ ˆ l 

n
= ˆ l 

i

i=1

n

"                                  (35)!

        

! 

ˆ S = ˆ s 
1

+ ˆ s 
2

+ +. . . .+ ˆ s 
n

= ˆ s 
i

i=1

n

"                                 (36) 

���C#��Hij��@#R 1q#��@!H8w:5�3�¡¢YL

� 1#���0G£¤0@�*��#¥2]%&,Z#�¦!HRd1q#

01�C���@\§¨�3^_@�&,LMNH"©#d1Gªm#{«¬

#���0�����]u��#���0�(lmZ]]HZY[#���0

G­®1]%&Z]GH���C#ij��#��]!$%&,!
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! !"#$%&'()*+,-."/01234567-89:;0<=>:?

@;(31)ABCDEF3GH(IJKLMNO3PQRST6UV89W:XC

Y9ZW3 0<=>3

! 

ˆ H [;(35)C\]^_9`JKabcd3 2efg$

! 

ˆ L 
2;

`JKabcd3 Zhifg$

! 

ˆ L 
z
;(36)C\]^_9`GH(abcd3 2e

fg$

! 

ˆ S 
2;̀ GH(abcd3 Zhifg$

! 

ˆ S 
z
 :jklmCno;

! 

( ˆ H , ˆ L 
2
, ˆ L 

z
, ˆ S 

2
, ˆ S 

z
)

3fg$[pq3rstu6vw;x3y$123PQRSTrsz E[

! 

( ˆ L 
2
, ˆ L 

z
, ˆ S 

2
, ˆ S 

z
)3d$u3{

! 

(L,M
z
,S,M

s
)C|}~_9ZW_[d$���~��

^_9��;��;��;��)Z!

!

! 

( ˆ L 
2
, ˆ L 

z
)[pq3rstu6v�3C;��3rszC��9d$u

! 

(L,M
z
)[;

�y$d$12C3��d$u:��d$u3t�(33)-�>?�t�-n9Z

�w;

! 

ˆ L 
23rsz[  

! 

L(L + 1)!
2C;x3�3

! 

ˆ L 
z
3rsz[

  

! 

M
L
!:�o;!

! ! ! !

! 

M
z

= "L,"(L "1), . .,  "1, 0, + 1, . .,  + (L "1), + L             (37) 

3t�-n9Z

! 

M
z
[(2L+1)�3��9z6�9Z 

! 

(ˆ S 
2
, ˆ S 

z
)-�"@�`����

t�Xh�89.  

! 

ˆ S 
23rsz[  

! 

S(S + 1)!
2C;x3�, 

! 

ˆ S 
z
3rsz[

  

! 

M
S
!:�o;!

! ! ! !

! 

M
S

= "S,"(S "1), . .,  "1, 0, + 1, . .,  + (S "1), + S             (38) 

3t�-n9Z

! 

M
S
[(2S+1)�3��9z6�9ZW_~JKn9"[GH(3

abcd3d$u-t89t�(33), (37), (38) [;� d$¡-¢£�"@¤o;

abcd¥¦3§¨�~©�W:XCY9��;��;��;��)Z 

! y$123PQRSTrsz E [;

! 

( ˆ L 
2
, ˆ L 

z
, ˆ S 

2
, ˆ S 

z
)3d$u3{

! 

(L,M
z
,S,M

s
)C

ª\^_9X;(37):(38)3t��~; ��3y$12PQRSTrsz E -

«?@¬ 

! ! ! ! ! d$u3{

! 

(L,M
z
,S,M

s
)3­u®(2L+1)! (2S+1)! !  ! ! (39) 
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!"#!$%&'()*+,-./01234E56(2L+1)! (2S+1)789:+

,-./;<5=>$%?@ABC.C.$%#

! 

(M
z
,M

s
)8D.E!F6$%#

! 

(M
z
,M

s
)501234E!GHI85JKLFM./NOPQRS$! TUVW

%

! 

ˆ L 
2XNYZ[QRS$!TUVW%

! 

ˆ S 
2!\]^F_`a<.$%#

! 

(L,S)!b

(01234E !GHI@cdC./ef,6gh%i!h%&'56$%#

! 

(L,S)8Df,jkI<.lm6ln6lo6llp/ 

! qh%=r$%# l@6(34)!st8e-6u2vwxyz!{|}F~�D

�86NQRS$!$%# L8)+,56u2vwxyz!G|}@M,.;

X(j��!t�X�f,-.�!

! ! ! L! =  0   1   2    3    4    5    6! ! 7! ! 8! !!! 

            S   P   D    F   G   H    I    K !  L! !!!! ! ! (40) 

�=6NYZ[QRS$$%# �8KC.��56�T����!^@6�!��!�

86

! 

2S+1
LX+,�C/�T����5YZ[g7�X~�<./!

! ;!D�86iN�F!h%�a��.NOPQRS$

! 

ˆ L XNYZ[QRS$

! 

ˆ S @(35),(36)!D�8�`6gh%i!h%&'@6NOPQRS$

! 

ˆ L 
2XNYZ

[QRS$

! 

ˆ S 
2!$%#

! 

(L,S)8Df,jkC.�`=( LS���Russell-Saunders 

��p!�`=FM./NOPQRS$

! 

ˆ L 
2XNYZ[QRS$

! 

ˆ S 
2!$%#

! 

(L,S)

��F��.h%&'!;X@ LS��LS termpX~�/ 

 +�+6LS�56 0� ¡X+, (31)¢£F¤¥�!YZ[¦OP§¨©ª

!01234@J«+¬�­FM./B®!Y¯°z2±4²@³´µ8¶·

C.gh%ih%&'@¸dC.856YZ[¦OP§¨©ª!01234!

¹º@�»C.¼½(M./¾%�¿À[p!NQRS$ 

! 

ˆ J = ˆ L + ˆ S ! @�`.
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!"#$%&'()$*+,-.

! 

ˆ J 
2$/012!   

! 

J(J + 1)!
2 34567"&'(

)$89:;6"<=7> J$12" 

! ! ! !

! 

J = L + S,(L + S "1),(L + S " 2),......, L " S ! ! ! ! ! ! ! ! (41) 

!?>@ABCDEFGHIJ2"KLMNOP$Q.$R8!STUVW"

! 

(L,S)

3XY>Z[\"L]S$R82, (2S+1)^$Z[W_`=a" LbS$R82"

(2L+1) ^$Z[c$_`!?>@defgh?ijLklmn3"Jop?>

q.rs$ijLklZ[otuvwxy_`z@#762 J{|}L!~�7"

� J{|}L2(2J+1)xW�����>@ijLklo���� J|}Lo��r

s3�>@J$1o���>��3ijLklZ[otuR8v��wxyz!"

J$1o���>��!2�$��3ijLklZ[otuR8v��wxyz

$��o�>@Q._��32"LSyijLkl2"ABCDEFGHIJ$

�(\��>#!3"J{|}Lc$ijLkl_`\�T>!���>@!

! � " LS�8vRussell-Saunders �8z$¡5�32"! #$¢£$).¤

vL"S"Jz3wq.¥$q.rs\_¦�"#7\ 

! ! ! !   

! 

2S+1
L
J
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(42) 

!§¨�>@#7o_��fijLklZ[3�>@� J{|}L2(2J+1)xW�

����>$3"#$wq.¥$q.rs$�x©2" 

! ! ! ! !

! 

g(
2S+1

LJ ) = 2J + 1! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (43) 

3�>@ 

 (32)3ª!�« Ar2"

! 

Z =18,   1s
2
2s

2
2p

6
3s

2
3p

6
! $q.¬­\®¯"��q.

rs2 (L,S,J)=(0, 0, 0)3�°"

! 

2S+1
L
J
±

! 

1
S
0
!!?>@Ar²�32?³"´µq.

¬­\®£%�$¶·A(He, Ne, Ar, Kr, Xe, Rn)$��rs2¸�¹�

! 

1
S
0
3�>@!
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!"#$

! 

g(
1
S
0
) = 1!%&'$()*+$,-./0+123456789:;<

=>?@A#BCDEAr9FGHI=J4 ZK19!229LM+ND#$O9P

MQRS5678ITU+V3E 

! ! !        !

! 

K (Z =19)     [Ar]4s          
2
S

1/ 2

Ca (Z = 20)   [Ar]4s
2
        

1
S

0

Sc(Z = 21)    [Ar]4s
2
3d    

2
D

3 / 2

Ti(Z = 22)    [Ar]4s
2
3d

2
   

3
F

2

! ! ! ! ! ! !   ! (44) 

§7-5-4%WX?YZ[\]^ Fe3+, Cr3+, Gd3+!+ND#$PMQRS5678<!

! ! ! ! ! ! !

! 

Cr
3+

(Z = 24)      [Ar]3d
3
      

4
F3/2

Fe
3+

(Z = 26)      [Ar]3d
5
     

6
S5/2

Gd
3+

(Z = 64)     [Xe]4f
7
     

8
S7/2

!!!!!!!!!!!!!!!!!!(45)!

S@4E!

! ,-./0I=J4_`$

! 

1
S
0
Ta95678%<$5678.b9:;0I

=>34cde&4Efg(30-2)+hiYjk+$l#9mnPM78Iop%

q4rs~ts%<$,-./0+u34vQ1w<$ 

! ! ! !        

! 

Z
int

= Z
elec,0

=

! 

g
0
! ! ! ! ! ! ! ! ! ! !      ! (30-2) 

S@'$56PM789:;0xyez4E5678S{|mn789}%,

-./0+u34vQ1wI=J4_`(30-3)$5678S{|${~$���$

{ nmn78�%=>?#,-./0+u34vQ1wI=J4_`(30-1)$%

<mnPM78S5678S9������xy%<@A$1234PM9v

��*78

! 

2S+1
L
J
I��+�i$(2J+�)9:;0I����@�@DE�g%<

�;�v�9�b�I�#}jkE 
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10-3-3) !"#$%&'()*3+,-./0123&45  

! 3+,-./01236789!"#$%&:;<=>?@AB&$CDEF

GH9I6JKLMN)OP9Q3+,-./0123& Pr
3+RS Tb

3+&?$O

&:;FT 10-36UVQWX<= Macfarlane and Shelby (1987)YZ[\]^_`

aLaCl36bcdX`e+,-./0123f&ghijklmniTRSop

_`Q 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Pr
3+RS Eu

3+qO<=Jmni$%<rs!"#$%tMuvw9Q! Gd
3+< 4f

! 

3
H
4
 

! 

Pr
3+

+ 

! 

4 f
2  ! 

4
I
9 / 2

 

! 

Nd
3+

 

! 

4 f
3
 

! 

Pm
3+

 

! 

6
H
5 / 2

 

! 

Sm
3+

 

! 

4 f
5
 

! 

7
F
0
 

! 

Eu
3+

 

! 

4 f
6
 

! 

8
S
7 / 2

 

! 

Gd
3+

 

! 

4 f
7
 

! 

7
F
6
 

! 

Tb
3+

 

! 

4 f
8

 

3 

4 

 

5 

0 

 
1 

2 

7/2 

6 

5 

4 

15/2 

13/2 

11/2 

9/2 

15/2 

13/2 

11/2 

9/2 

7/2 

5/2 
0 
1 
2 

3 

4 

5 

6 

2 

0 

4 

6 

8 

!1000 cm
-1

 10 

T 10-3Qx+,-./0123& Pr
3+RS Tb

3+&?$O&yz LS#

& J-mni$%Q{|\} Jmni~FU_=�&��&�Eq`<

��E< J&~FUVQ 

yzmni! ! ! !  

123  

��C�  

6 

yz LS#& J-mni$%  

4 

5 

6 

7 

8 

! 

5
I
4

 

! 

4 f
4
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!"#$%&'()'*+,-

! 

4 f
7./0. 1)234

! 

4 f
85*+,-.60

Tb
3+789:;<=>%?@ABCDEFGH<=>%?8 4f1 ~ 4f65,-2I

JK9:;<=>%?8 4f8 ~ 4f135,-2LMEF1)8N+%OP5NQRS

TU()EVW9VX9VY)F!  

! Z[\]^@_`ab\]^@5cd^efg# 1000 cm!1 hijk7lE

589Sm3+@ Eu
3+2mS)EF1)Sjn5opq789cd^efg8rs

2000 cm!1 hi8lEFtBC9uv5wxyT=300Kz789Sm3+@ Eu
3+jn

5opq89  

      

! 

2000 cm
"1
#$E = 0.248 eV ;   kT(300K) = 0.0260 eV  

            

! 

exp("#E /kT) = e
"9.54

= 7 $10"5 % 0  ! ! ! ! ! ! ! ! ! ! (46) 

@KC{D579|C5ab*+}~.��KC9Z�\]^5��i5�7

����i5%,��.���E (30-2)�#��7�EF 

! KRK9Sm3+@ Eu
3+2�KC89�0R5ab J\]^�7��E��#l

EFZ[}~@Z[ LS>5| J\]^�7��K9����i2��E%,�

�.��E�(30-1).�BC���{DF�29_`ab\]^#� 300 cm!1 7

lE Eu
3+20DC8,  

! ! !

! 

300 cm
"1
#$E = 0.0372 eV ;   kT(300K) = 0.0260 eV  

            

! 

exp("#E /kT) = e
"1,43

= 0.24! ! ! ! ! ! ! ! ! ! ! ! ! (47) 

7lERS915,�#��2��7lEF 

! ` 9¡v5 T=1000K789'@� 2000 cm!15cd^efg#lBC/9  

          

! 

2000 cm
"1
#$E = 0.248 eV ;   kT(1000K) = 0.0865 eV  

            

! 

exp("#E /kT) = e
"2,87

= 0.057  ! ! ! ! ! ! ! ! ! ! ! ! (48) 
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!"#$%&Boltzmann'()*+,-./01.2! Gd3+3456789:;

<.7&=>?@+=> LSA86 JBCDE!FG,7&(30-1)H3I.JK

LMNO;PQ#RSTU3I.#/01.2 

! V8WX;&Y(Z[\]^8KLMNO;PQ#RSTU)&=_BCD

+`aBCD8bcDdef+gO;Whijk;Flmn-%-.2V8o

8FG)&"5E!pY(Z[\]^q.)rs[\]t:u8vwxy3F

l#9:;z{+-#2,$,&|}8o;<.7)~�3{Q#2 

! rs[\]t:u�8��8vwxy3Fl#9:&�;&�������

t:u�8��8vwxy&�ln 

! ! ! !

! 

LnCl
3
(s) +

3

2
F
2
(g) = LnF

3
(s) +

3

2
Cl

2
(g)! ! ! ! ! ! ! ! ! ! (49-1) 

        

! 

1

2
Ln

2
O
3
(s) +

3

2
F
2
(g) = LnF

3
(s) +

3

4
O
2
(g)                   (49-2) 

-�8��;PQ#vwxy3Fl#9:)~�3{Q#&��+��!��

�����[\]8KLMNO;��Q#A8X�&J�BCDR�;��Q#L

R)������#+Fl71.2��]���� ¡I¢U0&J�BCDR�

8£¤�3¥SQ#0¦�&¦§&¦¨^&V�)

! 

LnCl
3
(s)+

! 

LnF
3
(s)8�!©,5)ª

«-.$%!"#2

! 

(1/2)Ln2O3(s) = LnO1.5(s)8��]���� ¡I¢U)& 

! 

LnCl
3
(s)+

! 

LnF
3
(s)Wh)¬¬­�.0&(49-2)8��8vwxy®8¯°)±²

,7p1.2+V³0&AR�bcDde8LR)&J�BCDR�bcDdeW

hp)#$;£¤.8!&(49-1) ¬(49-2)8vwxy;p¯°Q#´!µ¶7.

#+FlJ/01.2!  

! (49-1) ¬(49-2)8��)�������[\]8S·(¸¹��!"#$%&
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!"#$%&'()*+,%-./0123"4567"89:;<"=>?

#@ABCDEAF-G>HIJ%KLMN./0123"4567-OPQ

R5S"TUVW%CXYZM("[.(49-1) \(49-2)"]^S_^"`+a[

/0123"4589:;<?=bBCc>Hde.fghijklmn12

3[C.op`q123SOPAB>(rPSsn123tOPAB>(rP

[-.uf45"89:;<-vGbBCc>H!"wxGyz-.jklmn

123"{|[}( Nd3+123"~a"`Pq"(uf!uf)����:�:"�

��G��E���ZMB>(H(49-1)\(49-2)"#$-jklmn123"O

PQR5t��'(#$[}(E�.QR5?vG(!S[uf4589:;<

?���%vGMN.!"uf4589:;<"�-.(49-1)\(49-2)"#$")

*+,"}(a"���G���`SGbB�M(H�3�������S�

NM(���`[}(H 
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10-4!"#$%&'()*&+,-."/01  

! 210-2-334+56789+:;<#$"/01

! 

Z(",V ,1)=: 

! !      !

! 

Z(",V ,1) = Z
trans
(",V ,1) # Zint (",V ,1)! ! ! ! ! ! ! ! !       (16) 

':>?*&'@ABCD+,-."/01$E3F.GHI#JKLM!3

N"#3N:OPQR$ST<#UVW:XYV$ N<#Z+,-."/01

! 

Z(",V ,N)=:  

! ! ! !

! 

Z(",V ,N) =
[Z(",V ,1)]N

N!
=
[Z

trans
(",V ,1) # Zint (",V ,1)]

N

N!
         ! (12) 

3F.G"#$[\+]^_`H+56.G 

 

a"#+bc.%&d()*&'e#fghi$"jk  

! "#+bc.I#$%&d()*&'"#$e#fghi=:l#mn$

Born-Oppenheimerop(qrop)+8s:tu+=vw+"jxy.'z{.G

N|}~:%&*&'e#fghi����\-.%evw�����xyU

^[\=:H�+="jxyU^�:XX3=z{U^X'+-.G-.':

H"#$@ABCD+,-."/01=:%&d()'e#fg+,-.N$

$E'U.G�+:e#fg'�_z�-6�=��fg$��D g0$�3F

.'-.':"#$@ABCD$"/01=:"#$%&d()*&+�.N

$+ g0��c7N$'U.G�V+:%&'()+,-."/01Nop�+

��U"/01$E3��xy.'z{_: 

        

! 

Zint (",V ,1) = Zvib (",V ,1) # Zrot (",V ,1) # g0! ! ! ! ! ! ! ! !     (47) 

'U.GH"#$"/01=:>?:%&:()+0-."/01$E+��
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!"#$%&'( g0)*+,-%./01234 

! ! ! !

! 

Z(",V ,1) = Ztrans(",V ,1) # Zvib (",V ,1) # Zrot (",V ,1) # g0             (48) 

5"%!"#$6789:;<=#$%&'( g0%>.?@9834ABA;

C2:;DE%F"GHIJK.LM,NOPQRS5"%!"TUVWXY

Z6QA9[\.]34^ 10-1:;_^`PaF"5"bc%<=!"#$d

e%&'()fA9834 

^ 10-14! bcgF"5"%<=!"#$de%&'(hhK 

gF"5" <=!"#$i <=!"#$%&'(i 

H2 

! 

1
" 1 

N2 

! 

1
" 1 

O2 

! 

3
"  3 

NO 

! 

2
"
1/ 2
(
2
"
3 / 2
)  2+2jexp(-353/RT) 

CO 

! 

1
" 1 

HCl 

! 

1
" 1 

HBr 

! 

1
" 1 

HI 

! 

1
" 1 

Cl2 

! 

1
" 1 

Br2 

! 

1
" 1 

I2 

! 

1
" 1 

! i
! NO%klm%!"#$:no12P8pqrs#$)^t4 

! ! ! ! ! ! u%rs#$:<=#$Nv 353 cal/molw8x+P%.; 

&'(: 2+2jyz{(-353/RT)dgYZ|dA9}O4 
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! !"#$"%&'()*+!,-./012345678#9:;<=>?

@+AB#CDEFG3!"#$"%&1H*+IJ23!"!,-KLMN

-#OPQ'RST@U>VW3VX3VYZA( 10-1 [?*+\39]!#^_3`

a$"%&#bcd2 g0e1 fg+Ah[h3 NO !"f23i#`a$"%

&2jklm%&\ 353 cal/mol (e1.477 kJ/mol) h[nop>#f3B#lm%

&Dqr-.12stuvp>AwxG3yz{|\hGbcd'}~��p

?p>A�U3g0e3fg+��!"fD32000K'�~+��f23`a$"

%&#

! 

3
"#�1

! 

1
"#lm%&'}�h3yz{|\hG�xU�<�>AB#

��13!"#!�H�'}~+^_D3i#!"#$"%&1H*+!,-

.���'��1RS*+��<g+A 

 

���#!�H��

! 

Z
vib
(",V ,1)�  

! �!"2 N�#�"[?��T@G>+\*+\3�"#{ (�"¡#{ )

'/¢*+123k£12 3N �#¤�<��1p+AB# 3N �#¤�[?3

!"¥¦#§¨\©ª'/¢*+¤�'«h¬>G­+D#<3!"#��®

�#¯°d\p+A!"¥¦#§¨®�#¯°d2±fg+<3!"¥¦#©

ª®�#¯°d23!"<²³.!"[3i@\D3´²³.!"[1µ¶·

p+(¸1- 4)A ²³.!"f23i#²³1¹²pº�»'©ª¼\*+©ª®

�1½?@+#f3!"¥¦#©ª®�#¯°d2ºfg+Ak�3´²³.

!"f23©ª®�#¯°d2±fg+A¾13 

! ! ! !"��#¯°d= 3N-5 (²³!"), ! 3N-6 (´²³!")! ! ! (49) 

fg+A¿~�3N=2 #y�"!"2¥G²³!"À[?33N-5Á6-5=Âf�
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!"#$%&'()*+,-./01232()* H2O(&43N-659-6=3+6

!"#$%789:*;<"=>"?@6!2ABC*+D1232(&'=

"6!24,-./01232" H2O (&0="EF*6!24ABC*+G

1232"6!&4HIJ6!K"BCL7MN46!"#$%;<"=>"8

O7PQF6!2"RSTUVF:WUX(Y*Z[4Z\4Z]^+!

! _6`2`17abcde74'="?@6!2fghijJk&4  

! !
  

! 

E
n

= (
1

2
+ n)!",    n = 0, 1, 2, 3, . .                  _6`2`1 (12) 

  

! 

!" = (h /2# )" = h$()*lm4 

! !

! 

E
n

= (
1

2
+ n)h",    n = 0, 1, 2, 3, . .                   _6`2`1 (12’) 

Unopqr*+Sc4'="?@6!27s:*3tu> Z&_7`5`1lm4 

! !

  

! 

Z =
exp("#!$ /2)

1" exp("#!$)
=
exp("h% /2k

B
T)

1" exp("h% /k
B
T)
! ! ! ! ! ! ! _7`5`1(25) 

()*+Wv&46!"#$%w'()*D1232"

! 

Z
vib
(",V ,1)7x"SSy

eWUX(Y*+  

! z>"EF*?@6!2ABC*{|4x"6!"fghij&,! }C~4

_6`2`1 (12’)A�"de7��b�op�v*+ 

! ! !

! 

E
vib

= (
1

2
+ n

i
)h"

i

i

# ,    n
i
= 0, 1, 2, 3, . .  

M��4326!7�N�"3tu>

! 

Z
vib
&4_7`5`1(25)" ZA

! 

"
i
(��bc

! 

Z
i

"�UF*+ 

! ! !

  

! 

Z
vib

=
i

"{
exp(#$!%

i
/2)

1# exp(#$!%
i
)
} =

i

"{
exp(#h&

i
/2k

B
T)

1# exp(#h&
i
/k

B
T)
}              (50) 

ABCv~�N+ 
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!"#$#%$&'(

! 

Z
vib
)*7+5+1(25),-./  

! ! ! !

! 

Z
vib

=
exp("h# /2k

B
T)

1" exp("h# /k
B
T)

=
exp("$ /2T)

1" exp("$ /T)
! ! ! ! ! ! ! ! (51) 

0123450)6%789#%$&'(0:;2.! <=>/<%89#%?

@ABC

! 

" = h# /k
B
D=>EFG23HA%IJK

! 

T << "L0)/(51)MN%$

O)

! 

1>> exp("# /T)DP2-./7QR89#%$&'()/ 

! ! ! !

! 

T << "! 0)!

! 

Z
vib
" exp(#$ /2T)! ! ! ! ! ! ! ! ! ! (52-1) 

DP23ST/

! 

T >> "%UA0)/(51)MN%$#D$O)V%WXYZ([\

=>SV]0^2D/ 

  

! 

exp("# /2T) $ 1+ ("# /2T) + %  % $ 1,   ! !

! 

1" exp("# /T) $ 1" (1"# /T + %  %) $ # /T  

0123_`>/ 

! ! ! !  

! 

T >> "! 0)! !

! 

Z
vib
" T /#                         (52-2) 

DP23 

(52-1)D(52-2)%$&'(Ya=>/*8-3(11)%'b 

         

! 

U = k
B
T
2
(
" lnZ

"T
)
V ,N = E

vib
! ! ! ! ! ! ! ! ! ! ! ! ! *8-3(11) 

Cc`>/HAdeUA0%789#%fghijCkl2D/ 

! ! !

! 

T << "KHAL0)/

! 

E
vib
"
1

2
h# ! ! ! ! ! ! !        (53-1) 

! ! !

! 

T >> "  (UA)0)/!

! 

E
vib
" k

B
T                      (53-2) 

DP23(51)MNC*8-3(11)Ymnop/ 

! ! !

! 

E
vib

= k
B
T
2(
" lnZ

"T
)
V ,N = k

B
#{
1

2
+

exp($# /T)

1$ exp($# /T)
}           (54) 

01236o.Cq 10-3YrG3 (53-1)D(53-2))HADUA%IJs0123  
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! !8-3(11)"#$%&'()*+,-./0/12345167 CV(vib)%89:

!6-2-4 %;-*<1234" Einstein =>?@ABC):DE%1*F;(51)

G1HI%JKLEMNO9: 

! !    !  

! 

C
V
(vib) =

"E
vib

"T
= k

B

(# /T)2 exp($# /T)

[1$ exp($# /T)]2
                ! ! (55) 

TPQ1R,  CV(vib)PQ%89:S#1

! 

T >> "%;-TUF1V

! 

k
B
NWXY9:

(55)Z[%

! 

" /T = 1MY9M-

! 

C
V
(vib) " 0.92k

B
%89:\]-

! 

T = "%;TUF1

V

! 

k
B
1 92^N_(`a9:

! 

T = " /2%;-

! 

C
V
(vib) " 0.72k

B
%89:(@(-

! 

T = (1/10) "#,-1HI;-

! 

C
V
(vib) " 0.005k

B
NbcOa:d 10-5 ;-

! 

C
V
(vib)M

#$1ef"gGhNi()J1%89:!1-4 %;-jkl1234N;kl

1mnop,qr(`a9,-E1s]./0/Nta`;-H2, N2, O2 1uv

w'w1HI-x#%;yz67(`aOa{M|}):E~A1�vw'w

Evib 

! 

1

2
h"

 0 
T 

E
vib

=kT 

d 10-4.! �W./w1��?��M#$1ef:

S#%;TUF1V�kT�N-�#%;����

?��1V(1/2)h!N-D~�~��Y9: 
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!

! 

""#$

! 

(" 300K)%&'()*+,-./01 

 

 

 

 

 

 

 

 

 

 

 

 

2 10-2.! 34565!789:;9<=>??> 

65 !@(cmA1) 65 !@(cmA1) 65 !@(cmA1) 

H
2
 4160 HBr 2559 I

2
 213 

HD 3632 HI 2230 N
2
 2331 

D
2
 2994 F

2
 892 CO 2143 

HF 3962 Cl
2
 556 NO 1876 

HCl 2886 Br
2
 321 O

2
 1555 

 

2 10-2BCDEF!34565!789G;9<=:cmA?>H2IJKL

! 

(" )G

kB 

" 
T 

0 

! 

C
V
(vib) 

M 10-5.! <'785!NOPQ!RS

! 

C
V
(vib)-$T!U

V1W$HBXYZ!L:kB>.[\]01T^@K !_

$ H B

! 

C
V
(vib)" 0 H ` 0 1

! 

T = " ! $ T H B

! 

C
V
(vib) " 0.92k

B
, 

! 

T = " /2HB

! 

C
V
(vib) " 0.72k

B
H`01'a

! 

T = " /10HBC

! 

C
V
(vib) " 0.005k

B
.bcd+1 

"/2 
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!"#$%&'()*+,'-./012345%(6)*67+89%&:,

;<(8=:6>?@A=BC)=(/D c=E=F+G%+ 

              

! 

c = "# $ [m /s] = [m] % [1/s]! ! ! ! ! ! ! ! ! ! ! ! H56-1I 

JKLMNG%&()

! 

" ,'-./012345%(6)*89%OP= 

! ! ! ! ! ! !

! 

" =
"

c
=
1

#
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! H56-2I!  

89%&-.QRL c6STDUV(,=W6XL!Y6(D3V&4Z=(1/")

,[(/6/0L[Y6(J9%7+D\]G%&75^2BC)+()

! 

" 6_

`, 

! ! ! ! ! !  !

! 

" = c" ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! H56-3I 

89%&()Dab+

! 

h"c:@ADdeZf

! 

h" = h(c" )Lg%&"O"=()

-.Hcmh[I,/06ijD cmLkl"Zc689%OP=H56-1I6^bL=

c":@A cJMKS-.m6fgP=75D cmD/0+G%fLnGopJ

9%&qr+"#=()-.

! 

(cm
"1
)6BC)6fD='stuvAw*6fLx

yG%Q, 

        

! 

" =
h#

k
B

=
hc# 

k
B

  ! z !

! 

"(K) = 1.4388 #$ (cm%1
)! ! ! !   H57I 

Dab&76y{|D} 10-2 6fLab+= F2=Cl2=Br2=I2~�6����

�8,=w�2000K +g%7+J�%&"ZJ�#=Kv8,=75P���

��6BC�C,��uL���H��IL��"g$&!

! �����895�����895=BC6��_),(50)8}�8�%OP=

�10-2-4)6'����A6�����6��*8��Z��u_`|D9#,

%7+8= 6�����6BC�C6��D¡¢uL£¤%7+J8�%& 
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!"#$%&'()

! 

Z
rot
(",V ,1)*  

! ++,-./$0123456789:;<=>?@AB$CB-%A%D

E?F$GHIJKL:KM:KNOPQ5R"#ST$UVW-:XY%A,-Z:

[XY%A,-\,]5R^_:`aA%A2bcXY%Adefg5RXY

%A,-:%A$XYhPiX,jk2l5h$m<$"#nopqr-: 

! ! ! ! ! ! ! ! ! ! !

! 

"
J

= hBJ(J + 1)                      !  (58) 

8?5RJ-"#$@A(,:0, 1, 2, 3, sss$t2u5RB-"#v(,:+

$%A$wxyrz{J!8|}$'~P]5R 

! ! ! ! ! ! ! ! ! !   

! 

B =
h

8" 2
I

                           !  (59) 

�P:XY%A$"#nopqr(58)-: 

!    !
  

! 

"
J

=
h
2

8# 2
I
J(J + 1) =

!
2

2I
J(J + 1)     

! 

(J = 0, 1, 2, 3, " "")      !  (60) 

8?5R+$"#nopqr-(2J+1)jP��9��5R��@A�$��,]

5R���:"#$%&'(

! 

Z
rot
-:�jW(2J+1)8��(�2���: 

! ! ! !

! 

Z
rot

=
1

"
(2J + 1)exp(#$

J
/k

B
T)

J

%                       !  (61) 

8?5R��(�-%A$"#��x2���5R� 10-5P��;�P: 

  

 

 

 

 

 

H H H D 

2""#h]< 

! ! ��Z 

2""#h?9 

! ��� 

 

� 10-5R�� HZ%A8�� HD%A$��($��R 
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!"#$%& H'()"#$%& HD*+,-(.!"#$%& H'/0 

2 112345-4.)"#$%& HD /06789:'11230:;<H'

=0.> 10-5/?@=ABC123/DE- 180F712/8G.HIJK:

;!LMN4OP-<LQ.HD=0!P 180F712=R.S789:MN0

OP:;<T7UVRWX:;YG.H'=0Z[\MN]*'^/_`-S(

/:-<abc.127%dD_

! 

Z
rot
0.Ue_f=gbchi:;(.jk7

Z[\MN7_`Q4lBmnopq:;<frs=5-)"tu&%&7%

dD_7vw.(61)x0yzF*{|BC}~7 Boltzmann%�x=5-4.f

r'=5-!"tu&%&7%dD_=0.�&�s�f���):-<!

! ! (60)*(61)/��E-(. 

! ! ! ! ! !

! 

Z
rot

=
1

"
(2J + 1)exp[#J(J + 1)$

rot
/T]

J

%                  (62) 

            

! 

"
rot

=
h
2

8# 2
Ik

B

                                      (63) 

(:-<! ��i7tu&%&712�_

! 

B (cm
"1
)(Sq/U�E-12��7

���F

! 

"
rot
7�*n 10-3/AE<#$!��%&*��cR.

! 

"
rot

< 90 K  =5

G.SqX��7 2u&%&=0 

! 

"
rot

< 20 K=5-<abc.

! 

T >> "
rot
7 

n 10-3< tu&712�_(Sq/U�E-12��7���F��� 

%& H2 HD D2 HCl DCl CO N2 

! 

B (cm
"1
) 60.81 45.66 30.43 10.60 5.45 1.93 2.01 

! 

"
rot
(K) 87.5 65.7 43.8 15.3 7.84 2.78 2.89 

 

��0}~7�F��=��E-7=.(62)7 J /DE- 0.�¡789/.
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J!"#$%&'()'*$+ 

! ! ! ! !

! 

Z
rot
"
1

#
(2J + 1)exp[$J(J + 1)%

rot
/T]dJ

J= 0

&

'  

             

! 

"
1

#
exp[$J(J + 1)%

rot
/T]d[J(J + 1)]

J= 0

&

'  

             

! 

"
1

#
(T /$

rot
) exp(%x)dx
0

&

'

! 

=
1

"
(T /#

rot
)                     

,-./0&123456!7#$&8"9:. 

          

! 

Z
rot
(linear) "

1

#
$
T

%
rot

=
1

#
$
8&k

B

h
2
$ T! ! ! ! ! ! ! ! ! ! ! !  (64) 

;<$+ 

! =>.?/0@&1':.AB!C/<D>E2FGHIJKLMNI1, I2, I3O

PQ+&1RSTUVWU2XYZ[$V;\]^$. VWU2GHIJKLM

Y_`$;.?/0&12342&8"9:.a2bc!de]^$+ 

       

! 

Z
rot
(non " linear) =

8# 2

$
% (
8#k

B
T

h
2
)
3 / 2
% (I

1
I
2
I
3
)
1/ 2

                 (65) 

f:?/0&127g9'h$. f!Q`i:.jQ2kYl 10-6 !m#+7

g9:&1\n#$34opq'Zr$+NHD!: NYs$ 3334o\ 

 

 

 

 

 

 

 

H 
H 

F 

3334o 

! ft3 

2334oN&1uvwO 

3334oN&1v!C/O 

! ! ! ft6 

 
l 10-6+ NHD; BFD27g9f 

N 

B 

F F 
H 
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!"#$%&' 3 (!)*+,-.(!) BF/0' 2 11234 3 11235

!"#$%&' 6(!)* 

! 678-.0$9)(65):-;<&=>?4#  

        

! 

E
rot

= k
B
T
2
(
" lnZ

rot

"T
) =

3

2
k
B
T! @678-.A 

        

! 

C
V
(rot) = (

" lnE
rot

"T
) =

3

2
k
B
! ! @678-.A 

4B)*! CD#78-.0$9)(64):-;<&=>?4#  

! ! ! !

! 

E
rot

= k
B
T
2
(
" lnZ

rot

"T
) = k

B
T! ! @78-.A 

        

! 

C
V
(rot) = (

" lnE
rot

"T
) = k

B
! ! ! @78-.A 

(!)*12EFGHI'JKL:M0B):(#NOPQ:12RS:TU

VJKL:M(!)*WX'(64)(YZD[?0#J 0<9)\]= J :^_`

-0abc)defg(!)*h:NijPQ:12RS:TU'#k10-2-4)

:lmnopq:NijPQ:TUr(stDuvw<xy=#(64)4(65):-

;<&

! 

Z
rot
0z{ab|})W45(~)* 


