
 448 

!14! "#$%&'()*+,-&'  

! ./0123(45"#$%6789:;&'<+,-6=>?@AB>?

&'3CDEF!10-2-1 GHI3JKLMNNGF./01OPQ5RSTU

3CDEVWXYZ[\]^L_`abcd5Mefg3Vh0123id5 

j01klmnoap]ZVNqa!9r2, 3, 4GJKLstu&'<v*C4

5MeNOPV"#$%6789:;&'V+,-6=>?@AB>?&'wx

yF"#$%&'V+,-&'<zd{f|U}~���PO3~5MNqP

f�1��Fx�f��V 1) ��GFV"#$%&'<+,-&'f�DF�

�a�DV��F+$��?&'3��d5N<V2) ���G�����1�

md�1��V3) �����1f����f ¡V4) ��f��OP�1�¢

*£ZE¤5¥¦w��1f§£{V5)���3(45¨U 4He f©ªV~«3

¬®qVef¯°±²}����³3~5M  

 

14-1) �1´µf01klm<tu&¶·k  

! ./01OPQ5h012GFV¸¹f01Fº»G¼~DgV½01�«

f)X~�1´µ3¾5Oa_`d5N<�U3���~DMZOZV¿01

f�1´µfÀFÁ»ÂÃ<ÄÅ5fGVef)X~¿01�1´µ3ÆÇ r

aÈ4Vr ÆÉf¿01�1´µaÊËED501ka nr <ZEVÊÌ01k

nra rfÍÆ3Î3ÏKL�CfkÐV 

! ! ! ! !

! 

{i} = (n
0
,  n

1
,  n

2
,  . .,  n

r
,  . .)                           (1) 

aDEV012ÑUf�1´µ{i}aÄÅ5N<�G¼5MNqFh012Ñ

Uf�Cf�1´µ{i}f01klm(number representation)<ÒÓq5M./0



 449 

1OPQ5h012fR`FjÔÕ�1Ö  (second quantization) fÀnoG×

Øq5M01klmFef£ÙÚG¾5MNNGF01klmfRÛGÜ&<

d5�VÔÕ�1ÖfÀnÑU3CDERÛZL4qÓV�1Ý²fÞ±ßàáV

77M7â{aãä®qLDM 

 !10-2-1GJKL)X3V"#$%01GFV.�f¿01�1´µaÊË5

01k3FV  

! ! ! ! !

! 

n
r

= 0, 1! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! w2{ 

fåæ�¾5M./h012fç¸xèf01�.�f¿01�1´µaÊË

5N<F£é~DMZOZV+,-01FV 

! ! ! ! !

! 

n
r

= 0, 1, 2, . . . . ,  "                               (3) 

fÑEfêëìkaí5N<�£é5M012fÑ01ka N <ZV01kl

maîX<V 

! ! ! ! !

! 

N = n
0

+ n
1

+ n
2

+ n
3

+  .... + n
r

+ .... = n
r

r

"              (4) 

ïLV012ÑUf�Cf�1´µ{i}fðñ$ò,FVrÆÉf¿01�1´µ

fðñ$ò,a

! 

"
r
<d5<V 

! ! ! !

! 

E
i
= "

0
n

0
+ "

1
n

1
+ "

2
n

2
+ "

3
n

3
+  .... + "

r
n
r
+ ....= "

r

r

# n
r
       (5) 

G¾5M 

! �ÀVNfh0123id5&¶·k ZFVtu&'fóR3)ôV 

! ! ! !

! 

Z = exp("E
i
/k

B
T)

i

#                                    (6)  

G¾5MNfõFVº»G¼5012ÑUf�1´µ{i}fðñ$ò,

! 

E
i
fÑE

3ö®q5MNq301klmf(5)aD5<V÷f)X3l¥®q5ø 



 450 

! ! ! !

! 

Z = exp("E
i
/k

B
T)

i

#

! 

= " " " " exp(#
1

k
B
T

$
r
n
r

r

% )
n2

%
        n1
n2 + ....= N )

..

%
      n0
(n0 + n1 +

%      (7) 

NfhùõGFVÊÌk

! 

n
r
fú~5û

! 

(n
0
,  n

1
,  n

2
,  . .,  n

r
,  . .)fÑE3ØL^Eõa

í5MeZEVhùõfzÇf�3ßOqLüý!

! 

n
0

+ n
1
+ n

2
+ ....= N! FVÑ

01k� N G¾5N<amZE(ôVNqFefhùõ�þÿ®q5!f"#

üýG¾5Mw 7{Ftu&'fÄÅÀ3$X&¶·kG¾5�V

! 

n
0

+ n
1
+ n

2
+ ....= Nf"#üý�¾5LËVú~5ÊÌk

! 

(n
0
,  n

1
,  n

2
,  . .,  n

r
,  . .)!

3CDEfõFV%&3'[GF~DM(\V)*~�PV(7)f+,FV 

! ! ! ! ! !

! 

" (e
#$ 0 / kBT )

n0

%
n0

& 

' 
( ( 

) 

* 
+ + , (e

#$1 / kBT )
n1

%
n1

& 

' 
( ( 

) 

* 
+ + , (e

#$ 2 / kBT )
n2

%
n2

& 

' 
( ( 

) 

* 
+ + , , ,! ! ! ! ! (8) 

<V(8)+,f)X~'[~õf-f�3F £é~DMefgV.¹F(7)f/

0<Z Boltzmann &'aDNq3i1ZE¼LMZOZV��GFV

Sackur-Tetrodef2F34Zw!6-3-5{VBoltzmann&'f/0W��Gf5°�

f012w�1TU6 He{GF34d5w!10-2-2{M$^EV/0aîØ73

(7)fhùõaþ!38Ë53F9:�;<<~5Mefgf9:<FV÷GJ

K5j./h0123id501klmo<!9r2, 3, 4GJKLjstu (grand 

canonical) &¶·koav=d5N<G¾5Mstu&¶·k�efÝaÙ>d

5M 

 

14-2) �1RSTU3id5stu&¶·k

! 

"(T,µ,V )  

  (7)ftu&¶·k Z 3

! 

exp(
Nµ

k
B
T
)a?4EVNqa@3CDEfAOPBïG

fõaíqÓVtu&¶·k

! 

Z(T,V ,N)Fstu&¶·k

! 

"(T,µ,V )3CD®q5M



 451 

stu&'f&¶·kwTrµ&¶·k{FV÷f)X3EF®q5ø 

! ! ! !

! 

"(T,µ,V ) # exp($
E $ Nµ

k
B
T
)%(E,V ,N)dE

E= 0

&

'
N= 0

&

(  

                

! 

= Z(T,V ,N)exp(
Nµ

k
B
T
)

N= 0

"

#                       !9-2(35) 

! 

Z(T,V ,N)F(7)fN<G¾ôV

! 

n
0

+ n
1
+ n

2
+ ....= Nf"#üýfW<VÊÌk

! 

n
r
f

ú~5û

! 

(n
0
,  n

1
,  n

2
,  . .,  n

r
,  . .)fÑE3ØL^EõaíôV®P3VNqPfõ3

! 

exp(
Nµ

k
B
T
)a?4V

! 

N3CDEAOPBïGfõaí5Mefv��stu&¶

·k

! 

"(T,µ,V )<~5MNfCDfGHGVþFVj'[~õf-of��þ¥Z

ED5MNqa³IZ)XM 

(4)f·J)ôV 

! ! ! !

! 

exp(
Nµ

k
B
T
) = exp[(

µ

k
B
T
) n

r

r

" ]! ! ! ! ! ! ! ! ! ! ! ! ! !  w9{ 

G¾5N<3K�ZEVtu&¶·k Z 3

! 

exp(
Nµ

k
B
T
)a?45�VNf?LF N

3·d5õaþÿd5M3ÿØNÓ~P~DfGV(9)aîXø 

! ! !

! 

Z " exp(
Nµ

k
B
T
) = exp(

Nµ

k
B
T
) exp(#E

i
/k

B
T)

i

$  

! ! ! ! ! ! ! !

! 

= " " " " exp[#
1

k
B
T

n
r

r

$ (%
r
# µ)

n2

$
        n1
n2 + ....= N )

..

$
      n0
(n0 + n1 +

$ ]        (10) 

Nf(10)f�,3CDE N3·d5õaí5N<GVstu&¶·ka8Ë5<V 

! ! !

! 

"(T,µ,V )

! 

= Z " exp(
Nµ

k
B
T
)

N= 0

#

$  

             

! 

= " " " " exp[#
1

k
B
T

($
r
# µ)n

r

r

% ]
n2

%
    n1     

..

%
    n0

% ! ! ! ! ! ! !  

! ! ! ! ! !  

! 

= " " "#
r

e
$n

r
(%
r
$µ ) / k

B
T

n2

&
n1

&
n0

&                          w11{ 



 452 

<~5M N3·d5õaí5N<GVú~5 NfÑEfO=aPQd5N<3

~5Mefv�V(10)3È4EDL¸»f"#üý!

! 

n
0

+ n
1
+ n

2
+ ....= N! FR

<<~ôVx�f)X3jõf-o3SZ¤~5M  

     

! 

"(T,µ,V )

! 

= [e
"(# 0"µ ) / k

B
T
]

n0

$
n0

% 

& 
' ' 

( 

) 
* * + [e

"(#1"µ ) / k
B
T
]

n1

$
n1

% 

& 
' ' 

( 

) 
* * + [e

"(# 2"µ )1 / kBT ]
n2

$
n2

% 

& 
' ' 

( 

) 
* * + + +  

             

! 

= [e
"n0 (# 0"µ ) / k

B
T
]

n0

$
% 

& 
' ' 

( 

) 
* * + [e

"n1 (#1"µ ) / k
B
T
]

n1

$
% 

& 
' ' 

( 

) 
* * + [e

"n2 (# 2"µ )1 / kBT )
n2

$ ]
% 

& 
' ' 

( 

) 
* * + + +  

             

! 

= "
r

e
#n($

r
#µ ) / k

B
T

n

%                                   w12{  

vTFV

! 

(n
0
,  n

1
,  n

2
,  . .,  n

r
,  . .)feqUqf

! 

n
r
3CDEÑEfÂÃ~Vfõa<ôV

efyGeqPf-aW5N<3SZDM|UXaÈY 9 3mdfGV³I®

qLDM 

! (12)f

! 

e
"n(#

r
"µ ) / k

B
T

n

$ 3CDEFV"#$%01GFÊÌk3üý(2)�ÈZZE

D5fGVn=0V n=1! f[\<~5M 

! !   !

! 

e
"n(#

r
"µ ) / k

B
T

n

$ = [e
"(#

r
"µ ) / k

B
T
]
n

n= 0

1

$ = 1+ e"(# r "µ ) / k
B
T  

]3V"#$%013id5stu&¶·kFV 

        

! 

" =
r

#(1+ e$(% r $µ ) / k
B
T
)! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (13) 

G¾5M�ÀV+,-01GFÊÌkfüý(3)3)ôVn=0, 1, 2, 3, .... , B<~

5fGV 

! ! ! !

! 

e
"n(#

r
"µ ) / k

B
T

n

$ = [e
"(#

r
"µ ) / k

B
T
]
n

n= 0

%

$ =
1

1" e"(# r "µ ) / k
B
T

 

L^ZV

! 

e
"(#

r
"µ ) / k

B
T < 1füýa_DED5N<3`�®qLDMNftab3C

DEFy3cdd5M$^EV+,-013id5stu&¶·kFV 



 453 

        

! 

" =
r

#
1

1$ e
$(%

r
$µ ) / k

B
T
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (14) 

<~5M(13)<(14)fstu&¶·kFV�C3ï<Ë5N<�G¼5M 

! ! ! !

! 

" =
r

#(1± e$(% r $µ ) / k
B
T
)

±1                                  (15) 

effÇF"#$%01V!ffÇF+,-013VeqUqi¬d5M 

! GFV+$��?��3$X012w+$��?012{fstu&¶·k

F«f)X3l¥G¼5^gXOh! N 012ftu&¶·k Z a÷f)X3

CDdqÓiDM! N012ftu&¶·k ZFV¿01&¶·k zaDEV

! 

Z = (
1

N!
z
N
) G¾5OPw!10-1{, 

! ! ! !

! 

" = Z # e(µN / kBT )

N= 0

$

% = (
1

N!
z
N
)e
(µN / kBT )

N= 0

$

%                        

                       

! 

=
1

N!
[z " exp(µ /k

B
T)]

N

N= 0

#

$

! 

= ez" exp(µ / kBT )        (16) 

jyfS2GFV 

! ! ! ! !

! 

e
x

= 1+ x +
1

2!
x
2

+ "" =
1

n!
x
n

n= 0

#

$ ! ! ! ! ! ! ! ! ! ! ! ! ! (17) 

aî^ED5M (16)f¿01&¶·k zFV

! 

z = exp("#
r
/k

B
T)

r

$  G¾5OPVN

qak3l]ZE  

! ! !

! 

" =

! 

e
exp(µ / k

B
T ) exp("#

r
/ k

B
T )

r

$

= e
exp[" (#

r
"µ ) / k

B
T ]

r

$

 

        

! 

= "
r

e
exp[#($

r
#µ ) / k

B
T ]                                      (18) 

<~5MNq�+$��?012fstu&¶·kG¾5Mjmk·kfmk·

kf-o3~^ED5�VNq�"#$%01<+,-01fstu&¶·k

(13)<(14)ïLF(15)3indK¼l¥G¾5MNqPfinaÄÅ)XM 

! (18)GVWZVop´µf

! 

"
0
3·ZEV 



 454 

         

! 

exp["(#0 " µ) /k
B
T] << 1! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (19) 

�Q[d5<VNqF!

! 

("
0
# µ) /k

B
T >> 1! a��d5OPV

! 

"
r
# "

0
 fqr´µ

3iZEWV

! 

("
r
# µ) /k

B
T >> 1 G¾ôV

! 

exp["(#
r
" µ) /k

B
T] << 1! �Q[d5M]

3V(18)+,FVmk·kfsktu (17)OPV 

! ! ! ! ! !

! 

e
exp["(#r"µ ) / k

B
T ]
$ 1+ exp["(#

r
" µ) /k

B
T]! ! ! ! ! ! ! ! ! (20) 

<~5M$^EV+$��?012fstu&¶·kFV 

! ! ! ! ! !

! 

" = #
r

e
exp[$(%

r
$µ ) / k

B
T ]
& #

r

(1+ e$(% r $µ ) / k
B
T
)                 (21) 

<~ôVNqF"#$%013id5stu&¶·k (13)3��d5M�ÀV

+,-013id5stu&¶·k(14)FV

! 

exp["(#
r
" µ) /k

B
T] << 1füýOPV 

! 

x << 1"
1

1# x
= (1# x)

#1
$ 1+ x  </0£é5fGV

! 

x = e"(# r "µ ) / k
B
T  <dqÓV 

        

! 

" =
r

#
1

1$ e
$(%

r
$µ ) / k

B
T
& #

r

(1+ e$(% r $µ ) / k
B
T
)!                  (22) 

<6Fô(21)<.v3~5Mxè)ôV

! 

exp["(#
r
" µ) /k

B
T] << 1! füý�¾qÓV

"#$%01G¾q+,-01G¾qVefstu&¶·kFV+$��?0

1fstu&¶·k3SZ¤~5MNfüýF(14)f+,-0123id5st

u&¶·ka8ËL!füý !

! 

e
"(#

r
"µ ) / k

B
T < 1 ! awcZED5MGFV

! 

exp["(#
r
" µ) /k

B
T] << 1! füýFxa��d5fG¾gXOh! NqF,+$�

�?&'apDLüýøj¿01ðñ$ò,uy

! 

"
r
aÊÌd5z{01k

! 

n 
r
�

ê|3}®Do<füýw!6-3-4{G¾5MNqa÷~3³IZE\)XM 

 

14-3) uy

! 

"
r
fz{ÊÌ01k

! 

n 
r
 

!9-2G³IZL)X3Vstu&'3)qÓV01k Nf=?�?�$z{FV 



 455 

!

! 

< N >=
1

"(T,µ,V )
N # Z(T,V ,N)exp(

Nµ

k
B
T
)

N= 0

$

%

! 

= k
B
T
"

"µ
ln#(T,µ,V )  ! ! !9-2 (36)  

G¡ÅPq5M�ÀV"#$%01<+,-01fstu&¶·kF 

! ! ! !

! 

" =
r

#(1± e$(% r $µ ) / k
B
T
)

±1
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (15) 

GV+$��?01fstu&¶·kF 

! ! ! !

! 

" = #
r

e
exp[$(%

r
$µ ) / k

B
T ]
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  (18) 

G¾5OPVeqUqfO=3CDE!9-2 (36)f+,�|U}3�Pq5M 

�ÀVÑ01kFV01klm(4)3)ôV 

! ! ! !

! 

N = n
0

+ n
1

+ n
2

+ n
3

+  .... + n
r

+ .... = n
r

r

"              ! ! ! (4) 

G¾5OPV!9-2 (36)<(4)FS_G¼5MNq)ôj¿01ðñ$ò,uy

! 

"
r
a

ÊÌd5z{01k

! 

n 
r
oa��38Ë5N<�G¼5M 

i) "#$%01fO=V 

! !

! 

< N >= k
B
T
"

"µ
ln[1+ e#($ r #µ ) / k

B
T

r

% ] 

! 

=
e
"(#

r
"µ ) / k

B
T

1+ e"(# r "µ ) / k
B
T

r

$ ! ! ! ! ! !   (23) 

(4)<nK5N<3)ôV"#$%01�juy

! 

"
r
aÊÌd5z{01k

! 

n 
r
oFV 

! ! !

! 

n 
r

=

! 

e
"(#

r
"µ ) / k

B
T

1+ e"(# r "µ ) / k
B
T

 

! 

=
1

e
("
r
#µ ) / k

B
T + 1
! ! ! ! ! ! ! ! ! ! ! ! !    (24) 

<~5M(24)F"#$%&'·k<ÒÓq5M 

ii) +�?01GFV 

! !

! 

< N >= k
B
T
"

"µ
ln[

1

1# e#($ r #µ ) / k
B
T
]

r

%  

        

! 

= {"
1" e"(# r "µ ) / k

B
T

(1" e"(# r "µ ) / k
B
T
)
2
$ ["e"(# r "µ ) / k

B
T
]}

r

%

! 

=
e
"(#

r
"µ ) / k

B
T

1" e"(# r "µ ) / k
B
T

r

$   ! ! !  (25) 

(4)<fn�OPV+�?01�juy

! 

"
r
aÊÌd5z{01k

! 

n 
r
oFV 



 456 

      

! 

n 
r

=

! 

e
"(#

r
"µ ) / k

B
T

1" e
"(#

r
"µ ) / k

B
T

=
1

e
(#
r
"µ ) / k

B
T
"1
! !                      !     (26) 

G¾5M(26)�+,-&'·kG¾5M 

iii) +$��?01fO=F, 

  (18)3)ôV 

! 

ln" = lneexp[#($ r #µ ) / k
B
T ]

r

% = e
#($

r
#µ ) / k

B
T

r

%  ! ^OPV 

    

! 

< N >= k
B
T
"

"µ
e
#($

r
#µ ) / k

B
T

r

% = e
#($

r
#µ ) / k

B
T

r

%                          (27) 

(4)<fn�OPVjuy

! 

"
r
aÊÌd5z{01k

! 

n 
r
oFV 

! ! ! !

! 

n 
r

=

! 

e
"(#

r
"µ ) / k

B
T =

1

e
(#
r
"µ ) / k

B
T

        ! ! ! ! ! ! !  !          (28) 

G¾5M(24), (26), (28)OPVxqf./012GWV

! 

e
"(#

r
"µ ) / k

B
T
! �juy

! 

"
r
a

ÊÌd5z{01k

! 

n 
r
oa�Ë5N<��5MeZEV

! 

e
"(#

r
"µ ) / k

B
T << 1 füý�

¾qÓVj¿01ðñ$ò,uy

! 

"
r
aÊÌd5z{01k

! 

n 
r
oFV"#$%01

GW+�?01GWV 

! !   

! 

n 
r
(Fermi) " n 

r
(Bose) " n 

r
(Bolztmann)

! 

" e
#($

r
#µ ) / k

B
T << 1!  ! ! ! (29) 

<V.v)X3+$��?&'fO=3SZDM(\V

! 

e
"(#

r
"µ ) / k

B
T << 1 füý�

¾qÓV"#$%01O+�?01Of�DFþ°}��a�DVÑEV+$

��?&'<ÄÅEiDM�þèV��6|�Gf�1TU6���Gf��

����f��a�4ÓV

! 

e
"(#

r
"µ ) / k

B
T << 1! Fþ¥d5(!10-2)MNfüýa+$

��?&'f�OPÄÅ5<Vj¿01ðñ$ò,uy

! 

"
r
aÊÌd5z{01k

! 

n 
r
�ê|3}®Do<FVÕCxèf01�.�f�01ðñ$ò,uyaÊ

Ë5³�whùÊÌf³�{Fê|3}®DN<a��ZED5fGV�þèV

½01�'[3�01ðñ$ò,uyaÊË5<f+$��?&'��Q[d



 457 

5w!6-3-4{Mj¿01ðñ$ò,uy

! 

"
r
aÊÌd5z{01k

! 

n 
r
oa¡Å50

1&'·kfN<aV"#$%&'·kV+,-&'·k<Ò*Vï<ËEV

! 

f ("r)

<l¥d5N<�hDM(24), (26)OPV 

        

! 

f ("r) =
e
#(" r #µ ) / kBT

1± e#(" r #µ ) / kBT
=

1

e
(" r #µ ) / kBT ± 1

                           (30) 

+F"#$%&'·kV!F+,-&'·kG¾5M+$��?&'·kFV 

! ! ! !

! 

f ("r) = e#(" r #µ ) / kBT =
1

e
(" r #µ ) / kBT

! ! ! ! ! ! ! ! ! ! ! ! ! ! !  (31) 

G¾5M 

!

"

#

$

%

&$ &# &" ! " # $

D
is

tr
ib

u
ti

o
n
 F

u
n
ct

io
n

 f
(!

):
A

v
er

ag
e 

P
ar

ti
cl

e 
O

cc
u
p

at
io

n
 N

u
m

b
er

(!-µ)/k
B
T

Bose 

Distribution

Boltzmann 

Distribution

Fermi Distribution

Classical Regime

 

 

 

 

 

� 14-1.! j¿01ðñ$ò,uy

! 

"
raÊÌd5z{01k

! 

n 
roa¡Å501

&'·k

! 

f ("r)M

! 

"
rF��V<ZE ra�ZED5M"#$%&'·kV+,

-&'·kV+$��?&'·kVw30{<w31{��DE¾5M

! 

f ("r) << 1G

FV�Cf&'·kfV�/0}3SZ¤V����wclassical regime{<Ò

Óq5M

! 

("
r
# µ) /k

B
T >> 1GF�Cf&'·kf�D�~¤~5M 



 458 

� 14-1FV"#$%&'V+,-&'V+$��?&'f

! 

f ("r)fVaV�÷�

�f

! 

("
r
# µ) /k

B
T3iZE��: ZLv�G¾5M

! 

("
r
# µ) /k

B
T >> 1GF 

! 

e
"(#

r
"µ ) / k

B
T << 1  G¾ôV�Cf&'·kfV�/0}3SZ¤V����

wclassical regime{<ÒÓq5MNqFVy3¡�d5N<3~5�(!15)VÖ

²¢£?@¤$¥��¦è§3¨D©ª3��d5N<3)5MïLV

! 

("
r
# µ) /k

B
T < 0GFV"#$%&'·kF

! 

f ("r)#1 3«/d5M���Gf¬

��f®óR3)5M�ÀV+,-&'·kFV

! 

("
r
# µ) /k

B
T > 0fW<GV

! 

("
r
# µ) /k

B
T$ 0! f¯3Ù°d5M+,-6=>?@AB>?��3·Jd5M

NqPf��W!15G±`d5M 

 

 



 459 

!14"4! #$%&'()*+,-./0123456789:;<  

! =#$>?@ABC(=)*+,-.(de Broglié)/0C>DEF 

! ! ! ! !

! 

1

(V /N)
1/ 3

<<
(2"mk

B
T)

1/ 2

h
=
1

#
T

                      §6-3-5(96) 

GH5IJKLJMNO>PQ>=#$>?@ABCFJRNOPQ>=)*

+,-.(de Broglié)/0CSTUV1WXYZIJ[\$]^W_`Uabc*

d#$ef345ghGiZ(jTkl!6-3-5mnopq#$%&'>rs!

! 

n 
r

= e
"(#

r
"µ ) / k

B
T << 1! (t>uvWwxyz>GH{v1|! opf345o(

GJ6789:;<>}~f�2W��`uvn 

 

�[���7���k�>�$��'�  

! 

"(#)�  

! !6-3-2G�c`kuvWJ��^�

! 

(V = L
3
)W���5��>��#$>�

�7��qJ�>#$>�$'f

! 

(nx,ny,nz )(�5IJ 

! ! ! !
  

! 

Enxny ,nz
=

("!)2

2mL
2
[(nx )

2
+ (ny )

2
+ (nz )

2
] ! ! ! ! ! ! ! ! ! !6-3-2 (70) 

GH5n�`J  

! 

! = h /2"  (`U hf�v(J!6-3-2 (70)q 

! ! ! !

! 

Enxny ,nz
=

h
2

8mL
2
[(nx )

2
+ (ny )

2
+ (nz )

2
]  

(���� 5n��^>^¡q

! 

V = L
3GH512

! 

L
2

= V
2 / 3 GH�J!

! ! ! !
  

! 

Enxny ,nz
=

("!)2

2mV
2 / 3

[(nx )
2

+ (ny )
2

+ (nz )
2
]                 !6-3-2 (71) 

(��GY5n

! 

(nx,ny,nz )f¢£`UJV f¤¥�¦5(��7��¢&§q¨

©`J�$'>ª>«ZW¬5��7��¢&§>«Z��zd5l!8-4>

® 8-1mn)¯°�W_`UqJV±²>³´f345>GJ!6-3-2 (71)>��7



 460 

!"#$%&'()*+,-./0!")123456789:;<=(> 

! ?@AB4CD78EF&GHIJKLMN8OP3QRJST4U(<-

./0!"K E VWXY8Z<&RJST&[\

! 

W (0,E)9789-]^)    

_6-3-34Y8`a4- 

! ! ! !  
  

! 

W (0,E) =
1

8
"
4#

3
"
V

(#!)3
" (2mE)

3 / 2               ! !  _6-3-3-(74-1) 

XY8>b^)ST[&cd%XY8ef-STgh9i*./0!"jk&

cXY8

! 

",(E)#E4l79- 

! ! ! ! !

! 

"(E)#E =
dW (0,E)

dE
#E

  

! 

=
V

4" 2
# (
2m

!
2
)
3 / 2
# E

1/ 2
# $E  

9Q8>mn<-

! 

E "#! 9oplq<-?@AB

! 

(V = L
3
)4CD78EF&G

HIJ&./0!"Ki*jk

! 

(",  " + d")4Y8OP3QRJST&r[)- 

! ! ! ! !
  

! 

"(#)d# =
V

4$ 2
% (
2m

!
2
)
3 / 2
% #1/ 2 % d#! ! ! ! ! ! ! ! ! !  _7-5-2-(30) 

XY8>   

! 

! = h /2"  9q< h\sa9-_7-5-2-(30)) 

! ! ! ! !

! 

"(#)d# = 2$V % (
2m

h
2
)
3 / 2
% #1/ 2 % d#! ! ! ! ! ! ! ! !  

XY8>_7-5-2-(30))-BtGHh&uvw_10x\yz78{XYn|&X-

BtGHh&}~4`8�J gw�;�-�J���&}~4H�78        

�=2s+1=2x4U(<)-:�+^<(Q(>bbX)! b&�J g���8b

9478> 

! ! ! ! ! !
  

! 

"(#)d# = g $
V

4% 2
$ (
2m

!
2
)
3 / 2
$ #1/ 2 $ d#         ! ! ! !  (32) 

9Q8>��./0!"�|M&RJST[wSTghx

! 

"(#)! )-  

! ! ! ! ! !
  

! 

"(#) = g $
V

4% 2
$ (
2m

!
2
)
3 / 2
$ #1/ 2                         (33) 



 461 

!"#$%&'()*+,V -.&/0!+,123456& 1/2 78

! 

"1/ 29:

;<=>?@A#$ 

 

BCDEFGHI&JI(

! 

ln")K  

! (15)LM,NO3PQR0S5TQR&CDEFGHI+,  

! ! ! !

! 

" =
r

#(1± e$(% r $µ ) / k
B
T
)

±1                                  (15) 

!UVWX,Y&Z[+NO3PQR,!&Z[+S5TQR:J\A#$ 

]^>,%&CDEFGHI&JI(

! 

ln")+, 

! ! ! !

! 

ln" = ± ln(1± e#($ r #µ ) / k
B
T
)

r

%                                (34) 

0_#$! `:abcLd:,Vef&gh!+,12345ij6

! 

"
r
&kl+

mno,12345+pqr:stA#0u_=>vl$-QR'( r:HA#

(34)wx&y+,8339&'()*!
  

! 

"(#) = g $
V

4% 2
$ (
2m

!
2
)
3 / 2
$ #1/ 2! /z{=>,1

2345|:HA#}~&�F!��!�#$ 

! ! ! !

  

! 

ln" = {g #
V

4$ 2
# (
2m

!
2
)
3 / 2 # %1/ 2[± ln(1± e&(%&µ ) / kBT )]}d%

0

'

(  

           

  

! 

= ±g "
V

4# 2
" (
2m

!
2
)
3 / 2 " $1/ 2 ln(1± e%($%µ ) / kBT )d$

0

&

' ! ! ! ! ! ! ! (35) 

0_#$�%!�FsI|��&Ld:sV#$ 

! ! ! !

! 

x = " /(k
B
T)                                         !   (36) 

%XLM, 

! ! ! !

! 

"1/ 2d" = (x # k
B
T)

1/ 2
# k

B
T # dx = (k

B
T)

3 / 2
# x

1/ 2
# dx  

0_#�W,%X�(35):��=>, 



 462 

!     

  

! 

ln" = ±g #
V

4$ 2
# (
2mkBT

!
2
)
3 / 2 # x

1/ 2
ln(1± e% x+ µ / kBT )dx

0

&

'               (37) 

!"#$%&'(&)&*+,- 

! ! !
  

! 

±g "
V

4# 2
" (
2mkBT

!
2
)
3 / 2

= ±gV " 2# " (
2mkBT

h
2
)
3 / 2
! ! ! ! ! ! ! !  ! (38) 

! ./#$0123456789(de Broglié):;< 

! 

"
T

=
h

2#mk
B
T

 =>?!- 

! ! !

! 

(
2mk

B
T

h
2
)
3 / 2

=
2mk

B
T

h

" 

# 
$ $ 

% 

& 
' ' 

3

=
1

( ( )3
2(mk

B
T

h

" 

# 
$ $ 

% 

& 
' ' 

3

=
()

T
)
*3

( ( )3
! ! ! ! @39A 

 ./#$(38)!(39)=(37) 2BCDEF- 

! ! ! !

! 

ln" = ±
2g #V

$ # (%T )
3
# x

1/ 2
ln(1± e& x+ µ / kBT )dx

0

'

(                     (40) 

!"#$%E,G&H?2I('(=>?!J?KLMN"O2"#$!

! ! !

! 

x
1/ 2
ln(1± e" x+ µ / k

B
T
)dx

0

#

$ = (
2

3
x
3 / 2
)'ln(1± e" x+ µ / k

B
T
)dx

0

#

$  

          

! 

=
2

3
x
3 / 2 " ln(1± e# x+ µ / k

B
T
)

$ 

% & 
' 

( ) 
x= 0

x=*

# (
2

3
x
3 / 2
)
(±) " (#1) " e# x+ µ / k

B
T

(1± e# x+ µ / k
B
T
)

)dx
0

*

+  

PQ&RST,-xU0.J 0, xUV.J 0!"#&.-RWT&XYZ#$ 

! ! ! !

! 

x
1/ 2
ln(1± e" x+ µ / k

B
T
)dx

0

#

$ = (±)
2

3
(x

3 / 2
) %

e
" x+ µ / k

B
T

(1± e" x+ µ / k
B
T
)
dx

0

#

$ ! ! ! ! ! !  

! ! ! ! ! ! ! ! ! ! !       

! 

= (±)
2

3

x
3 / 2

(e
x"µ / k

B
T ± 1)

dx

0

#

$ !           @41A 

%&[\=(40)2]^F-(41)!&(40)&*+_`,

! 

(±) " (±) = +!"#&.-%

&_`,[\52ab!"c- 

! !   !

! 

ln" =
4

3 #
$
g $V

(%T )
3

x
3 / 2

(e
x&µ / kBT ± 1)

dx
0

'

( ! ! ! ! ! ! ! ! ! !   @42A 

./#$def(gh+,, i9-3-(58)2jLkH?2- 

! ! ! ! !

! 

PV = k
B
T ln"! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  ! i9-3-(58) 



 463 

!"#$%&'()*+,-./0+,12345!6&786 P(T, µ)-9: 

! ! ! !

! 

P(T,µ) =
kBT

V
ln" =

4

3 #
$
g $ kBT

(%T )
3

x
3 / 2

(e
x&µ / kBT ± 1)

dx
0

'

(                (43) 

-;#<=>9&?1@A6'()*+,&!1@A6./0+,!"#<23

45!"B:C&DEF-9:6&.)GHI+,1JKL

! 

P =
N

V
" k

B
T!6;

MN-LOPQR=M< 

 

<.)GHISTU1VWX!

 (43)6"YZ!C'()*+,-./0+,1[,2345L\]#^_;`

a!"#<NRbcL&.)GHISTLVW]#N-bde#< (43)fg1

! 

(e
x"µ / k

B
T ± 1)h

! 

(e
x"µ / k

B
T
)-ijke#>l1N-!"#< 

! ! ! !

! 

P(T,µ) =
4

3 "
#
g # kBT

($T )
3

x
3 / 2

e
x%µ / kBT

dx
0

&

'  

! ! ! ! ! ! !

! 

=
4

3 "
#
g # kBT

($T )
3
# eµ / kBT x

3 / 2 # e% xdx
0

&

' ! ! ! ! ! ! ! ! ! ! m44n 

N1op6 

! 

y = x
1/ 2
!-qj&rs1JKLop!j#<!

       

! 

x
3 / 2 " e# xdx

0

$

%

! 

= y
3 " e# y

2

" 2ydy
0

$

% = 2 y
4 " e# y

2

dy
0

$

% =
3 &

4
 

=>9&tu1op6vw 11(A1-11)bxM:M#<yB:& 

! ! ! ! ! !

! 

P(T,µ)

! 

=
g " kBT

(#T )
3
" e

µ / kBT! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! m45n 

!"#<NRb&23451z{|}~

! 

P =
N

V
" k

B
T-�q]#N-�&.)G

HISTbde#N-L;#$%&!

! ! ! ! ! !

! 

N

V
=

g

("T )
3
# e

µ / kBT !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 



 464 

!"#$%&'()* 

! ! ! ! ! !

! 

N

V " g
" (#T )

3 = eµ / kBT !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(46) 

)+#$ 

! ,-*./01234§6-3-5(96)567.!

! 

1

(V /N)
1/ 3

<<
1

"
T

 !"#89*:5

;<= 3>?@*A91

! 

("
T
)
3=;<1BCDE!

! ! ! ! ! !

! 

N

V
" (#

T
)
3

<< 1                                      (47) 

!"#$(46))FG(#)*HI g=J1(DE* 

! ! ! ! ! !

! 

N

V " g
" (#T )

3 = eµ / kBT << 1!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(48) 

!"#:)=KL(#$MNOPQRS(28)!.*TU

! 

"
r
=VW(#XYZI[!

! 

n 
r

=

! 

e
"(#

r
"µ ) / k

B
T
! !"#$ :5RS!*\]^_5`aNbc

! 

"
r

= "
0
# 0=de#

)*

! 

n 
0

=

! 

e
"(# 0"µ ) / k

B
T
$ e

µ / k
B
T!"f*(48).!

! 

e
"(#

r
"µ ) / k

B
T << 1 )5,ghij)kl

?@m#$no*§6-3-5(96)567

! 

1

(V /N)
1/ 3

<<
1

"
T

.*

! 

e
"(#

r
"µ ) / k

B
T << 1! +#MN

OPQpq5rs)+#ij)t/!"f*uD.*vwh1xyNzZI)

Mc{ZI5|}~�5��+��)+�@m#$ 

!  

�`aNbc���

! 

0 ~ k
B
T�5�I^_[)�ZI[5G�  

! MNOPQpq5KL.*`aNbc�

! 

0 ~ k
B
T5��1"#�I^_[=�

ZI[)G3#:)!���1+#$`aNbc�

! 

0 ~ k
B
T5��1"#�I^

_[=

! 

W (k
B
T))(#)*:D.(32)=

! 

" = 0 ~ k
B
T!�R?4�5!"#�!

! ! !

  

! 

W (kBT) = "(#)d#
0

kBT

$ = g %
V

4& 2
% (
2m

!
2
)
3 / 2 #1/ 2 % d#

0

kBT

$ !



 465 

! ! ! ! ! ! ! ! ! ! !
  

! 

=
2

3
" g "

V

4# 2
" (
2m

!
2
)
3 / 2
(kBT)

3 / 2
!

                      

! 

=
4"

3
# g #V # (

2mkBT

h
2
)
3 / 2                      (49) 

!39"#$%&'()*(de Broglié)+,- 

! 

"
T

=
h

2#mk
B
T

 #./012345!

! ! ! ! !

! 

W (kBT) =
4"

3
# g #V #

($T )
%3

( " )3
=

4

3 "
# g #V # ($T )

%3
! ! ! ! !  !50"!

467.  89:5;<=>?@

! 

0 ~ k
B
T#ABCD7EFGHI

! 

W (k
B
T)#JK

FI NCLM7NOP5 

           

! 

W (kBT)

N
=

4

3 "
# g #

V

N
# ($T )

%3
! ! ! ! ! ! ! ! ! ! ! ! !  

! ! ! ! ! ! ! ! !

! 

=
4

3 "
#

1

(
N

g #V
) # ($T )

3

>> 1                     !51" 

467QRS#TU0P! (48)#./ 

! ! ! ! ! !

! 

N

V " g
" (#T )

3 = eµ / kBT << 1!  

CVWXQ!51"P5;<=>?@

! 

0 ~ k
B
T#ABCD7EFGHI

! 

W (k
B
T)PK

FI N YZ[\]C^_`a41bcM7Qde5EFGHI

! 

W (k
B
T)PKF

I N YZ\]C^_`#f5ghij#klPmnopqf_7Qr]s5t

KF@uvCwKFEFGH1ijM74xy&Cz{:|`a4C67Q 

(51) [}=~����@�vM7�#��1���:`7Q!

! EF�]sM745��KF�P��=�KF�]}��KF�#�es]

fD7Qr]s5��KF�P��=���4}?���#�es]C83��

�f[$}=~��KF-4#��129�@5a�P$��=���4}?

���4PuvC}=~����@��M7-4��:`7�fP6`a4C



 466 

!"#$%#&'()&*+,-./0123450'6789:;<=>?

@A:;<4B

! 

n 
r

= e
"(#

r
"µ ) / k

B
T << 1CDEB50&>B§6-3-5(96) F(51)CDEB

-GHI0JKB?8LMANO4PQI0'?8LMANO>RSTCNO

U*VWX04BYCZ[>6789:;<*?@A:;<C\;NOK50

*],I^_(50'`a3C50bcd:;<>6789:;<*?@A:

;<Cefghihg(50' 

! ji#BklmK>B?8LMANOU*nopCqrst4uvK],w

Xj'YX>\;op4xy-5z0{|CJ}(5~j�B�JC��op

]T>��(>RSop*V�(&0�C(5~j'#h#B20 ��|�K\

;opC�/�4�QI0*B?8LMANOUC"��B\;NOUC�&

����K����gX0�*K)~j'§2!3 C��(B�M����78!

?8LMA� ¡>¢)0£¤(>)¥B�K¦§I0¨©KB\;Tmaª

<C«¬Kq#$��®&¯°� U-./0¡*±^j'�X>B(29)->

²vB(47), (48)B(51)-³´Kµ&j�C(50' 

 


