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" 2

3
#(µ

0
)(k

B
)
2
T

! 

=
" 2

2
N
(kB )

2
T

# f
=
" 2

2
NkB (

T

Tf
)!!! ! !! (A10-32)   !

!B1A���!E3�rsht`K&����HE�%&���!�U86

1A�h���u_!&����H

! 

C
V

= (3/2)k
B
N2��12#�j j2./

¡_

! 

(T /Tf )¢n£50A¤¥&¦§&J¨^_!E

! 

Tf " (1#10) $10
4
K¢78#

��©¥�!&¦§&��H=ª«1J¨^_&¬�E£5#¦§&��H&

®�E¯_&°_±²=N1A.7.#³´Kµ¶·&¸¹2Eº�m#��

�!EJ¨^_=N1��H»&¬�E¼½¾¿�0A��!&°_±²=N

1¸¹&��HE#Debye 3w=Nm#³ª�%& 3 À=�Á«1fÂ12-2kA

ÃO/#��=qn1¦§&����H

! 

C
V
(metal)E#rshtu_2./&J

¨^_2°_±²«1¦§¯_&ÄÅ&¬��TU/# 

! ! ! ! ! ! ! !

! 

C
V
(metal) = "T + AT

3
! ! ! ! ! ! ! ! ! ! ! ! ! ! (15) 
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!"#$%&'

! 

"()*+,-./012$3A(4,56-789"#:&1

2$;&'<=>?@!-AB9CD&EF3(14)-GH9 T$IJKL(MN

O&' 

! ! ! ! ! ! !  

! 

C
V
(metal) /T = " + AT

2
! ! ! ! ! ! ! ! ! ! ! ! ! ! (16)!

<=>?@PQ

! 

C
V
(metal) /T9RS3TO9

! 

T
2FAUVWXYZUV3<=>?

@

! 

C
V
(metal)PQ[! A9\]^_&T!(`a&'bc-de-fgh-./

0ijklm3(16)L9nK:T!(oQOVp&qrs't-u9v 15-5Fw:'

v 12-1!v 12-2FwUK>?@PQhx(yKPQ 5KFz&{-9WXYZ

UKkl$;&'TOQ->?@mv 12-1F|DK}~F���F���OK

�$;&(3[�0.5(mJ/mol/K2)$;&T!(�&'  
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C
V
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x
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m

o
l/

K
2
)

T
2
 (K

2
)

C
V
(Ag-metal)/T = ! + AT

2

!

!

!

!

 

v 15-5'! �FA:& Cv�T vs'T�WXYZ'����m4,56F�

&12�98�, T�y$-��(+,./012[�0.5(mJ/mol/K2)9

8�&'v 12-1!v 12-2FwUK{-PQy��K->?@��9w

UVp&'#�$m3��x>?@PQ[�0.645(mJ/mol/K2)!�OVp

&(qrs3TTFwUK>?@{��\�-[98�&' 
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!"#$%&'&()*+(Ag)=0.645(mJ/mol/K2),-./01(234567*8

9:*; 

 

15-4) <=>'?@AB?CD!

! <=EF?GHABIJ<=KLMNO@7*/JP?5FQ<=?RS>

'TFNUVDW(XY/QZ'&()*;Y?![I@ABCD

\thermoeletronic emission./]^&JCD_&*ABI@AB(thermoelectron)

/]^&*;<=K`a/W(bcdAefgJUVDW(X*ABKh(i

aNjk*lJmn_&*AoIp?qrNd*;!

! ! ! ! ! ! !

! 

i = AT
2
exp("#

w
/k

B
T)! ! ! ! ! ! ! ! ! ! ! ! ! ! stuv!

! 

"
w
Iwxyz\work function.9JAI0{|z9:*;stuvI Richardson?}  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

T~\��.

(shimm^^ 

<=EF  f (�) 

! 

"
w
 

! 

µ
0

= " f

 

! 

"  

! 

"
Vacuum  

! 

"
Vacuum=0 

! 

" = 0 

� 15-6. <=EF?��ABQT~\��.NUVD(X*�NIJ

! 

"
w

?�����K�*��Q:*;T~�/<=EF9I�������

?���Q�d*?9��Q��9:*\��K��?Y/.; 

��AB9

34�� 
! 

W
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!"#$%&'(! )*+,-./&0123456+7%8'9!:;82

<=>?@A:2BC>DE34:BCFG+H'(BCFG>DE34IJ

K+LM'34!NO2JK34(free electrons)!"P(Sommerfeld+Q'JK

34RSAH'(T.%29$UIVW.X34YZ[R\]^_`YZa!

b/c(9>Qd/YZ52efgh>iI.X6jQ1 W kMl&mnop

q_rst_uvAwxyMU$'ez{h+|}%&'!NO'[~ 15-6a(

! 

"
w
:����2

! 

µ
0

= " f:]^_`��A2

! 

W = "
w

+ µ
0
>��+H'(<=:2

6�>��>st_uv��I�+��.2����

! 

"
(Vacuum )

= 0!�c(.�.2

9>6�>���:9$�A�S.%�XBCFGst_uv��>��!:

��./&(9>��>st_uv��>��>�5

! 

W = "
w

+ µ
0
+/}%&'

[~ 15-6a( 

! JK34I�zc'fg�mnopq_>�:26�>����

! 

"
(Vacuum )

= 0�

U�'!2

! 

"W = "(#
w

+ µ
0
)+H'(34:2���+2]^_`rst_uv

>���A�X $%&'�U29>Qd/]^_`rst_uv>���¡

I¢£'345

! 

"
w
kM-�+¤¥ $$#2����

! 

"
(Vacuum )

= 0+¦.26�+

§7 $'(¨©ª«> Richardson >¬>4

! 

exp("#
w
/k

B
T):9>9!I®.%&

'(Richardson >¬>E7+�&%:2¯>n°±²³2´2³µ2¶�a2I·¸ $

X&(!

! JK34RSA:2fg�mnopq_[~ 15-6a>�:]¹º²!NO%

&'(.�.2BC:»¼½¾I¿À2T>BCÁÂ>ÃÄÅo5ÆÇ�/»

¼È4IÉ}%&'(Ê}%2mnopq_[~ 15-6a>�:2ËÌ:]¹º

º²A:/82»¼½¾>ÍÎÏ!ÐÑ./&ÍÎ�mnopq_5ËÒ.%
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!"#$%&"'()*+,-./01 Schrödinger23456789:"5;

<=>?@ABCDE!FG0HIJKLMN"OKittelPQR>STUR'V 15-6

>WX<=>YZ2A[\]^#_">#;I `Oa0bcdeR;II `Oa0

bcfgdeR; III `>hijkde%&"'lml;nodep#[!qr

05#sZE! 74)'de1tuvw><=xy>z{#;KittelPQ,! Cox, P. A.
74)!

|}~ 75)!>��1���">A[!' 
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15-5) !"#$%&'()*+,-.)*+/0123451267!

! 89:;<=>?@10-2-2 %A;BCDEF?G&H&'(,-I9&<J

KLMN&OPQ9&R=SPTUVSWXYZ[\]^%_K`abcd?

ef]cd?gQ9^?hijklQ9mSh)*+Q9m&noWS;Xpq

=[a! b&Q9&rs289tuvwtx

! 

(1/2, 3/2, 5 /2, ....)%y[z{uhi

jklQ9m%?Q9&rs289tuwtx

! 

(0, 1, 2, ....)%y[z{uh)*

+Q9m%y[a 

! ijklQ9%^?OP&|Q989}~(r)U��[Q9t;^?  

! ! ! ! !

! 

n
r

= 0, 1! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! @14�2� 

&��uy[aO��Q9�&����&Q9uOP&|Q989}~U��

[\]^��K`aP�?)*+Q9^? 

! ! ! ! !

! 

n
r

= 0, 1, 2, . . . .,  "                            ! ! @14 (3) 

&�d&L�wtU�[\]u��[a��&PQ9}~U��[)*+Q9

&Q9t;^��uK`a@14%�:cD<J;?h|Q9��k�*��

! 

"
r
U

��Z[��Q9t

! 

n 
r
mU��[Q9p� t&\]U?ijklp� t?

)¡2p� t]¢£?¤]�d?

! 

f ("r)]¥¦Z[a 

        

! 

f ("r) =
e
#(" r #µ ) / kBT

1± e#(" r #µ ) / kBT
=

1

e
(" r #µ ) / kBT ± 1

                      @14 (30) 

+^ijklp� t?!^)¡2p� t%y[ab=§=?¨;?ijkl

p�])*+p�]©ªJa!"«$¬;®¯['(ijkl,-&°±^?

²³;BCDu?\\%^'()*+,-&!" « $´¬;®¯[°±Uµ�

[a!
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 !"#$%&'(14)2*, (3)+,-./01$%2&34-'5678$%9

:;<=>!"#$%7$%?+&@AB4CDEFG'$%H7IJKL;

MN4COP!"#QRBST 0 U+V>W;XY>2'ZG7!"#$%&

[\0]"7^_`C8$%9:;<=>&abV>)c 15-d*D 

 

 

 

 

 

 

 

 

 

 

 

 

ST 0 U+eCfgb&'!"#$%&h$%ij9:;<=>,k+lmn

>B'op8q&rstu+,-'tu9:_<=>+vC4C)c 15w7b7

TxTb79:*D  

! yz+'!"#$%+Tn>(14 (30)&$%?;{n|z'8}+' 

! ! ! ! ! !

! 

f ("r) =
e
#(" r #µ ) / kBT

1# e
#(" r #µ ) / kBT

=
1

e
(" r #µ ) / kBT #1

$ 0                   

T~�K 

1 $%ij9:

7[\0]" 

c 15-7D! ST 0U+��> 7�7!"#$%|z4>OP!"

#QRDT~�K b&'ZG7$%Bh$%ij9:;<=>D

Tb&!"#������������U)Z$%Btu9:;<

=�=>�U*;6��' TxTb&'tu9:7$%?&�4p'

�q�7$%&ij9:+V> 0Ue�7�Ufg;6�n>D 

 

TxTb 

 

µ µ 
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!"#$%"&"'()$*+,-./0123"&"')45 

! ! ! ! ! !

! 

e
("
r
#µ ) / k

B
T
#1> 0                               (1) 

 67895:-;3*5 

! ! ! ! ! !

! 

"
r

> µ                                       (2)  

!"#$%"&"'(<=>5?@ABCDE-FGHIJKLM*5NO-

PQRSTUVMWBXYZ[\]"#$%"&"'(!

! ^_5UVMWB`a-Sb*5NO-PQRSTUVMWB3cd-1e

f-gh_!idj&5k$k$Z)-Sb6lmnd()-Sb4(2)j&5

?@ABCDE-FGHIJKLM*2-o6c&p%"&"'(q 15-r- T

`aK -st*5uvFGHIJKLMw*xY"] 0 3y'2-o4"Y5

z{|3u`049>}'(T~Tb-st*5u*�j32-o64d1y�|

3*u!049>}'()-?�*��!��d(!

! ?@ABCDE*5T�a-�x!^QRST��3������5UVMW

BZ���Za!id��6��d)43"d()-��*ABC���JK

���J��4�%$d(�15�3!�� X¡35?@¢£M¤DE*5¥¦

-X¡35§-¨©aª-UVMWB6«�5E¬ V3®9 ¯ 

! ! ! ! !

  

! 

E0 =
3

5
N" f =

3

5
N # (
!
2

2m
) # (
6$ 2

N

g
)
2 / 3
# (V )

%2 / 3( 

)$4°�d45?@ABCDE*?@¢£M¤DE4±]²"d³�6´n( 

! µ¶-·D¸3* 5.24 ppmvE¬+¹w- He1º»$>'d(:- 99.99986¼

1 4
He!5½Y- 0.00014¼1¾He!idj&5·D He* 4

He4gh>}'(!

?@ABCDE-¿EÀ!id 4
He -st5·DÁ¦!- T�a-ÂÃ!*5 
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4.21K!"#$%&'(&)"#* 4
He+,-)./012345678'9:

;<=>!?4@:ABC)DE9*FGHI8(J)K@:ALMNBC)

DEJ)O)PQRS2T'&9*!>I8(HUH@VWU)XYZ[15-7\

U]@4
He!*LMN^_`abcd`aef$5678'9gh]i78'( 

!

15-6) LMN^_`abcd`aef)jk!

! [14-4!lmHn3o2@Cp V)qr2?'st)+,)uvwxM$u

vwxMy-

! 

(",  " + d")2?'z@&)y-2{'|}~* 

! ! ! ! ! !
  

! 

"(#)d# = g $
V

4% 2
$ (
2m

!
2
)
3 / 2
$ #1/ 2 $ d#         ! ! [14-4 (32) 

!?'(n�H@qr��k)f�23'�, g P��78'(&)|}~2

+,)����~

! 

f (")P��nO)$@uvwxMy-

! 

(",  " + d")2��<'+

,~P�h'(&&!*:ALMNBCPgh78'U]@

! 

f (")*L�a��

�~P�o(��7@uvwxMy-

! 

(",  " + d")2?'LMN+,~

! 

n(")d"* 

! ! !  

! 

n(")d" = #(") f (")d"  

            

  

! 

= g "
V

4# 2
" (
2m

!
2
)
3 / 2
"

$1/ 2

[exp{($ % µ) /kBT}%1]
" d$          ! !  (3) 

!?'(&)�P

! 

" = 0 ~ " = #! �!p�Hn��*�LMN+,~ N!?'( 

! ! ! ! !

  

! 

N = g "
V

4# 2
" (
2m

!
2
)
3 / 2 $1/ 2

[exp{($ % µ) /kBT}%1]
" d$

$= 0

&

'               (4) 

&i*@:ALMNBC)�+,~ N$@

! 

(V ,µ,T))�~9H7�h]i'&9

P��<'(&)��*@

! 

µ$

! 

(V ,T,N))�~9H7�h]i'9;�<'&9

O� '(HUHI$]@(4)*¡j!*¢£I��P�h'$@¤¥2¦='

3o2§¨j!*©�Pª<'( 
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! !"#$%&'()*+,-./0123(42356789:;<= 15-7>?

@ABC0DE.5F(42356789G;.')<4>H(4235678

<I=E>.23JKLMNOPQRST9UVWXY':;?<4>(423Z

[78KG;23J.\KLMNOP-R;?]^) 

! ! ! ! ! ! N :! ,/0123J 

! ! !      

! 

N
0
_42356789:;/0123J 

           

! 

N
ex
_423Z[789:;/0123J 

T`ab;T)!

! ! ! ! !

! 

N = N
0

+ N
ex
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(5)!

':c)def9gR-()(4)(),23J N'(Qh)423Z[789:

;/0123J

! 

N
ex
Kij;H':;?!

! ! ! ! !

  

! 

Nex = g "
V

4# 2
" (
2m

!
2
)
3 / 2 $1/ 2

[exp{($ % µ) /kBT}%1]
" d$

$= 0

&

'          ! (6) 

42356789:;/0123J

! 

N
0
()(5)T(6)kl) 

! ! ! ! ! !

! 

N
0

= N " N
ex
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(7) 

':;?I=E'()(4).I9mb;nopmJ(E':c)qrp.23WI

=E.5678Kst;def78'()S.uvQI=E.23J(LMNO

wxQR?LMNOwx;.(IyE.Z[789:;23':;?zkl)(4)

'(Qh(6)TP-{vXYW:;?|zP)5678.23W}QR~f'(

! 

N
0

= N " N
ex
# 0,   N # N

ex
TQ;.')(4)((6)T��uv9��b;? 

  !"#$9gR-(),-./0�23(I=E':;5678KstuvT

b;kl)/0�p�mJ() 
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! ! ! ! !

! 

f (") =
1

exp{(" # µ) /kBT}#1
$

1

exp{#µ /kBT}#1
% N ! ! ! ! ! (8) 

!"#$%&'()*+,-./01203!4($56 

! ! ! ! !

! 

exp("µ /k
B
T) # 1+ 1/N                                 !  (9) 

/7%&*+89+:;<=!2%2) 

! ! ! ! !

! 

("µ /k
B
T) # ln(1+ 1/N) # 1/N # 0                          (10) 

/7%&>!?@ABCDE@FG3=2HI56)J<KL/M)NOPQR

STUVMW/M7%X)YZF[\(,[)V]\2HI^_`&a 15-7+

ba(cdeNOPQRSTUVM(10)+fg!cd^`%& 

! h()a 15i7+ja+kl!(6)!m`^HI^n%&(6)/V!\2,-$%

2)!

! !

  

! 

Nex =
gV

4" 2
# (
2m

!
2
)
3 / 2 $1/ 2

{exp($ /kBT) %1}
# d$

$= 0

&

'  

/7%&**/

! 

x = " /k
B
T !+o=op!qr2)!

   

  

! 

Nex =
gV

4" 2
# (
2mkBT

!
2
)
3 / 2 x

1/ 2

(e
x $1)

dx
%= 0

&

' ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (11) 

2F%X)**(s5%tu0M)vR?f=

! 

"(3/2) =
#

2
2wxyzf=

! 

" (3/2) = 2.612+u(F%*2X{|5^`%+/})~��) 

! ! ! ! !

! 

x
1/ 2

(e
x "1)

dx

#= 0

$

% = &(3/2) ' ( (3/2) =
)

2
* 2.612&! ! ! ! ! ! ! (12)!

/7%&��^ (11)M) 

! ! ! ! !
  

! 

Nex = 2.612 " gV (
mkBT

2#!2
)
3 / 2
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (13) 

2FZ)J<KL�,/+��k�+G3=

! 

N
ex
X�|5%&!

! *+(13)+��!m`^)��yBG3= NX��k�+�yBG3=

! 

N
ex
(
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!"#$%&'

! 

T
b
()*+%,-./(13)0

! 

N
ex
12/T1

! 

T
b
3"45678

! 

T
b
(

)9%, 

           
  

! 

N = 2.612 " gV (
mkBTb

2#!2
)
3 / 2
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (14) 

(/

! 

T
b
(:;%<=>?@AB/ 

! ! ! !

  

! 

Tb =
2"!2

mkB
(

N

2.612 # gV
)
2 / 3

=
3.31!

2

mkB
(
N

gV
)
2 / 3                    (15) 

3$%,CDEF=)*GH%&'IJ(KL+%DMNF7O! &'PQR

+%ST(U;HB/&'

! 

T
b
EVW&=$%3XYZ[D\]^_

! 

N
0
P`ab

c$#$%,-./defghijklmijnoPpC%,&'Pqr+%

ST0U;%3/

! 

T
b
sQ0IXYZ[=t.uvM]^_

! 

N
0
(`a0?$wP/

! 

T
b
sqD&'=$%3CDEF$XYZ[=x%]^_

! 

N
0
(U;%yzI`#

$%,{DKL0/&'

! 

T
b
Idefghijklmijno&'3|BH%,

defghijklmijnoD}~&'3|�ST�x%,!

! ����3����D�(3HB/

! 

N
ex

N
= (

T

T
b

)
3 / 23$%78/ 

! ! ! ! ! !

! 

N
ex

= N(
T

T
b

)
3 / 2                                   (16) 

0x%,G8=/(5)D!

! 

N = N
0

+ N
ex
!!��78/!!

! ! ! ! !

! 

N
0

= N[1" (
T

T
b

)
3 / 2
]! !                              (17) 

0x%,CHEV/��T�TbD��0I/

! 

N
0
/NI�78�D��0��+%,!
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15-7) !"#$%&'(He)*+!

! ,$-./01$2345)672He8 4.21K967:;<')72=>0

?"#78@ABCD4EFGH)*+8IJKLMGNG296)OPNQ2

PRS$(He 7T' :E He 8BUVWXYDZ[\YD]^)_`FKaH

L'F@bJ>HL'M 

cdHe 9e)fghijkHlm)nopE82!"#7qrFK's2He

t&sue72v456)!"#7qr78Kw:E7T'=Fsxy7T'M!

z 15-88"5W!"#7){|}z)~��I<M 

 

 

 

 

 

 

 

 

 

 

 

 

:E�4E)���82����5.2 K22.26 atmdNQ�0 K, 0 atm�)��$�

N1M =)���8 145)�5�F 4.21K 7��<'Mv45678=)#

�E He 

:E He(II) 

:E He(I) 

 

4E He 
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�� 

�� 

c � � ( � �Kd 

30 

20 
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(atm) 

z 15-8MHe){|}zM�� 0���7i2254596

78qr�EF8KQKLM  
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!"#$%&'()'*#+,-+*./0123452.17K, 0.051 atm6" He(I) 

7 He(II)*#89*:;5#+*<=>?*@$6%&'()341-+7AB

*#8%CDE( 3F4"G()HIJ*KF4(1.743 K, 29.9 atm) %GL2M

'"1JB*N8AB*#8%CDE()JOPQ"RS(KB*8%CDE

(4% 3F4"2Gibbs* phase ruleTUVW!1 07SL2XY@Z*[!7

\]%N^_`()'*AB* 3 F4abEcAB*#8CD0%30"2'

*0d" He(I) 7 He(II)*#8%CDE() 

 

e6#+ 4
He1 2.17K"fgh*ijk5347lm`(6ano5p 15-962  

 

 

 

 

 

 

 

 

 

 

 

 

 

2.17K 

1 2 3 4 5!5K6 0 

4 

3 

2 

1 

CV,R 

#+ 4
He(I) 

#+ 4
He(II) 

p 15-9)#+ 4
He*qr^sfgh*[!@$)fgh1 R"

tu$_`vw()Tx2.17 K "2ywz{|ano2}~�

���*�3����@$��{�anE*"23�:;7l

m`() 
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2.17K!"#$%&' 4
He(II)( 2.17K!")$%&' 4

He(I)*+,-./012

3456789:;< 

=>2.17K !"#$%&' 4
He(II)+,?@A5BCDE1F%&'*G",H

IJC1G;<&' 4
He(I)5+K%!L7M6C+7:< 

! &' 4
He(II)%N1,OPQRSTUVWXTU-Y5Z[\]-./05

G;(^_3`9:;<OPQRSTUVWXTU-Y5ab;^_Nc'+,

&' 4
He(II)%defg`9,hi7de5j189:;<k`+Hlm5ab
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