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IT+#-./0123JK)UVWI+$! XC,1964 Y) Penzias, A.Z

Wilson, R. A. P[\]^IC_`a:bc-.d=,T=3K:efghij-.

)k#$_3K:`a:bc-.d:]^=,_lmnop`aqd5rs8#t

u@vwxyZ@zC$ 

! {|,}~pn:-.4&��, 

! ! ! ! ! ! ! !

! 

u(",T) =
8#h

c
3
$

" 3

exp(h" /k
B
T) %1

! ! ! ! ! ! ! ! §11-(3-5) 

5,�����R!�J8��,-./01234&$��,�Ei�kC�

:-./0123Z@#$��P��%&:��)��8#�Z=,Planck P

-.4&��5]^8#�), Stefan-Boltzmann FZIT���T+C(�11)$

§11-(3-5)5�����R!�JIC��5 u*=(U/V)Z�8Z,U =i�P V !

"#9��i:�/01235��8#$ 

! ! ! ! ! !    

! 

u* =
U

V
=
8"h

c
3

# 3

exp(h# /k
B
T) $1

d#
# = 0

%

& ! ! ! ! ! ! ! ! ! (41) 

��!,

! 

x " h# /(k
B
T)Z�?Z 

! 

" 3d" = (k
B
T /h)

4
x
3
dx !Z@#¡�!

! ! ! ! ! ! ! !

! 

u* =
U

V
=

8" (k
B
)

4
T

4

c
3
h

3
 
x

3

e
x #1

dx

x= 0

$

%                     

Z@#$¢�J=

! 

 
x

3

e
x "1

dx

x= 0

#

$ =
% 4

15
!"#¡�,Stefan-BoltzmannFZ@#$ 

! ! ! ! ! ! !

! 

u* =
U

V
=
8" 5

(k
B
)
4

15c
3
h
3
T
4                               (42) 

£zT,9��i:�/0123U=, 
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! ! ! ! ! !

! 

U =
8" 5

(k
B
)
4
V

15c
3
h
3

T
4                                    (43)!

!"#$!

!

! 16-4) %&'()*+,-./012345!

  %&'()23456789:;<#:=>*+,-./0

! 

"(T,µ,V )6?@

A#1BC$(43))DE=F)GHIJKLMF1N!O#$FF!=>*+,

-./0

! 

"(T,µ,V )6@CP>%&'()23456789:LQA#$ 

! R9-3!=>*+,-./0

! 

"(T,µ,V )N>ST9/U1VP> 

! ! ! !

! 

kBT ln"(T,µ,V ) = pV ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! R9W3 (58) 

!"X>YZ> 

! ! ! !

! 

pV = G " F = Nµ " F = Nµ " E + ST ! ! ! ! ! ! ! ! ! R9W3(56)!

N[GA#F1K\]Z^E= U)_`!@CPC#a$FbJ)cdeX 

! ! ! ! !

! 

kBT ln"(T,µ,V ) = pV

! 

= Nµ " F! ! ! ! ! ! ! ! ! ! ! ! (44) 

!"#$1FfN>%&'()g4hijklmn=o!"#IJ>N )p:

eJq 

! ! ! ! !

! 

F = "k
B
T ln#! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (45) 

1r#$ n=o!, NNstubrCF1)_`=R16W5!uJ:vwA#$ 

! Sx>R14W2!=>yz{|&:}A#*+,-./0=> 

 ! !        

! 

" =
r

#
1

1$ e
$(%

r
$µ ) / k

B
T
! ! ! ! ! ! ! ! ! ! ! ! ! R14W2 (14) 

!"~Z$%&'(:Fb6�@Ab�>%&'()g4hijklmn�o

!"#IJ 
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! ! ! ! !

! 

" =
r

#
1

1$ e
$(%

r
$µ ) / k

B
T

=
k

#
1

1$ e
$%

k
/ k

B
T
! ! ! ! ! ! ! ! ! (46) 

!"#$%"#&'()*+,-# . / 0 12345$67897:;<=*

!>?(45)! 1@A-BC?!

! ! !    

! 

F = "k
B
T ln# = k

B
T ln(1" e"$ k / kBT )

k

% ! ! ! ! ! ! ! ! ! ! (47) 

!"#$  

! (47)1DE#FG7&'() k1H-#IJK"LM/?NO=P1H-#(0?

Q)7RS1T-6!UVW#$! X1§16-2 VYZ45[\1?]R V 7^'

_]V/?

! 

(" + d",  ")7NO=`a1bcB#defg^'h7&'()=/ 

               

! 

n(") #V # d" = V #
8$" 2

c
3
d"                ! ! §16-2 (26) 

Vi#jk?(47)l9m7LM/?NO=P1H-#(0?Q)7n7RS!"#$ 

      

! 

F = k
B
T ln(1" e"# k / kBT )

k

$

! 

= k
B
T " {V "

8#$ 2

c
3
" ln(1% e%h$ / kBT )}d$

$ = 0

&

'  

       

! 

= k
B
T "V "

8#

c
3

{$ 2 " ln(1% e% h$ / kBT )}d$
$ = 0

&

' ! ! ! ! ! ! ! ! ! ! ! g48h 

RS/?

! 

x = h" /(k
B
T)!DoG?pSRS*q\!? 

   

! 

{" 2 # ln(1$ e$ h" / kBT )}d"
" = 0

%

& = (
k
B
T

h
)
3

x
2 # ln(1$ e$ x )dx

x= 0

%

&  

                        

! 

= (
k
B
T

h
)
3
(
x
3

3
)'ln(1" e" x )dx

x= 0

#

$   

                       

! 

= (
k
B
T

h
)
3
{(
x
3

3
)ln(1" e" x )

x= 0

#

" (
x
3

3
)

e
" x

(1" e" x )
dx

x= 0

#

$ } 

                       

! 

= "(
1

3
)(
k
B
T

h
)
3
(
x
3

e
x "1

)dx
x= 0

#

$ = "(
% 4

45
)(
k
B
T

h
)
3 

! !"#grs7tu/v12w4(20)VxX1qyGo#h$g48h/?z{? 
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! ! !     

! 

F = "
8# 5

45
$V $

(k
B
T)

4

(hc)
3

                                   !49" 

#$%&'()*+,-./0123456789:S; F<=>?%& 

! ! ! ! !

! 

S = "
#F

#T
=
32$ 5

45
%V %

(k
B
)
4

(hc)
3
% T

3                           !50" 

#$%&?@/A5BCD:U;/

! 

F =U " TS4*+<=/!

! ! ! ! !

! 

U = F + TS =

! 

8" 5

15
#V #

(k
B
)
4

(hc)
3
# T

4                           !51"!

EF%&!51";/Stefan-BoltzmannGEHIJ@(43)KLMN%&01234'

OPEQ(;/RSTS/U 4UVWXE F 43YWX<=Z[4-\K>?

%]!

! ! ! ! !

! 

C
V

=
"U

"T
=
32# 5

15
$V $

(k
B
)
4

(hc)
3
$ T

3                             !52" 

          

! 

P = "(
#F

#V
)
T

=
8$ 5

45
%
(k

B
T)

4

(hc)
3

                               !53" 

#$%&! ^=K/!51"E!53"<= PV_`%E/0123#; 

! ! ! ! ! !

! 

PV =
1

3
U                                            !54" 

EF%&La/bcdef1gh#;!

! 

PV = nRT,        U = (3/2)nRT!-./!

! ! ! ! ! !

! 

PV =
2

3
U! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !55"!

#$%&!55";/i1-2(16')#jk23KlN% Bernoulli!mCn:o"4,E

pq@r4#$%&!54"4*+;/0123stlud23#$%vE_w

HIx%&La/!55"4*+;ytlu23#$%vEK-%&!54"E!55"

;tlud23Eytlud23_z{N%|}F,#$%&!54";~�Q!0

Q"K*�H@|}F*+,#$%& 
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16!5"#$%&' N()*+,-./0  

! (44), (45)1234567=89, #$%&' N(:;9)*+,-.<=>?

1+@1ABCD=EFGH<%IJ1K.5LMDH#$%&' N NO;C

DPQ(-.<=>6R14-S9TU4GVWXYZ2'(

! 

")N[\]^(-.<

=1_(DHWXYZ2'`Z"9abcdDHGe46fg$h%i$jk1

aCDg$'lm%LMn>o%ppqr+,DH!

! st%/0uvw56R14-1) xi$jk%g$'lm=WXYZ2'y

1z{5LM|\H}4~�4G�EN��CD=6!  

������g$r@�Dfg$h9>6��%g$>��9�-.�6�g

$(�%|\-i$jk1�DrNABCD<=>/0(-.H4r46Sg

$%i$jk%n>����=LMD%96o%|\-Sg$i$jk1�� r

N��6r ��%Sg$i$jkN�w5.Dg$'N nr =456��g$'

nrN r%��1�1�FG�K%'�6 

! ! ! ! !

! 

{i} = (n
0
,  n

1
,  n

2
,  . .,  n

r
,  . .)                          R14 (1) 

NLM6<,N .5g$h¡¢%i$jk{i}N£;CDH<,>fg$h¡

¢%�K%i$jk{i}%g$'lm(number representation)9�DH¤¥¦§g

$9>6��%Sg$i$jkN�wDg$'1>6  

! ! ! ! !

! 

n
r

= 0, 1! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! R14`2" 

%¨©(�DH�n6ª«¬g$>6 

! ! ! ! !

! 

n
r

= 0, 1, 2, . . . .,  "                         ! !  R14 (3) 

%¡5%­®¯'N°D<=(cdDHg$h%¡g$'N N =46g$'l

mN[\=6 
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! ! ! ! !

! 

N = n
0

+ n
1

+ n
2

+ n
3

+  .... + n
r

+ .... = n
r

r

"         ! ! ! !14 (4) 

"#$%&'()*+,-./0.1*23{i}.456789(r:;.<)*

1*23.45678=

! 

"
r
>?$>( 

! ! ! !

! 

E
i
= "

0
n

0
+ "

1
n

1
+ "

2
n

2
+ "

3
n

3
+  .... + "

r
n
r
+ ....= "

r

r

# n
r
      !14 (5) 

"#$%/@(A.B)*+CD?$EFGH Z9(IJEK.LMCNO( 

! ! ! !

! 

Z = exp("E
i
/k

B
T)

i

#                              ! !  !14 (6)  

"#$%A.P9(QR"S$)*+,-.1*23{i}.45678

! 

E
i
.,T

CUVWX$%AXC)*HYZ.!14 (5)=V[$>(\.N]CY^WX$_ 

! ! !

! 

Z = exp("E
i
/k

B
T)

i

#

! 

= " " " " exp(#
1

k
B
T

$
r
n
r

r

% )
n2

%
        n1
n2 + ....= N )

..

%
      n0
(n0 + n1 +

%    !14 (7) 

A.B`P"9(abH

! 

n
r
.cd$e

! 

(n
0
,  n

1
,  n

2
,  . .,  n

r
,  . .).,TCf'gTP=

h$%ijT(B`P.kl.mCn['op!

! 

n
0

+ n
1
+ n

2
+ ....= N! 9(,)

*Hq N "#$A>=ZjTrO(i.B`PqstWX$u.vwop"#

$%!14 (7)9IJEK.xy@Cz]EFGH"#$q(

! 

n
0

+ n
1
+ n

2
+ ....= N.

vwopq#$'{(cd$abH

! 

(n
0
,  n

1
,  n

2
,  . .,  n

r
,  . .)! C0[T.P9(|}

C~�"9d[%��(��dq�(!14 (7).��9( 

! ! ! ! ! !

! 

" (e
#$ 0 / kBT )

n0

%
n0

& 

' 
( ( 

) 

* 
+ + , (e

#$1 / kBT )
n1

%
n1

& 

' 
( ( 

) 

* 
+ + , (e

#$ 2 / kBT )
n2

%
n2

& 

' 
( ( 

) 

* 
+ + , , ,! ! ! !14 (8) 

"#O(!14 (8)��.N]d~�dP.�.�C9��d[%���! ��=

�f�C!14 (7).B`P=suC�{$C9��=�?$%i.�.��>9(

���B)*+CD?$)*HYZ�>§9!2, 3, 4 "��'��IJ (grand!
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canonical) !"#$%&'()*+,-.*/012!"#$3456&78)

*/9 

! ,+:3;<=>?5@(A, 

! 

n
0

+ n
1
+ n

2
+ ....= N5BCDEAFG/HIH

I NJ#)*K&L*MNAFG/+5O5BCDEAFG5-;iPQ52R

! 

"
r
5ST$

! 

n
r
A4UVUWXJYZ~[\0],^_)*,`abcG/deb;

f14 (7)gh,f14 (8)ih&jk-'l+,3-m*/ 

!

! 

Z = exp("E
i
/k

B
T)

i

#

! 

= (e
"# 0 / kBT )

n0

$
n0

% 

& 
' ' 

( 

) 
* * + (e

"#1 / kBT )
n1

$
n1

% 

& 
' ' 

( 

) 
* * + (e

"# 2 / kBT )
n2

$
n2

% 

& 
' ' 

( 

) 
* * + + +  

! ! ! ! ! ! ! ! ! !

! 

= (e
"n0# 0 / kBT )

n0

$
% 

& 
' ' 

( 

) 
* * + (e

" n1#1 / kBT )
n1

$
% 

& 
' ' 

( 

) 
* * + (e

"n2# 2 / kBT )
n2

$
% 

& 
' ' 

( 

) 
* * + + +  

                    

! 

=
1

1" e"# 0 / kBT
$ 

% 
& 

' 

( 
) *

1

1" e"#1 / kBT
$ 

% 
& 

' 

( 
) *

1

1" e"# 2 / kBT
$ 

% 
& 

' 

( 
) * * *  

                    

! 

=
i

"
1

1# e#$ i / kBT
% 

& 
' 

( 

) 
*                               (56) 

,F*/+5'nA;012!"#$&oebpq(46)5ih,rs-.*/ 

! ! ! !

! 

" =
r

#
1

1$ e
$(%

r
$µ ) / k

B
T

=
k

#
1

1$ e
$%

k
/ k

B
T
! ! ! ! ! ! ! ! ! ! ! !   (46) 

! deb;(46)tu5vw-5012!"#$(

! 

")A;12!"#$(Z) Jxm

ya*+,3-m*/(56)3pzUq+,A;${|-`aq@(A (32’)-}

~q�K��=,rs���512!"#$(Z),F�;Boltzmann !��z�

Planck5�����J�*+,&��)*/ 

! +UAt�5��J������*/(46)tu5vw-A;����

! 

u(",T)&

! 

" = 0 ~ #-�!�q�3oHUbG*5-;Y51]5#� 

! ! ! ! !

! 

u* "U /V =
8# 5

15
$
(k

B
)
4

(hc)
3
$ T

4  
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!"#$(41),(42)%&'()*"

! 

 
x

3

e
x "1

dx

x= 0

#

$ =
% 4

15
"

! 

x = h" /(k
B
T)! !+,-./

0$123"!

! ! ! ! !

! 

u* "U /V =
8# 5

15
$
(k

B
)
4

(hc)
3
$ T

4

! 

=
8"h

c
3
# (
k
B
T

h
)
4 #

x
3
dx

e
x $1

x= 0

%

&  

                  

! 

= (
8"h

c
3
#

$ 3

e
% h$ / k

B
T %1

)d$ =
$ = 0

&

' u($,T)d$
$ = 0

&

'  

456788%9:./);< Planck9=>?@AB%C67 

! DEFGHIJ6KFGL%M"NO9FGMPQ%R5,7SHS"TF

GUGVW9XMYQZ[4\]"^TFGUGVW$_N9FG<C6H%

KFGLUGVW!`ab64c;`de"89fg5KFGLUGVWMhi

$PQ%R6UGVWjHI"Boltzmann/kclm/ke%\]67nFG;

N<opqr6stM"89 Boltzmann/kclm/ke$ Nuvw49xy<

z{b69%"|9}}%MK~�<l�$����5,7|9�$"n-9 N

9�4���������!+,-�lm/k!&g7SHS"�G��%M"

���������u�%�FG; N 9op�<J�S5,9%"KFGLU

GVW$�b6lm/kcBoltzmann /ke9��%�M��4567! Bose

FG%C6�G��$"Boltzmann/k<ar6��%C67 16¡2%¢£(¤¥

¦§¨©ª�X«B%¬¢qr6c­®!¯}5,e°±­²sM"³;9v

´µ¶�·¸G9¹}º4»�¼$M½¾%C684cz¿ 11eÀ4ÁÂtb67 
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16-6)! Bose!"#$%&'%()*'+,-.  

! /01234/0156%7894()*%+,-. Satyendra Nath Bose 

(1894-1974)! :;<=>?S?N?Bose 9 1924 @:4AB%/0123%CD

E:FGHIJ)KLMNOPQ?R%ST9UVW$XYZQ([\]%-

^_ Philosophical Magazine_:`abcQd4ef9ghbcQ?RiX4S?

N?Bose 9R%jaN Einstein :kl4mnopqdY>!rstc>ut-^

_:efbc>v#wxoyzoP{!|}:~o4Einstein%��N�sQ 78�?

Bose ST%������N,�oQ Einstein 94R%��jaN�t*(��

:�o4Zeitschrift für Physik:k�o4BoseST9��R%*(�%-^_:

��bcQ?�11�6X��oQv#:4Einstein�1917�94�6����6�

��%�� t4�¡¢£!¤O¢£N¥¦o4/§�¨)LMN©Py Planck

LMª%O«oyP>?Einstein9 LangivinN¬­y®ZQ*¯°((de Broglié, 

1924)%+�±%CD:²³N´µyPQ¶·�? BoseST9 Einstein%¸C%¹

º»:YZQ?Einstein�¼n S?N?Bose%E½N,¾¿À%23Á-:Â©

=>STN 192441925@:ÃÄo4/01ÅÆ()ÇÈÉ()ÊËNÌ"=>

i!:u>¶·4ÍÎ�?i%v#uÏÐ t4Bose239 Bose-Einstein23!n7

Ñc>?J)ÒÓÅ\ÔÇÕ�%Ö×Ø 17) X94“Bose statistics or Bose-Einstein 

statistics was introduced by S. N. Bose (1924) for light quanta, and generalised by 

Einstein.”!%ÙÚd~bcyP>?/01dIJ)KLMNOPQ23�ÛÜ

%ÝDE94Þß56%23�NàC=>áâ!uZQ?Pauli %ãäj,%å

æ9 1925 @4 Fermi 23d Fermi :vZyåçbc>%9 1926 @XY>?è

E41925@:9 Heisenberg %éêÁ-d41926@:9 SchrödingerEëªd4
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!"#"$%&"'()*+,-+./012345  Bose 6789:;

Bose-Einstein67;'Pauli ,<=>?@()*+,-+./012ABC9D

EFGH&"I:95  

! S. N. Bose;'JKLMN,OPOQRSTU"VWXYZOPOQR Calcutta

;'2001 [\]^POR Kolkata F_`&"V2'aaS;b,Zcde4f5

!gI'h;OPOQR,ijklKmnoOjQkSpqdrsVtuf5ij

klKmn@;'vw,JKL6xyz,{|}WBengal, Bombay, Madrasf,

~cS895 1857[F;'v�F�9��pq��2a,{|},XYOPO

QR'�K�J'�L��F��&"V5a"],��pq��2ijklK

mnoOjQk@��"'vw6xyz,JKLS,Z���pq��@��

V5���+@,��2e�"9a@�89]g:tuf5! S. N. Bose;'ij

klKmnoOjQk���'OPOQR?��+,��@��V2'�y,

�� ¡S8�V¢£¤,¥+¦§;�\�Vtuf5g\g' h;OPOQR

¨©QOWBª;«K¬�l­m®f,|S¯°F±g:²?+d+³' Einstein

�´µC9¶·.�¸¹dº9F»�V5�+,$¼F@�I'½.o².¾

¿;À\FÁÂS892'!"�Ã���ÄÅ½,Æ°@Ç*2ÈÉFÁÂ\

dÊCËÌS8Í45¢£¥+,¦§;�\�V2'1935 [F Î)ÏdGÐ

gVÑÒÓÔ,ÕÖ�!4S895  

! JKLF;'JKL�+,×@��"9�4Ø½,ÙZ�²?+ÄoT?+

Ä Jagadis Chandra Bose(1858-1937) 2:95�!Ú67, Satyendra Nath Bose 

(1894-1974)@ÛÜgI;:s�:5Ý2ÞbF�:I:9“American Heritage 

DictionaryW1979ßf”S;'�àKá),âãF Jagadis Chandra Bose2äÕC
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!"#$%& Satyendra Nath Bose'()*+,-!"Jagadis Chandra Bose&.

/!01234567 20098&9:*+;2<=>?@AB$2 Bose2CD&E

-,FG-H!A'7<I!"Jagadis Chandra BoseJKLMNO2P'QR+

,-!STUV@W%W%XYZ-[\<U!" 

! ]^_`a&b!cKLM2NOdefg?'h/!ij7 20098 10k&9:

*+;"]^aJ@lmnopq%$rst<2@u'v,wxNO@yO, z

O2{|<2q}~WKLM2NOd���v@KLM2���'�2��&

E-,��,-!"A2j<F@Jagadis Chandra BoseJ��&�V^�$+,

-!" J. C. Bose&�-,@�O'�OzC2P'*+! P. C. Ray (1861-1944), 

��yOd S. Ramanujan (1887-1920), 19308����2����\�O���

d'W!c��L��e ¡d C. V. Raman (1888!1970), c¢£2¤¥¦e<H

$+!M. Saha (1893-1956),  §�¨n©2S. N. Bose (1894-1974), ª2«¬­®

&./!c¯°LM�±²��³´e2µ¶d< 19838����\�O���

d S. Chandrasekhar (1910-1995)@·0¸¹º2»¼< 19688�������d

'W! H"G. Khorana (1922- )@20078����½¾����v;c¿ÀÁÂ&
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“ I had no idea that what I had done was really novel . . . . Instead of thinking of the 

light quantum just as particles, I talked about these states.  Somehow, this was the 

same question which Einstein asked when I met him (in October or November 1925), 

how had I arrived at this method of deriving Planck’s formula.”  
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