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!"! #$%&'(&)*+,  

! -#$%./0&'(&)*+,123456789:1 E;<1=>?@E

ABCDE789:1FGH0IJSA23KLM47NO%T*PMC5QR

STUVA237<1STUV;TWXYQRS-Z[:VA23R;7<1

:1NO6=>?A\]7^_[`[RFa)bJ

! 

E j ( j = 1,2,3,4,......)AcRP7

d1

! 

E j1efgh

! 

P(E j )6

! 

e
"#E jYijD, 

! 

" = 1/k
B
T5QRd;PkRLd1l

m[gh+,6#$%&'(&)*+,;nopRL (TUq:)1rsAM

t1uT89:;v[wd;57-#$%./0&'(&)*+,Axy5z, d

1#$+,P{|ZpRLd1}567~sjAy�E#$+,1234A�

�wRL#$+,Y��DE+���PC�Zp7dpAy�ET����P

��Y��>pR. d1��6�}%!8*5�mL  

  

7-1) STUV;TWXYQRS-Z[:V�#$%&'(&)*+,  

! NOPMC1�����1j5�3o7Mt1���AS-Z[�+:V;

D7��rE1���ASTUV;23E� �LMt1���P-Z[�+

:5QR¡>7<1T¢£67��rE1���1T¢£Yi¤R;r¥¦�

5zRL23R¤z�+:6§t1���Y¨>[�L©t5�ªt5�7n«

5� �Ldp> n «1T¢£P��rE1���1T¢£Yi¤E7¦�|

¬R¥>�-Zpo7n«1���6S-Z[�+:V5Q�7��rE1�

��PSTUV;[RL 

! ® 7¯1 Y°wlm[±²:(A+B)A237B A-Z[:7A ATU;DlmL

±²:(A+B)rs67³s1uT´5µ¶pE�R157uT89:5QRLA
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1·�YQR-Z[: B67³s1¸T´5¹º>pE�R157B6 A;1

T»¼P½ZpE�RLB6±²:(A+B)1�+:5QRL³s1¢¾6¿À|

¬[�ÁÂ¡>7sÃ¿ÄYlR:Å1¹Æ6¦�|¬R;wRLA ; B 5Ç

�;c�ZpR167TFa)bJ1v5QRL-Z[: B1È�� N6MC

5QR;wRL 

 

 

 

 

 

 

 

 

 

 

 

 

! ±²:(A+B)rs6uT89:5QR¡>7TWXÉÊ57<1rFa)bJ

! 

U
T
67Ë; B1<pÌp1FG)bJ

! 

U
A
;

! 

U
B
1ÍYÎD¥ÏYMC5QRL

d1±²:(A+B)rs1Fa)bJA

! 

U
T

=U *;Ð¥d;YDlm 

! ! ! ! ! ! ! ! !

! 

U
T

=U
A

+U
B

=U *.                              (1) 

�DÑY7:Ë;: BP³s1uT´5ÒE>pEÓ�7T�ÔÕÖy6[¥

: A%TMC1TU* 

: B 

³s1¸T´ 

³s1uT´ 

® 7¯1L±²:(A+B)rs6³s1uT´5µ¶pE�

R;wR157uT89:5QRLA 1·�YQR-

Z[: B 67³s1¸T´5¹º>pE�R157B

6 A ;1T»¼P½ZpE�RLB 6±²:(A+B)1

�+:5QRL 
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ÔÕY×95Qpo7±²:(A+B)rsPc�ØRÙ��ÉÊ1Ú�67A; B

P<pÌpc�ØRÙ��ÉÊ1Ú�1Ã5QRL 

! ! ! ! ! ! !

! 

W
0
(U*) =W

0
A (U

A
) "W

0
B (U

B
)L                  (2) 

Û�z1Ü67T�ÔÕÖyP[�Ý²5QRd;A°wÞY�EQRLD

¡D7® 7¯§1lmY A; BPTFa)bJAÇ�c�DE�RÝ²67-Z

[: B6Fa)bJ

! 

UB = " j1Fa)bJA\]7<1£�ÉÊ%Ù��ÉÊ*

YQR;7TU1rFa)bJ

! 

U
A
67 

! ! ! ! ! ! !

! 

UA =U *"UB =U *"# j                            (3) 

5QRLßà1ÔÕáâãY�äDE7±²:(A+B)rs1Ù��ÉÊ�67 

! ! ! ! ! ! !

! 

W (U*) = WA (
all  j

" U *#$ j ) %WB ($ j )                 ! (4) 

;�3åo[>[�L×9[Ý²1�34(2);(4)1æ�7[>çY7uT89

:5QR±²:(A+B)rs6(4)1Ù��ÉÊArEÎgh5efwRd;7Yè

éZpK�L 

! ê7-Z[: BP

! 

UB = " j1Fa)bJA\tëC1£�ÉÊ%Ù��ÉÊ*

YQRghA��K�L (3)l�7TU APc�ØRÙ��ÉÊ�6 

             

! 

WA (UA ) =WA (U *"# j ) 

5QRLìK7-Z[: B6

! 

UB = " j1ëC1Ù��ÉÊYíCDE23E�R

157 

! ! ! ! ! ! !

! 

WB (" j ) = 1! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (5) 

5QRLîïE7-Z[: BP

! 

UB = " j[RëC1ÉÊYQRð1±²:(A+B)

1Ù��ÉÊ�

! 

WA (U *"# j ) $1A, (4)1±²:Ù��ÉÊ�1Ú�

! 

W (U*)5ñï
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K�1P7-Z[: BP

! 

UB = " j5QRëC1Ù��ÉÊYQRgh

! 

P(" j );[RL 

! ! ! ! ! ! !

! 

P(" j ) =
WA (U *#" j ) $1

W (U*)
= C %WA (U *#" j ).            (6) 

C6

! 

1/W (U*)YÎD¥7C�5QRLuT89:5QR±²:1Ù��ÉÊ1�

�5QR¡>7dp>6rE./0&'(&)+,YîmÎgh5efwRÙ

��ÉÊ5QRLdpP(6)1éò5QRL! (6)1ßó1ô�Acpo7 

! ! ! ! ! !

! 

lnP(" j ) = lnC + ln[WA (U *#" j )]                         (7) 

;[RP7

! 

U* >> " j5QR¡>7��

! 

ln[WA (U *"# j )]A

! 

U *5õJöJ÷ø5zRL 

! ! ! ! ! !

! 

f (a + h) = f (a) + h " f '(a) +
1

2!
h
2
" f "(a) + ....               (8) 

! 

f = ln[WA (U *"# j )],   a =U*,   h = "# j  5QR¡>7ù�úÛ1û6¦�DE7 

! ! ! !

! 

ln[WA (U *"# j )] = ln[WA (U*)]" # j $ [
% ln[WA (UT )]

%UT

]UT =U*            (9) 

5QRL 

  

! 

[
" ln[W

A
(U

T
)]

"U
T

]
U
T

=U* Yt�E67ü)ýþG1�ÿ!%!6-23*1

! 

S = k
B
lnW !

;7(!5-5-5)1

! 

(
"S

"U
)
V ,n

i

= 1/T7Y"éwR;7 

         

! 

" ln[W
A
(U

T
)]

"U
T

=
1

k
B

"S
A

"U
T

=
1

k
B
T

                              (10) 

5QRLT6TU1NO5QRL! (9)Y#po7 

! !        

! 

ln[WA (U *"# j )]= ln[WA (U*)]" # j /(kBT)! ! ! ! ! ! ! ! ! ! (11) 

;[�7dpAZ>Y(7)Y#ïE$%wpo7 

! ! !  

! 

lnP(" j ) = lnC + ln[WA (U*)]# " j /(kBT)!  

              

! 

= lnC + ln[WA (U*)]+ lne
"# j /(kBT )

! 

= ln{C "WA (U*) " e
#$j /(kBT )}  

;[RL

! 

W
A
(U*)6Fa)bJPrETUY&'DKÝ²1Ù��ÉÊ�5QR
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¡>7

! 

C "W
A
(U*) # AAC�;DE7 

! ! ! ! !

! 

P(" j ) = C #WA (U*) # e
$" j /(kBT ) = A # e

$" j /(kBT )                   (12) 

;[RL-Z[: BP

! 

UB = " j[RëC1Ù��ÉÊYQRgh

! 

P(" j )67

! 

e
"# j /(kBT )

YijwRLd1gh+,P7#$%&'(&)7canonical*+,;nop

RLü)ýþG+,;nopRd;�Q�7

! 

e
"# j /(kBT )6ü)ýþG(�;no

pRL

! 

" # 1/(k
B
T);Ð¥;)*[157ü)ýþG(�6DoDo

! 

e
"#$ j;+fZ

pRL#$%&'(&)7canonical*+,�7 

! ! ! ! !

! 

P(" j ) = A # e
$ %" j ,!

! 

" # 1/(k
B
T)! ! ! ! ! ! ! ! ! ! ! ! ! (12’) 

;+fZpRd;�,�L 

 

7-2) #$+,;+���  

! (12)1ßóA7

! 

" j1rE1`[RÉÊ jYt�EÍA;R;7

! 

" j1 j6-p¡

1ÉÊYQR6.5QR¡>7<1Í6§YÎD�L/]7 

! ! ! ! ! ! !

! 

P(" j )
all j

# = A e
$" j /(kBT )

all j

# = 1! ! ! ! ! ! ! ! ! ! ! (13) 

P09wRL1all j!67rE1`[R£�ÉÊYt�E1Í5QRLFa)b

JY23PQRÝ²67Fa)bJP455QïE�7rE1`[R£�ÉÊ

Y+EÍAcR67PQRLîïE7C� A6 

! ! ! ! ! ! !

! 

A = 1/ e
"# j /(kBT )

all j

$                              (14) 

;DEC�Rd;P|¬RLdd57  

! ! ! ! ! ! !

! 

Z " e
#$ j /(kBT )

all j

% ! ! ! ! ! ! ! ! ! ! ! ! ! !  ! (15) 

;7+���(partition function) 1 ZAC�wR;7(12)1#$%&'(&)*
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+,67 

! ! ! ! ! !

! 

P(" j ) =
exp{#" j /(kBT)}

Z
                          (16) 

;[RL+�;�m�867�+:;TU1951SFa)bJP+�ZpRV

d;Y:¬wRLZ6;<ý=1 Zustandssumme%ÉÊ1Í*1>?@Y:¬D7

AB56d1CD ZPE¶pRP7Ä�1+F567+���(partition function)

A Q;+wd;P,�L  

! -Z[: BP

! 

UB = " j[RëC1ÉÊYQRð7QRT��£G6AB£

! 

"1

efHP

! 

" j5QR;wR;7 

! 

"1IJH7/]7KGLGM)WN

! 

< " >76 

! ! ! ! !

! 

< " >= " j # P($ j )
all j

% = (
1

Z
) " j # exp{&$ j /(kBT)
all j

% }           (17) 

;[RL#$%&'(&)*+,YlRKGLGM)WN 5QRL�}57

+���(partition function)¡>T��£P��Y{|5zRd;A°wP7<1

OY723PQRÝ²1+���Ç7ÉÊPO;+���191�ÿYt�E

Q¤EÓ�K4P �L<1Þ1j;DE7231QR©$R:A�Y23RL 

 

7-3) 23DK©$R: 1+���  

! (13)Ç(15)Yy�K1all j! Y�wRÍ!67rE1`[R£�ÉÊYt�E

1Í5Q�7Fa)bJY23PQRÝ²67Fa)bJP455QïE�7

rE1`[R£�ÉÊY+EÍAcR67PQR;Q¤KLdp6feY6

S�Y¥�d;5QRLTDU7`[RVFa)bJ

! 

" j;d1Fa)bJ12

3O

! 

g jAy�R4P+f!6��Y[RL23DK©$R:1j%® 7¯2*A2

3Rd;57VFa)bJ

! 

" j;d1Fa)bJ123O

! 

g jAy�R+���1
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)*ZABWDlmL  

 

 

 

 

 

 

 

! ® 7¯21ù$R:1+���

! 

Z " e
#$ j /(kBT )

all j

% 67$R1Fa)bJ;<123

OAy�E7 

! !     !

! 

Z = e
"# 0 /(kBT ) + e

"# 0 /(kBT ) + e
"# 0 /(kBT ) + e

"#1 /(kBT ) + e
"#1 /(kBT ) 

! ! ! !     

! 

= 3e
"# 0 /(kBT ) + 2e

"#1 /(kBT )! ! ! ! ! ! ! ! ! !  

5Q�7dp6�1lmYMXÄ|¬R� 

! ! ! ! !

! 

Z = g je
"# j /(kBT )

j

$ L! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (18) 

d1!¡>kRlmY7Fa)bJ

! 

" j123O

! 

g j67YZ�[h;�nopRL 

! ìK7

! 

"# = #
1
$ #

0
6+\�1]CH;DE^Rd;P5zRP7

! 

"
0
6e_�Y

^Rd;P5z[�Ý²P,�L`Ï6

! 

"
0
# 0 , 

! 

"# = #
1
 ;DE+��� Z’ Aa

bwRÝ²P,�L! cdFa)bJ$RAÜ;DE�RÁÂ¡>7ÛC1$

R:51 Z; Z’1�ÿ6, 

! ! !    

! 

Z = 3e
"# 0 /(kBT ) + 2e

"#1 /(kBT ) 

           

! 

= e
"# 0 /(kBT )[3+ 2e

"(#1"# 0 ) /(kBT )] = e
"# 0 /(kBT )[3+ 2e

"$# /(k
B
T )
]  

! 

"
1

 

! 

"
0

 

! 

g
0

= 3 
! 

g
1

= 2  

! 

"# = #
1
$ #

0
 

® 7¯2Le[231$RÜ;ù[231$R§ 

! ! ! ! ¡>[R©$R:L 
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;[RLdp6�1lmY 

         ! !

! 

Z = e
"# 0 /(kBT ) $ Z '                                 ! (19) 

;MXÄ5zRL! +���P7

! 

"
0
# 0;DK+��� Z’5QR1¡7<p;�

! 

"
0
# 01MX�[(18),! (19)1+��� Z5QR¡6<1fO�gYDEÓ¥6

7PQRL+\�gJhYci�E+���A23R¡?�7

! 

"
0
# 0;DK+�

�� Z’AEmd;Y[R157ej67(19)kó1

! 

"
0
# 0;DK+��� Z’P[

7;[RL 

!  

7¯4*ÉÊPO;+���1�ÿ  

! !6-2-4)567Fa)bJílHPmnop�Y+,DE�R;23E7ÉÊ

POq(E)A{%DKLÉÊPOq(E);(18)1+���1�ÿ6rm[R5QU

m¡s! tDu6Ã+Y[R6.5QRL23O

! 

g j6ÉÊPO;Fa)bJv

1Ã

! 

"(#)d#;[�7ü)ýþG(�AwYxEÃ+%tD²¶*ZpRL 

               

! 

Z = g je
"# j /(kBT )

j

$ %     Z = &(#)e"# /(kBT )

0

'

( d#           (20) 

Ã+1y¨6Ü;|¬RLdp67cdFa)bJ1

! 

"
0
AÜ1c$YD7+�

�� Z;DE67(19)kó1 Z’AzywRd;Y{RL! d1Ã+Û¨H6!|

}5QRLd1Ã+567¦¨~1Fa)bJASmd;Y[RP7ej6ü

)ýþG(�;1Ã1Ã+5QR¡>7d1ðYü)ýþG(��Ü;[�7

Ã+P��wR��6�5[�L!  

! (16)1&'(&)+, 

! ! ! ! ! ! !

! 

P(" j ) =
exp{#" j /(kBT)}

Z
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�7op�[Fa)bJ+,Yô�DE�1lmY¿3åo[>[�L-Z[

:P

! 

(" + d",  ")1Fa)bJ��YQRgh;DE7 

               

! 

P(")d" =
#(") $ exp{%" /(k

B
T)}

Z
d"7! ! ! ! ! ! ! ! ! (21) 

Ay�RLZ6(20)51ÉÊPOq(!)Ay�K(20)+fAy�RL!
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7!5)! "#$%&'%()*+,-./01!

 

7-5-1) 23456789:;<=>?@A  

  BBCDEFG H I23456789J:KI:;<=>?@ALMNOI

PQ(RSTUV

! 

" j789WX

! 

P(" j ),YZ9[! \/EJ:KI:;<=>?@

ALIPQ(RS]^V$"#*+,_`7a/bcdce(5f),ghi

j9[ 

J:;<=>?@ALIPQ(RSTUV7k.iDEl7Em6!2!1I(12)7

na/[PQ(RSIopDq.B4rsta/[j, n4nu4E 

! ! ! ! !
  

! 

E
n

= (
1

2
+ n)!",    n = 0, 1, 2, 3, . . ! ! ! ! ! ! ! m6-2-1-(12) 

C89[!vwcxOy4?@yIzDEvwcxOy, {|C}~/rI4�

?@yIz7�a�E  

! 

h" = !#C89[=>?@AI��EB�MPQ(RS�

I����C89[! J:KI:;<=>?@ALMNOIPQ(RSTUV

! 

" j

789WX

! 

P(" j )DE(16)I"#$%&'%()*+,�I\\�~iE 

! ! ! ! !

! 

P(" j ) =
exp{#" j /(kBT)}

Z   

! 

=
exp{"#(1/2 + j)!$}

Z
              (22)  

C89[/�aE

! 

" # 1/(k
B
T)C89[*��y ZDE 

! ! ! ! !

  

! 

Z = exp{"# j /(kBT)} = exp{"$(1/2 + j)!%}
j

&
j

&  

C89[B�DE!

! ! ! ! !

  

! 

Z = exp{"#(1/2 + j)!$}
j

% = exp("#!$ /2) exp("#!$j)
j= 0

&

% ! ! ! (23) 

C89ME
  

! 

exp("#!$) = x! 4��4E 
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! ! ! ! !

  

! 

exp("#!$j)
j= 0

%

& = 1+ x + x
2

+ ....+ x
n

+ ...=
1

1" x
         (24) 

!"#$%&'() x*+,-)./01#$n20*3,-)./'4 

! ! ! ! ! !

  

! 

exp("#!$j)
j= 0

n

% = 1+ x + x
2

+ ....+ x
n

=
1" xn+1

1" x
 

0154()6
  

! 

exp("#!$) = x < 1! 01&74

! 

n"#,   x
n+1

" 089:4 

! ! !

  

! 

n"#
lim exp($%!&j)

j= 0

n

' =
n"#
lim (1+ x + x

2
+ ....+ x

n ) =
n"#
lim (

1$ xn+1

1$ x
) =

1

1$ x
 

!"#$
  

! 

x = exp("#!$) = exp("!$ /k
B
T) < 1 ';<=>?@A#$TBC*DE"

:
  

! 

!" /k
B
T > 1015+FG>?@A#H$;I4

  

! 

!" /k
B
T# 0*JE0K , 

  

! 

x = exp("!# /k
B
T)L

  

! 

!" /k
B
T = 00./MNHO4 

! ! ! ! ! ! ! !
  

! 

x = exp("!# /k
B
T)

  

! 

" 1# !$ /k
B
T < 1 

01#$(24)';<=>?@A#$PQO4(23)*RST/'4!

! ! ! ! ! !

  

! 

Z = exp("#!$ /2) exp("#!$j)
j= 0

%

& =
exp("#!$ /2)

1" exp("#!$)
! ! ! ! ! ! ! (25) 

!"#$ 

! (22)*UVW*VXYZ[\]^_6`a*bcdefg3h

! 

" j>1#ij

! 

P(" j )'4 

! ! ! !

  

! 

P(" j ) =
exp{#$(1/2 + j)!%}

Z
=

exp(#$!% /2) & exp(#$!%j)

exp(#$!% /2) /[1# exp(#$!%)]
 

                               
  

! 

= [1" exp("#!$)]% exp("#!$j)     ! !  (26)  

01#$ 

! 7-2)*(17)>kHlmn>4opqr

! 

"*sth4uv4wxyz{|zd}

R~>m#�����d��

! 

< " >4' 

! ! ! ! !

! 

< " >= " j # P($ j )
all j

% = (
1

Z
) " j # exp{&$ j /(kBT)
all j

% }         �7�2(17) 
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!"#$%&'()*+,-./01' 

! ! ! !

  

! 

<U >= [(1/2 + j)!"] # [1$ exp($%!")] # exp($%!"j)
j

&  

            

  

! 

= (1/2) " (!#) " [1$ exp($%!#)]" exp($%!#j)
j

&  

              

  

! 

+[1" exp("#!$)] (!$j) % exp("#!$j)
j

&                  (27) 

2345&6718!"79(27)-:;<1(24)=>?2'  

! 

(1/2) " (!#) 2@7A

21BCD793%3':E<C1F3GHIJK!"79(24)-LMNO1!

      !  

  

! 

exp("#!$j)
j= 0

%

& = x
j

j= 0

%

& =
1

1" x
!  

P%&'

! 

x
j

j= 0

"

# =
1

1$ x
-QR= x!STU72' 

! !   !

! 

j " x j#1

j= 0

$

% = (1/ x) j " x j

j= 0

$

% =
1

(1# x)2
 !  

2@7-!':E-VW-QRC x=XY6Z9 

! ! ! !

! 

j " x j

j= 0

#

$ =
x

(1% x)2
 

2@79A61' 

! ! ! !

  

! 

j " exp(#$!%j)
j= 0

&

'
  

! 

=
1

(!")
(!"j) # exp($%!"j)

j= 0

&

' =
exp($%!")

[1$ exp($%!")]2
! ! ! ! !  

-A2!"7%&' 

! ! ! !

  

! 

(!"j) # exp($%!"j)
j= 0

&

' =
(!") # exp($%!")

[1$ exp($%!")]2
! ! ! ! ! ! ! ! ! ! ! (28) 

!"79A-(28)-[\=(27)-:E<C>]Z^_.! (27)-:E<1 

   ! !  

  

! 

[1" exp("#!$)] (!$j) % exp("#!$j)
j

&  

! ! ! ! ! ! ! ! ! !

  

! 

= [1" exp("#!$)]%
(!$) % exp("#!$)

[1" exp("#!$)]2
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! ! ! ! ! ! ! ! ! !

  

! 

=
(!") # exp($%!")

1$ exp($%!")
  

! 

=
(!")

exp(#!") $1
 

!"#$%&'()*+,-.'()'/0/12
  

! 

exp("#!$)3456785#$ 

9:;+<=>'=?@ABCD0E'FGHIJ'KLMNOPQPRHST

* 

      

  

! 

<U >=
(!")

2
+

(!")

exp(!" /k
B
T) #1

=

! 

(h" )

2
+

(h" )

exp(h" /k
B
T) #1

! ! ! ! ! (29) 

!"#$  

! 

h" = !#3U#V8+WX82Y:;Z[\;]^_$!

! `6-2-4'(20)3*+abcdefdH/ghij N>'ABCD0hk\;+!

! ! !

! 

U(T) = E(T) =
1

2
N"0 +

N"0

exp["0 /(kBT)]#1
! ! ! ! ! !   `6-2-4-(20)!

!'lm27n$
  

! 

h" = !# = $
0
3U#$o')3 N=1 !\npqr(29)h,st

#o!ru#$!

!
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7!5"2)! #$%&'()*+,-./0123  

! 456789:;*<=>./01-+23-?@ABCDE(FGDEH

)IJK*%LMN2!4!2O7PQ Maxwell -RSMRS-TU:ODEVPW

;*XY;HZ[\I]<=XN6-3-37^(_`\Q<=(Lab1c(de

f*+,-gh23VijP*klm>n3op(qrIL?@ABCV E s

t7)*uI-n3opMvwmopO-xH

! 

W (0,E)%f*%Ly;J 

! ! ! !  
  

! 

W (0,E) =
1

8
"
4#

3
"
V

(#!)3
" (2mE)

3 / 2               ! !  N6-3-3-(74-1) 

7)*XY;Jopx-z{|7)*}WLop~S%v�?@ABC��-

z7)*

! 

",(E)#E(�f%L 

! ! ! ! !

! 

"(E)#E =
dW (0,E)

dE
#E

  

! 

=
V

4" 2
# (
2m

!
2
)
3 / 2
# E

1/ 2
# $E  

%>*X��IL

! 

E "#! %�U�\ILab1c

! 

(V = L
3
)(def*+,-g

h23-?@ABCVv���

! 

(",  " + d")()*klm>n3op-�xJL 

! ! ! ! !
  

! 

"(#)d# =
V

4$ 2
% (
2m

!
2
)
3 / 2
% #1/ 2 % d#! ! ! ! ! ! ! ! ! ! ! ! ! M30O 

%>*X 

! N7!4O-(20)%(21)7��Q<=(L?@ABCH��m(��Q�L�:

>�V#$%&'()*�Ly-?@ABCV

! 

(" + d",  ")-��()*Z�JL

FGM����AODE}WL 

               

! 

P(")d" =
#(") $ exp{%" /(k

B
T)}

Z
d"L! ! ! ! ! ! ! ! ! ! (21) 

7)*X�QLD��x ZJ(20)()*<=(L  

! ! ! ! ! ! !

! 

Z = "(#)e$# /(kBT )

0

%

& d#! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (20) 
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!"#$%&'(!)()*+,-./0123456/789":3;<"=>

?@

! 

(V = L
3
).ABC0DE3FGHIJK0LM"(30)!(21)LM"23DE3

HI3NOPQRS

! 

(",  " + d")3TU.K0VW9"!

! ! ! ! ! ! !
  

! 

P(")d" =
V

4# 2
$ (
2m

!
2
)
3 / 2
$
exp{%" /(k

B
T)}

Z
$ "1/ 2d"! ! ! ! ! X31Y 

!/01! (20).K0Z[."\]^_ Z9`& T.aAC0S"NOPQR.

b*c3de\JKfd_JK02!.gh1 

! DE3ijIklm?HI3NOPQR9"FGHI!noc*03Jpq

rstPNOPQR9uvJw01xyc">z9{d|/*}&3~w6( v

!C0!" 

                

! 

" = (1/2)mv
2
!                                   X32Y 

JK0123��(�\C��"

! 

d" = mvdvJ, �+"2�LM

! 

"1/ 2d"(�0!" 

! ! ! ! ! ! ! !

! 

"1/ 2d" = (1/ 2) # m
3 / 2
# v

2
dv! ! ! ! ! ! ! ! ! ! ! ! X33Y 

JK01X32Y!X33Y(X31Y.��C02!J"DE3FGHI3NOPQ

RS

! 

(",  " + d")3TU.K0VW9"4}&3~w6S

! 

(",  " + d")3TU.K0V

W8.��6�012�9Maxwell3}&!(3~w6) \�.��C09�J

K01!

!X32Y!X33Y(X31Y.��|+��9"!

! ! ! ! ! !

  

! 

P(v)dv =
1

2
"
V

4# 2
"
m
3 / 2

Z
" (
2m

!
2
)
3 / 2
" exp($

mv
2

2k
B
T
) " v

2
dv!

! ! ! ! ! ! ! ! !

! 

= K " exp(#
mv

2

2k
B
T
) " v

2
dv .                         (34)  

!/01K9d_(�!�+�3JK01K9 Z(��S"Z9

! 

 " .^C0d

e\/3Jd_!�o01+�|"de\3���R�R!|c T (��J*
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!"#$%&'()

! 

" = 0*+

! 

v = "  %,-%./*01!)23*+4(34)5

! 

" = 0*+

! 

v = "6789:;<%)=7>?@A>+>B" 

!           

! 

P(v)dv
v= 0

"

# = K $ exp(%
mv

2

2k
B
T
) $ v 2dv

v= 0

"

# = 1! ! ! ! ! ! ! ! ! (35) 

CDE:; K)49FGD Z5HI7B!J4Z)

! 

 " 0GK!C8971!%

7

! 

 "! %GD7)>B"LMN4

! 

"  %GD7<>B"3*+4(35)OP%

! 

"0G

K!8974K5Q%89RS%T0UK/EJ7'!"!

! ! ! ! ! !

! 

K " v
2 " exp(#

mv
2

2k
B
T
)dv

v= 0

$

% = 1 

71!"

! 

" =
m

2k
B
T
EK!E4VW=%(A1!11)*+4 

! ! ! ! ! ! !    

! 

I
2

= x
2 " e#$" x

2

dx =
%1/ 2

4$ 3 / 2

0

+&

'  

71!%74

! 

K "
#1/ 2

4$ 3 / 2
= 1! E>!"

! 

" =
m

2k
B
T
3*+4/@) 

! ! ! ! ! ! ! !

! 

K =
4

"1/ 2
(
m

2k
B
T
)
3 / 2           ! ! ! ! ! ! ! ! ! ! ! ! (36) 

71!"(36)5(35)0XYK@A4Z[$ T %\]E^_01!`a%bcde

fghidJ#(J

! 

(v,v + dv)%,-0jU(@!klm)4 

! ! ! ! ! ! !

! 

P(v)dv =
4

"1/ 2
(
m

2k
B
T
)
3 / 2
# v

2
# exp($

mv
2

2k
B
T
)dv             !  (37) 

E>!"

! 

(" )#1/ 2 = " $ (" )#3 / 2 = " $ (1/" )3 / 271!*+4 dv5T:NRnA4 

              

! 

P(v) = 4" (
m

2" # k
B
T
)
3 / 2
# v

2
# exp($

mv
2

2k
B
T
)            ! ! ! (38) 

71!"/%op)4q2r4r2(28)7Z`a%9dJ#(J

! 

(v,v + dv)%,-0j

U(@!klmEst;Maxwell%#$!(%&'() 9u4 

 ! ! !

! 

p(v) "
n(v)

N
= 4# (

m

2# $ kBT
)
3 / 2
$ v

2
$ exp[%(

1

kBT
)
m

2
v
2
]! ! ! ! ! q2r4r2(28) 
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!"#$%&'()!*+(, 

 

7-5.3)! /012(Boltzmann12)!34567859:12  

! ;<=>?@AB!345CD5EFB7GHIJK,L)=>MNOPQ

RSTUSVWHXY3MZ[TUSVW5\H]^K,)5<=>M_`5

abc5d!$e(fg%h57GijH]^Mkl$e(7Gij$mn(

8b!ABopg59:qrH]^(,stu=>vwx$yz{7>|}~

J4t(,67859:12*��~(#5��=e(,)5��=>MNO

PQRSTUSVW5\5�t*/012���5�$�(,)5��>M�

RP���P�Jean Perrin�5���FB��1913)��� $d������4t(,

��P>)5��H���$mn(AB59:125��$� 3MAB12

H¡¢£¤=¥o3M¦�§PZ[5¨©ª«¬HtMEinstein*®¯3K¦

�§PZ[5°±5²³´Hµ¶3K,)5·¸>¹º5�»�¼�$½3t,  

! ¾�-¿$À'Á�~EÂxÃ57GijH]^(��M�¼�,! EÂxÃHÄÅ

Æ´ Ç57GijÈÉHÊ$À3M)5ÈÉ qËHÃ\��KÌÍHÎ$À', 

 

 

 

 

 

 

 

 

 

H = qh 

h 

p’ 

p p0 

 

p=pq 

 qÏÐ 

sou L

�!

1ÏÐ 

 

¾�-¿,EÂxÃHÄÅwk5Æ´ h 57GijÈÉ

�Ê�,)5ÈÉH qËÃ\��KÌÍ�Î�,!

9:sg 
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!"#$%&#$'()*+,- . /01%23456789 7:;*<=%>

#/%?@' pAB*C#/%?@' p’ AD1EF% .GHIJKJLM%#

/%?@NOPQRS1ATU1EC#/%?@ p’ N>#/%?@ pVWOP

QX,YATU1EF%?@Z8p – p’=-*F%[\]%23^_%`a m'

>bQcde@ mgAfg'hMSij*

! 

(p " p') = mg/0W*[\%23kl

QNm%nopqrSYE(p – p’)x(!"#$)s(@)/01Pi*F%tu/

! 

(p " p') = mg-vwD1ATU1E!  

! [\]%fx?@/%23yz{%`aA3$'*|}~}*M*VAD1A* 

! ! ! M/Vs([\]%23^_%`a m)/([\%3$yx h)! ! ! !   (39)!

%����-vwD1Pi*[\]%23^_%`a mN*

! 

m = (M /V ) " h  /0

1E�K�*?@Z%��

! 

(p " p') = mgN* 

! ! ! ! ! ! !

! 

(p " p') = (M /V ) # h # g                           (40) 

AS1EM*VNyz{%23%`aA3$/01Pi*��23yz{%kl

b�� pV=RT'(40)% VQ��D1A* 

! ! ! ! ! ! !

! 

p " p'= g(
M

RT
)h # p  

AS1EF}'��D1A* 

! ! ! ! ! ! !

! 

p'= p(1"
Mgh

RT
)! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (41) 

/01E 

! �Q*9�:;%�%9%V�S�234567' �\GH$�e�J���

'TU1E(41)%��'�W�B��Y}j* 

! ! ! ! ! ! !

! 

p = p
0
(1"

Mgh

RT
)
q
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (42) 
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!"#$!%&#'()*+,-(./0123.4

! 

p
0
5678,9:8;<4

! 

p5= q >?,@A,9:8;#'! BC4N DE,FGHI,JKCLM

pV=NRTNO4 

! ! ! ! !

! 

p = (N /V )RT = nRT ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (43) 

8;<4

! 

n " N /V5PQIRS1<,HITUV8;#'$W5HITU,V

XY!Z[3'(43)54\]Y%B^8;W_49:!VXY5`ab,cd.

;#e$!f/0gh#'iNO4(42)54 

! ! ! ! !

! 

p

p
0

=
n

n
0

= (1"
Mgh

RT
)
q
                            !  (44) 

8;#'$,jk,lVfmW_4!

! ! ! ! !

! 

ln(
p

p0
) = ln(

n

n0
) = q " ln(1#

Mgh

RT
)!

8;#'>,no h 5hpO8Zqp8r#,84

! 

x = Mgh /(RT)5so"`,

t8;<4(44),-k5uvcV8wxyz#'

! 

ln(1" x) # "x  !{|}|~�0

g4 

! ! ! !

! 

ln(
p

p0
) = ln(

n

n0
) = "

Mg(hq)

RT
= "

MgH

RT
! ! ! ! ! ! ! ! ! ! ! (45) 

!"#'HI��,�o H 5�,���Y8;#'�,9: p4VXY n .�

�!4 

!  ! ! !

! 

p = p
0
" e

#MgH /(RT )
,   

! 

n = n
0
e
"MgH /(RT )

! ! ! ! ! ! ! ! ! ! ! ! (46) 

!"#$!%&#'()*+,-(./0123.

! 

p
0
5678,9:4

! 

n
0
567

8,VXY8;#'�V7T,��^V R 5�E���^V!�����V,

R8;#$!�

! 

R = k
B
" N

A
�f��g4 
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! 

MgH

RT
=
(M /NA )gH

kBT
 

!"#$M%&'()*+,-./#012

! 

(M /N
A
)%&'34(5+,-67

89#$:;+<=>2&'34(5+,-6 m!?@A2(46)% 

! ! ! ! !

! 

p = p
0
" e

#mgH /(kBT )2! ! ! !

! 

n = n
0
" e

#mgH /(kBT )! ! ! ! ! ! (47) 

!"#$

! 

mgH%2&'34(5+BCDEF*GH*IJ>K"1"L$ 

HMNOPQRS+T, 

! 

p = p
0
 !

! 

n = n
0
./#012UVWXY9#!2

! 

(p / p
0
) < 1!

! 

! 

(n /n
0
) < 1 !"Z2[\]34^_V]`^a^b>cd9#$ULe+f

X.%&[]gh34^_V]cdi2Uej+kl!"#$mn+opq&

62rs+&'tu.vw>%xm.y"L$tuz'Wrs./#!+{|

6vw>%}~i"L01./#$i0i2�����.��9#!2�s+

gh+��2�VO34^_VSW 1/2!"#UV%� 5.5km!"#$��2�

s+q&.%2&[W 1/2!"#+%��km./#�!W�1��L#$��

%����9#�!W�#$ 

! (47)+

! 

n = n
0
" e

#mgH /(kBT )! 019#!2(5+&'34WUV H! H�dH+�

�>/#w� P(H)%2A6�^!i�2 

! ! ! ! ! ! ! !

! 

P(H)dH = A "  e
#mgH /(kBT )

dH                    (48) 

./#$(5+&'34W HMNOPQRS01��X+��0>%��9#

+.2 

  

! 

A "  e
#mgH /(kBT )

dH = 1
H= 0

$

% !  !

! 

A  e
"mgH /(kBT )

dH = 1
H= 0

#

$ !  !

! 

A = 1/  e
"mgH /(kBT )

dH
H= 0

#

$  

./#$:¡�2! (48)+(5+&'34WUV H! H�dH+��>/#w�

P(H)%2 
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! ! ! ! ! ! ! ! ! !

! 

P(H)dH =
e
"mgH /(kBT )

dH

 e
"mgH /(kBT )

dH
H= 0

#

$
! ! ! ! ! ! ! ! ! (49) 

!"#$

! 

" = mgH!%#!&(49)'&()*+(Boltzmann*+),

! 

P(" j ) #   e
$" j /(kBT )

-./012#3!45#$67,89*:4;<=">?&@,A,89*:

4;BC?-D#$BC,EFGHI!JI%#!&89,KLF*+!8M

*+'&()*+(Boltzmann *+),NO!"#$3,PQ'&RS,TU,V

W89,XYGZ[\]^_,XY!01H`a-bc3!Udefg#h&ij$ 
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7!5!4)! "#$%&'()*+,-,./0  

1'23456'789:.;<=>?@ABC@D,E  

! F'2.GHIJK'LI'2.MN3OPQR.SP3'2.MN3 NS

9TUVWXYZ[\K'L3)]^_`%Z[HabJc.defg\%h

ibJ;<=>?@ABC@D,\jK)%6klHa6QK'L. S9kl N

93NkPMN\J'789:m,n=o(m).MNHJR.pqWIK'Lr

s3tu.v\wxy6Qz{|3J}'789:m,n=o)'(~��

3�h^��T��Y.H��W�YhQ 

! U�3J'���\ BHa6F'2HIJK'L.'7m,n=o(m)3I�

=�,@./03Sbo@�����, N�\��y6�z{|�QR.o@���

���.pqWIJ��o@.��

! 

m" B.pqW3���J 

! 

m" B.MNT�

C�.��MN3 �¡J¢£.���\��y6MNIJR.�C�.��

MN3UVy6Q¤.SP%o@������IJ 

             

! 

N =m" B! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !   (50) 

)¥¦W�6Q���rs.pqWT

! 

N = m" B = T)y6)J 

! ! ! ! !   

! 

T = m" B = m # B # sin$                             (51) 

Ha6Q§I'7m,n=o(m))'����B�.%y¨�Ha6Q 

! ©ª!«IJ%¬K'L�'7m,n=o�\'2.MNTN.kT�®�

^h6Q 

! 

N = T = mBsin".���.¯J¤�)°b±P��.��� T’ T�

�WX%hibJ'7m,n=o(m).MNI§²³)´µ�J'���(B).M

N3UVy6Q§= 0HI, 

! 

T = m" B = m # B # sin$ = 0! )%bJo@�I¶k%

hQ 
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! !"#$%&"'()*$+,-./0123/4567896:-;<=

>?@1A"# (51)1 T BCDEFGF"HIBJK1 T’ ;$+,-./0

m1L$M"NOPQK#RST"UVUVBW;XYPQZ[PQ>? 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

\]^_`Ba"bJ*GF"#(51)1 TBCDEFGF"Hc(d T’ ;NOP

QK#RSTeCDEf;ghJ#Wij/k(dWil mnB#Wij/k(d

Wijmn#XYPQ#HI T’o$+,-./0"AJ*pq;rs>?t1

pqu`Wao#m B B ovwx>yz(Wij/k);{1|R"J*%E1#

$%&1$+,-./0123/4567896:-(U)n}>?Wi{1yz

z 

x 

y 

B 
m 

 N 

 B 

 
m 

 

N(~�"�(Fa 

W 

T�Z[I�!

T’(Z[IBCDEFHI)!

`mB � 1��;���a!

(A) (B) 

\]^_?$+,-./0(m)o$���(B)1�"'()>B06�(N)

o��?06��

! 

N =m" B?W� mB B1ex��?

! 

N = T = mBsin"

1�ZD1Z[I1A#t)BCDEFH�(d06� T’ ;NOPQ

ef�D#$+,-./0(m)1���W�{BXYJ#$���(B)1

��"��x>?Wi{Be)�#Z[I�NOJef1n#@1mm

1yzoh�x>? 

! 

" = 0  

! 

" = #  
! 

" = # /2 
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! m " B #$%&'()*+,&-.! m " B #/$%&'(012345

6 T"78(9:9;<=>?@ABC2456 T’&DEB!F;GH;IJ

K) 

! 

T '= T = mBsin"012#)LE!/M0123!  

! NOPQRBS0&*+,/TUV&WX s !)T’&YL"!/M0)Z[!\

]*&^YL012R

! 

ds = "d#S_";`aJb)<c&defg! 

   ! ! !

! 

U = T'•ds
" = # / 2

0

$ = % T '&ds
" = # / 2

0

$ ! !  

! ! ! ! !  

! 

= " mBsin#("d#
# = $ / 2

0

% ) = "mB[cos#]# = $ / 2
& = 0

= "mB!           (52) 

"h23ijklm5nop5qr#^012_"!)_&st#uvw;x

_2_"yaze23 

! {Y)*+,/TU,&'(!)WX s! T’&YL;{|J)\]*&}YL

;;~{|Jb�2>?R

! 

ds = d"S) 

  ! !  

! 

U = T'•ds
" = # / 2

#

$ = T'%ds
" = # / 2

#

$ = T'%d"
" = # / 2

#

$  

! ! ! !  

! 

= mBsin"d"
" = # / 2

#

$

! 

= "mB[cos#]# = $ / 2

% = $
= +mB!    ! ! ! ! !   (53) 

0123 ijklm5nop5qr#}012_"!)<�>?�?>&fg

yJh��8)*+,Rm " B #/$%S&-.!uvw;!��Jh�_"

yaze23 

! m"B#��e2-.yU(ijklm5nop5qrS+V&��;e[�) 

m " B #$%&'(!(52)&:9; U!^&�"h8) m " B #/$%01

[�)U!}&ijklm5nop5qr"h23_&-�!)�OP�0��

J�������;G�e2_"#�2RNOP�S3 
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!"#$%&'()*+,(-.'/01234156789:;<  

! =>(?@+,ABCD'EFGHI#JK6L'MNOPQRIST(U

AV6W#,
  

! 

(Bohr magneton) :  µB = e! /(2me ) = 9.27 "10
#24
Am

2EXYZB[\]

^*(_`(\aNbcdIS+,(CD'efghA\a]^*(_`(i

jYklmnoR7Rph,qrs$tE*uYQRISvwEBx,y%&

'AB+,(CD'efgh7+,(z{efghk|}~mnI#JK6L

'MNOPQRI�����S 

! �>(+,]�v(h,� (n, l, m,�)NO`T7AlmnoR����(�

�x��]BCD'h,����]�oI���B�(h,� (n, l, m)A�Z�

���IijAlmnISx,y%&'(+,��ABT(�po�CD'h

,����]�oIij(*�N���RISTn|AvwE�*+,(paired 

electrons)�7��nI]B#���A*+,E�I34156 ¡AB(52)7(53)

(¢7ocB£¤E£¥mnISv[B�CD'h,����]�oIij(*�

7AoPQRoR+,¦§¨YBTnA�)*+,(unpaired electron)�7��

! 

"
0

= #mB  

! 

"
1

= +mB  

! 

"# = #
1
$ #

0
= 2mB 

© 7ª�S#«¬ B (¦7E�I#JK6L'M m (

341569®A_9®¯NoHS 

#«¬ BE^°± 

#«¬ BE°± 
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!"#n$%&'()*+,-./*0123456789)*%:;3<=>

?@3A% n BCDEF"<=>?@3A,-GHIJ5K<L0M<L,N

F#&'()*+%<=>?@3AOPJQRS%<=>?@3AT5UVW5

DXYZ,[\]^QOK<LT_`!"#a%_R\K<L45b*c%D

XYZ,de[Hfg"&hi=j+CklF"#mn5M]DXYZOo"

^QOM<LTfg!`p]qrstu#!

! K<L123vwT[H5 

    xyz(III) {|}{~���3 �!

! 

Cr
2
(SO

4
)
3
" K

2
SO

4
" 24H

2
0 , 

    �(III)�3>��z{~���3�!
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