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(E1 # N1µ)

k
B
T

} $ %1(E1,N1)dE1dN1! ! ! ! ! ! (33) 

34#$(32)�(33)%~>a

! 

exp{"
(E1 " N1µ)

k
B
T

}I)�t+���>ajkljVH

m1��;<u#$(33)!��(+�1��;<�Y#3)Z[\]^_`ab
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!"#$%#&'(T)()*+,-./01µ23456789:;<=>"6?

@ABC9DE<F"GHI6JKCLMNO3PQCRSGTUV TWµ  NO

(XYZ[C\#]^_9:`aNO1grand-canonical distribution2",! bB_

9:;<cdec0NO"(YZ[CS(\fBR  

! (32)VGgh5i3 A(KC(#LMGjk)lm_nGop6<Cq 

      

! 

P(E,N)dE
E= 0

"

#
N= 0

"

$ = 1= A exp(%
E % Nµ

k
B
T
)&(E,V ,N)dE

E= 0

"

#
N= 0

"

$ ! ! ! ! ! (34) 

SSV_#N _rsiVtuvwx<yiz{|#}~�G�NV_<�#N

6JKC�(@AtCR}~�(@A�QC<|#N G�N(@AX�BR�

�#

! 

"(E,N)#"(E,V ,N)(`���6�@ABC\#SSVG��V_ V _5

i������VtCR(34) G�N{|�Cop6#SG:`aNOGN�J

i1TWµN�Ji2_#(34)VG 1/AGS(VtC{|#nGop65�E[CR 

! ! ! !

! 

"(T,µ,V ) # exp($
E $ Nµ

k
B
T
)%(E,V ,N)dE

E= 0

&

'
N=1

&

(  

                

! 

= Z(T,V ,N)exp(
Nµ

k
B
T
)

N= 0

"

#                       ! ! (35) 

�4�VG E 68BAG�N3��@���3���V��@ABCR

! 

Z(T,V ,N)_# 

! !    

! 

Z(T,V ,N) = exp("
E

k
B
T
) # $(E,V ,N)dE

E= 0

%

&                     (35-1) 

VtC{|#S[_cdec0NOV5�E[CN�JiV#HI�'G��

����VtCR(35) _#� #N, V3¡5@A E68BAG������3

��@#¢6

! 

exp(Nµ /k
B
T)G£¤3¥¦A N68BAG�3§CS(3TUKCR

S[_#¢6¨©Cªi�«¬GNO3�p­®6£¯(<C1°±²2R!



 224 

 !"#$%&'"&()*

! 

"(T,µ,V )+,-./01* N/23456E/78 p

9:";<=>?@A@B4CDE+FGH!IJKLHM!NO;<=P/

QR" TSp&()*"TUIVWX/

! 

ln"(T,µ,V )+Y"Z[\6]6

! 

T,µ,VK^

_&`ab"XcdeHMQR"(12) ~ (19)XfHgh+!!Kbijkl-M!

!  

! 

< N >=
1

"(T,µ,V )
N # Z(T,V ,N)exp(

Nµ

k
B
T
)

N= 0

$

%

! 

= k
B
T
"

"µ
ln#(T,µ,V )  !      (36)  

mn"opP/#$%&'XqHr"?@A@B4CD"stKuHMmv"

opJwxeH!IP/

! 

"

"µ
ln#(T,µ,V )+yz{XFGNk|}KLH~ 

!

! 

"

"µ
ln#(T,µ,V )

! 

=
"

"#
ln#(T,µ,V ) $

"#

"µ
=

1

#(T,µ,V )
$
"#

"µ
 

              

! 

=
1

"
# Z(T,V ,N)

$

$µ
exp(

Nµ

k
B
T
)

N= 0

%

&  

              

! 

=
1

"
# Z(T,V ,N) #

N

k
B
T
# exp(

Nµ

k
B
T
)

N= 0

$

%  

              

! 

=
1

k
B
T
"
1

#
" N " Z(T,V ,N) " exp(

Nµ

k
B
T
)

N= 0

$

% =
1

k
B
T
" < N >  

!"��X

! 

k
B
T+��Nk (36)I9HM 

! �OX/ 

   !

! 

< E > " < N > µ = k
B
T
2 #

#T
ln$(T,µ,V )                          (37)  

bwxeHM!")�pP

! 

"

"T
ln#(T,µ,V )+FGH!I�O�ONH~!

!

! 

"

"T
ln#(T,µ,V ) =

" ln#(T,µ,V )

"#
$
"#

"T
=
1

#
$
"

"T
[ Z(T,V ,N)exp(

Nµ

k
B
T
)

N= 0

%

& ]!

              

! 

=
1

"
[exp(

Nµ

k
B
T
) #

$

$T
Z(T,V ,N)

N= 0

%

& + Z(T,V ,N) # exp(
Nµ

k
B
T
) # ('

Nµ

k
B
T
2
)]!

!"mv�P(36) +,-./

! 

"
µ

k
B
T
2

< N >I9HMmn�"

! 

"

"T
Z(T,V ,N)P/!
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! !

! 

"

"T
Z(T,V ,N)

! 

=
"

"T
[exp(#

E

k
B
T
) $ %(E,V ,N)]dE

E= 0

&

' !

             !

! 

= exp("
E

k
B
T
) #

E

k
B
T
2
# $(E,V ,N)]dE

E= 0

%

& !

             !

! 

=
1

k
B
T
2

E " exp(#
E

k
B
T
) " $(E,V ,N)]dE

E= 0

%

& !

!"#$%&'()*+,&!

!

! 

1

"
[exp(

Nµ

k
B
T
) #

$

$T
Z(T,V ,N)]

N= 0

%

& =
1

k
B
T
2
#
1

"
E # exp('

E ' Nµ

k
B
T
) # ((E,V .N)dE

E= 0

%

)
N= 0

%

& !

                           

! 

=
1

k
B
T
2

< E >  

-.#/01&2)3456

! 

k
B
T
23789:& 

               

! 

k
B
T
2
"
#

#T
ln$(T,µ,V ) =< E > % < N > µ!

!";&(37)<=>?#@!<A#/ 

! B8C4D(30)-EFGHI1&!  

! !   

! 

p = "
< # >

$V
=
1

%Z

&Z

&V

! 

=
1

"

# lnZ

#V
= k

B
T
# lnZ

#V
                B8C4 (30) 

-.#/JK6L8:!

     

! 

p = kBT
"

"V
lnZ(T,V ,N)                                      (38) 

-.#/@93MN?9:&ODPQ<=>?#@!,&RSDTUDHI1

F6VWXY#Z!

     

! 

< p >=

! 

1

"(T,µ,V )
p # Z(T,V ,N)exp(

Nµ

kBT
)

N= 0

$

% !

! ! ! !   

! 

=
1

"(T,µ,V )
[k

B
T
#

#V
lnZ(T,V ,N)]$ Z(T,V ,N)exp(

Nµ

k
B
T
)]

N= 0

%

&  

          

! 

=
1

"(T,µ,V )
[k

B
T
#

#Z
lnZ(T,V ,N)]$

#Z

#V
$ Z(T,V ,N)exp(

Nµ

k
B
T
)

N= 0

%

& ] 
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! 

= k
B
T "

1

#(T,µ,V )
[
$Z(T,V ,N)

$V
" exp(

Nµ

k
B
T
)

N= 0

%

& ]  

! ! ! ! !

! 

= k
B
T "

1

#(T,µ,V )

$

$V
Z(T,V ,N) " exp(

Nµ

k
B
T
)

N= 0

%

&
' 
( 
) 

* 
+ 
, 

 

! ! ! ! !

! 

= k
B
T "

1

#(T,µ,V )
"
$#(T,µ,V )

$V
= k

B
T "

$ ln#(T,µ,V )

$#(T,µ,V )
"
$#(T,µ,V )

$V
 

          

! 

= k
B
T
"

"V
ln#(T,µ,V )                               ! !     (39)  !

!"#$  

! (38)%

! 

p = kBT
"

"V
lnZ(T,V ,N)&'()#*+,-./0814 (30)!23456#

&-78%9:/45;<=)#*+>?@#$! §6-3-6/A4B(4!19!1’),-

SC

! 

E,  V ,  N%DE+FG45- !

! ! ! !      

! 

dS =
1

T
dE +

p

T
dV "

µ

T
dN    ! ! ! ! ! ! ! ! ! !  (4-19-1’) 

!"#$*H9IJK/-  

! ! ! ! ! ! ! !

! 

"S

"V

# 

$ 
% 

& 

' 
( 
E ,N

=
p

T
  ! ! ! ! ! ! ! ! ! ! ! ! ! ! !   (40) 

!"#$ LM-§8-5-3)!,NOPQR/S65TUB$VH,!

             

! 

k
B

" ln#1(E1)

"E1

$ 

% 
& 

' 

( 
) 
E1
*

= k
B

" ln#2(E2)

"E2

$ 

% 
& 

' 

( 
) 
E2
*

*
1

T
!

%*+!"I-WXYZ+ II![\&]46*+&NOPQR!"#$̂ _/-

NOPQR&`a)#+-WXY+bcY! 1/T&def/G#*+><=4B$

g/-!

! !

! 

"S

"E

# 

$ 
% 

& 

' 
( 
V ,N

=
1

T
= k

B

"

"E
ln[)(E,V ,N)*E]! ! !

! ! ! !       

! 

= k
B

"

"E
{ln#(E,V ,N) + ln$E} = k

B

"

"E
ln#(E,V ,N)   ! !  (41)!
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!"#$%%!&'()'*+,-./*012345

! 

E *67#6& 

! ! ! ! ! ! ! !

! 

"

"E *
ln#(E*,V ,N) =

1

k
B
T

                      ! ! (42) 

!"8&%9:;<=>6?@-ABCD!&

! 

E *EF7#GHCD!"#$!

§8-5-3)!IJ?KLME&NOPQ6RSPQ-T!

! 

e
"E / kBT # $(E,V ,N)! UV+

EWXY45Z7[&\-+,5]^_+,!`a7#%6!&\-T+:Y

S4bE*c6\%!-+d!e(E*)EL8fgEhij9#bkl 3-6c$mg& 

! ! ! !

! 

Z(T,V ,N) " e
#E / kBT $ %(E,V ,N)dE

0

&

'  

! ! ! ! ! ! ! !

! 

" 2# $ % (E*) $ e&E*/ kBT $ '(E*,V ,N)! ! ! ! ! ! !    (43) 

!"#$%-FQ568&!e(E*)Eno7#pqrs5tu7#6& 

              

! 

lnZ(T,V ,N) = ln"(E*,V ,N) #
E *

k
B
T

                     (44) 

6r#$(44)-vw5 V!xy+?KX-zU&{|7}~%6U"#$(42)-

CD�j

! 

E *U

! 

(T,V ,N)-PQ!"�@&(44)-�wU

! 

E *-PQEr�@X#%

6!"#$%-��:(44)���j��#$(44)-�w:

! 

(T,V ,N)-PQ!"#U&

(44)-�w:����

! 

(E*,T,V ,N)-PQ!"#�j&

! 

E*��U

! 

(T,V ,N)-PQ!

r�9�rjrX$!

 

! 

(T,V ,N)-Mg 

! 

(T,N):��6?@��#6&(44)-�w:&

! 

f (E * (V ),V )-�

Er�@X#$

! 

f (E * (V ),V )-�y+:&

! 

df = (
"f

"E *
)V dE *+(

"f

"V
)E*dV  !"#�

j&vw5

! 

dV!�9�&!

       

! 

df

dV
= (

"f

"E *
)V
dE *

dV
+ (

"f

"V
)E*

   

! 

"    (
#f

#V
) = (

#f

#E *
)V (

#E *

#V
) + (

#f

#V
)E*!

!"#$��UrXxy+:

! 

(T,V ,N)-Mg!

! 

(T,N)5��E?@X#6-|�
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!"#$%&%'()*+,(44)&-./ V!0123#456"#$!

    

! 

"

"V
lnZ(T,V ,N) =

! 

[
"

"E *
ln#(E*,V ,N) $

1

k
B
T
](
"E *

"V
)
T ,N

! 

+
"

"V
ln#(E*,V ,N)!

'7#$8.&9:;<(42)&=>?@AB6CD(7E,F#GHI%J(KL

MN#$OPI 

! ! ! !

! 

"

"V
lnZ(T,V ,N) =

"

"V
ln#(E*,V ,N) ! ! ! ! ! ! ! ! ! ! ! (45) 

'7#$Q(I 

! !

! 

"

"V
lnZ(T,V ,N) =

"

"V
ln#(E*,V ,N)

! 

=
1

kB

"

"V
S(E*,V ,N) =

p

kBT
! ! ! (46)!

'7#$RS&TU<(40)(K#$%JGHI

! 

p = kBT
"

"V
lnZ(E,V ,N)! !"#%

'6V#$ 

 

WXYZ[fugacity\']^_`ababsolute activity)c 

! (35) &def2g&2hiD<Ij&Kk(I 

! ! ! ! !

! 

"(T,µ,V ) # exp($
E $ Nµ

k
B
T
)%(E,V ,N)dE

E= 0

&

'
N=1

&

(  

                

! 

= Z(T,V ,N)exp(
Nµ

k
B
T
)

N= 0

"

#                        

! ! ! !    ! !  

! 

= Z(T,V ,N) exp(
µ

k
B
T
)

" 

# 
$ 

% 

& 
' 

N

N= 0

(

)                        (35l2)   

! 

exp(µ /k
B
T)/2m+,no3#%'p!q#$%&

! 

exp(µ /k
B
T)<rs&tu!v

wJ,F#$!

! x6-3-6!yz{Kk(I|}~�&��������[µ\<I��&�� P

&��GH��#���D!"#$�a6:�!"JwIA/�D'+,I 
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 !

! 

A = "k
B
T ln{[

2#mk
B
T

h
2

]
3 / 2
$ (k

B
T)}!!

! 

µ = A + k
B
T lnP! ! ! ! ! "6-3-6 (102) 

#$%&'!

! 

lnP = µ /(k
B
T) " A /(k

B
T)#$(!)*+,-./%0123456 

! ! ! ! !

! 

P " exp(µ /k
B
T)  

#$%789:;<901=>98-?@ABCfugacityD-EF78GHIJ

9KLM#$%NOD7! P&P!QRSTU'9VW1XYZD#6!

! 

z = exp(
µ

k
B
T
)

[,?@ABCfugacityD-P54%7QRSTU\9]^?_`aG%-bc

def9eghi6!!  

! ! ! ! !

! 

"(T,µ,V ) = Z(T,V ,N) exp(
µ

k
B
T
)

# 

$ 
% 

& 

' 
( 

N

N= 0

)

* = z
N + Z(T,V ,N)

N= 0

)

*      (35-3) 

-j%7P&P!QRSTU'9VW1X#9k@ABCfugacityDl6mn2]

opq2krstuvwabsolute activity)l-Ex#4%yz{|#$%7 

!

! 

exp(
µ

k
B
T
)?}{~V����9��(2�q-��j8-H$(!�9��

6!!

! ! ! ! !

! 

" = exp(
µ

k
B
T
)! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (35-4) 

-]P!rstuvwabsolute activity)-Ex#�54%NOD7!�P5!

! 

µ = k
B
T ln"! -P}{~V����9��(2�Ko%78G?�/�!!

! ! ! !

! 

"(T,µ,V ) = Z(T,V ,N) exp(
µ

k
B
T
)

# 

$ 
% 

& 

' 
( 

N

N= 0

)

* = +N , Z(T,V ,N)
N= 0

)

* ! ! ! C35-5D 

#$%7��e��9����B#!�6(!��j�?�/%N!��D7!

 



 230 

9-3) !"#$%&$'()*T!µ$'()+,-./0123()  

!"#$%&$'()*T!µ$'()+,-./0123()4567089:

;<=>?@6ABCD$'()&EF-)&GH$IJ 

!         

! 

< N >

! 

= k
B
T
"

"µ
ln#(T,µ,V )  !                           (36) !

!

! 

< E > " < N > µ = k
B
T
2 #

#T
ln$(T,µ,V )                            (37) 

           

! 

< p >= kBT
"

"V
ln#(T,µ,V )                              (39) 

670> KL6J

! 

k
B
ln"(T,µ,V )&MH$9NOPQ0>

! 

 

!  

! 

d[k
B
ln"(T,µ,V )] = k

B

# ln"(T,µ,V )

#T
dT + k

B

# ln"(T,µ,V )

#µ
dµ!

! ! ! ! ! ! ! ! !

! 

+k
B

" ln#(T,µ,V )

"V
dV ! ! ! ! ! ! ! ! ! ! ! !  ! (47)! ! !

6708RJS&$'()&EF-)&GH$9T=UJ 

! !

! 

d[kB ln"(T,µ,V )] =
< p >

T
dV +

< N >

T
dµ +

< E > # < N > µ

T
2

dT        (48) 

670>L&VW,XY/0123Z4567089:;[\]^> 

! §5-4&_`a,-/0123(bc<dJ 

    

! 

µi =
"H

"ni

# 

$ 
% 

& 

' 
( 
S,P ,n j ( j) i)

=
"G

"ni

# 

$ 
% 

& 

' 
( 
T ,P ,n j ( j) i)

=
"F

"ni

# 

$ 
% 

& 

' 
( 
T ,V ,n j ( j) i)

=
"U

"ni

# 

$ 
% 

& 

' 
( 
S,V ,n j ( j) i)

!  §5 (4-16) 

! !

! 

dF(T,V ,n
i
) = "SdT " PdV + µ

i
dn

i

i

# ! ! ! ! ! ! ! ! ! ! ! !  §5 (4-19-2)!

    

! 

dG(T,P,n
i
) = "SdT +VdP + µ

i
dn

i

i

#    ! ! ! ! ! ! ! ! ! ! ! §5 (4-19-3)!

670>ef)4 N670gh$a&ijIJ

! 

n
i
" NUCP 

! 

i,(/0k9l

m[\<^>(48)Igh$a9?n,CP^0> 

 goJ§9!1& T!ppqrps$%<dJ  
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! ! !  

! 

G(T, p) = "kBT lnY (T, p)! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! §9!1 (23) 

!"#$%&'!"()*+ N,-./(01 

! ! ! !

! 

G(T, p,N) = "kBT lnY (T, p,N)                           ! (49) 

!"(%! Gibbs 2345678G94:;<=8>4:?6=80@ABCD

EFD!"(% G GHIGJ+

! 

(T, p,N)GKL1

! 

(T, p)9CMJ+"N1CDJ

+9 NOP!"(%OQR1Gibbs 23456789)*+ NBSTUVPW

XVRVY%!

! ! ! ! !

! 

G" N! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (50) 

§5 (4-16)QR1&Z[\!91 

! !       

! 

µ =
"H

"N

# 

$ 
% 

& 

' 
( 
S,P ,

=
"G

"N

# 

$ 
% 

& 

' 
( 
T ,P

=
"F

"N

# 

$ 
% 

& 

' 
( 
T ,V

=
"U

"N

# 

$ 
% 

& 

' 
( 
S,V

! ! ! ! ! ! ! ! (51) 

!"(QR1(50)GST]+9^_`a:bc6BdVRVY% 

! ! ! ! ! !

! 

G = µN                                            (52) 

!"(e0fg(%hZ[\!91 

! ! ! ! ! !

! 

G = µ
i
n
i

i

"                                         (53) 

!"(% 

!

! 

k
B
ln"(T,µ,V )BIYi,1J+GKL!CDJ+!"(G9 V Gj!"(Q

R1,U1

! 

k
B
ln"(T,µ,V )fCDEFDBklUiY(VR1 

! ! ! ! ! ! !

! 

k
B
ln"(T,µ,V )#V                                  (54) 

!VPWXVRVY%(39)QR1 

! ! ! ! ! !

! 

kB
"

"V
ln#(T,µ,V ) =

< p >

T
                             (55) 

!"(QR1eWf(54)GST'+0mnW(%oL% 
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! ! ! ! ! ! !

! 

< p > V = kBT ln"(T,µ,V )                           (56) 

!"#$%&'  

! (48)()!*&+,-./ pV$0&1!23456+,-6789:;<=

>?&'§5 (4-19-2)3§5 (4-19-3):;3

! 

dG(T,P,n
i
) " dF(T,V ,n

i
)@A&!3 

! ! !

! 

dG(T,P,n
i
) " dF(T,V ,n

i
)

! 

= d(G " F) = VdP + PdV = d(PV )         (54) 

$0&'1BCD3EFGH$2 

! ! !

! 

d(pV ) = d(G " F) = d(Nµ " F)  

                     

! 

= Ndµ + µdN " (

! 

"SdT " PdV + µdN)  

! ! ! ! ! ! ! ! ! !  

! 

= SdT + PdV + Ndµ                        (55-1) 

$0&'IFGH$2 

! ! !

! 

d(pV ) = d(G " F) = d(Nµ " F)

! 

= SdT + PdV + n
i
dµ

i

i

"            (55-2) 

JK3(55)6LE3LM6N9:;3 

      !

! 

pV = G " F = Nµ " F = Nµ " E + ST                 ! ! !  (56)  

$0&'! (48)$2

! 

d[k
B
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