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!"#$%&'()*+,  

! -().

! 

I = exp("x 2)
"#

+#

$ , /01234.5*67*8/9:;<2.  

!   

! 

I
2

= exp("x 2)dx
"#

+#

$ % exp("y 2)dy
"#

+#

$ = exp["(x 2 + y
2
)

"#

+#

$ ]dxdy
"#

+#

$ ! ! ! ! ! (A1-1) 

=>2$5*6?()/012@14.ABCDE*FGHx.yI/JCDE

*FGHr.!I4FKL2$x=r"cos!.y= r"sin!*MN4>O(P A1-1).

! 

r = (x
2

+ y
2
)
1/ 2

=>2$5*6?()QR xyST/UV()=>2WX.

! 

0 " r < #,   0 " $ < 2% !

=.JCDE*T(YZQ rd!dr =>O.ABCDE*T(YZ[*MNQ

dxdy=rd!dr=>2$5\QP A1]1WX^_2`.!"a=bcL2dGef, 

 

 

 

 

 

 

 

 

 

HJacobo*ef,IJ/gV[.T(YZ*MNQ!

! 

dxdy = J drd"  =>O. 

!  

! 

J =
"(x,y)

"(r,#)
=

"x

"r

"x

"#
"y

"r

"y

"#

=
cos# $rsin#

sin# rcos#
= r(cos

2# + sin
2#) = r.!

! 

J = r    (A1-2) 

 [h2$i4.(1-1)Q 

   

! 

I
2

= exp["(x 2 + y
2
)

"#

+#

$ ]dxdy
"#

+#

$ = exp("r2)rdrd%
0

2&

$
r= 0

#

$  

                          

! 

= exp("r2)rdr
r= 0

#

$ d%
0

2&

$ = 2& exp("r2)rdr
r= 0

#

$ .!   (A1-3) 

55=.

! 

r
2

= u[FKL2[.

! 

du /dr = 2r=>2WX. 

dr 

rd! 

! 

(r,!) 

y 

x 

d! 

O 

dx 

d! rd! 
dr 

dy 

P A1-1 
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! 

I
2

= 2" exp(#r2)rdr
r= 0

$

% = " exp(#u)du
u= 0

$

% = "[#e#u]0
$

= " .          (A1-4) 

[h2$j<4. 

! ! ! ! !   !

! 

I = exp("x 2)dx
"#

+#

$ = %  .                             (A1-5) 

=>2$

! 

exp("x
2
)Q x=04MklmnhMG=>2WX.(0,!) *()Q(A1-5)

*o)=. 

! ! ! ! ! ! !

! 

exp("x 2)dx
0

+#

$ =
%

2
.                                (A1-6) 

=>2$!

! p4.(1-6)*

! 

exp("x
2
)`.q/r*NG[kl, 

               

! 

I0 = exp("#x 2)dx
0

+$

%  

/;<2$

! 

u = " # x! [FKL2[.

! 

du = " # dx=>2WX.(1-6)*st`u

*99g<l.vw*xV4h2y 

             

! 

I0 = exp("#x 2)dx
0

+$

% =
1

2
&

'

#
$                       (A1-7) 

! p4.

! 

exp("#x 2)[ x *(*z{h-(), 

! 

I1 = x " exp(#$x 2)dx
0

+%

& , /;<2$

5\4Q, 

! 

u = "x 2  *FK/gV$

! 

du /dx = 2" # x! `!|L2WX. 

! ! ! !      

! 

I1 = x " exp(#$x 2)dx
0

+%

& =
1

2$
exp(#u)du

0

+%

& =
1

2$
           (A1-8) 

[h2$pQ

! 

exp("#x 2)[

! 

x
2*(*z{h(), 

! 

I2 = x
2 " exp(#$x 2)dx

0

+%

& /01.

u*pQ

! 

I3 = x
3 " exp(#$x 2

)dx
0

+%

& ,    I4 = x
4 " exp(#$x 2

)dx,  ...
0

+%

& [}p01@~$5\

4Q��,*�/012*`�~$u5=.n/�G[kl. 

! !

! 

I
n

= x
n " exp(#$x 2)dx

0

+%

& = x
n " (#

1

2$ " x
) "
d[exp(#$ " x 2)]

dx
dx

0

+%

& ! ! ! ! (A1-9) 
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=>25[/gV$(A1-9)Q�)()*+,/g~. 

! ! !

! 

I
n

= ("
1

2#
){[x

n"1 $ exp("# $ x 2)]0
+% " (

dx
n"1

dx
) $ exp("# $ x 2)dx

0

+%

& } 

[h2$�����Q n#24mkl�=>2WX. 

         

! 

I
n

= (
n "1

2#
) x

n" 2 $ exp("# $ x 2)dx
0

+%

& = (
n "1

2#
) $ I

n" 2              (A1-10) 

=>O.��,`�X\2$! (A1-7)[(A1-8)=.

! 

I
0
[

! 

I
1
/�401l~2*=.

(A1-10)*!

! 

I
n

= (
n "1

2#
) $ I

n" 2! /g<�.p*-()

! 

I
n
(n " 2)*8`01X\2$!

           

! 

I
0

= e
"#$ x 2

dx = (
1

2
)(
%

#
)
1/ 2

0

+&

'

I
1

= x $ e"#$ x
2

dx =
1

2#
0

+&

'

I
2

= x
2 $ e"#$ x

2

dx =
%1/ 2

4# 3 / 2

0

+&

'

! ! !

!!!!!!!!!!!

! 

I
3

= x
3 " e#$" x

2

dx =
1

2$ 2

0

+%

&

I
4

= x
4 " e#$" x

2

dx =
3'1/ 2

8$ 5 / 2

0

+%

&

    "

    "

! ! ! ! ! ! ! ! ! ! !       (A1-11)!

=>2$ 
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!"#$%&'()*+*,-.+/012Jacobi)/013  

!

! 

x,  y4 (u,v))#*+56789:9-;<=+>? 

         

! 

x = p(u,v),   y = q(u,v)! ! ! ! ! !                     (A2@1) 

>A<-;<$B)CDE

! 

x,  y)=+

! 

f (x,y)5'(;<F?

! 

x,yG(A2@1))CD

H u, v)=+>A<IJ?K)'(4 u, vHLMN)'(HO;B-GPQ<4

R>A<$K)S?T*+>)'()UVW

! 

dxdyGX*+)VW

! 

dudv)YZ>

A<I5[\N]^_`GA<$

! 

x = x(u)>A<abc)'()de?x H=;

<'(4?

! 

dx = (dx /du)du-fN?u)'(HO;$a*+)'(H]g<

! 

(dx /du)

Hh<i)G?j*+)'(>4kDE<I5lm<_`GA<$ 

  (A 2!1)5(u,v)HHLMNn^B-G>oN? 

!      !

! 

u = p
1
(x,y),  v = q

1
(x,y)                                (A 2-2) 

>A<-;<$BB>?u5pq)rHsqf?v)t5*uvw<-?xyxU

Hyz){G|}<$a~?v5sqfN?u)t5*uvw<-?�){)y

z){G|}<2� A2-13$xU�)�)��4?O����)2x?y3>�q

PQ<G?(u,v)){>i�qPQ<$U�)�)��Gyz�H�M(u,v)){>

�qv}<���4?yz���-��}<$!!

 

 

 

 

 

 

y 

x 

u+du 

u 

v 

v+dv 
M1

  M2 

M3 

M4 

O 

� A2-1.  (u,v))yz��� 

U`V d! 
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! A2-1 "#$(u,v)%&'()*+%,-. d!"/0123456789:;

"<=$4>?%()'+@A74BC,D+EM1!M"!M#!M$!%FG+@A

710456%,-. d!9EHI%JKCLJM$4NEM1!M"!M#!M$!%

FG+OPQ74RSFTU+VW+X45YG% ZE[()9E

! 

p(u,v), 

! 

 q(u,v)

\8]7^G"?_19`abacd_1 e fNgf%hijLk$NElm

%no"p45!

! ! M1q!  

! 

x
1

= p(u,v),     y
1

= q(u,v) 

    M2q   

! 

x
2

= p(u + du,v) = p(u,v) +
"p(u,v)

"u
du 

           

! 

y
2

= q(u + du,v) = q(u,v) +
"q(u,v)

"u
du 

    M3q   

! 

x
3

= p(u + du,v + dv) = p(u,v) +
"p(u,v)

"u
du +

"p(u,v)

"v
dv         (A 2-3) 

           

! 

y
3

= q(u + du,v + dv) = q(u,v) +
"q(u,v)

"u
du +

"q(u,v)

"v
dv  

    M4q   

! 

x
4

= p(u,v + dv) = p(u,v) +
"p(u,v)

"v
dv  

            

! 

y
4

= q(u,v + dv) = q(u,v) +
"q(u,v)

"v
dv  

lr%()s\8ERSFTU M1M"M#M$!%,DLtu456%,D9!

!

!

!

  

 

vwU M1M"M#%,D%xy+z45! A2-2 "#$no"{|}~�� M2 �

! 
M1 

M2 

 

M3 

 

a
2
 

a
1
 

 

x 

y 

O 

,-. d! 

 

! A2-25 
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M1!!! a1"#$%&'M"(M#!)! a2*+,*"!!

! ! ! ! ! !

! 

d" = a
1
# a

2
# sin$ !!!!!!!!!!!!!!!!!!!!!!!!!! ! !!! !  (A2-4) 

-.,/01 2234,*" 

! ! !

! 

(d" )2 = (a
1
)
2
# (a

2
)
2
# sin

2$ = (a
1
)
2
# (a

2
)
2
% (a

1
)
2
# (a

2
)
2
# cos

2$ ! ! ! ! !(A2-5)!

-.,/56"781$%&' a9b 1:;<"

! 

a " b " cos# = (a,b)*=>?@,

AB"(A2-5)<C1DEF-=>?@,/!

! ! !!!

! 

(d" )2 =
(a
1
,a
1
) (a

1
.a
2
)

(a
2
,a
1
) (a

2
,a

2
)
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !(A2-6) 

! 

a
1

= a
11
" i + a

21
" j  , 

! 

a
2

= a
12
" i + a

22
" j  * x"yGH-IJ*"(A2-6)< 

!!!!!!!

! 

(d" )2 =
(a
11
)
2

+ (a
21
)
2

a
12
# a

11
+ a

22
# a

21

a
12
# a

11
+ a

22
# a

21
(a
12
)
2

+ (a
22
)
2
!!

!!!!!!!!!!!!

! 

= (a
11
)
2
(a

22
)
2

+ (a
21
)
2
(a
12
)
2
" 2(a

12
)(a

11
)(a

22
)(a

21
) =

a
11

a
12

a
21

a
22

2

"!(A2-7) 

*K,/LM"NOKP;QR<"DEF1STU3*VW1U*XY" 

        

! 

d" =
a
11

a
12

a
21

a
22

,                                         (A2-8) 

-.,/7Z[\<DEF1STU3]^+,/#$%&'M2(M1!! a
1
"#$

%&' M"(M#1!)!a2 *_`XaAB"(A2-3)3bcYC1deMK,/!

        

! 

a
11

= x
1
" x

2
= "

#p(u,v)

#u
du,      a

21
= y

1
" y

2
= "

#q(u,v)

#u
du, 

        

! 

a
12

= x
3
" x

2
=
#p(u,v)

#v
dv,      a

22
= y

3
" y

2
=
#q(u,v)

#v
dv,  

0fB3(2-8)Mgh+,/7Z[\<DEF1STU-.,0*Mi]XY" 

      

! 

d" =

 #
$p(u,v)

$u
du

$p(u,v)

$v
dv

 #
$q(u,v)

$u
du

$q(u,v)

$v
dv

=

$p(u,v)

$u

$p(u,v)

$v
$q(u,v)

$u

$q(u,v)

$v

dudv! ! ! ! ! (A2-9) 

*K,/(2-9)1

! 

d" /(dudv)1jkM>f,DEF<lmDEF"Jacobi1 DEF 
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(Jacobian determinant)!"#$! %& Jacobian'()*+,-”determinant ” ./

01#)234,- 

! ! ! !

! 

d" =
#(p,q)

#(u,v)
dudv =

(
#p

#u
) (

#p

#v
)

(
#q

#u
) (

#q

#v
)

dudv                     (A2-10) 

(2-10)5

! 

"(p,q)

"(u,v)
$6789:5;<=34>!?5@AB$C5DE.FG89

:5;<=.HI1JK,-6789:.%& J 'LM!N5;<=.

! 

J'L

OC'(PK- 

 (A2Q10).RK,C'3!SATE5U7UV$!W5XY&Z[\],C'&

^,- 

! ! !    

! 

f (x,y)d"
"

## = F(u,v)
$(p,q)

$(u,v)
dudv

"

##                    (A2-11) 

(A2Q1)5

! 

x = p(u,v),   y = q(u,v)'1J_`.ab#cd!(2-11)&

! 

"(p,q)

"(u,v)
efgJ

K,-C+$! 

! 

"(p,q)

"(u,v)
#

"(x,y)

"(u,v)
'LMhbJ(iK-

! 

x = x(u)34,jWk5

TE5lm!x&no,TE$!

! 

dx = (dx /du)du'1J!u5TE&poe!jU

75TE&qr,

! 

(dx /du)&s,(5e!@U75TE3$ , (A2-11)5

! 

"(p,q)

"(u,v)
=
"(x,y)

"(u,v)
= J  34,- 

! jt&!PU75TE5U7UV&$!uvC56789:e[+,- 

!   

! 

f = f (x,y,z,....),   g = g(x,y,z,.....),   h = h(x,y,z,.....),...............!   ! ! (A2-12) 

34,w5TEU75UV$! ! !  

    

! 

dfdgdh " " " " =
#( f ,g,h,......)

#(x,y,x,......)
dxdydz " " " "                           (A2-13) 

'^,-N5w56789:xJacobi589:y$!(n,n)89:'1J 
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! 

J "
#( f ,g,h,......)

#(x,y,x,......)
=

(
#f

#x
) (

#f

#y
) (

#f

#z
) •

(
#g

#x
) (

#g

#y
) (

#g

#z
) •

(
#h

#x
) (

#h

#y
) (

#h

#z
) •

• • • •

! ! ! ! ! ! ! ! (A2-14) 

!"#$(A2-13)%&'()*+,)-./0Jacobi%-./1%234!"#$ 

 

! 56789:;<=>?@%A>?@B%&'C  

! DE6FGH+(x,y,z) <=>?@!%IJEKLM

! 

dxdydzN+

! 

(r,",#)%OP

A>?@!QRSTNUV#$W%XY*

! 

dxdydz = r
2
sin" # drd"d$!"Z+[\

]^%_`a2-4-2!bcdeHf#$(x,y,z)@F

! 

(r,",#)@%gh&'i(*+!  

! ! ! ! ! ! !

! 

x = r " sin# " cos$

y = r " sin# " sin$

z = r " cos#

               ! ! ! ! ! ! ! ! ! (A2-15) 

!"#0j A2-31$  

 

 

 

 

 

 

 (A2-15) %&'i(kl+(2-13)%,)-./0Jacobi % -./1NDEmc

no#F+:%pqcr#$ 

z 

x 

y 

r 

! 

" 

j A2-3$<=>?@FOPA>?@%i( 

(x,y,z), (r,!,") 

O 
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! 

J =
"(x,y,z)

"(r,#,$)
=

"x

"r

"x

"#

"x

"$
"y

"r

"y

"#

"y

"$
"z

"r

"z

"#

"z

"$

=

sin# cos$ rcos# cos$ %rsin#sin$

sin#sin$ rcos#sin$ rsin# cos$

cos# %rsin# 0

   

                           

! 

= r
2
" sin#                            (A2-16) 

!"#$(A2%13)& 

! ! !

! 

dxdydz = J drd"d# =
$(x,y,z)

$(r,",#)
drd"d# = r

2
sin" % drd"d#  

'()* 

 

+,-./012'3453678!  

! /012'345367$94%(39%1)$3:;<=>)*?@A230145

&$/012BC345D/01E3FG45'H3IJKLMNO)* 

! ! ! ! !

! 

v
1

= v
G

+
m
2

m
1
+ m

2

" v$! !

! 

v
2

= v
G
"

m
1

m
1

+ m
2

# v! ! ! ! 94%(39-1) 

!

! 

m
2

/(m
1

+ m
2
) = c

2
,     m

1
/(m

1
+ m

2
) = c

1
! DPQD, 

! 

c
2

+ c
1

= 1! '(R$STU&

(39-1)IR$H3IJKV67WXK()* 

! ! ! ! ! ! ! !

! 

v
1x = vGx + c

2
vx,

v
1y = vGy + c

2
vy,

v
1z = vGz + c

2
vz,

v
2x = vGx " c1vx,

v
2y = vGy " c1vy,

v
2z = vGz " c1vz,

 

YK$WZ[\] J&$!

! ! !

! 

J =
"(v

1
,v

2
)

"(vG,v)
=
"(v

1x,v1y,v1z,v2x,v2y,x2z )

"(vGx,vGy,vGz,vx,vy,xz )
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! ! ! !  

! 

=

1 0

0 1

0 c
2

0 0

0 0

c
2
0

0 0

1 0

1 0

0 "c
1

0 c
2

0 0

0 1

0 0

0 0

1 0

"c
1

0

0 "c
1

= "(c
1
+ c

2
)
3

= "1,     

! 

J = 1.! ! (A2-17) 

!"#. ! $%&'()*+,)-' 

! ! ! ! ! !

! 

d
3
v
1
d
3
v
2

= J d
3
v
G
d
3
v = d

3
v
G
d
3
v! ! ! ! ! ! ! ! ! ! ! (A2-18) 

!./0#1 
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!"#$%&'()*+,-./01234567 

 

#89:;<'=>?@A  

! BC,DE/FG,H/9FIF#FJJJFn 'KLM!NOPQR2'1

2$S,G,HTU9VWXPMYZ[\F 

 

 

 

 

 

 

 

 

 

 

 

S,]FYZ[\OP^_/`abc'12$YZ[1;dMef12TgT

hij?,3k^lB,DE/mnop2$ 

9:YZ[1;dMef12],ij?,3k  

! ! 1qr/YZ[as2tb2P,3^ nF2qr^(n-1)FJJJFrqr^ 

! ! [n-(r-1)],tb2PMuvS'Qhw2TUFxo,ij?,3k^F 

    ! !  

! 

n " (n #1) " (n # 2) " " " [n # (r #1)]  

      ! !  

! 

=
n " (n #1) " (n # 2) " "[n # (r #1)]" (n # r) " [n # (r + 1)] " " " 2 "1

(n # r) " [n # (r + 1)] " " " 2 "1
 

       ! !

! 

=
n!

(n " r)!
#  

n
P
r
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (A3-1) 

! ! hR2$Ss^;<(permutation)hR2$r=n ' r=0! ,j?yz{oF 

! !        

! 

0 ! " 1,          
n
P

0
" 1                                  (A3-2) 

1 2 3 JJJ!

JJJJJ n 

1qr/YZ[asOPM a1, 

2qr/YZ[asOPM a2, 

3qr/YZ[asOPM a3, 

J!

J!

J!

rqr/YZ[asOPM ar 

'12$ 

!

G| 

C A389 
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!"#$%&'( 

! ! ! ! !  

)*+,-./0123$456789:7;<  

! =>? r@7A1B6C+,-.6789:7;<DEF(=>1G!.F 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

!HIJKLB6C+,-$M r @7A1HNOHI II CPQR>F=!C.

FSTUJ*(V$%I II KL/0123$% r @1P%+,-.STU II*(

=7TU IIWXCY>ZHV789:7;<? r[\rPrDEF(! TU I!T

U II1]X%^_=!?H`abCH c4F n@7AKL r@1+d%H=>

L1/0123$%efF=!DEF(c4Fefg7;?

! 

n
P
r
Ch4L45(

WKLH 

                

! 

" # r!=
n
P
r
                                   (A3-3) 

DEF(iCHj@7c4FAKLHr@7A1S/01klmnC*B6C+

F89:7;<G?H 

1 2 3 ooo!

ooooo n 

a1 a2 

 

a2 

 
ar 

 

ooooo 

r @1B6

C+F9:

7;\G 

/0123$% r @1P

%+,-.9:7; 

\r[\rPr 

TU I 

TU II 

IJ I II 

p A3-2 
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! 

" = n
P
r

r!
=

n!

(n # r)!r!
=
n
C
r
                              (A3-4) 

!"#$%&'()(combination)*+!",- 

 

 

./0123456789  

! ",:;<+(random variable)

! 

x*=>4? N @",5A,5$B*234

(average, mean)C 

! ! ! !   

! 

x =< x >=
1

N
x

i

i=1

N

"                                  (A3-5) 

!",-6789(standard deviation)D* 2EC$FG(variance)5HIJK$2

34LM*NOKP*QERS N!TUV4!WXMK,- 

! ! ! ! !

! 

" 2
=
1

N
(x

i
# x )

2

i=1

N

$ =< (x
i
# x )

2
>                     (A3-6) 

YZ<  >C[+\]A,234S^_,`5SabA,- 

! 234C$=>4

! 

x j*cd

! 

f j5B*ef:;

! 

p jSghiHjf!k,-=>

4

! 

x j*cd

! 

f jSgh,l'C$mn=>4?o+pqMKih,`5Srs\

A,*!$tu,

! 

x j*@+ N’Cvwxy+ Nz{!",|N’!N1-B*ab!

}!Cu~ jSghih,-=>4

! 

x j*ef:;

! 

p jC$v=>4*@+? N!

",LM$

! 

p j = f j /N!",. !  

! ! ! ! ! !

! 

x j " p j

j=1

N '

# = x j "
f j

N
j=1

N '

# =
1

N
x j " f j =

j=1

N '

#
1

N
xi = x 

i=1

N

# ! ! !  

5u,-=>4

! 

x j5B*ef:;

! 

p j*�*RC$��C$��4(expectation)5

IJK,?$`KC234\��h-�V$(A3-6)*FGH$=>4

! 

x j*ef:

;

! 

p jSghi$�*��\jfe�,$ 
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! !

! 

" 2
=
1

N
(xi # x )

2

i=1

N

$ =
1

N
f j % (x j # x )

2

j=1

N '

$ = (x j # x )
2

j=1

N '

$ % (
f j

N
) = (x j # x )

2

j=1

N '

$ p j  

!"#$%&'#( $)*+,-./0,12345678,!9#( 

       

! 

" 2
= (x j # x )

2

j=1

N '

$ p j = [(x j )
2 # 2x j x + x 

2
]

j=1

N '

$ p j
 

                       

! 

= (x j )
2
p j

j=1

N '

" # 2x x j p j

j=1

N '

" + (x )
2

p j

j=1

N '

"  

                       

! 

= (x j )
2
p j

j=1

N '

" # 2(x )
2

+ (x )
2

= (x j )
2
p j

j=1

N '

" # (x )
2 

$./0,:;<=>?=@AB

! 

x j.C8DE

! 

p jF2GH78CI#( 

  

! 

x =
1

N
xi =

i=1

N

" x j # p j

j=1

N '

" =< x >! ! !                                (A3-7) 

!

! 

" 2
=
1

N
(xi # x )

2

i=1

N

$ = (x j # x )
2

j=1

N '

$ p j

! 

= (x j )
2
p j

j=1

N '

" # (x )
2

=< x
2

> # < x >
2
!  (A3-8) 

 

 

JKJLMN>O  

! PQ.RS!TUV#DEF p:WXV#DEFY! p = q%V#Z:[Q.R

SFS\]Z,:^ QTUV#DEF P(n)%_/0($.DE P(n)*MN>O

(binomial distribution)%_H`abc)Hde: 

! ! ! ! ! !

! 

P(n) =N Cn " p
n
q
(N# n )

=
N!

n!(N # n)!
p
n
(1# p)

(N# n )
! ! ! !  (A3-9)!

!"#(NQ.0f nQ&TU!:(N-n)Q&WX!"#gh.i*: 

! ! ! ! ! !

! 

N
C
n

=
N!

n!(N " n)!
 

!"#(jgh.klDE*: 

! ! ! ! ! !

! 

p
n
q
(N" n ) 

!"#mc:[Q.RS! ^QTUV#DE P(n)*(A3-9)!noc)#$%,6
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!" 

! #$%&'()(binomial theorem)*%+,-./01!234% 

!

! 

(a + b)
n

=
n!

r!(n " r)!
a
n" r
b
r

r= 0

n

#  

! ! ! ! !

! 

= a
n

+ n " a
n#1
b +

n(n #1)

2!
a
n# 2
b
2

+
n(n #1)(n # 2)

3!
a
n# 3
b
3

+ " " "

! 

+ nab
n"1

+ b
n  

56!"78

! 

(a + b)9(A3-9)8

! 

(p + q)4:;<=, 

! 

(p + q)
N9>!?% 

! ! ! !

! 

(p + q)
N

=
N!

n!(N " n)!
p
n
q
(N" n )

n= 0

N

#

! 

= P(n)
n= 0

N

"                  (A3-10) 

56!"

! 

(p + q) = p + (1" p) = 156!@.% 

! ! ! ! ! !

! 

P(n)
n= 0

N

" = 1                                      (A3-11)   

56!7?AB!" 

! NC8DE5 nCFGH!?I0JK P(n)*(A3-9)5L=./!A%5*%F

G8CM n8NOP

! 

< n >= n *Q8234RSTU!VW3@X 

      

! 

< n >= n = n " P(n) =
n= 0

N

# n "
N!

n!(N $ n)!
p

n
q
(N$ n )

n= 0

N

#  

! !       

! 

=
N!

(n "1)!(N " n)!
p
n
q
(N" n )

n=1

N

#

! 

= Np
(N "1)!

(n "1)!(N " n)!
p
n"1
q
(N" n )

n=1

N

#  

          

! 

= Np
(N "1)!

n!(N " n "1)!
p
n
q
(N" n"1)

n= 0

N"1

# = Np(p + q)
N"1

= Np           (A3-12)   

FGCM n 8NOP

! 

< n >= n *%DECM N 4#CYZ[8FGJK p 9\]

Z^856!" 

! FGCM n8_`

! 

" 2
(n)*Q3a!56W3@X !   

 (A3-8)@.%#b4%

! 

" 2
= (x j )

2
p j

j=1

N '

# $ (x )
2  56!@.% 

         

! 

" 2
(n) = n

2

n= 0

N

# P(n) $ (< n >)
2                              (A3-13)   
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!"#$

! 

n
2

n= 0

N

" P(n)%&'()*

! 

p
"(pn )

"p
# np

n ,  

! 

p
"

"p
[p
"(pn )

"p
] = p

"

"p
(np

n
) = n

2
p
n    

$+,-./01)23 

! ! ! !

! 

n
2

n= 0

N

" P(n) = n
2 N!

n!(N # n)!
p
n
q
(N# n )

n= 0

N

"

! 

=
N!

n!(N " n)!
(n

2 # pn )q(N" n )

n= 0

N

$  

                 

! 

=
N!

n!(N " n)!
p
#

#p
[p

#

#p
]p

n
q
(N" n )

n= 0

N

$  

45)*62789$:;<=>?(@3A&.

! 

(p + q) = 1 <BC23 

!   

! 

p
"

"p
[p

"

"p
]

N!

n!(N # n)!
p
n
q
(N# n )

n= 0

N

$ = p
"

"p
(p

"

"p
) P(n)
n= 0

N

$ = p
"

"p
(p

"

"p
)(p + q)

N  

  ! ! ! !

! 

= p
"

"p
[pN(p + q)

N#1
] = p[N(p + q)

N#1
+ pN(N #1)(p + q)

N# 2
] 

! ! ! ! !

! 

= p
"

"p
[pN(p + q)

N#1
] 

! ! ! ! !

! 

= pN + p
2
N(N "1)! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  (A3-14)   

2$DE.F)* 

(A3-12) $!

! 

< n >= Np  <BC239GH 

! ! !

! 

" 2
(n) = n

2

n= 0

N

# P(n) $ (< n >)
2

= pN + p
2
N(N $1) $ p2N 2

 

                             

! 

= pN " p
2
N

! 

= Np(1" p)  

                             

! 

= Npq             ! ! ! ! !    (A3-15)  

2F)* 

! IJ$KC.3NL$MN4$OPLQ n$RST

! 

< n >= n 29G

! 

" 2
(n)H 

! ! !  

! 

< n >= n = Np ,      

! 

" 2
(n) = Npq = Np(1# p)                (A3-16)   

45)*UV7W$RST.X1)Y3ZXUV7W3H3 

       ! !

! 

" (n)

< n >
=
"(n)

n 
=

q

Np
                                 (A3-17) 
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!"#$p! q%&'!() N*+,-#!.

! 

"(n) / < n >%

! 

1/ N/01()2

3-#$N*+,-#4!5.6789%

! 

1/ N/01():;<"#4!*=

#$>?@A%BCD@AEFG5HI.(A3-16), (A3-17)%BCD@A/JK

LM*N)O#$1PQ, p=q=1/2 !().N=1020 !-#!.

! 

"(n) /n = 10
#10  E

RS/TU/:;O67VWX9!"#$YZ[\E67VWX9/J4ER

S"]^*_`()O#$aEbcE d%e@/fLOghijN~1020k*lm-

#$ 

 

nopqDrstuvEwxy  

! z{Z[E|}5%.nE~� n����/�S$4N%. 

! ! ! !     

! 

n!= 1" 2 " 3" ........" n  

!'�;N#i�5H#$4E��E��7i�!#!. 

! ! ! ! ! !

! 

lnn!= ln1+ ln2 + ln3+ ......+ lnn                          (A3-18) 

5H#$4E�%� A3-3/�-RS/.��E�; ln xE���E��� 

 

 

 

 

 

 

 

 

� 

� 

� 

1 2 3 4 5 6 7 8 

! 

ln x  

! 

x  

� A3-3 
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!"#$%&'()*+,*-./012.3! n45-62.0! y7lnx)8

9):);<*+,*-.3=1>n>>1 )?> 

! ! ! ! !

! 

lnn!= ln xdx
1

n

" = [x ln x # x]
1

n
= n lnn # n + 1 $ n lnn # n! ! ! (A3-19) 

*@.3A1BC)DE+,FG>(A3-19)1

! 

ln 2"n!HIJ> 

! ! ! ! !

! 

lnn!= ln xdx

1

n

" # n lnn $ n + ln 2%n                      (A3-20) 

*@.3/KG>L)MN1OP.QRSTN)UV>

! 

"(n + 1) = n!>0 x 4W

X5-2Y)?)>

! 

 "(x + 1) # 2$x % xx % e& x! 1Z[P.\]^_ 3̀(A3-19)(

(A3-20)(! abcdRe(Stirling))+,F0fgK.3 

 (A3-19)0(A3-20))+,)hC!>n=10, 50, 601iEJjk*lmJn.0> 

n=10 )o$p

! 

ln10!= 15.1044, 

!  !  

! 

10ln10 "10 = 13.025 ,     

! 

10ln10 "10 + ln 2# $10 = 15.095 , 

n=50 )o$p

! 

ln50!= 148.478 

! !  

! 

50ln50 " 50 = 145.6011,    

! 

50ln50 " 50 + ln 2# $ 50 = 148.476 , 

n=60)o$p

! 

ln60!= 188.628 

!  !

! 

60ln60 " 60 = 185.661,     

! 

60ln60 " 60 + ln 2# $ 60 = 188.627  

02.3! (A3-20)G, n=10q n=50)o$*(>r0.06 ~ r0.001%)sOtu*@

v>wx2+,F*@./04y.3! z{>(A3-19)){G n=50*r1.9%, n=60

*r1.6|)tu4@.3#}#>n=1,000*Gr0.06%, n=10,000*Gr0.01|)s

Otu1~:P.)*>/K�v5-2 n *G��G2E3(A3-20)4L#E0

#J>(A3-19)0(A3-20))u!(A3-20)*�Kg>!

         !

! 

(A3"19) " (A3" 20)

(A3" 20)
=

" ln 2#n

n lnn " n + ln 2#n
! ! ! ! ! ! (A3-21) 
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!"#$%&' n()*(+,-./012345 

 

6789:;<=>?@A<=9  

! 3-3)BCD"EFG<=HIJ#, N! nK%&'LH'4MN (N>>1$n>>1)

OPQ4!$:;<=>?@A<=9KRST45(A3-9)(FG<=(UV$!

! ! ! ! ! !

! 

P(n) =N Cn " p
n
q
(N# n )

=
N!

n!(N # n)!
p
n
(1# p)

(N# n )
! ! ! ! ! ! ! (A3-9) 

BW4XS$Y(Z[(\],LO^_$N>>1$n>>1!"# 3-4)B(A`ab

cd(efOgJ45 

! ! !

! 

lnP(n) = lnN!" lnn!" ln(N " n)!+n ln p + (N " n)ln(1" p)! ! ! ! ! ! (A3-22) 

A`abcd(ef! (A3719)!

! 

lnn!" n lnn # n$hE$

! 

(1" p) = q  !i4!$ 

! ! !

! 

lnP(n) = N lnN " n lnn " (N " n)ln(N " n) + n ln p + (N " n)lnq    ! (A3-23) 

!'45YTV (N,j$p$qkl7 p)(mLBW4K$

! 

P(n)Kn%!'4 nOo

p4qH$(A3-23)(Z[O nBrs<i4!$ 

       

! 

" lnP(n)

"n
= # lnn + ln(N # n) + ln p # lnq = ln

(N # n) $ p

n $ q
           (A3-24)  

!'45

! 

P(n)Kn%!'4t$

! 

lnP(n)/n%BW45u(vwV 

! ! ! !

! 

" lnP(n)

"n
= ln

(N # n) $ p

n $ q
= 0 

BW_$YTV 

! ! ! ! !

! 

(N " n) # p

n # q
= 1! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (A3-25) 

(tBW45 Y(vwV$

! 

(N " n) # p = n # (1" p)!'_$xy$ 

! ! ! ! ! !

! 

n = N " p 

!'45YTV$3-3)BCD"EFG<=((A3-12) 

! 

n =< n >= Np  !z{|}Y
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!"#$%

! 

P(n)#$&'

! 

lnP(n)()*!+$ n ',

! 

n =< n >= Np! -.!"#

$%.."',

! 

P(n)#$&'

! 

lnP(n)/)*01$ n/)23!45, 

! ! ! ! ! !

! 

˜ n = n =< n >= Np! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  (A3-26) 

!6789:%;8<,n/)23!;=>?-@A=Bx"6C1$!%

! 

n = n + x!

"#$>?,

! 

P(n) = P(n + x)!+$%

! 

lnP(n) = lnP(n + x)  /!

! 

n = Np "

! 

x-DE

F"GHIHJK1$% 

        

! 

lnP(n + x) = lnP(n ) + x(
" lnP

"n
)

n= n 
+
1

2
x
2
(
" 2 lnP

"n
2
)

n= n 
+ ....     (A3-27) 

(A3-25)-)*3-LM/NOPQ-RS(#$-",

! 

(
" lnP

"n
)

n= n 
= 0"#$>?,

! 

x-TE-U'VW$%

! 

x-DE-U-XY-Z[\]',(A3-24)/^_ n"Z

[1$!, 

! ! ! !

! 

" 2 lnP(n)

"n2
= #

1

n
#

1

(N # n)
= #

N

n(N # n)
 

`a<,n0

! 

n = Npbc1$!, 

! ! ! !

! 

(
" 2 lnP

"n
2
)n= n = #

N

Np(N # Np)
= #

1

Np(1# p)
= #

1

Npq
          !  (A3-28)  

3-3) -XU[d" P(n)-[efghijk- 2lm(!

! 

Npq = Np(1" p) = # 2
!!

+$.!'(A3-15)0n0opP%`a<,(A3-27)-GHIHJK-qr', 

!        

! 

lnP(n) = lnP(n + x) " lnP(n ) #
1

2$ 2
x
2                     (A3-29) 

!+$%.=',  

! ! !   

! 

lnP(n) = lnP(n + x) " lnP(n ) + lne

(#
1

2$ 2
x
2
)

= ln{P(n ) % e
(#

1

2$ 2
x
2
)

}!  

-.!"#$>?, 
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! ! ! ! !!

! 

P(n) = P(n + x) = P(n ) " e
(#

1

2$ 2
x
2
)

                         (A3-30)   

!"#$%& '()*%&+,-.-/(0.1234(A3-11) (56718"

#49$%& :#&;<(0.=>9!

! ! ! ! !

! 

P(n)
all n

" = 1= P(n ) # e
($

1

2% 2
x

2
)

dx = P(n ) e
($

1

2% 2
x

2
)

dx

$&

+&

'
$&

+&

' ! ! ! !   

?@AB.1CD9 

! ! ! ! !  

! 

P(n ) e
("

1

2# 2
x
2
)

dx

"$

+$

% = 1                                  (A3-31)   

#E.1 

! FG/#HIJ7KL(9!

! ! ! ! ! !

! 

I
0

= e
"#$ x 2

dx = (
1

2
)(
%

#
)
1/ 2

0

+&

'  

#E.=>922#9

! 

" = 1/(2# 2
)! -B.-9 

      

! 

e
("

1

2# 2
x
2
)

dx

"$

+$

% = 2 e
("&x 2 )

dx

0

+$

% = 2I
0

= (
'

&
)
1/ 2

= (2# 2' )1/ 2 = 2' ( #  

-0.123,(A3-31)(MNB3O9 

! ! ! !

! 

P(n ) =
1

2"# 2
                                          (A3-32)  

#E.2-?P.1 (A3-30)  (Q3O9 

! ! ! !

! 

P(n) =
1

2"# 2
e

($
1

2# 2
x
2
)

=
1

2"# 2
e

[$
(n$ n )

2

2# 2
]

                    (A3-33) 

-0.123?9RST?

! 

˜ n = n =< n >= Np#9<U?

! 

" 2
= Npq = Np(1# p)#E

.VW<X(Normal distribution )#E.1YZ[<X(Gaussian distribution)-\]

O3.1 

! ^_(9RST, `9<U,ab-B.VW<X4 N(m, ab)-cdB.2-
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!"#$N% Normal distribution&'()*+,$(A3-33)-./01.2345

6 x781.9:;<=>?,7. 

! !!!!!!!!!!!!!

! 

"(x) =
1

2#$ 2
e

[%
(x%m )2

2$ 2
]

                       (A3-34)!

@A% N(m, BC)&DEFGHIJKFGL*+,$23FGM!NOP5<Q

R18SRT&*. x !

! 

(x,  x + dx)&UV<W,23%

! 

"(x)dx*XYZA,$! !

x!

! 

a " x " b*+,236

! 

"(a # x # b)7=>?,7. 

! ! ! ! ! ! !

! 

"(a # x # b) = $(x)dx
a

b

% =
1

2&' 2
e
[(
(x(m )2

2' 2
]

dx

a

b

%       (A3-35) 

*+,$[\]ZA1#,^_<.

! 

m "# $ x $ m + # *+,23% 68` , 

! 

m " 2# $ x $ m + 2#  *+,23% 95.4%, 

! 

m " 3# $ x $ m + 3# *+,23%

99.7%*+,Ha A3bcL$!

 

 

 

 

 

 

 

 

! de&f5&g.b<h81. 

! ! ! ! !

! 

"(x)dx
m+ a#

m+ b#

$ =
1

2%# 2
e
[&
(x&m )2

2# 2
]

dx

m+ a#

m+ b#

$                      (A3-36) 

6iY,$@@*.j&^_Q9j4k 

±! 

±2! 

 ±3! 

 

m 

x 

! 

"(x)  

a A3-4 
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! ! ! ! ! ! ! !

! 

t =
x " m

#
                                 !  (A3-37) 

!"#$%

! 

dx = " # dt  &'()*% 

! ! ! ! ! !

! 

"(x)dx
m+ a#

m+ b#

$ =
1

2%# 2
e
[&
(x&m )2

2# 2
]

dx

m+ a#

m+ b#

$  

                     

! 

=
1

2" # $
e
(%
t
2

2
)

$ # dt
a

b

& =
1

2"
e
(%
t
2

2
)

dt

a

b

&      (A3-38) 

&'(+! ,-./0%1234&'(5617

! 

N(0,1) =
1

2"
e
(#
t
2

2
)

 8%9:5

617$;<=(+ >?@5617 N(m, AB)8, (A3-37)CDE%9:561

7 N(0, 1)CFGHI(+JK8% 

! ! ! ! ! !

! 

1

2"
e
(#
t
2

2
)

dt

0

x

$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (A3-39) 

@./LMC'(@&N=)*O1PQRS@./T*=(+! UV@

W

! 

m "# $ x $ m + #&'(RS8 68X%++Y8%LM@.CZ[\]\(+

! 

N(0,1) =
1

2"
e
(#
t
2

2
)

^_`ab@cdL&'()*%(A3-39)8 0 )* x e&@O

1.&'(N$Cf?.!  (A3-39)@O18ghdL&8MiHIj\@&%L

MCQD(/%L.kl@m@nop@qrp^stu=]\( 51)
.!
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!"#$%&'(()*+'(),-./01234567  

! 8.%59:

! 

F(x);<

! 

x = a=>?@A5234BCD<

! 

x = aEF5G=;H

I,J,K.LM.NO5-PK9:

! 

F(x)B

! 

("#,  + #)5QR=S'M.T,<

U5>?@A5234B%&'(()*+'()=67M.LVW=8.NOX;<

YZ[5\]^_`abcd235ef=ghKijBkAN-lmnoK9

:LDpqPrs,<

! 

F(x)5t:BLl<

! 

x = a=u:vwM.N!

!

! 

lnF(x) " lnF(a) + (x # a)
$ lnF(x)

$x

% 

& 
' 

( 

) 
* 
x= a

+
(x # a)

2

2!

$ 2
lnF(x)

$x 2

% 

& 
' 

( 

) 
* 
x= a

+ . . . ! !xA3-40y!

LK.Nzr<

! 

x = a! =>?@A5234BCM5=8.on<!

! !

! 

" lnF(x)

"x

# 
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% 

& 

' 
( 
x= a

= 0! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! xA3-41y!

=8.NOX;<!

!!!

! 

" lnF(x)

"x

# 
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% 

& 

' 
( 
x= a

=
" lnF(x)

"F(x)
)
"F(x)

"x

# 
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% 

& 

' 
( 
x= a

= F '(a)/F(a) = 0!!!!!!!!!!!!xA3-42y!

LK.on<

! 

x = a5234{|B}s.~�=8.N�,<234�B}s.

)*+'(5'�B�s.N!

! 

x = a=;/01LK.5=<

! 

F ' '(a) < 0=8.N!

!!!!!

! 

" 2 lnF(x)

"x 2
# 
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% 

& 

' 
( 
x= a

=
"

"x
[
F '(x)

F(x)
]

# 
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% 

& 

' 
( 
x= a

=
F ' '(x)

F(x)
)
F '(x)

F
2
(x)

# 

$ 
% 

& 

' 
( 
x= a

!

=<��5���;xA3-42y,-l��.on<!

! ! !

! 

" 2 lnF(x)

"x 2
# 
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% 

& 

' 
( 
x= a

=
F ' '(x)

F(x)

# 

$ 
% 

& 

' 
( 
x= a

) *
1

+ 2
(a)
! ! ! ! ! ! ! ! ! ! ! ! xA3-42y!

LM.L<)*+'(5'�B}srOL,K.NO5OL;<xA3-42yB

xA3-40y5��,��M.L����.NxA3-40y5��=;<��5�;

xA3-42yon��.5=<J�L����l<UXE�5���;��M.L<!!!

!!!!!

! 

lnF(x) " lnF(a) #
(x # a)

2

2$ 2
(a)
!!!!�! !

! 

F(x) /F(a) " exp{#
(x # a)

2

2$ 2
(a)
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!"#$! !

! 

x = a%&'()*+&,-.&/012,-.)

! 

F(a)!3A3-424%

56789:;<=>&?@AB9C%+DEF#G!H"#I!

! ! !

! 

F(x) " F(a)exp[#
(x # a)

2

2$ 2
(a)

]!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 3A3-434!

JKL2MN

! 

F(x);

! 

("#,  + #)&OP%Q9R#!2!

!!

! 

F(x)dx = F(a)exp{"
(x " a)2

2# 2
(a)
}dx = F(a)

"$

+$

%
"$

+$

% exp{"
(x " a)2

2# 2
(a)
}dx

"$

+$

% !!!!! 3A3-444!

%S#I3A3-444TUVW&Q9%2

! 

x " a = t,    1/2# 2
(a) = $!XY!2! !

! ! !

! 

exp{"
(x " a)2

2# 2
(a)
}dx

"$

+$

% = e
"&' t 2

dt

"$

+$

% = ( /& ! ! ! ! ! ! ! ! ! ! ! 3A3-454!

%S#IVW&Z[12*\]%^_8?@AQ9&`a2!

! ! !

! 

I
0

= e
"#$ x 2

dx = (
1

2
)(
%

#
)
1/ 2

0

+&

' ! b!

! 

2I
0

= e
"#$ x 2
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%

#
)
1/ 2

"&

+&

' !

;cKLd#I3A3-454&

! 

" /#;e&fgHhij2!

! ! !

! 

" /# = 2"$ 2
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%S#IJKL23A3-444&Q912`k2!

!!!!!!!!

! 

F(x)dx "
#$

+$

% 2& ' ((a) ' F(a)!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!3A3-474!

!+D%l#I!

! !
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!

#!78%&'()!

! ! %&'()

! 

"(x)9-46:;<=>?2@!

! ! ! ! ! ! ! !

! 

"(x) = e
# t
t
x#1
dt

t= 0

$

%                               (A4-1)!

A)4 x!p"#/BCD@E:6: 

! 

u " (dv /dx)dx# = u " v $ v " (du /dx)dx# FG!

           

! 

"(p) = e
# t
t
p#1
dt

t= 0

$

% = (t
p#1
)(#e# t )'dt

t= 0

$

% !

                          

! 

= t
p"1
("e" t )[ ]

t= 0

#

+ (p "1) e
" t
t
p" 2
dt

t= 0

#

$ !

                          

! 

= (p "1) e
" t
t
p" 2
dt

t= 0

#

$ = (p "1)%(p "1)      (A4-2)!

*H2.   I?JK@!

! ! ! ! !

! 

"(p) = (p #1)"(p #1)! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (A4-3)!

LM@

! 

"(1) = e
# t
dt

t= 0

$

% = (#e# t )'dt
t= 0

$

% = #e# t[ ]
t= 0

$

= 0 # (#1) = 1! JK@!

! ! ! ! !

! 

"(1) = 1! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  !  (A4-4) 

>G/@

! 

"(1/2) = e
# t
t
#1/ 2

dt

t= 0

$

%  9 

! 

t = x
2
 *N2*@!"74(A1-7)OPQD@ 

! ! ! ! !

! 

e
" x 2 # x"1 # 2x # dx

0

$

% = 2 e
" x 2

dx

0

$

% = & !

;R2$S/@!

! ! ! !

! 

"(1/2) = # ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (A4-5) 

(A4-3)*(A4-4)FG@!

! ! ! ! !

! 

"(2) = "(1),    "(3) = 2"(2) = 2 #1,    "(4) = 3 # "(3) = 3!!

*H2FG@!
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! ! ! ! ! !

! 

"(n + 1) = n!                                       (A4-5) 

!"#$!  

! %&'(A4-3)((A4-5))*' 

! ! ! ! ! !

! 

"(3/2) = (1/2)"(1/2) = (1/2) #

"(5 /2) = (3/2)"(3/2) = (3/2) $ (1/2) #
 

            

! 

"(7 /2) = (5 /2)"(5 /2) = (5 /2) # (3/2) # (1/2) $ !

              +!

! ! ! ! ! ! ! + 

! ! ! ! !   

! 

"(
2n + 1

2
) = (

2(n #1) + 1

2
)"(
2(n #1) + 1

2
)!

! ! ! ! ! ! ! !

! 

=
(2n "1) # (2n " 3) # # # #  7 # 5 # 3 #1

2
n

$ ! ! ! ! ! !  

! ! ! ! ! ! !   

! 

=
(2n)(2n "1) # (2n " 2) # (2n " 3) #  # #  7 # 6 # 5 # 4 # 3 # 2 #1

2
n
(2n)(2n " 2)(2n " 4) # # # 6 # 4 # 2

$ !

                

! 

=
(2n)!

2
n
" 2

n
(n)(n #1)(n # 2) " " " 3 " 2 "1

$ !

                

! 

=
(2n)!

2
2n
" n!

#                                    (A4-6) 

!"#$ 

!

,!-./012345678(9:;<0=46>?!

! 234@3ABCDEFGH3!"#(GIJK#6>?L5678(MN$

(A4-5)4/0123

! 

"(n + 1) = n! 45678O'n!x(PQ'!

! ! !

! 

x!= "(x + 1) # 2$x % xx % e& x[1+
1

12x
+

1

288x
2

+ % % %]             (A4-7) 

!"#$R4STOUV+WXYZ.%&O[\]Y^.L_`ab&c$(A4-7)4
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! 

ln(n!) " n ln(n) # n  562789:;+<=!"#>?0@A+B;<=8$C

D 3EF+G%&'()*+!"#H+I69JKL@!

 

F!MNOP nQR9ST0U+VW!

! MQRXY+Z[ R+U+VW$2 

! 

V
n= 3(R) =

4"

3
R
3
! >?0@OP nQR9

ST0Z[ R+U+VW$2\]2!

! ! ! ! !     

! 

V
n
(R) = a

n
" R

n                                 (A4-8) 

,^_`/0@

! 

a
n
$abcd>?0@nQR>+efgh2!

! ! ! ! ! ! !

! 

(x
1
,  x

2
,  x

3
,  ... ,  x

n
)                              (A4-9) 

,i0,2jefkh_cKl2efmn8o+pqh r,i0,2 

! ! ! ! ! ! ! !

! 

r
2

= x
1

2

+ x
2

2

+ x
3

2

+ " " " + x
n

2

! ! ! ! ! ! ! ! ! (A4-10) 

>?0@Z[ r,Z[ rrdr9st/LUu+VW$2(A4-8)562 

! ! ! ! ! ! ! !

! 

"V
n
(r)

"r
dr = na

n
# r

n$1
dr                        (A4-11) 

>?0@Ov2Q+Wwhxy0,2 

! ! ! ! ! ! ! !

! 

I = " " " e
#(x1

2
+ x2

2
+ " " " + x

n

2
)
dx

1
dx

2
" " " dx

n

#$

+$

%
#$

+$

%
#$

+$

%       ! ! (A4-12) 

zd{9Wwi/.<=8o2 |+Ww$CD}+~�%Ww562 

!

! 

I = " " "{ [ e
#(x1

2
+ x2

2
+ " " " + x

n

2
)
dx

1
]dx

2
} " " " dx

n

#$
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%
#$

+$

%
#$

+$

% = [ e
# x 2

dx]
n

#$
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% = & n / 2
! ! (A4-13) 

>?0@!  

! ! !

! 

I = " " " e
#(x1

2
+ x2

2
+ " " " + x

n

2
)
dx

1
dx

2
" " " dx

n

#$
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%
#$
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%
#$
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%

! 

= e
" r 2 # na

n
r
n"1
dr

0

$
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! 

= na
n

e
" r 2 # rn"1dr

0

$

% !

 !!"#

! 

r
2

= t  $%&'($#!

! !

! 

I = na
n

e
" r 2 # rn"1dr

0

$

% = na
n

e
" t # t(n"1)/ 2(1/2)t"1/ 2dt

0

$

% !

                     

! 

= (1/2)na
n

e
" t # t(n / 2"1)dt

0

$

% = (1/2)na
n
&(n /2)      (A4-14)  !

$)(*(A4-13)$(A4-14) +,-(!$"# !

! ! ! ! ! ! ! ! !

! 

(1/2)na
n
"(n /2) = # n / 2

!

".(/0#(A4-8) 1,234

! 

a
n
567(*!

! ! ! ! ! ! ! ! !

! 

a
n

=
2 " # n / 2

n$(n /2)
                                (A4-15)  !

89#:;<= n1>1?@A#!

! ! ! ! ! ! ! ! ! !

! 

V
n
(R) =

2 " # n / 2

n$(n /2)
" R

n                         (A4-16)  !

".(*(A4-3)BC#

! 

"(n /2 + 1) = (n /2)"(n /2)".(1"#

! 

"(n /2) =
"(n /2 + 1)

(n /2)
"

.(*!D+EFG#(A4-16)A!

! ! ! ! ! ! ! ! ! !

! 

V
n
(R) =

" n / 2

#(n /2 + 1)
$ R

n                       (A4-17)  !

$HIJKLMN*!O01P5BCQR)HI".(* 



 585 

!"#! $%&'()*+,-.$/01  
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! 45I6$7 B 8J.:K4L?@ l M@NOPQ4R8ST a 8;<=>

MUVNQ.KW,X*G8EVYZ8;<=>A=DEM[\]QF^A5_13̀ 
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a 

a sin! 

F2 

 
F2 

 

D, (A) 

C, (B) 

(1) 

(2) B 

^ A5_1`456$7 B 89AUVNbLc?@ l M@NQ;<=>Ad

=DEMBC`PKQA[\]Q F1defMgh:Ki4[\jFPQ3k

Almnmop(1)`qVqKDA. BCABC F1dKi4[\jkAdI

C(2)KrE.Im=DEstuQ`v=m:=DswuQVYK=D8x

d QVY PAeVp(2) ǹd;<=>8yAh]Qz{|j}H-G ǹ 

x Bd)*+,-F-GH3~}H-GF=Dx<e.Z8�fT3s��
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n 
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n 
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! !"#$%&'(

! 

F
1

= Ia " B " sin(# + $ /2) = Ia " B " cos#  #)*+,-&./0( 

CD#$%&./12)'(

! 

Ia " B " sin(# $% /2) = $Ia " B " cos# = $F
1
3425678

-9#) F:*;<=,&./0>?25@#AB#)'6CDE PQ &FG>

?2#3HIJ?(KL#J)'M3425C=(DA &NO)'

! 

F
2

= Ia " B " sin(# /2) = Ia " B3425 BC $%&./12)'(DA &NO)P6

78-93(,-*;<3425

! 

Ia " B " sin(3# /2) = $Ia " B = $F
2
5@QR'((2)

&S1TU&(6C./EV&'W?#3(X)PWIY=Z[\]&Z^)

_`a25(2)#b3Z^#,-'cZI342dR(@#Z^e' QdR P&

,dU=,PW25 

! @#fJ(X)*.2)#ghijN#8-9'(

! 

N = F
2
" a " sin#342dR( 

              

! 

N = F
2
" a " sin# = Ia

2
B " sin#                      (A5-1) 

PW25Y=Z[#k&<12lmnEopqr_ n P12P(X)*.2)

#ghijsopqr N'(=,tuv>, w#opqr#+x3yz3-25 

! ! ! ! ! ! !

! 

N = (Ia
2
)n" B = (IS)n" B = m" B                  (A5-2) 

S'Y=Z[#kx3425Z[#kx S_{U|A#yz'(}~#�_0�

Z[3t��125

! 

m " (IS)n! *�����opqr3425 

! C���f B #�&�dQ����� l *�Q2Y=Z[&X)�Z^)�

*NO��'(b A5-2&S1C�W�f E#�&�dQ������&./1

2X)P��125d #��_�>>±q #��*%�12�(�����op

qr p#8-9' dq3(�#=,'���dRY��&,dU5F#8-9'

F�±qE342dR(@#X)&T2)#ghijq N#8-9'( 

! ! ! ! ! ! !

! 

N = Fd " sin# = qEd " sin# = pE " sin#             (A5-3) 
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! ! ! ! ! ! ! !  

! 

N = p"E! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (A5-4) 

;<=>! (A5-4):#?@<ABC B%D"EFGHIJ)K l%LMN"OP

Q=567809./01(A5-2);RSQ=>ABC%T(UVWQ=)KU:#

A)C%T%)*+,-;RS%X=YZ[\Q>]G:ABC%T(%UV

WMN)K^_UB*+,-^;RS%`a[bc];[defgZ=> h

D(ij=kl"UVWMN)K^;B*+,-;:mno%;pqgrZ> 

 

stUBu^;)u  

! )B*v(:#)*+,-;B*+,-%567809./01#)Cwx

yt;BCwxyt#z{%|)}(!0);~B}(µ0)#)��y;B��y#%�

_?�?"��Q=>!

! ! ! !
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m
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0
  "   µ

0
,      D  "   B!!!! ! ! ! ! (A5-5)!

�](#)*+,-567809.101wp��dt_��%)u�;��%�

�(��=<�#B*+,-567809.101!�pm)"�fg#��%UB
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! ! !    !

! 

p = qd  "  pm = qmd ! ! ! ! ! ! !          ! ! !  (A5-6) 

! 

pm = qmd *345-678

! 

E  "   H&9:;<=78 

           

! 

F =
1

4"µ
0

#
qmq'm

r
2
8       

! 

F = qmH! ! ! ! ! ! ! ! ! (A5-7) 

>?@01-2.A/8”B!&CDEFGH0I-2BJ&KL*”B!&CD

EFGH=7MN-OPQR/S0/T7A6U2HB!±qm"/VWX6U

=70I-2BJ&YZ B[B\]^_=7M`a8H[BJb^_/cFd
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-.#/noA-Z8HB!±qm"/VWX6U2VW5-&/pqr[st_

uvw0I-2 

! pBxyz{|D}FRw#~���/8U��p�r&��B�wZ�a

@5BJ&�1o*��5->&0I-2�*qruv��&�)#5-#8B

xyz{|D}FR&�1o/8!

! ! ! ! ! ! ! ! !

! 

pm = µ
0
I("a2) = µ

0
IS! ! ! ! ! ! ! ! ! !  ! (A5-8)!

0I-=78Bxyz{|D}FR&��/

! 
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2
]0I-[X=X8

! 

µ
0
*

�U���0Bxyz{|D}FR*4�5-.#>I-&0��Z��_2�

V&��B�����U�>pqruv&� ¡wZ¢W5-£¤#+,�¥

Z¦U2 

! § A5¨3/, qreD©�uv I*vX8.&eD©�)�&ª«r&¬­q

reD©�>®¯uv I*vX�r°*±52��¬­eD©uv I/²a �

³´0µ¶oA8·¸¹&qreD©uv I&ºZ»-2¼�8¹½&qreD 
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"M$LM�'��kuvCD�:;&e$y"M'�zuv{f9\:G%
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}%LMgh$%"M'�YVqrsa~�)�s�W%"M'V��uvf�

�O:a~�)�s�W�V012/()!"#Wk�[D�:'8%p'T

SULMG34C\���]^Ga~�)�s�k�CDZ%pe$���U
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pm 
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 ! fg2h9+2h$ Fe %Q-ijTklmnopC'DE*qrst-u

vwxyz{x|-}~? Feij�T��VC"*{x|-+�$��#��

�J*��VC2ek��Hb*2����Bb$�(l��VC'!-RS%

��$*fg2h*+2h*uvwxyz{x|-2e?RAij FeP2�V

C!"T��VC'�~2e?RA23��,P����2cT��C'NO

Pd+e-Z?�)�E *+3��,P�����¡�VC¢£?¤�&C' 

 

a¥¦bNO-2�§2�+�"2�¨©7|  

! Feij�T��(Euvwxyz{x|P�(lk&2eT�ª«V��T*

¬1­5|$*��(E Feij�}~-®¯%s°±¡,+�²�³ A5¥4b)

´*µ-RS?¶·(E'¸¹-HI#$*Feij�}~-±¡,+�²-º 

$»¼%½¾T¾&��A*±¡,+�²-ºT¿À(�JÁÂ-½¾cP«�

!%&'ÃÄ*±¡,+�²-KLM¿ÀÅ$Æ#�C'!�Puvwxy?+

�T��%& - Fe-HI#�C"ÇÈC'()(*uvwxy?+�T�V

"*Fe$º½É-d2e-q?�)�E!"?%A*±¡,+�²-ºP+�2
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E:^5>?9:kl">?ImE!no^5>pq9^;r" 

! >d.stu%(vnotwRO=>UVWXYZ[\].xyzK{|}

^~Q=��q��vL.>UVWXYZ[\].}7>UVWXYZ[\]
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?��]0^EE�4=M(x):��i!"��zt4xyzno�.�u x .

����!"��=��q��vL>UVWXYZ[\]I n ��L=�.>

UVWXYZ[\]���]0.{|^

! 

m = (1/n) m
k

k=1

n

" :i!:=>?��]0

M4 

>?3'7Im8 

)*+,-.

613'7Ie8 

�� .��X3'�!

Fe�.�� 

C A5D4")*+,-�. Fe.��X3'�:>?3'" 
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! ! ! ! !

! 

M = n " m     [N " A
#1
"m

2
/m

3
]                          (A5-9) 

!"#$%&'()*+,-.

! 

[N " A
#1
"m

2
]/01234M(x).56789/:

;<,-7=>?@AE+BCD26<E@8+F$GH*IP(x)CJKL1?!

! !"#$%&'()*+MN.4OP+Q!R

! 

µ
0

= 4" #10$7(N % A$2
)7ST1

AUV

! 

µ
0
7STWXAU+4YZ[\01+/]^\_`?55/.!

! 

µ
0
7ST

<!"#$%&'()*7aXbX1?c2c4

! 

µ
0
7STWXMN7aX1V4 

M+,-.

! 

[A "m
2
/m

3
] = [A /m]VW1?!  

! d)e'I+fgh.4i A5-3/jk<lmn@o+pU8q+fgh+5

V/01?rstuv/.4wFe +F%@ox.4Fe +@%+y%z+{[+

|}~�V4@%�6��\=>��)���~��C��L1!"&'()

*4�3C���/+!"&'()*+���a+��CJKL1?���.4

@%��\=>��)!"&'()*V�+����\�`/01?c2c4

w!�x7�ML1+/.W�4ly%���+mn@o4 �L1@oq+¡

\¢£�/¤¥VL1¦A.§¨t7©<ª+/01? 

 

«¬«�­!®4¯!®4°!®!

 ! !A+BCD26<¢£\±LE²!"#$%&'()*.4³´tC.4

,+Y>Cµ¶/·¸1Vuv�6bX1?¹º.4�+¢£7¶»cbX1

y%�8\ªVªV!"&'()*7=;bX1AU/4¼8tC.4½¾@

%¿D+ 3d @%7=>ÀÁ-Â44f @%7=>Ã)ÄÅÆ�ÇÈÉ-Â�45f

@%7=>dHÊÅÆWË+y%Ì�Í)WË\ÎÏL1?ÐÑ!A\WXn

Ò/.4�+ÓÔ.y%Ì�Í)+Õ~�CÖ[Ã)×Ø/01\4i A5¬4+
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!"#$%&'()*+,-./012-3'()*+45.6789:;+

)<=>?;@AB"C5DEFGH+IJ3KLM.,)<NO7=>?;

@DEFGP A5Q4+!"#$%DRS2-3'()*DTU2VWXY-ZU

5[+)\XYATU2G]^+_`a367bcA)<=>?;@Ddef

g#g*h&,3ij.kl#)<NO7=>?;@Amnl12_`&o2G

p9qD'()*+r./s-3X)mW.!tp9qu.XYAY12G)

*DvwxF!".X)mW.!2XYATU2Gy1-z{F2|}A~�

�.,ny2-RS�12GP A5Q4+!"#$%&a3VWXY-��+5[

+)\XYATU2G��+67.,ij.klg#A�)<=>?;@AT

U3H+5[a'()*-��&o2G 

! ]�+_`.!2mn)<=>?;@+4A3]^+_`&mnl12)<

=>?;@!t�0.�[g*ha3'()*-ZU5[.KLM#mn)<

NO7=>?;@ATU2Gy+!"#)\DEF��a3j)���

(paramagnetic materials)-��12G��X7�/+ 3dX7Dd�����3 4f

X7Dd���z��+6789:;D����ay+!"#j)���+�

�&o2G�43]^+_`+�.!t3'()*-a��+5[.3�0#

KLMmn)<NO7=>?;@ATU2��a3�)��� (diamagnetic 

materials)-��12G4f X7Dd���z��&,3��X7�/-#efg

2 Lu3�9:;+\h�a�)���&o2G4fX7Dd #gA¡;¢£¤¥�

�z��¦+�§.l1fg2 La+ 3�9:;\h�,�)���&o2G 

! P A5Q4+!"#$%&3Fe¨ Niaij.�[#mn)<NO7=>?;@

DTU2A3y1a©+^�+_`&aª«&[#gGFe¨ Nia��X7�/
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! 3d"#$%&'(!)*Fe+ Ni!,#-./0123456789(: Fe

+ Ni,#-;<=>5?789($*@AB!,#CDE-./012345

6F,#$%&G89(!)*HIJK,#CD!./01234!LE-*

M9N#OPQRS?T$UV*;WXG8*./012345YZ*[\Q

E]^_E`Va./012345bc(:GdG*ef.g$a9gJ-*

hBi(fj)./01234$Y789(k)-a9:.lmmagnetic 

domainnXopA( 10-5 m qrs!tuv)-*./01234$Y789(

$*Hw'(.l)-./01234!xV$yz)h({Ka|}$~�G

89(:�78*[\Qa./01234!���mM*.���4�n5��

(X�Xa(:@!{Ka��Eef.g5��'(X*�A�A!.l!.

/01234$��E�cxVEYK:`Va.���4�$ef.g!xV

Ebc(:@!{Ka.�5�'��-M.���mferromagnetic materialsn

XopA(:M.���-*��E*M9.g5d�8�8!.l!./01

2345YZ��*@!ef.g5�E�G8]*.���4�M$�E�B

a9:@!{Ka��$�G9M.���$��.�XG8 T¡A(: 

! M.���-^_EM9_.�¢)h(X£Z($*�¤*^_EM9y.

�¢-*¥¦+§a¨!©ª$«¬­m®¯Kn)�'°±²msuperconductivityn

|³E´(@X$µ¶(:�J�)] YBa2Cu3O7*Tl2Ba2CaCu3O10-*�A�A*

90, 120 K)°±²|³Ea(@X$ 1980·¸E¹BdE¡A�:º«¬­m®

¯Kn»)-a9X£K¼½)*º¾­»°±²��XopA(:°±²��5�

¿a.g!]XED98]*.ÀÁ-°±²��!X@Â)ÃÄBA*vfE

ÅBa9:@A-ÆrÇÈ1ÉWmMeissner effectnXopA(:°±²��v
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!"#$%& B '()*+,-./0123-456!#7"890:;)<

=>?@?AB:;C#DE)FGH#IJK)L-/MN- OPQR 
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!"#! Lagrange$%&'()   

! Lagrange$%&'()(Lagrange's undetermined multiplier or Lagrange multiplier)

*+,-!./012$3)456789:$;<=;>:?%&@()4A

BC9:?3DEF$GHIJKL5MNOEF$PQ;*+RST57UV

9:W4XYZ?W$[\*]^;*>_S`aLbVcZdeL5MA$$+

f6-2-3g!$hijk$lm4 Boltzmann$n@op;*UZ6Z:?WW;*+

Lagrange $%&'()$qrIst6uvW4Lw:?]x*+yz){3D

EF$|}4~�56PQw:X���+WW;*�$�z*��V96Z:?A

5�SLvZ\�*+EF{3DEF$��^;��V9MZ? 

 

����,-X��;>:\�$/012!

!3DEF;$ Lagrangian, 

! 

L(q
1
,...qf , ˙ q 

1
,....˙ q f ), *�����4�$���z;�

��9:X+��y(X`6�[;*cZ\�X>:?��C+�� c¡l

¢z¢;*+£l¢�$¤¥(d0)X�&;>:4¦�:\�+W9*��y(L

§w:��,-;>:? 

!               

! 

(x
1
" x

2
)
2

+ (y
1
" y

2
)
2

+ (z
1
" z

2
)
2

= (d
0
)
2               (A6-1) 

y(I

! 

(q
1
,  q

2
,  ...,  qf )456+��$��,-*+y($¨n(456©ª$«

L¬­V9:? 

! ! ! ! ! ! ! ! ! !

! 

g(q
1
,  q

2
,  ...,  qf ) = 0! ! ! ! ! ! ! ! ! ! ! ! ! (A6-2) 

��,-IUZ6+�[y($(I®¯°L�±w:deLy(I²³;.:

\�*´µ;>:X+(A6-1)$,-$deL+W9X´µL*bxcZ\�X¶

· LYZ?5C�v*+�¸$��,-X>:\�L�Z6¦�:? 
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! !"#$%&

! 

(q
1
, q

2
, ..., qf )'()*)+%

! 

F(q
1
,  q

2
,  ...,  qf ),-./01.#0

2.3&45)6789#$%8:;<=>?,@ABCDEFGHIJKL)M'

G*)N!

O,@AB67# 

! ! ! ! ! ! ! ! ! !

! 

F(q
1
,  q

2
,  ...,  qf )                              (A6-3) 

FP-.&Q),RST#$%&UVW8X2$YZ[\],+%.,$Y/M

M^P#M_&`ab$cd'ef^L)3Pg'hi)N 

! ! ! ! ! ! ! ! ! !

! 

"F(q
1
,  q

2
,  ...,  qf ) =

#F

#qi
"qi

i=1

f

$ = 0                 (A6-4) 

JSJ#CDEF:;<=>?ST#

! 

"qi,jKGkl^PBLM'P#:;<=>?,$c

&Q_mn)N:;<=>?,opPqrg^*)ST#O,$c9g^*s#!

! ! ! ! ! ! ! ! ! !

! 

"g(q
1
,  q

2
,  ...,  qf ) =

#g

#qii=1

f

$ "qi = 0! ! ! ! ! ! ! ! :;<=t?!

^*)N

! 

"qi,:;<=t?,!uv7Gw8g^Bx_mBTBLNjK,

! 

"qiGkl

^PBLM',yzW{|^*)N!

! JSJ#:;<=}?':;<=t?Pw8~lJKL)NOM^#!:;<=t?�p8��,

�%�&SxK9gP$�TBLST#M_':;<=}?&!�8JK9#�Ps#!

! ! ! ! ! ! ! !

! 

"F = (
#F

#qi
+ $

#g

#qi
)"qi

i=1

f

% = 0! ! ! ! ! ! ! ! ! :;<=<?!

^*)N�%�G��^*)ST#��J\L$%8+()�c&:;<=<?ST

��M'Ghi)N!

! ��m#!

! 

qf8+()�c&��]8P#!

! ! ! ! ! ! ! !

! 

"F

"qf
+ #

"g

"qf
= 0!!!!!!!!!!!!!!!!!!!!!!!!!!!:;<=�?!
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!"#$%&'()*+,-./0!12343567!

! ! ! ! ! ! ! !

! 

"F = (
#F

#qi
+ $

#g

#qi
)"qi

i=1

f %1

& = 0!!!!!!!!!!!!!!!!!!123485!

!"97::;<1=4>5?<

! 

"qi6@A;B#CD7!

! ! ! ! ! ! !

! 

"F

"qi
+ #

"g

"qi
= 0       (i =1,2,....., f $1)! ! ! ! ! ! !1234E5!

!"#0:<FG671234H5!IJKL&"MN/#CD71234E561234H5O

PQN7RN<S(

! 

(q
1
,  q

2
,  ...,  qf )&TUN7!

! ! ! ! ! ! !

! 

"F

"qi
+ #

"g

"qi
= 0       (i =1,2,....., f )! ! ! ! ! ! ! ! ! ! 1234>V5!

!"#0FW7XY7

! 

" = #($F /$qf ) /($g /$qf )!ZQNU[%!7KL\7

! 

"qi

<RN]@A;B#!^MN./!<F_&"#0!

! `\;67abcd<e( f <ghij(&klj()*mnN o <SiL

123485&pqr0UCU7stabcd<e(6 fuV ;B#CD7fvw&kl

j()*mnNe( o &pqNO7xy6 o &zU/0{:;7f=F+!g *|

97!

!!!!!!!!

! 

f (q
1
,  q

2
,  ...,  qf ,") # F(q

1
,  q

2
,  ...,  qf ) + " $ g(q

1
,  q

2
,  ...,  qf )! ! ! 1234>>5!

:<Si*}MN~!��:!O;�#6�;B#0r�U7:<Sie( =

<S(67)]p�Mr:!&$97�=���?<

! 

(q
1
,  q

2
,  ...,  qf ,")&�pUN�

97!

! ! ! ! !

! 

"f = (
#F

#qi
+ $

#g

#qi
)"qi + g

i=

f

% (q
1
,  q

2
,  ...,  qf )"$!!!!!!!!!!!!!!!1234>�5!

;B#0::;7= ?<

! 

"qi!

! 

"#]@A;B#!�'�#!7!

! ! ! ! !

! 

"F

"qi
+ #

"g

"qi
= 0         (i =1,2,....., f )! ! ! ! ! ! ! ! ! ! ! 1234>V5!



 599 

! ! ! ! !

! 

g(q
1
,  q

2
,  ...,  qf ) = 0! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !"#$%&!!

'()*+,-./012*345678,9:;<0=3>56=?@,A

BCDE,.,;<)FG=!%&,ABCD,.';,HICD6=JK,

! 

"qi!L

M1'NOP9Q,!"#$RS&;TU+'V()*!"#$RR&,NOW6=ABCD

LXY<)Z[V\]V^_;`)*!

!

abABCDLXYcde)Z[,HICD!

! ABCDLXY<0=!

! ! ! !

! 

gµ (q
1
,  q

2
,  ...,  qf ) = 0       (µ =1,2,......,k < f )! ! !!!!!!!!!!!!!!"#$Rf&! !

,.';=gY

! 

F(q
1
,  q

2
,  ...,  qf )LHIhi)CD6=jk,4l9[,mnhi

0=+ohp'eoqTU*!

!!

! 

f (q
1
,  q

2
,  ...,  qf ,"1

,"
2
,....,"k ) # F(q

1
,  q

2
,  ...,  qf ) + "µ $ gµ (q

1
,  q

2
,  ...,  qf )

µ=1

k

% ! !!"#$Rr&!

! ! !

! 

"f = {(
#F

#qi
+ $µ

#gµ

#qi
)"qi + gµ (q

1
,  q

2
,  ...,  qf )"$µ i

i=1

f

%
µ=1

k

% }!!!!!!!!!!!!!!!"#$Rs&!

++;=!Jtµ&K,uv,mY

! 

(q
1
,  q

2
,  ...,  qf ,"1

,"
2
,....,"k ),wxmy6M1'NO

oqTUFG=!

! ! ! !!!!

! 

"F

"qi
+ #µ

"gµ

"qiµ=1

k

$ = 0            (i =1,2....., f )!!!!!!!!!!!!!!!!!!!!!"#$R#&!

!!!!!!!!!!

! 

gµ (q
1
,  q

2
,  ...,  qf ) = 0          (µ =1,2,.....k)!!!!!!!!!!!!!!!!!!!!"#$Rz&!

!"#$Rz&6{OGoPABCD;<)*4W=!"#$R#&6=| K,}Y

! 

"µh~�

4lW�5;<0=+oL J K<)+'h��e)*J�| ;<)FG=+,�

14lW�5h�Uv=|K,}Y

! 

"µL��)*!

! j�L Lagrange,���Y�;<)* 
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!"#! $%$&'()*+,-  

! §8-5./0123456789:*;(I+II)<5=>?@ABCD

! 

"
1+ 2(E = E

1
+ E

2
))>?)6EFGHI; I,IIJ@ABC

! 

"
1
(E

1
)6

! 

"
2
(E

2
)KLM

J345*+NF?O!

! ! ! ! !

! 

"
1+ 2(E) = "

1
(E # E ')"

2
(E ')dE '

0

E

$  

                 

! 

= "
1
(E ')"

2
(E # E ')dE '

0

E

$ .! ! ! ! ! ! ! !  !  §8-5 (40) 

! 

E = E
1
+ E

2
6

! 

E '= E
2
JP*QRST6

! 

E = E
1
+ E

2
6

! 

E '= E
1
JP*QRUT.V

?OWFX789:*;(I+II)<J@ABC

! 

"
1+ 2(E = E

1
+ E

2
)DYZ[9?OEE

.G

! 

E '= E
1
JP*D\]^_12RUT!

! ! ! ! !

! 

"
1+ 2(E) = "

1
(E

1
)"

2
(E # E

1
)dE

1

0

E

$                     (A7-1) 

D`9?OEFG6!

! ! ! ! !

! 

"
1+ 2(E) = "

2
(E # E

1
)"

1
(E

1
)dE

1

0

E

$ ! ! ! ! ! ! ! ! ! ! (A7-2) 

)Xab?Q6EJcdJef%JgIG6Sh56UiJjk

! 

"
1
)

! 

"
2
J7*

+glconvolutionm<)noF, 7*+<67pqg<6722rst<uv)Xn

oF?O!

  Sh5G6wx t = 0,  t < ! .,yNF?UiJjk

! 

f (t),  g(t)5=1[6!

! ! ! !

! 

h(t) " f (t # $ )g($ )d$
0

t

% " f * g!                       (A7-3)!

),yNF?

! 

h(t) = f * g  Q7*+g<)noF?O!

 ! Sz6{|}{~I�JI�jk(@A�) Z(T,V,N)=Z(",V,N)G6 

! ! ! ! !

! 

Z = exp("
E

k
B
T
) # $(E)dE

0

%

& = e
"'E # $(E)dE

0

%

&        ! ! §8-5 (52) 
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!"#$ 

! 

e
"#E $ %(E)% E&'()*+,!-!./01234

! 

"(E)35657

89!:;<4=>?=@/A3/BCDEFGHIZ!"#$! JK&0):

FGLM

! 

"
1+ 2(E)&'()2:

! 

e
"E / k

B
T

= e
" #E%NO) E&'() 0+,PQR-

!./01ST:FGLM

! 

"
1+ 2(E)3565789:%UV#;W4!X#$0

+0:

! 

e
"E / k

B
T

= e
" #EY:ZM T3[RX\]^_32W&`%abcd%e'+

,:UV#fXFgY:;<-!3§8-53h 8-2!Y\b\#$hi7-1&jk!!

!

!

!

!

!

!

!

!

lm&[n(So`(I+II)_pq%]^3r&ab;W%UVst\,\($;

3lm&:FGLM

! 

"
1+ 2(E)3565789%UV#;WY:ou`%]^&v

k;W!"w:§8-5!UV1;<-!3FgWYpbx\#;W&ycz<1

($;3lm\[n(So`(I+II)_&{k#/BCDEFGHI

! 

Z
1+ 2Y|3l

m&\#} 

! !

! 

Z
1+ 2 = e

"#E$
1+ 2(E)

0

%

& dE = e
" #E
[ $

1
(E

1
)$

2
(E " E

1
)dE

1

0

E

&
0

%

& ]dE$     (A7-4) 

;3~�Y��./!"#$ (A7-4)Y:-�

! 

E
1

= 0" E
1

= E  -!./0:;3

I 

!

II 

ZM T3]^ 

hi7-1$FGLM

! 

"
1+ 2(E)3565789%UV#;WY:

[n(So`(I+II)_%]^&vk;W&{�k#$§83h

8-2!UV1FgWYx\#;W&yc$ 

�]� 
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!"#

! 

E = 0" E = #$%&'()$*+,-./(0! )123%&4#5 A7-1

1(6)78'9:7#;<=>1?@A*BC(9:7%&-#D1%&E*F

1G7HI($JK'LMN/0! )123%&1GO*PQ'($#DL4

5 A7-11(B)19:7%&'()$7R(0;<F>1?@A*BC(9:7%

&-#)LS1F>*=1G7HT'(0)1GO*PQ-U%&VW4#!

! ! ! !  

! 

Z
1+ 2 = [ e

" #E$
1
(E

1
)$

2
(E " E

1
)dE

E1

%

&
0

%

& ]dE
1
                  (A7-5)!

$XYZ[(0\%&4]^VW*_I(4<"`(0!

!

!

!

!

!

!

!

!

! a7#

! 

E = E
1
+ E

2
"`(bS#

! 

E " E
1

= E
2
$cd-#

! 

E
2
*ce$'($#

! 

E = E
1
~ "1%&fg4!

! 

E
2

= 0 ~ (" # E
1
)1fg7chi#

! 

dE = dE
2
jbS!

! ! ! ! ! ! !

! 

Z
1+ 2 = [ e

" # (E1 +E2 )$
1
(E

1
)$

2
(E

2
)dE

2

0

%"E1

&
0

%

& ]dE
1!

                  

! 

= e
"#E1$

1
(E

1
)[ e

" #E2$
2
(E

2
)dE

2

0

%"E1

&
0

%

& ]dE
1             (A7-6)!

$R(0k!1l7mn(

! 

E
2

= 0 ~ (" # E
1
)1%&4#

! 

E
2

= 0 ~ "1%&7o@

QI()$p"@(0D1Jq4#r%&septu 

! 

e
"#E

2*vw1"#x&?

! 

E
1

 

! 

E  

! 

E
1

= E  

! 

E
1

= 0  ! 

E
1

= E  

! 

E
1 

! 

E = E
1 

! 

E = 0  

! 

E  

! 

E
1

= E  

(A)

A 

(B) 

5 A7-1. 23%&7yn(%&GO1cd0 
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!"

! 

E
2
#$%&'

! 

e
"#E

2 $ 0()*+,-./0'12(!345()3678

.9:;<':=>?+ !

! ! ! ! ! ! (A7-6)

! 

= e
"#E1$

1
(E

1
)dE

1
e
" #E2$

2
(E

2
)dE

2

0

%

&
0

%

&                (A7-7)!

@"36AB+!

! !

! 

Z
1+ 2 = e

"#E$
1+ 2(E)

0

%

& dE =

! 

e
"#E1$

1
(E

1
)dE

1
e
" #E2$

2
(E

2
)dE

2

0

%

& = Z
1

0

%

& Z
2    (A7-8)!

()36CDEF.GHIJ.KLKM;N'+DEFO"PQ.78.GHI

J.KLKM;N.9#R%0S6! T?'+CDE9UconvolutionV.KLKM

;N'DE9O"P78.W<.KLKM;N.9#R%0S@.CKLKM

;N.DEXYS.Z[#"\&036(A7-3).

! 

h(t) " f (t # $ )g($ )d$
0

t

% (]^?

_+!

!    ! !

! 

e
" st
h(t)dt

0

#

$ = ( e
" sx
f (x)dx)( e

" sy
g(y)dy

0

#

$
0

#

$ )                  (A7-9)!

()36!

        

! 

e
" st
h(t)d

0

#

$ t = e
" st
{ f (t " % )g(% )d%
0

t

$ }dt
0

#

$                     (A7-10) 

`(A7-9)ab#R%0T@'+c].(A7-7)@defg#hijk3ll+lm+lnV6 

! DEF`o8.p:F45"3@!'+(A7-8)OqgZrs*tu_v06 

! ! ! ! ! !

! 

Z
1+ 2+ 3 = Z

(1+ 2)+ 3 = (Z
1
Z
2
)Z

3
= Z

1
Z
2
Z
3                    (A7-11) 

@"36! N=3@%&+w8.xy45"3F.:zW<O

! 

Z(",V ,N = 3)@P3

{+T.F'o8.ZxyF.C|0}DSF@~�3T@`(!?_+C|0

}DSF.:zW<

! 

Z(",V ,N = 3)@ 1xyF:z�<

! 

Z(",V ,N = 1)@.W�'+

(A7-11)#f*, 
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! ! ! ! ! !

! 

Z(",V ,3) = Z(",V ,1) # Z(",V ,1) # Z(",V ,1) = [Z(",V ,1)]3  

!"#$%&'(N)*+, N-./)*+.012345+6789( 

! ! ! ! ! !

! 

Z(",V ,N) = [Z(",V ,1)]N! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (A7-12) 

67#$N)*+.:;<=>(1)*+:;<=

! 

Z(",V ,N = 1)6?@A8#B

!C"#,(DEF3GHIJKL*. 1)*+:;<=MANOP#Q4,

RSP#$DEF3G.IJKL*>TUCVW6X#MA67#$YZ:*

.[\"]^_+6>(1)*+:;<=

! 

Z(",V ,N = 1). N`H)*= N.a`

6b# Gibbs.cd,ef67#$ 

! gh(ij*:*"k.:*lZ.mnopq>(/rC(st(uv(K

L(w*xy(zxy.{mnopq|:.J!}'~�FC��6X#$ 

! ! ! ! !

! 

E
tot.

= E
trans

+ E
rot

+ E
vib

+ E
elec

+ E
nuclear

                  (A7-13) 

B.[\"Q4(:*.:;<=>(��.[\C({|:.:;<=.�!

}'( 

! ! ! ! !

! 

Z
tot.

= Z
trans

" Z
rot
" Z

vib
" Z

elec
" Z

nuclear
                      (A7-14) 

!��6X#$

! 

Z
trans
>:*lZ.st�LC<P#:;<=6(B8>�j*

��.:;<=!}'�C�C��}h�.CTSP#$

! 

Z
trans
��.��>

! 

Z
rot
" Z

vib
" Z

elec
" Z

nuclear
!"#,(B8>/�}'0�����5C�P#:;<

=

! 

Z
int
!�98#$ 

! ! ! ! !

! 

Z
int

= Z
rot
" Z

vib
" Z

elec
" Z

nuclear
 ! ! ! ! ! ! ! ! ! ! ! ! ! (A7-15) 

�����C�P#:;<=>�106��P#$!
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!"#$%&'(')*+,-(./01234!

!

56!x789:;<=>?@%&'!

! ABCDEFG(H 789:IJKL M N;<=>%&':OPQRS=>$

T.')UVNW>?@X%&'Y(7ZX[\G x]^Q(_X`aCbN

cd>$!

!!!!!!!!!!!!

! 

"(x, t) = acos[#(x /u) $ t + %]!!!!!!!!!!!!!!!!!!!!!!!!!!(A8-1)!

eXbXfgGhi`a$!

!

! 

"(x, t)YjklmXmnYjkmolmXpqNW>U(r&G;s>%&'C

t

! 

"(x, t)Yuvr&wtXr&XxyzI({'Ct|Lz}~(C�]C>$

P���(�twX��z}G��=>��~G�=$���)X�)�NW

>

! 

{"(x /u) # t + $}YIJ]���>$

! 

"Y ����H�� ]^��:��>IJNW>

wt�:�/IJ]���>$aY��G�=�)NW>$!!

! W>�� ��:(W>%&ZX U(¡Q¢^P

! 

{"(x /u) # t
0

+ $}X�(£¤(

IJ(G¥¦QP>Ctj§X%&ZNY��~

! 

"(x, t)Y¡Q¢^¨(©AX�

�]C¦QP>$eX`aC%&G¢IJ&]�ª$«¬­®56XmnY(tX�Y

�X N�¯°^QP>XN(x�±²³´�µN��q�> x7:xyC%&U¢IJ

&NW>$«¬­®56NX¢IJ&X34Yj!

! ! ! ! ! ! !

! 

"{(x /u) # t}+ $ = const.! ! ! ! ! ! ! ! ! ! ! ! ! ! «A8®¶6!

NW>µ!^w^�Vj·(MY�)CXN(!!

! ! ! ! ! ! ! !

! 

x = u " t + const.! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! «A8®¸6!

U¢IJ&X34NW>$e�Y u U(¢IJ&X¹ºKL(£¤(IJKL
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!"#$%&'()*#+!

! ,-./0123451657 t% x!"#1!89:7;<=>?8@<=>?8

ABC&DE+;<1ABCFG8H1IJ&KLE;<<M1N5 T OPQ

E#+!! ! ! ! ! ! !!

! ! ! ! ! ! ! !

! 

"(x, t) ="(x, t + T)8! ! ! ! ! ! ! ! ! ! ! ! ! ! ,A8.R0!

ST8!

! ! ! ! ! ! !

! 

cos["{(x /u) # t}+ $] = cos["{(x /u) # (t + T)}+ $]! ! ! ! ,A8.U0!

$1IJFG8

! 

"T = 2# !!"V8!

! 

" = 2# /T = 2#$%W#+T 7XYZ[O\V

]^_#`a;<<M8EWbTAB!"#+

! 

"7cA958

! 

" =1/T7d:5

!"#+!

! @<1ABC1IJFGe9:1@<=\V](1`a<M1N5e9fghi

OjG_#+!

! ! ! ! ! !

! 

"(x, t) ="(x + #,t)! ! ! ! ! ! ! ! ! !! ! ! ! !! ! ! ,A8.R0!

! ! ! ! ! !

! 

cos["{(x /u) # t}+ $] = cos["{(x + %) /u # t}+ $]! ! ! ! ! ,A8.U0!

$1IJ78

! 

"# /u = 2$!"#FG8

! 

" = 2# $ u /% = u /&8ST8

! 

u = "#!8kl

mn%9fod:514pOjG_#+q1rs7eq1klmn c %()8!

! 

c = "#!"#+!

!,A8./0!1!

! 

"(x, t) = acos[#{(x /u) $ t}+ %]!!78d:5%klmn&tuv8

! 

" = 2#$!!!"#FG8!!!!!!!!!!!!!!!!

!! ! ! ! !

! 

"(x, t) = acos[(2#$){(x /u) % t)}+ &]! ! ! ! ! ! ! ! ! ! ,A8.1'0!

!"#+9f%klmn&tuve

! 

" = (2# /$)u!!"#FGw!

!!!!!!!!!!

! 

"(x,t) = a cos[(2# /$)(x% ut)+& ]+! ! ! ! ! ! ! ! ! ! ,A8.1''0!
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!"#$

! 

" = 0%&'$

! 

"(x, t = 0) = acos[(2# /$)x]%

! 

"(x, t) = acos[(2# /$)(x % ut)](

)*(+,-.!/ -01#234567898%:;'$<=>4%$< A8?@

AB=3CD

! 

"(x, t) = acos[(2# /$)(x % ut)]2!

! 

"(x, t = 0) = acos[(2# /$)x]- x(EF

G= utHIJKLM&NO($PQRST( x=Ux-utV-WX&NY#ZC"%

[\CD

! 

"(x, t) = acos[(2# /$)(x % ut)]2.!xFG=]^J_+H`a#ZCD!

!

!

!

!

!

!

!

!

!

!

!

bc!de(FG=fghCijJ_+!

! kl(mFG#234.de(FGnx’ mFGc=fghCijJ_+-.!<

op?b-qr&':;CD!x'!m2UA8s@V( xm%tu#ZC(#$x- x' =

vwx;':;yz{|D!

!!!!!!!!!!

! 

"(x',t) = acos[#{(x' /u) $ t}+ %]!!!!!!!!!!!!!!!!!!!!!!!!!!UA8s}V!

x' (~2RfgFG=��Nn���c(��#Z�R"y=��3u��_n�c

x=0 

! 

"  

x 

ut ut 

! 

"(x, t = 0) = acos[(2# /$)x] 

! 

"(x, t) = acos[(2# /$)(x % ut)] 

< ��s@D! ��-�=hC)*( xFG=]KhCJ_+D!
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!"#$%&'(")*+,-./01-2# 3!$456789:"#*;<

=&>-2?@3 " ?ABACDEF"GHIJ ?@B KL-MNO.P$O!QRST

"U5VWXY8l:/# 3"5ZVWXY[r\/"]^KL-2!

!!

!

!

!

!

!

!

!

!

!

!

_`&a!

!!!!!!!!!
  

! 

"(
! 
r ,t) = acos[#{(

! 

l $
! 
r ) /u % t}+ &]!!!!!!!!!!!!!!!!!!!! ! ! ![A8bc\!

/<dKe-2

! 

" # t!$f"gg0=&h
  

! 

{"(
! 

l #
! 
r ) /u}*ijk"a

! 

" = 2# $ u /%! M

Na

! 

" /u = 2# /$!/1-"Kh."lmn*o`&peq,-/a!

!
  

! 

"(
! 
r ,t) = acos[{(

! 

l #
! 
r )$ /u %$ # t}+ &] = acos[{(

! 

l #
! 
r )(2' /() %$ # t}+ &]!!! [A8br\!

/1-2..Ka!

!!!!!!!!!!!!!!!!!!  

! 

(
! 

l "
! 
r )(2# /$) = ((2# /$)

! 

l "
! 
r ) = (

! 

k "
! 
r )!!!!!!!!!!!!!!![A8bst\!

/puavwO!QRST*<xU5VWXY  

! 

! 

l *yz{K|}a~��=��

y 

x 

z 

x’8QRST: 

�7y"4

567a9!
QRST"U5

VWXY[l\! P 

4567!"# 3"

5ZVWXY[r\!

O 

Q 

���b�2(�"ST8x’ EST:0��x-U��7y!
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!"#$%&'()!

! ! ! ! ! ! ! !   

! 

! 

k = (2" /#)
! 

l ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! *A8+,,-!

./01234!567*8+9-:;!

! ! ! ! !!!!!!!
  

! 

"(
! 
r ,t) = acos[{(

! 

k #
! 
r ) $% # t}+ &]!!!!!!!!!!!!!!!!!! !*A8+,<-!

.=23#$%&'(>  

! 

! 

k ?!@AB:;
  

! 

! 

k = 2" /#C;4!DA:#E!FG

HDCI23!  

! 

(
! 

k "
! 
r ):)JKLM N .OPQR.!ST>NUV?W)XY!

#Z[\]^_2`"a1$"bc defg!CI23#!$"a1!C

#$%&'(.hi3!*8+,,-:7jk$!al>

! 

e
ix

= cos x + i " sinx?Wme^

noBp2q.Zr_s!

!!!!!!!!!!!
  

! 

"(
! 
r ,t) = ae

i[(
! 

k #
! 
r )$%t +& ]

!

.=23e`e;tuPQWv12w"jk$!xy.e^;

! 

A = ae
i";.1p

z;!

!!!!!!!!!!!
  

! 

"(
! 
r ,t) = Ae

i(
! 

k #
! 
r $%t )
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !!!! *A8+,<-!

.={;|k=}R#!#E~�Z��p23!

!

�?! }R#.�u�����!

!!���! � �HD�!��#W�12�u�����"��23���(�

�!��!JK" ���. ���.e^3*A8+,-)!�:7*A8+,''-C��23!

!!!!

! 

"(x, t) = acos[#{(x /u) $ t}+ %];!! ! !

! 

"(x,t) = a cos[(2# /$)(x% ut)+& ]! ! !

*A8+1''-"�_;x!". x!LC!

! 

"Z��CI2.!��"�1.;!

!!!!

! 

"(0,t) = acos[(2# /$)(%ut) + &] ="(L,t) = acos[(2# /$)(L % ut) + &]3! *A8+,�-!
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!"#$!

!!!!

! 

cos[(2" /#)($ut) + %] = cos[(2" /#)(L $ ut) + %]!

%&'()*+,-./ 0/1234567589:;#<!

! !

! 

(2" /#)(L $ ut) + % = (2" /#)($ut) + % + 2n" !

=>?@A<BC<!

! ! !

! 

(L /") = n! ! D.E 0/1234567589F! ! ! ! ! ! GA8HIJK!

:L?-MN)?OPQ5QR=ST)*<! ! ! ! ! ! ! !

! ! !

! 

" = (L /n)! ! D.E 0/1234567589F!

:L?%<QRE3=L,:U?5=<BC!

! ! !

! 

" = (L /n)! ! D.E 0/123567589F! ! ! ! ! ! ! GA8HIVK!

/WX(?OPQ%MN)?-!

! ! !!

! 

" = L,  (L /2), (L /3),  # # #  ,  L/n! ! ! ! ! ! ! ! ! ! ! ! ! ! ! GA8HIYK!

MN)?Z[5

! 

nE\]589:ST?-̂ )E$Z_5QR

! 

" = (L /n)/`aO

PQb=Sc(?^:/7d(?%efghi/j&(?hi5klm;no

+lp,QR/ST#q7d%L,@A=>?-!"#eQR%rL?OPQ

5s9 tE<

! 

nu:L?-!

! vwx53yzDx{yzF|5}~Q��=EL2e45yz�q��(?

OPQq��=�?@Ae!

! !

! 

"(0,t) = acos[(2# /$)(+ut) + %] ="(L,t) = acos[(2# /$)(L + ut) + %]! ! GA8HI��K! !

:;#<��5B�/�?-!

! BCeMN)?QR5rL?OPQ5s9 tE$

! 

N = 2n = 2(L /")u:L?-!!

��5��/�5��9=ST)*e�5o���/ � :;#e

! 

" = c /#=>?
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!"#$%&'()*+!

! ! !

! 

c /" = L,  (L /2), (L /3),  # # #  ,  L/n!

,-./0123456789#!

! ! !

! 

" = (c /L),(2c /L),(3c /L),  # # #  ,  (nc/L)!!!!!!!!!!!!!!!!!!!!!!!!!!$A8&':)!

;<3012=

! 

" = (nc/L)98.9#>?@.AB3012 N*#CD3EFG

3H=IJB#2nK9L.!"+AB3ML.0123K2 N*!

! ! !

! 

N = 2L(" /c)!

9L./!

! NOP L 3QFRS=NT3FG6UVWXY6#Z[\]^_`=a8.

bc*#$A8&'d)3!
  

! 

"(
! 
r ,t) = acos[{(

! 

k #
! 
r ) $% # t}+ &]! ,#!

! !   

! 

! 
r = (0,0,0)9  

! 

! 
r = (L,0,0),+!

! 

"PeN#! ! ! ! ! ! ! ! ! ! ! $A%&'%)!

!!!!  

! 

! 
r = (0,0,0)9  

! 

! 
r = (0,L,0),+!

! 

"PeN#! ! ! ! ! ! ! ! ! ! ! $A8&'f)!

!!!!  

! 

! 
r = (0,0,0)9  

! 

! 
r = (0,0,L),+!

! 

"PeN#! ! ! ! ! ! ! ! ! ! ! $A8&dg)!

93_`=IJ./! !!!!!!!!!!!!!!!! !!

! $A8&'d)9$A8&'%)!"#

! 

cos[{"# $ t}+ %] = cos[{(k
x
$ L) "# $ t}+ %]! ,-.!"#

hi!=j29kB#

! 

(k
x
" L) = 2# " n

x
! Pl"@./em3noP! $A8&'f)#

$A8&dg)!"pl"@.qrsq! !

!!!!!!!

! 

k
x

= 2" (n
x
/L)+!

! 

ky = 2" (ny /L)+!

! 

k
z

= 2" (n
z
/L)!!! ! ! ! ! ! $A8&d')!

Pl"@./Y2tuvw3<x?*#$A8&'')!"#
  

! 

! 

k = 2" /#,-.3,#!

!!!!!!!!
  

! 

(
! 

k )
2

= kx

2
+ ky

2
+ kz

2
= (2" /#)2 = (2" /L)2(nx

2
+ ny

2
+ nz

2
)!

9L./rs#!
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! ! ! !!!

! 

(nx
2

+ ny
2

+ nz
2
) = (L /")2 = (L# /c)2!!!!!!!!!!!!!!!!!!!!A8"##$!

%&'(

! 

m = (L" /c))*+,-./&01'23.4%5)67-.89&:!

!nx, ny, nz$);<=&>?@2ABCDE*+F

! 

m = (L" /c) = (L /#)23./GH

I3.>?@F!A8"##$)67BJK.489(L)MNOP&89)QR.4

OP(O0S,P0S&TU&V9WXYZ)QR.%,I[\-.4]^(E!

%5)_<=2`Cab)c'dIABJK.4!!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

! %&/&efIgh-.>?@&i9Fjkldmnop2qr5.-sJ

&tGV&i9 N IuBK%,Iv.4w&xy(Ez{9F

! 

" = (c /L))m|}

nx 

ny 

! 

m = (L" /c)  

>?@!~��!~��!~�$&�<=��) �� tG���BC�&!

^ A8-3.!

! 

(nx
2

+ ny
2

+ nz
2
) = (L /")2 = (L# /c)2)67-.>?@!~��!~��!~�$

&�<=��) �� tGI��BJ��2`C�&4 
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!"#$%&'()*+,-./0nx, ny, nz1'23456789

! 

m = (L" /c):;

!"#<)=+>/?@A>/B<'789CDE#/F6GH)IJKIL'

M5NO+PQ./?@6R"S/.TU'()*'V& N 5<'WX'23

4'&+YZ[FZU\[B]4'2345^[U_`/'A6ab5cWX

'234&?@defZg?hi#@#[96N5jk+CD[?@6lSmn

oAD/Bpq6r?@s?/:t+60nx, ny, nz1'234'uv56wSxS!0±yz!

±{z!±|z!}}}}}z!1A>/?@6lS@56&~�='�&uv�A6�5

! 

m = (L" /c)

eGn��'L78F./<'KI+YZ[B!

!!!!!!!

! 

N =
4"

3
(L /#)3 =

4"

3
(L$ /c)3 =

4"

3
($ /c)3V ! ! ! ! ! ! ! ! 0A8}{|1!

A>/BV=(L)
3
!5�������e�Z���K'��KIA>/B

! 

L =1 cm =1"10
#2

 m! FZUz��Ke_`6

! 

" = 590 nm = 5.9 #10
$7

 m'��'�

e_`/F6!

!!!!!!

! 

N = 4.18 " [10
#2

/(5.9 "10
#7

 )]
3

= 4.18 " (0.17 "10
5
)

3
$ 2 "10

13
!

F#;6N5jk+CD#�A>/B!

! ()*6*&����6()*'�������56�K��e�3�?@

��./�'� A>/B�¡Z6�3�A
  

! 

"(
! 
r ,t)9¢£./m'56

¤¥¦§¨©ª«¬­§ �®¯9°±F./²³*FZU'´*%µ&¶A>/B*%µ&

5����+·¸ZU[/B!

! ¹6-3-3 A56́ º" » '��KW+¸¼./dV'½¾¿3'�3ÀÁGÂ

o�ÀÁL56

! 

(nx,ny,nz )'ÃÄ'�3&'Å9lSeÆÇ./¶lFe��Z

�BwlA56dV'½¾¿39º" » '��KW+ÈÉÊËSU[/F'�
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!"#$%&'()*+,-&.(/ 6-601223+/ A8-3+4567-8

9):;+<=>301/ 6-6 +?@0/ A8-3+AB+ (1/2)
3
 =1/8-89)C

6-3-33DE(FG$1HIJK$LMNOHP'Q1RSTU!"#$&.Q

VW2PXYZ9):01

! 

W (0,E)-[.Q0\]^_C`a(74-1)!!

           
  

! 

W (0,E) =
1

8
"
4#

3
"
V

(#!)3
" (2mE)

3 / 2               ! ! C`a(74-1) 

bcde9fg) 

! 

W (0,E)01hijk-lmn9op+qrstbuvc9w

xTyzt?{-[.Q1|}~��b ! ��3�9�Q+zt?{���T

?{g+K3�9)C6-3-3 -X�'(��-1C`a(74-1)+��+��3

  

! 

("!)3 # (2"!)3 = 8("!)3P��n9P1�j+�K

! 

(1/8) = (1/2)
30��-y9+31!

!!!!!!!!!!!

  

! 

W (0,E) =
4"

3
#

V

(2"!)3
# (2mE)

3 / 2
!!!!!!!!!!!!!!!!!!!C`a������!

Py9)2ebLMNOH+RSTU!"#�dcde9��+��3�9)

C`a(74-1)P0\]k�3�9)  

! 

2"! = 2" (h /2" ) = h!3�9�d1!

! ! ! ! ! !

! 

W (0,E) =
4"

3
#
V

h
3
# (2mE)

3 / 2
!!!!!!!!!!!!!!!!!!!!!!C`a���� �!

PX��3¡9)!

! ¢£yqrst¤¥-¦'Q|}~��b ! ��3�9�Q+zt?{��

�T?{g+K$DE9AB1§LMNOH+RSTU!"#¨P§op+qr

stbhijk-©]ª«eQ.9P+U!"#�¬mH+"#g̈ 0\]^_

$­E9)'�'1®¯db�v°±yU!"#3�9�01²³+´µ¥¶fg

3+·¸$¹º»e(.) 
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!"#! $%&'(!)*+%,'(-.*+%  

!

! 

x
m
" y

n/01.2, 

! 

x
m
" y

n&*+%/34516a7$8 m+n=N19:2&;

<=>?@A6m B n BCD1%/34E,FGH4IJ6b7$8F m+n=N

,KLMN2:4IJ6/OP0QRS2T4UV.26c7$% NKL&*+

%19:26MW1 N 1XY4%/34,6V&Z[? a7&=>-.&*+

%1@4E,/\].^_`a7U! bc&d9&IJ?be&^_1fgGH4U 

                  

! 

Sa = x
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"(x,t)J)*+,-./012,

! 

A(x,t)[\]^_B! !

&'./012,J`a# &bc&dcef$%g3&'((E, B)3hiEB

)*+,-./012,;A:>jkT*Il0mnB!

! ! ! !

! 

divA = 0                                              (A11-3)!

[opPB&bc&dcqfrJE!

! ! ! !

! 

"
e

= 0,            i = 0! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !! ! (A11-4)!

JP_BMaxwell Lst[uR@Avf#w3xyB! ! !  

        

! 

" = 0,   divA = 0                               ! ! ! ! (A11-5) 

! ! ! !   

! 

B = rot A ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  (A11-6) 

! ! ! ! !

! 

E = "
#A

#t
! ! ! ! ! ! ! ! ! ! ! ! ! !        ! ! !  (A11-7) 

         

! 

("
2
#$

0
µ
0

% 2

%t 2
)A(x,t) = 0                              (A11-8) 

3z{LstM|S@T# r@S}SB A[~�kT�QB$%&'(3(E, B)

36�Lst[��Bw3�[|TrJc��T#P}PB A>NkT6�L

st(A11-8)3�[B�����mn[�P_B����TrJcQ�T#r3
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!"#$%&'()*+,-./0*1A23456789:;<1=>?@7

82ABCDEFG"AHIJKLM3;NOPLQ 

! RS&'()*+,-./0*1A2%&TUOVPLWX36X'()*(Y)

345Z[63\]^_`abcJKLQd45Z[6%e6M9f3ghi

j1klmn2opqrsLt&us$%vso6hiwxAyz9f{|&

}~�O%���gh��M�P�uMta�LQ��f&DEFG"%WX

3�}~���gh�3�^�M��a�LM��L(Jeans3��)QDEFG

"3�@�*�>1H2%}~���gh�M���xabcrs&��*).

3���xAy:�Qus�|DEFG"3�����t� MPL¡,¢£,¤£2Q

¥3;<&¦§�P6h1l&FG62%&�¨��M9fo�©a�LuM

OP|& Planck3Eª«¬3xA­®uMoa�LQuua%&DEFG"'

()*+,-./0*1A2345678¡,¢£,¤£2O¯Cf°±OH�Q 

  

¢2!i²3³´�µ¶·¸M AO¹�L6hiwx3©  

! º»3¼rt L a�L!i²½3FG"A¾�LQµ¶O¿À9PCÁÂA

¾�LÃO&!i²3�ÁOÄÅ�L A O¯Cf3³´�µ¶·¸A¾�LQ

u3·¸%& 

! ! ! !       

! 

A(x,y,z,t) =A(x + L,y,z,t)

                =A(x,y + L,z,t)

                =A(x,y,z + L,t)

                        (A11-9) 

a�LQÆI3 AO¹�L6hiwx%&

! 

1/ "
0
µ
0

= c = 2.998 #108(m /s) M9f& 

     

! 

("
2
#$

0
µ
0

% 2

%t 2
)A(x,t) = 0! ! Ç! !  

! 

" 2

"t 2
A(x,t) = c

2
#
2
A(x,t)     (A11-10) 
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!"#$! (A11-11)%&'(

! 

a
k
)*+,-./01#23,-./

! 

k = (kx,ky,kz )4

5627829

! 

a
k
e

 i (k "x#$k t):!"#;(<='(A11-9)4>?@ABCD)EF

G(HI((A11-10)42JKLMNEF14!(OP4QRCD)ST$  

! !           

! 

A(x,t) = a
k
e

 i k "x -i# k t ,                             (A11-11)!  

<4UV'((A11-11)%&)(A11-9)0(A11-10)WXYGZ[\]^#$OP4C

D0'(<456782423,-./4_`' 

! ! !

! 

k = (kx,ky,kz ),                                         (A11-12-1) 

      

! 

kx =
2" # nx

L
,    ky =

2" # ny

L
,    kz =

2" # nz

L
,                   (A11-12-2) 

      

! 

nx,ny,nz = 0, ±1, ± 2, "  "  ",                            (A11-12-3) 

!"#04CD;QaZa#$bcW(<4567824d>23'( 

      

! 

"
k

= c # k = ck ,                                       (A11-12-4) 

!ef=gecea$hi(<=c4CD;Qj1#kl)[\GmT$ 

!  (A11-9)4

! 

A(x,y,z,t) =A(x + L,y,z,t)W((A11-11)%&456782)XY1#$ 

! ! ! ! ! !

! 

A(x,y,z,t) =A(x + L,y,z,t)

a
k
e

 -i"k te
 i (kxx+kyy+kz z )

= a
k
e

 -i"k te
 i [kx (x+L )+kyy+kz z]

e
 i kxx = e

 i kx (x+L )
#1 = e

 i kxL

           (A11-13) 

no4pMmq( 

! ! ! ! ! !

! 

k
x

=
2" # n

x

L
(

! 

n
x

= 0, ±1, ± 2, "  "  "  

!"=g!

! 

A(x,y,z,t) =A(x + L,y,z,t)! 4ABCD'Erb=#$stWGZ(y(

zWu1#ABCDHc((A11-12-2)0(A11-12-3)4CD0e#$ 

! (A11-11)%&456782)(A11-10)42JKLMWXY1#0( 
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! ! ! !

! 

" 2

"t 2
(a
k
e

 i k #x -i$k t ) = c
2
%

2
(a

k
e

 i k #x -i$ k t )

(&i$k )
2
(a

k
e

 i k #x -i$ k t ) = c
2
a
k
e

-i$k t%
2
(e 

i (kxx+kyx+kz x )
)

             (A11-14) 

!"#$%&'()*+,-

! 

e
-i" k t(./012#$3&4(565789:

! 

"
2

= # =
$ 2

$x 2
+
$ 2

$y 2
+
$ 2

$z2
-;<=>?(7@5AB?/012#(';BC2#

(-!

! 

e
ik "x

= e 
i (kxx+kyx+kz x )

! DE'F#$GHIJ2KLMNO

! 

a
k
!

! 

e
-i" k t/-01

P"Q$565789:RBS2#T,-; 

        

! 

"
2
(e 

i (kxx+kyx+kz x )
) = [(ikx )

2
+ (iky )

2
+ (ikz )

2
](e 

i (kxx+kyx+kz x )
)  

                     

! 

= "[(kx )
2

+ (ky )
2

+ (kz)
2
](e 

i (kxx+kyx+kz x )
)             

!"#$UVW;X/Y2!  

! ! ! !

! 

"(#k )
2
(a
k
e

 i k $x -i#k t ) = "[(kx )
2

+ (ky )
2

+ (kz)
2
]c

2
a
k
e

 i k $x -i#k t          (A11-15) 

!"#(';Z[; 

! ! ! ! !

! 

("k )
2

= [(kx )
2

+ (ky )
2

+ (kz )
2
]c
2

= k
2
c
2 

!"\; (A11-12-4)(]^/_`2#$!  

! ab(cd/; (A11-11)3&/e2

! 

a
k
IGHLMNO!2#f?LMNO

! 

k = (kx,ky,kz )(ghfijfk

! 

a
k
e

 i (k "x#$k t)lR(A11-12-1)~(A-11-12-4)(]^Im

nWQop;q(ghijf-;(A11-9) (rstuv]^IwxP;yz; 

(A11-10)(f{|}~�w�2#$ 

! 

a
k
e

 i (k "x#$k t)- (A11-12-1)~(A-11-12-4)(]^

Iwx2�z(ghijf'F#$UVW;�(cd"ghijf(����

�k��Z�l�����"��I�z(';���!PW-; 

!

! 

A(x,t) = {a
k
(t)e

ik "x
+ c.c.}

nz =#$

+$

%
ny =#$

+$

%
nx =#$

+$

%  
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! 

= {a(nx,ny,nz,t)exp[i "
2#

L
(nx " x + ny " y + nz " z)]+ c.c.}

nz =$%

+%

&
ny =$%

+%

&
nx =$%

+%

&  ! (A11-16) 

!"#$%&'()

! 

a
k
e

 -i"k t # a
k
(t) = a(nx,ny,nz,t) !*+(,-$%.&)c%c%

/)0123456$789:3(complex conjugate);<=6$%a, b;>?!

6$@)78? z=a+bi 29:78?/)zA=a-bi "BC)0123" iD(-i) !

(&E24F$%0123GHIJK2789:3ELMN4H!IO,-$

PQR/SLTUVR&-W%(X()YZ4(,-$[\]/)^4>_`a

b"B$XJ)cdN4/)0123456$789:!2e;f$Q!"!

Pz+ zA=2aWg?h;ij()>?h;k(&E2;H!6$%e;l"mRn

o!I$G)pq2r#V/s<'XJ)l"mO,EmJIt,Eu-%e

;!$Q!/)vwxyz;78{|"*}(&Q!456$~�Icd��

#"B$% 

! (A11-16)/)��N����;�&6_`ab������b

! 

A(x,t) =A(x,y,z,t)/�����?4����$Q!;*6%��)��N��

��2�"2

! 

A(x,t) =A(x,y,z,t)2zM��|2��H/)�vwxyz2 ¡

¢£¤¥"*}"#$%  

 

¦W`�§���P

! 

divA = 0W!2¨©  

! ª«2¬­"/)®¯°±²2`�§���(

! 

divA = 0 )2Q!;³´,-I

-2")QQ"³´µ¶%(A-7)2�vwxyz2 ¡¢£¤¥H;

! 

divA = 04

·¸(,¹$%(62)º»2�vwxyz2 ¡¢£¤¥H;¼2µ¶4½+6$% 

! !

! 

A(x,t) = {a
k
(t)e

ik "x
+ c.c.}

nz =#$

+$

%
ny =#$

+$

%
nx =#$

+$

% & {a
k
(t)e

ik "x
+ c.c.}

k

% ! ! ! (A11-16) 
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! 

divA = 0! !"

! 

"Ax

"x
+
"Ay

"y
+
"Az

"z
= 0#$%&'()(A11-16)*+,-(./"x0

1234567(8"

! 

[a
k
(t)e

ik "x
]
x

= [a
k
(t)]

x
e
ik "x
! 9:;" 

 ! ! !

! 

"

"x
[a
k
(t)]

x
e
ik #x

= [a
k
(t)]

x

"

"x
(e

ik #x
) = [a

k
(t)]

x
# (ik

x
) # (e

ik #x
) 

&'()y"z012345<=>?@A2?(#&" 

    

! 

div[ {a
k
(t)e

ik "x
+ c.c.}

k

# ]

! 

= {i(a
k x
" kx + a

k y
" ky + a

k z
" kz )(e

ik "x
) + c.c.}

k

#  

          ! ! ! ! ! ! !

! 

= {ik •a
k
(e

ik "x
) + c.c.}

k

# = 0     ! ! !   (A11-17) 

&'()BCDE20F-(G2!" 

! ! ! ! !

! 

k •a
k

= 0! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  (A11-18) 

&?HCI?;?4)JK"LMNOPQRSTUO#VWLMNO

! 

a
k
!"X

YLMNO

! 

k8Z[\54()XYLMNO

! 

k2]Z?^_2"LMNOPQR

STUO#VWLMNO

! 

a
k
D'CI`4) 

! 

a
k
!aX&'()B#XYLMNO

! 

k2]Z?^_2!"Z[-(b3#cd*efgh()i#cd#jkLMN

O*

! 

e
1
,  e

2
 8-(8" 

          

! 

ak = (ak )1e1 + (ak )2e2 = (ak )" e"
" =1,2

#                     (A11-19) 

8lm&n()BC*(A11-16)2+,-CI"!

!        

! 

A(x,t) = {[ a
k"
(t)e

ik #x
e"

" =1,2

$ ]+ c.c.}
k

$                    (A11-20) 

&'()XYLMNO

! 

k2]Z?^_&#

! 

a
k
#op(oq)*6r\slm2?()!

(A11-20)&"

! 

a
k
(t) = a(nx,ny,nz,t)" a

k
e

 -i# k t8t#u2vwI"!

      ! !

! 

A(x,t) = {[ a
k"
e
ik #x$ i%

k
t
e"

" =1,2

& ]+ c.c.}
k

& !
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! 

e
k"
!"#$%&'(

! 

k)*+,- !-./01-23$%&'45678!

! ! ! !  

! 

A(x,t) = {a
k"
# eik #x$ i% k

t # e
k"

" =1,2

& + c.c.}
k

&                  (A11-21)  

49:);+. <=>?8!

! ! ! !

! 

a
k"
# e

ik #x$ i%
k
t
# e

k"
= a

k"
(t) # e

ik #x
! ! ! ! ! ! ! ! ! ! ! ! (A11-22)!

49:5678(A11-21)-@A9:B8!

! ! ! !

! 

A(x,t) = [a
k"
(t) # eik #x

" =1,2

$ + a *
k"
(t) # e%ik #x

k

$ ]         !   (A11-23) 

4C9:DE+FGHIJB(A11-21)C(A11-23)CK$%&'4LMNO+-)8

K9:4LMB8!

! ! ! !

! 

A(x,t) = a
k"
# e

k"
# cos(k # x $%

k
t + &

k"
)

" =1,2

'
k

'          ! (A11-24) 

4PQMCRQF!

! (A11-24)B8STJUV+"#$%&'

! 

k4 ! -./01W

! 

e
k"
-01X-Y

Z-[;\

! 

a
k"
8]^5+_`3a

! 

"
k#!bO678cdef"-ghijkW2

Yl-ghijkX4LM$%&'mnopqr'WAXB9:DE+s4!t

LMQ+F!

!

uX$%&'mnopqr'WAXvwxy+ E8B!

! $%&'mnopqr'WAX!zQM8(A11-6)4(A11-7)vwWE8BX-9

:({w6+F(A11-24)-K$%&'9:!|}48!

! ! ! ! !

! 

E = "
#A

#t
= "

#

#t
{ a

k$
% e

k$
% cos(k % x "&

k
t + '

k$
)

$ =1,2

(
k

( }! !

                  

! 

= " a
k#
$ e

k#
$
%

%t
cos(k $ x "&

k
t + '

k#
)

# =1,2

(
k

( !
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! 

= a
k"
# e

k"
# ($%

k
) # sin(k # x $%

k
t + &

k"
)

" =1,2

'
k

'        !

 cos(!+") = cos! cos"- sin ! sin"! !  " ="/2 ! cos(! +"/2) = # sin ! "#!

! !

! 

E = "
#A

#t
= a

k$
% e

k$
% (&

k
) % cos(k % x "&

k
t + '

k$
+ ( /2)

$ =1,2

)
k

)        (A11-25) 

!$%&E'(A)*+,-./01

! 

e
k"
!2345%6!(789':;6<

=4(->?@"/2A6BC'$%D(EFGHIJKL*+"MNOPQ./

01R)ST5UVC& 

!./01WXYZ[\1@AA(A11-24)6]^_`abTU(!

! ! !

! 

E = "
#A

#t
= "

#

#t
{ [a

k$
(t) % eik %x

$ =1,2

& + a *
k$
(t) % e"ik %x

k

& ]}!

              

! 

= " [
#a

k$
(t)

#t
% eik %x

$ =1,2

& +
#a *

k$
(t)

#t
% e"ik %x

k

& ]!

              

! 

= i "
k
[a

k#
(t) $ eik $x

# =1,2

% & a *
k#
(t) $ e&ik $x

k

% ]! ! ! ! ! ! ! (A11-26) 

)N%& 

! cd(efgh6d'((A11-24)6i_`abM)( 

! !

! 

B = rot A(x,t) = rot{ a
k"
# e

k"
# cos(k # x $%

k
t + &

k"
)

" =1,2

'
k

' }!  

            !

! 

= rot{ a
k"
# e

k"
# cos(k # x $%

k
t + &

k"
)

" =1,2

'
k

' }

           

(A11-27)!

)N%&rot )j'klamn!=%&op(rot '( 

! !

! 

rot C =" #C

! 

=

i j k
"

"x

"

"y

"

"z
Cx Cy Cz

 

! ! ! ! ! ! ! !

! 

= (
"Cz

"y
#
"Cy

"z
) $ i # (

"Cz

"x
#
"Cx

"z
) $ j 

! 

+ (
"Cy

"x
#
"Cx

"y
) $k  ! (A11-28) 
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!"#$%&

! 

C = a
k" # ek" # cos(k • x $%

k
t + &

k" )'()*+#. ,-./ 

! ! ! !

! 

Cx = [a
k" # ek" ]x # cos(k • x $%

k
t + &

k" )

Cy = [a
k" # ek" ]y # cos(k • x $%

k
t + &

k" )
 

! ! ! !

! 

C
z

= [a
k" # ek" ]z # cos(k • x $%

k
t + &

k" ) 

0$%&

! 

cos(k • x "#
k
t + $

k% ) = cos[(k x & x + k y & y + k z & z) "#k
t + $

k% )]1234*&

56 x-.789#'&!

! ! ! !

! 

(
"Cz

"y
#
"Cy

"z
)

! 

= [a
k" # ek" ]z #

$

$y
cos(k • x %&

k
t + '

k" )  

! ! ! ! ! ! ! ! !  

! 

"[a
k# $ ek# ]y $

%

%z
cos(k • x "&

k
t + '

k# )  

! ! ! ! ! ! ! ! !

! 

= [a
k" # ek" ]z # ($ky )sin(k • x $%

k
t + &

k" ) 

! ! ! ! ! ! ! ! !  

! 

"[a
k# $ ek# ]y $ ("kz)sin(k • x "%

k
t + &

k# )  

:;</=>?@A-.1/BC4D)EFG&cos(! +!/2) = " sin !HI 

!!!!!!!

! 

(
"Cz

"y
#
"Cy

"z
)

! 

= [a
k" # ek" ]z # (ky )cos(k • x $%

k
t + &

k" + ' /2)          

! ! ! ! ! ! ! ! !

! 

"[a
k# $ ek# ]y $ (kz )cos(k • x "%

k
t + &

k# + ' /2)       ! (A11-29) 

'D#EC6 JK!L -.MNO189PQR)$%&!

! ! !

! 

C = a
k" # ek" # cos(k • x $%

k
t + &

k" )! ! ! ! ! ! ! ! ! ! ! ! ! ! (A11-30) 

'S#'& 

! 

rot C =" #C =

i j k
$

$x

$

$y

$

$z
Cx Cy Cz

 

            

! 

=

i j k

kx ky kz

[ak" # ek" ]x [ak" # ek" ]y [ak" # ek" ]z

cos(k • x $%k t + &k" + ' /2) 

            

! 

= k "C'! ! ! ! ! ! ! ! ! ! ! ! ! ! !  ! ! ! ! ! ! (A11-31) 
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!"#$C’% C&'()*+,-./0123$!

     

! 

C'= a
k" # ek" # cos(k • x $%

k
t + &

k" + ' /2)! ! ! ! ! ! ! ! ! ! ! (A11-32) 

456789$:;<=>?@ABC=/DEF(A11-24) 

     

! 

A(x,t) = a
k"
# e

k"
# cos(k # x $%

k
t + &

k"
)

" =1,2

'
k

'          !   ! ! ! ! ! !

GHI%$ 

! !

! 

B = rot A = k " a
k# $ ek# $ cos(k • x %&

k
t + '

k# + ( /2)
# =1,2

)
k

) ! ! ! ! ! (A11-33) 

! !

! 

E = "
#A

#t
= a

k$
% e

k$
% (&

k
) % cos(k % x "&

k
t + '

k$
+ ( /2)

$ =1,2

)
k

)          (A11-34) 

4567! B% EGJKLM$NOPQ/QR:;<=

! 

k$STUVWXYZ[

:;<=>?@ABC=UV*

! 

e
k".X\]^L!_$`L9ab[6cd%e

dUV/f9&'()&2g7:;<=/hi

! 

k " e
k#/Zj%

! 

k •e
k" = 0/kQ 

!

!

!

!

!

!

!

!

!

/lmn^$QR:;<=

! 

k%:;<=>?@ABC=UV/op

! 

e
k"/hi

*

! 

k " e
k#.X$

! 

B/NUV/opGYZ[6qr A11-1s7tu&$r A11-19v

wxy xz 

wxy yz 

wxy zz 

k 

B/UV*

! 

k " e
k#. 

! 

e
k"

 

r A11-1.! QR:;<= k/op%:;<=>?@ABC=UV$ 

! ! ! ! ! edUV/op/{| 

:;<=>?@ABC=UV/op 

Q}/OPop 
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!"#$% 

! 

k&'()* + ,-.

! 

B/012&'()* 3 ,-$456.78&

9:$;<6=>?@A.E/012/BC

! 

e
k"&'()* x,-/BC$D?

/E.F8&9:$;<6=>?@!

! GHIJKLMNOPJ/QRST(A11-24). 

! ! ! !

! 

A(x,t) = [a
k"
(t) # eik #x

" =1,2

$ + a *
k"
(t) # e%ik #x

k

$ ]         !      !

UV#WX&.!

! ! !

! 

B = rot A(x,t) = rot{ [a
k"

(t) # eik #x
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! 

E
2cdef2!$ 

     

! 

E
2

= [i "
k
(a
k#
e
ik $x

# =1,2

% & a *
k#
e
&ik $x

k

% )]•[i "
k
(a

k#
e
ik $x
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! 

e
±i(k±k')"xBC78D$

! 

ak"
,  a *k'" '

,EFGHI#J@A78)9

! 

e
±i(k±k')"x,KL,
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! 

(k
x

+ k'
x
) " 0,VW#$
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0
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! 

k'= "k %IJ;+#%H*

M%IJ6

! 

"
k'

="#k ="
k
HN#M!3OP$QR5*(A11-42)%12S0? 

 

! 

E
2
dx

3

V

" =
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# dV ! ! ! ! ! ! ! ! ! ! (A11-39) 

\h-FZ0 

! 

E
2
dx

3

V

" =
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)
% '

&
k,%

& + 2(a *k% • ak% '
) $ (a *k% • a *k% '
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&
k,%

& (a *k% • ak% '
)   

        

! 

= 2V " #0

k,$

% (&k )
2

$ '

% (a
k$

)
2 " ' $ ,$ '
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! 
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