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!"#! $%&'()*+,-./01!

! ! Maxwell23456789:$%;:;<234=>?@ABCDEFGH

I+J&'()*+ AFKLM?N Maxwell234OPAGHI+J&'()

*+ A =QRS?M?56STUNV5VB!19W1B-2SX@YZEBGHI

+J&'()*+ A F%[:\]=^_`aU:SB$[EbaUcde.J

&'()*+

! 

("),fgVB$%&'()*+

! 

(",A)=hiVBDL=g?j

Maxwell 234=klmnUN$%&'()*+

! 

(",A)=g?U,Bop:

Maxwell234:Zq:rpFsEt@uLjvwBxwrp:234yz^M

{E01SlUN 

 

|}Maxwell234,$%&'()*+

! 

(",A) 

! Maxwell234:

! 

div B(x,t) = 0FB%~�� B:��F�SB%[F�=�@

M?D,�^%�FM?D,}Eb�aUNDL,O�:��4

! 

div rot A =" • (" #A) = 0,=��U,BA=��:GHI+,VjB 

! ! ! !

! 

B(x,t) = rot A(x,t)                                 (1) 

STUD,A�UN%~��GHI+ BAGHI+ A:��E�V?��56B

A F��SFTUAB%~�� B :GHI+J&'()*+STUNDLF

!19W1B-2 S��@�%[S:GHI+J&'()*+=��0<aU%[E

��V@y:STUN 

! �2B$%[E�aUMaxwell234: Faraday:$%�>:� F, 

   ! ! !

! 

rot E(x,t) +
"B(x,t)

"t
= 0 
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STUN 

! 

B(x,t) = rot A(x,t)! =DDE¡¢aU,B  

   ! ! !

! 

rot E +
"

"t
(rotA) = rot(E +

"A

"t
) = 0        ! ! ! ! ! ! ! !  (2) 

£¤e=¥Z,B 

!        

! 

" #E +
$B

$t
=" #E +

$

$t
(" #  A) =" # (E +

$A

$t
) = 0     !  ! (2’) 

,MUN 

! 

"=��:cde.�¦,VjB§:O�:��4!  

! 

rot grad " =# $ (# ") = 0  A¨w©p:SBª«¬=pj 

! ! !

! 

rot(" grad #) =$ % ("$ #) = 0! ! ! ! ! ! ! ! ! ! ! !       (3) 

A¨©aUNª«¬=®UD,FBcde.J&'()*+:hiEb�

u¯U@nSTUN (3), (2)! TU?F(2’)=��L°B 

! ! !

! 

E +
"A

"t
= #grad $B±@F!

! 

E +
"A

"t
= #$ %!  ! ! ! !       (4) 

STUD,A²5UND:YZEB$[:³u E EFBcde.J&'()

*+

! 

",D:GHI+J&'()*+ A:´2A�µVjvwB 

       

! 

E(x,t) = "grad#(x,t) "
$A(x,t)

$t
                            (5) 

STUND:YZEB 

! ! ! ! %~��¶! !

! 

B(x,t) = rot A(x,t)B 

! ! ! ! $[:³u¶!

! 

E(x,t) = "grad#(x,t) "
$A(x,t)

$t
!  

=µ�Ucde.J&'()*+

! 

"(x,t),GHI+J&'()*+

! 

A(x,t)=·

²¯j$%&'()*+,¸ZN  

!!$%&'()*+

! 

(",A):>¢:�¹F§:ºwSTUN»�FB$%[S

:$�EbaU Newton:¼<234�!22W4W34}EKLU E, BFBD:$
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%&'()*+

! 

(",A)=g?j½KSlUN¾qB$�E¿ÀÁ.Â(ÃÄ=½

KaU E, BEbVjD:$%&'()*+=¥ZD,AÅÆUNCVjB§

EÇ�U$%[:-./01È0É:\]AÊËSljBMaxwell234FÌE

z^M{EMUN! »rFBMaxwell234Fop:23456¨UAB

! 

(",A)=

>¢aUD,SB

! 

div B(x,t) = 0,(

! 

rot E(x,t) + "B(x,t) /"t = 0 FsEO<ÍEtÎ

uLU4MÏjV±ZNÐÑÍEÒÀ�l234Fxw:r4EÓ6LUD,

SBÔÕÍ0¦,VjxUy:=ÖMÀSlUN�EBB}SFB0¦F 3+3=6

�AB×ØÙ:$%&'()*+

! 

(",A)SF0¦F 1+3=4 STUN (2),(4):

Maxwell 234=tÎVj?UD,FÚÛSTUy::B

! 

(",A):>¢SÜ5E

ÔÕÍ0¦AÝÖVj?UN  

! xwrp:Maxwell:234FB 

! ! ! ! !

! 

divD(x,t) = "
e
(x,t)! ! ! ! ! ! ! ! ! ! ! ! !       

! ! ! ! !

! 

rot H(x,t) "
#D(x,t)

#t
= i(x,t)                          

STUNDL6= E, BS½KaU,!

! ! ! ! !

! 

divE(x,t) =
"
e
(x,t)

#
! ! ! ! ! ! ! ! ! ! ! ! !      (1’) 

          

! 

rot B(x,t) "#µ $
%E(x,t)

%t
= µ $ i(x,t)                   (3’)!

,MUN$�:<lA$ÞSTU56B$���

! 

"
e
,$Þ�� i EF$�ßà

 B 

! ! ! ! !

! 

"#
e
(x,t)

"t
+ div i(x,t) = 0! ! ! ! ! ! ! ! ! ! !    ! (6) 

A¨©Vj?ML°M6M?N$�ßà :áâÉF Maxwell A>¢V@0
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ã$ÞE�äVj\]V@�!22W1}NDL6xwrp: Maxwell 234F$

�ßà ,å·uLB(

! 

" , A)Aæn6LB(E, B)Aç±UN 

 

"}GHI+J&'()*+ A:��É,-./01  

! $%&'()*+EYÏj0¦AÝUD,FèÒaU,VjyBcde.J

&'()*+

! 

"yGHI+J&'()*+ A y��STw��ÍEFç±6M

?NDLFéÏ@D,SFM?:5ê! Ü5EC:ºwSTUNV5VBD:

�ëSáâMD,FB!"#$%&'()*+,-./012345(6

789&'STUNì:\]:9SBíâMîï=�

! 

" , A}EðVBE, B=

ñPÍMy:,aU:STUN 

! D:©[56B f =��:cde.�¦,VjBò�B§:��4!

! 

rot grad f =" # (" f ) = 0  =¥ZNDL= (1) 

! 

B(x,t) = rot A(x,t)Eó�jy                                 

ôy0`VM?56B 

! !

! 

B = rot A + rot grad f = rot (A + grad f )                    (7) 

A¨©aUNDLFB$%[=µ�U(1):GHI+J&'()*+

! 

A=õö:

YZE0ÌaUD,E÷UN 

! ! ! ! ! !

! 

A ! ø!

! 

A'=A + grad fB

! 

B'= rot A '!  

D:0ÌFBGHI+J&'()*+:01,XMaD,AÅÆUN CDSB

D:GHI+J&'()*+:01Eb�u¯jBcde.J&'()*+yB 

! ! ! ! !

! 

"! ø!

! 

"'=" #
$f

$t
!  

,0ÌaUNôùDLSú?5FìS\]aU,VjBD:01uL@$[B 
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! ! ! ! !

! 

E'= "grad#'"
$A '

$t
= "grad(# "

$f

$t
) "

$A '

$t
 

=¥ÏjB$%�>:Maxwell234ûØ 

! 

rot E'+
"B'

"t
=ænjüUN 

!    !   

! 

rot(E'+
"A '

"t
) = rot{#grad($ #

"f

"t
)} = #rot grad($ #

"f

"t
) = 0  

,MUNÜ5E$%�>:4FB0Ììy¨©Vj?UN 

!        

! 

div B'= 0B5pB 

! 

rot E'+
"B'

"t
= rot(E'+

"A '

"t
) = 0  

STwBýþ:01ìyBrp:Maxwell234FtÎuLj?UN¾qB

! 

" #
$f

$t

AÿRMcde.�¦STÏjyB

! 

rot grad (" #
$f

$t
) = 0  A¨©aU56B!

! 

Aø

! 

A'=A + grad fB

! 

"ø

! 

"'=" #
$f

$t
! ,$%&'()*+A01uLjyBMaxwell

234(2)B(4)F¨©VB$%[ E, B (5), (1)yD:01EÈ0STUND:!E

01aU,Maxwell234y$%[ E, ByÈ0EMUD,ABýþcde.J

&'()*+:014="gV@#$STUN 

! ! ! !

! 

Aø!

! 

A'=A + grad fB!

! 

"  ø!

! 

"'=" #
$f

$t
! ! ! ! !         (8) 

D:$%&'()*+:01=-./01,¸ZN%-./&,F%'(V

:)�&:�¹SB)�=0�jy$%[:þÇFÈ0STUN$%[:D:

YZMÉÕFB%$%[:

! 

(",A)F-./[STU&,y½KaUN$%[ E, B

A-./01SÈ0STU56BÁ.Â(ÃÄy-./01EÈ0STUN

*ÏjB�$+,EbaU Newton:234y-./01EÈ0STUN 

! -./01È0É:�iEp?jFBLederman. R. A. & C, T. Hill�-.! á/

�}%b0É¶Â.1.2(A3U4,5656±S&�789 ,! 2008}#:}
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: 11;EC:Ò<ATUN=¹=>�@2F?@uL@?N 

! $%[:

! 

(",A):256��U,B(8):01SFcde.J&'()*+ f�

:��ÉATUD,EMUNV5VMA6BD:cde.J&'()*+ f

:��É=ABÍE¥ZD,SBxw: Maxwell 234(1’),(3’)A^_`ÅÆ

UNC:C3SB$%&'()*+

! 

(",A)EñPÍîï=ðaU�-./=D

haU}N\]FC:YZMEF=GHN 

! $%&'()*+

! 

(",A)Sµ�6LU$%[ E, B (5), (1)=Bxw: Maxwell

234(1’), (3’)E¡¢aUN 

            

! 

E(x,t) = "grad#(x,t) "
$A(x,t)

$t
                ! ! ! (5) 

            

! 

divE(x,t) =
"
e
(x,t)

#
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (1’) 

(5)=(1’)E¡¢Vj E=IJaU,B 

! ! ! ! !  

! 

div(grad" +
#A

#t
) = $

%e
&

 

,MUAB  

! 

div grad f =" • (" f ) = (
# 2

#x 2
+
# 2

#y 2
+
# 2

#z2
) f ="

2
f  STU56B 

           

! 

"2# +
$

$t
(divA) = %

&
e

'
                       ! ! ! !   (9) 

,MUN�2B(1),(3’)FB 

! ! ! ! !

! 

B(x,t) = rot A(x,t)                     ! ! ! ! ! ! ! ! (1) 

          

! 

rot B(x,t) "#µ $
%E(x,t)

%t
= µ $ i(x,t)             !  ! ! !  ! (3’)!

STU56B(3’):ûØE(1),(5)=¡¢VjBB, E=IJaU,B 

! ! ! ! !

! 

rot rot A(x,t) + "µ #
$

$t
grad%(x,t) + "µ #

$ 2
A(x,t)

$t 2
= µ # i(x,t)  
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 ,MUNDDSB��4!

! 

rot rotA = grad divA "#A , 

! 

" =#
2  =¥Z,B 

          

! 

grad divA "#2
A + $µ %

&

&t
grad'(x,t) + $µ %

& 2
A(x,t)

&t 2
= µ % i(x,t)  

,MUNDL=K#VjB 

! ! !

! 

{"2 #$µ %
& 2

&t 2
}A(x,t) # grad {divA + $µ %

&

&t
'(x,t)} = #µ % i(x,t)       (10) 

STUN 

 åLB$%&'()*+=g?U,Bxwrp:Maxwell234FB(9),! (10)

:234EM=0�UD,A�UN 

           

! 

"2# +
$

$t
(divA) = %

&
e

'
                       ! ! ! !   (9) 

! !

! 

{"2 #$µ %
& 2

&t 2
}A(x,t) # grad {divA + $µ %

&

&t
'(x,t)} = #µ % i(x,t)         (10) 

V5VB(9), (10):ûØ=XU,B

! 

"F

! 

"�ABAF A�A�µaUYZM

0¦ANOuL@234:{EFMÏj?M?N�56Bcde.J&'()

*+ f:��É=¥ÏjBC:YZMzPM{E0�UD,=��U: 

 

Q}Á.Â(Ãîï�Á.Â(ÃJ-./}  

  $%&'()*+Ep?j:(8):01B 

! ! !  !

! 

Aø!

! 

A'=A + grad fB!

! 

"  ø!

! 

"'=" #
$f

$t
! ! ! ! ! ! (8) 

S f=Z±ÀRRSB 

           

! 

divA + "µ
#$

#t
= 0                                 ! (11) 

AÔKaUYZEÅÆUND:îïFÁ.Â(Ãîï,S°LUN78:$%

[M6BÁ.Â(ÃîïFB 
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! ! ! ! !

! 

divA + "
0
µ
0

#$

#t
= divA +

1

c
2

#$

#t
= 0                      (11’) 

,MUNÁ.Â(ÃîïAsEtÎuLUD,=õöSÜTVYZN 

! (11)Fcde.STUABFÛnERR�$%&'()*+

! 

(" ',A ')A(11)=t

Î¯UB 

! ! ! ! ! !

! 

divA '+"µ
#$'

#t
= g % 0! ! ! ! ! ! ! ! ! ! ! ! ! !  (12) 

STÏjyB(8):-./01S

! 

(",A)E0²U,aU,B(12):

! 

(" ',A ')=(8):

! 

(",A)S½KVjB 

           

! 

divA + div grad f + "µ
#$

#t
%"µ

# 2
f

#t 2
= g  

,MUN Á.Â(ÃîïûØEV÷aUW,DLõX:W=û×ENjüU

,B 

! ! ! ! ! ! !

! 

divA + "µ
#$

#t
= g % (&2

 f %"µ
# 2
f

#t 2
)! ! ! ! ! ! ! ! !  (13) 

,MUN×Ø: fF��STU56B(13):×ØA�,MUYZE f=RYD,

AÅÆUFUSTUN¾qB 

! ! ! ! !

! 

("
2
 f #$µ

% 2
f

%t 2
) = g ,   ZFB

! 

("
2
 #$µ

% 2

%t 2
) f = g! ! ! ! ! (14) 

=tÎaU fAà[aUN�56B(11):îïAtÎuLUNV5VBcde.J

&'()*+ fFB234(14)=tÎaUy:E\huLUN 

! D:YZEVjB��: f=]h:îï(14)=tÎaU fEçnUD,=B-

./:Dh,5-./:R^,SYN(11):Á.Â(ÃîïFBÁ.Â(

ÃJ-./AR^uLj?U,½KuLUN 

! (11):Á.Â(ÃîïB

! 

divA + "µ
#$

#t
= 0B=xÏ@rp:Maxwell234(9)B
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(10)E¡¢aU,B 

! ! ! ! !

! 

{"2 #$µ
% 2

%t 2
}&(x,t) = #

'
e
(x,t)

$
                       (15)  

! ! ! ! !

! 

{"
2
#$µ

% 2

%t 2
}A(x,t) = #µ & i(x,t)! ! ! ! ! ! ! ! !     (16)  

,MUN (15), (16):ûØFB

! 

"�BA�:234STwB_R�{EMÏ

j?UNV5y;<234:{EMÏj?UN Maxwell 234y`N^_M2

34EMÏ@N! (15), (16)ûØEKLU;<234:ab,

! 

("
2
#$µ

% 2

%t 2
)FB1

e(G.+ab,,S°LUN(15),(16):×ØEFB$���

! 

"
e
(x,t),$Þ�

�

! 

i(x,t)ATUAB´cF$�ßà =ºÛjdAÏj?UFUSTUN 

 $�ßà FB$���,$Þ��E�aUäe:4STUNmnjkÀ, 

! ! ! !  

! 

"#
e
(x,t)

"t
+ div i(x,t) = 0! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (6) 

STUN(15):$���

! 

"
e
(x,t)=��SfgNVB(16):$Þ��

! 

i(x,t):��=

hwBDL6=$�ßà:4(6)E¡¢VBK#aU,B 

           

! 

{"2 #$µ
% 2

%t 2
}(div A(x,t) + $µ

%&(x,t)

%t
) = 0              (17) 

Ai6LUNcde.4

! 

(div A(x,t) + "µ
#$(x,t)

#t
)A;<234=tÎVj?UD

,A�UNV5VBDLF (11):Á.Â(Ãîï

! 

(div A + "µ
#$

#t
= 0),Vjjk

EV@y:STU56B��ÍE¨©aU:F÷lSTUNÁ.Â(ÃîïA

$�ßà Eb�aUD,=�¹Vj?UN¾qBÁ.Â(Ãîï

! 

divA + "µ
#$

#t
= 0  AsE¨©Vj?L°B$�ßà ysEtÎuLj?UD,

EMUNMaxwell234 (15)B(16)=Ò°BCLABÁ.Â(ÃJ-./A
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R^uL@[·:$%&'()*+

! 

(",A)STUN 

 õý:Á.Â(ÃJ-./Ep?j:\]=±,nU,B 

          

! 

div A(x,t) + "µ
#$(x,t)

#t
= 0                         (11) 

! ! ! ! !

! 

{"2 #$µ
% 2

%t 2
}&(x,t) = #

'
e
(x,t)

$
                    ! (15)  

! ! ! ! !

! 

{"
2
#$µ

% 2

%t 2
}A(x,t) = #µ & i(x,t)! ! ! ! ! ! ! ! !     (16)  

=ÒÀD,SB 

! ! ! ! !

! 

B(x,t) = rot A(x,t)                                (1) 

 ! ! ! !  

! 

E(x,t) = "grad#(x,t) "
$A(x,t)

$t
!                     (5) 

$%[Aç±UD,EMUNDLFB$%&'()*+

! 

(",A)=g?jBMaxwell 

234=kl1�@åmSTUN 
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!"#$%&'()#$%&*+$,"  

! %$-&.*+$,)'("/

! 

divA + "µ
#$

#t
= 0/0123456/789Maxwell

:;<=(15), (16)>?8/@0ABCD:;<E?F4GHIJKLMNO3P

QRG>STU/VW=/HIXYZ[\E]R^_U`ab$*cd&ef

g0

! 

"hi>jk3PSl0mnFPQRG3X3/M>M>/o#pg*cd

&efg A qrU=?s/`ab$*cd&efg

! 

"MtuvE=wxY?Q

M9U]F4Gt:/ty9CDo#pg=/z{:|E}{?~C��>S

9:|E��?��E]R�C��E��U�RG

! 

divA = 0U]RCDo#pg

A=/~C��=iU/�C��9�0ABGM3

! 

rot A = 0U]R?Y/CDo

#pg A =�C��=iU/~C��3XA4?Q)�24�4"GS9��XY

�R>/%$-&.'(9u�=/�^H�E���R

! 

"µ
#$

#t
0��RS>U/

~C��

! 

divA0��vEiE3PQR>M��U�RG��U]R?Y/=�

�XY 

! ! ! ! ! !

! 

divA = 0! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (18) 

>3P�RS>=��U]T�XGSl=#$%&'(/#$%&+$,>

��lRG 

! #$%&+$,01�q /4>� 

! ! ! ! !

! 

divA '= g " 0! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (19)! !  

U]FPM/ (8)9+$,�¡03P/ 

! ! ! !

! 

A¢!

! 

A'=A + grad f/!

! 

"  ¢!

! 

"'=" #$µ
%f

%t
! ! ! ! ! (8) 

9£t<0(19)E¤¥�l�/

! 

divA + div grad f = g! U]RXY/!  
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! ! ! !

! 

divA = g "#
2
f ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  ! (20) 

!"#$ f%&'()#*!+,

! 

"
2
f = g  !"#-." f/-01

! 

divA = 0!2

3#45()#$ 

! *6789:;<=1>?@A:BCD=EFGHIJKMaxwellLMN(9)

!(10)1 

           

! 

"2# +
$

$t
(divA) = %

&
e

'
                       ! ! ! !   (9) 

! !

! 

{"2 #$µ %
& 2

&t 2
}A(x,t) # grad {divA + $µ %

&

&t
'(x,t)} = #µ % i(x,t)         (10) 

/OPHQFGHR#$

! 

divA = 0!STN1

! 

rot rot A = grad div A "# A1UVW

X#!!

! 

rot rot A = "# A()#+,$

! 

" =#
2
,    grad =#  =WYH1 

   !    

! 

"2# = $
%
e

&
                                           (21) 

       

! 

("
2
#
1

c
2

$ 2

$t 2
)A(x,t) = #µ % i

t
(x,t)                           (22) 

%Z,[#$K\G1(22)6]^4_`6ab='cX#$ 

        

! 

i
t
(x,t) = i(x,t) "#$

%&

%t
! ! ! ! ! ! ! ! ! ! ! ! ! !       (23) 

*6

! 

i
t
(x,t)4defg\h=ij$kl",1

! 

div i
t
(x,t) =" • i

t
(x,t)=m#!, 

     

! 

div i
t

= div i " div (#$
%&

%t
) = div i "

%

%t
(#$2&) = div i +

%'
e

%t
= 0      (24) 

!"#+,()#$no+,pqr6Ts4(21)=WYHY#$tK1no6T

s4>uvwx()#$789:;<U>uvwx=yzGHY#$ 

! 789:;<{

! 

divA = 0|!98}:~;<{

! 

divA + "µ
#$

#t
= 0|=��[�1

��6�Y41

! 

"# /"t = 0 !X#+1�[!U

! 

"# /"t $ 0!X#+/)#$>?@
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!"#$%&'()*+),-./ 

! ! ! ! !

! 

B(x,t) = rot A(x,t)! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  (25) 

! ! ! ! !

! 

E(x,t) = "grad#(x,t) "
$A(x,t)

$t
! ! ! ! ! ! ! ! !      (26) 

01234/56789:;<=>?@AB56012?@CD/

! 

"# /"t = 00

1E/3F/

! 

"A /"t = 0012?@/GH/(26)7 

! ! ! ! !

! 

E = "grad#(x,y,z)! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (26-1)  

@=2?@012IB56012?@D/

! 

"# /"t = 0JK0D=L/

! 

"A /"t = 0M

NOPQRS234/TUVW B(T6 H)&X<)P89:;D=L/BT6Y

Z[S2IB56M\]D/(26-1)34^2_`&/Ba=T6M\]@bc<

)*+2?@70d2I 

! P`eF/fgh"NOA

! 

divA = 0/

! 

"# /"t = 0CYijS2kl=6m71

2In-D/

! 

"op012qrMstr9M?@012I5uM=>r9D/

5u34vwxMyz&12@S2?@70d2M0/{|}g~�!"#$

%D

! 

"op@<)�>I5uM=>r90D��5�Pv>I(26)D/ 

! ! ! ! ! !

! 

E = "
#A

#t
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !   ! !     (26-2) 

@=2I?-D/�f�%~�!"#$%M89:;&t�S2567��S

2?@YZ[S2I(25)M

! 

B = rot APnM���2M0/B56M6m@D�=

E/T6@56D89:;</�f�%~�!"#$%Y��)��&��

F>)>2Iqr�&��S25T6M?@012I 

! fgh"NOA

! 

divA = 0CDhg�"�NOA

! 

divA + "
0
µ
0
(#$ /#t) = 0CM�

��g{0127/?-Y�>)/

! 

"op012qrMstr9M5T6&F
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!"#$%&'() 

 

*+,-./012345&'(6789,-:  

! ,;<,=<>!6789,-:(E, B)?@AB

! 

divA = 09CDE0FG%B

! 

"
e

= 0,  i = 09?@HI"JKLM!) 

        

! 

" = 0,   divA = 0                                     (27) 

! ! ! !   

! 

B = rot A ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  (28) 

! ! ! ! !

! 

E = "
#A

#t
! ! ! ! ! ! ! ! ! ! ! ! ! !        !    (29) 

         

! 

("
2
#$

0
µ
0

% 2

%t 2
)A(x,t) = 0                            (30) 

9NOPQRH>()  

! (28)9 divSTU"V(HBWX<YUZ[\9]^R45 

! ! ! ! ! !

! 

div B = div rotA = 0  

%_()`ZB(29)9 div STU"V(HBA Aab%B

! 

divA = 0%_(45!  

! 

div E = "div
#A

#t
= "

#

#t
(divA) = 0)cU"B 

            

! 

div B = 0,      div E = 0                        !  (31) 

 %_()B< E<ab%_()d5eB(29)9 rotSTU"B(28)Sfgh(HB 

! ! ! ! ! ! !

! 

rot E = "
#B

#t
  

H>() `ZB

! 

rot rot A = "# A45B

! 

rot B = "# A = "$
2
A .  (29)Sij%kl

I"B

! 

"E

"t
= #

" 2A

"t 2
,  mnS (30)efgI"B 

! ! ! ! ! ! !

! 

rot B = "
0
µ

0

#E

#t
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!"#$%&#'(!  

! ! ! ! ! !

! 

rot E = "
#B

#t
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (32) 

! ! ! ! ! !

! 

rot B = "
0
µ

0

#E

#t
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !   (33) 

)*#$(32)+ rot,-#!( 

! ! ! ! !

! 

rot rot E = "rot
#B

#t
= "

#

#t
(rot B) = "

1

c
2

# 2
E

#t 2
! ! ! ! !   (34) 

./01+234((33),56789:)*#$ 

;<( ! =23  

! 

rot rot E = grad div E"# E  ! ! (31)+ !

! 

div E = 0  >?( 

! 

rot rot E = "# E = "$
2
 E  )*#$@A,(34)+BC'6AAD(  

! ! ! ! ! !

! 

1

c
2

" 2
E

"t 2
= # E =$

2
 E = (

" 2
E

"x 2
+
" 2
E

"y 2
+
" 2
E

"z2
)             (35) 

E 'E&#FG<H3IJ?A#$(33)+ rot ,-KLMN@!,OAD(B '

1PLMQ+FG<H3IJ?A#$B+RR)STPI(

! 

B = µ
0
H!7LUV

WX,UYZX'[\AD( 

! ! ! ! ! !

! 

1

c
2

" 2
H

"t 2
= # H =$

2
 H = (

" 2
H

"x 2
+
" 2
H

"y 2
+
" 2
H

"z2
)             (36) 

)*#$@+]^F+_'1PL4(`'(a24)bc78$  

! a24 )4(Maxwell <H3>?de(fghUY+FG<H3,iP8$7

>7(@@)4(Maxwell<H3>?(Rj(hUklmnop,qr7(st

umvwtx,yPLfghUY+FG<H3,iP8$FG<H3,iz{

|"?a24 +<I}~)TP$7>7(hUklmnop!wtx[�+bc

4��;��"��)�%)*#$�'��#hUY'�|#�h��+�G

+ Lagrangian, HamiltonianOhUF+��,�\#�'S�%!"#$ 
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!"!#$%&'()*+,- Lagrangian. Hamiltonian!!

! /01'#$%&'()2345622747(34)89:;<=>>85?@AB

CDEF=GH m=$# e'#$%&IJ*+,- Newton'()234.EF

9:-KLM5NOPQRS8T-K  

! ! ! ! !

! 

m
d
2
r

dt
2

= eE + ev "B                              ! !   (37) 

>'LMU' B,  E5! (1), (5)'$VWXQYZ[ 

! ! ! ! !

! 

B = rot A=! ! !

! 

E = "grad# "
$A

$t
! ! ! ! ! ! ! ! ! ! ! ! !

8\:]^-'8=(37)5_O`ab*ca8T-K$VWXQYZ[A(37)L

M*deEFf-.= 

        

! 

eE + ev "B = #grad (e $%) # e $ (
&A

&t
) + e $ v " (rot A)! ! ! ! ! ! (38) 

.g-. h'ijAklF(38)LMAm*nob:-K 

! ! !

! 

dA(x,y,z,t)

dt
=
"A

"t
+
"A

"x

"x

"t
+
"A

"y

"y

"t
+
"A

"z

"z

"t
 

                

! 

=
"A

"t
+ vx

"A

"x
+ vy

"A

"y
+ vz

"A

"z
=
"A

"t
+ (v•#)A    !    

! >^pq= 

       

! 

"A

"t
=
dA

dt
# (v•$)A                                     (39)   

r;=stu[vwx'y4

! 

A " (B "C) = B(A •C) #C(A •B) Akz=

! 

A" v,  B"#,  C"A  .{ob:F=

! 

v " (# "A) =#(v•A) $A(v•#)|}]= 

! ! !

! 

v " (rot A) = v " (# "  A) =#(v•A) $ (v•#)A        !       (40)!  

8T-K~*=!           
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! 

eE + ev "B = #grad $e # e{(
dA

dt
) # (v•%)A #%(v•A) + (v•%)A}            

             

! 

= "# $e " e(
dA

dt
) + e#(v•A)  

!"#$Newton%&'()*              

  ! ! ! !

! 

m
d

2
r

dt
2

= "#{ $e " e(v•A)}" e(
dA

dt
)! ! ! ! ! ! ! ! !     (41)!  

+,-*./)0123456789#:;8"<=>#$?8@ABCD) 

! 

{ "e # e(v•A)}%EFGHI)*JK%234567LUM8NOB#P%+,

#Q*RSQTUV=W-*XYZ[%T\+)">]!+,#$ 

        

! 

r = (x,y,z) = (q
1
,q

2
,q

3
),     v = ( ˙ x , ˙ y , ˙ z ) = ( ˙ q 

1
, ˙ q 

2
, ˙ q 

3
)             (42) 

!V=*(41)^_D`V=a#$ 

          

! 

m
d ˙ q i

dt
= "

#

#qi

{ $e " e( ˙ q k Ak

k=1

3

% )}" e(
dAi

dt
)  

bc%d)*

! 

Ai =
"

" ˙ q i
( ˙ q k Ak

k=1

3

# ) !_e]!Qfg#hi 

! ! ! ! ! !

! 

dAi

dt
=

d

dt
{
"

" ˙ q i
( ˙ q k Ak

k=1

3

# )}   

+,#$ j<=*Newton%kl&'((41)./)*m%9n8"#$            

       

! 

m
d ˙ q i

dt
= "

#

#qi

{ $e " e( ˙ q k Ak

k=1

3

% )}" e
d

dt
{
#

# ˙ q i
( ˙ q k Ak

k=1

3

% )} 

            

! 

= "
#

#qi

{ $e " e( ˙ q k Ak

k=1

3

% )} +
d

dt
{
#

# ˙ q i
($e " e( ˙ q k Ak

k=1

3

% ))}! !   (43)  

bc%o(+*

! 

")EFGHp234567+,-*

! 

"(#e) /" ˙ q i = 0  +,#]!^

q<r$s]+* 

! !           

! 

 U ="e # e( ˙ q k Ak

k=1

3

$ )                   ! ! ! !     (44) 

!B#!*Newton%kl&'((43))*m%9n"tu"(8"#$ 
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! ! ! ! ! ! ! !

! 

 m
d ˙ q i

dt
= "

#U

#qi

+
d

dt
(
#U

# ˙ q i
)                       (45) 

!"#$Lagrangian, L%  

!   

! 

L = T "U = (1/2)m{( ˙ q 
1
)

2
+ ( ˙ q 

2
)

2
+ ( ˙ q 

2
)

2
}"U ! ! ! ! ! ! !     ! ! (46) 

&'()$ 

     

! 

d

dt
(
"L

" ˙ q i
) =

d

dt
(m ˙ q i #

"U

" ˙ q i
) = m

d ˙ q 

dt
#

d

dt
(
"U

" ˙ q i
) = #(

"U

"qi

) = (
"L

"qi

)! ! ! !   (47) 

* Lagrange +,-./&012&34156789:;<*=>? Newton *

+,-./(45)3@AB12&CD15EF$Newton *+,-./ (45)3@A

B12&?$(46)* LagrangianCGH#$(47)* Lagrange+,-./3@AB1

2&IJ15 

! KL*MC$NOP*QNRS*+,CGB1 Lagrangian?$(44), (46)89 

    ! ! !  

! 

L = T " e# + e(v•A)                                 (48) 

IJ12&3T815

! 

qiCUV0+,W?$

! 

pi =
"L

" ˙ q i
*XY89Z9[$ 

! ! ! ! ! ! ! !

! 

pi =
"L

" ˙ q i
= m ˙ q i #

"U

" ˙ q i
= m ˙ q i + eAi                    (49) 

&015+,W\]^_*`Ia()$ 

! ! ! ! ! ! ! ! !

! 

p = m ˙ q + eA ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  ! (50) 

IJ15\]^_bcdefg_ A 3hiH$jk*RS+,W

! 

m ˙ q 
i
&?l

015QNRS3mW m *n01moI?0p$NQ e %qr2&Cs15

! 

p = m ˙ q + eA ! *tu+,W%$RS*+,W

! 

m ˙ q 
i
&vwB1xC$yCz{|

+,W&}~2&3J15 

! (49)89$z{��?

! 

(qi, ˙ q i)" (qi, pi)&���[#$(49)89 
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! 

˙ q i = (1/m)(pi " eAi)!"#$!%L$ Legendre&'() Hamiltonian(H)*+,#-

./0123!"#4 

      

! 

H = pi
˙ q i

i=1

3

" # L  

        

! 

= pi
˙ q i

i=1

3

" # (1/2)m ( ˙ q i)
2

i=1

3

" + U

! 

= pi
˙ q i

i=1

3

" # (1/2)m ( ˙ q i)
2

i=1

3

" +$e # e( ˙ q k Ak

k=1

3

" )  

        

! 

= (pi " eAi) ˙ q i
i=1

3

# " (1/2)m ( ˙ q i)
2

i=1

3

# +$e  

55!$

! 

˙ q i67&8!"#()%

! 

˙ q i = (1/m)(pi " eAi)! *9:;<% 

       

! 

= (
1

m
)(pi " eAi)

2

i=1

3

# " (1/2)m (
1

m
)
2
(pi " eAi)

2

i=1

3

# +$e 

=>#4?@<%ABC.DE#FG m%AH e$HAIJ$KL$ H6% 

 !    

! 

H = (
1

2m
)(pi " eAi)

2

i=1

3

# +$e

! 

= (
1

2m
)(p" eA)2 +#e             (51) 

=>#4 

! MN%ABC=OPQ>FG m$IJ1%RSTUVW V$X!KLY#Z%

[$ H6% 

! ! !

! 

H = (
1

2m
)(pi)

2

i=1

3

" +V

! 

= (
1

2m
)(p)

2
+V                        (52) 

!"#()%\]$5$KLG=RSTUVW V*% 

! ! ! ! !

! 

p   "     (p# eA) ,    

! 

V   "     V +#e                 (53) 

=^_`.ab'c#5=!%FG m%AH e$HAIJ$deABC!$K

L$Hamiltonian, H1f)g#45$Ch$V6iAB`>RSTUVW!"#4

jk,FG m%AH e$HAIJ1%iAB`>RSTUVW VlmnY#de

$ABC!KLY#Z%[$ Hamiltonian, H6 
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! 

H = (
1

2m
)(p" eA)2 +V +#e  ! ! ! ! ! ! ! ! ! ! ! ! ! ! (54) 

!"#$%&'()*+,-.

! 

p = m ˙ q + eA/012345678#$9:;<

6,-7'()*+,-.

! 

p = m ˙ q + eA=>?,-.78#67(.<@1A

BC#D1'(%6)*+,-.1E# H/FGHI"J"3$ 

! KL(

! 

(p" eA) = m ˙ q  !MN$OP6,-.(

! 

m ˙ q = m˙ r )1QMNRSC#!( 

! ! !

! 

H = (
1

2
)(m ˙ q )

2
+V +"e = (

1

2
)(m˙ r )

2
+V +"e! ! ! ! ! ! ! ! (55) 

!"#(,-6TUVWXY!MN6 Hamiltonian78#$ OP6)*+UVW

XY[

! 

(1/2)(m˙ r )
2

+V ]1(:Z=[G#UVWX\]

! 

"e^=_G`45678#$

aZ=[G#UVWXYb'cd&"3$9:;<6,-1ef#aZ1E

#gh'P1ijkJ78#$(55)'lm@+TUVWXY/RC Hamiltonian!

MN'>M3$MkM(9:;<6Zn(

! 

m ˙ q = m˙ r '5'o>?,-.7'"3

67(.<@1ABC#p'((55)7'"q((54)/Frst=8u(v%1'

wxyWz{|}~�W A=S&#%!1��$ 

! lm+:a�*6 Maxwell L��':Z!aZ/�3NRS�&#=(��

7�4Er1:a{|}~�W

! 

(",A)/�3N2���#%!5��#$.<@

6�S��7'(:Z!aZ=���&#��.78#61�M(:a{|}

~�W

! 

(",A)'���/��%!kJ(

! 

(",A)1E# Maxwell L��'�"#�

*+��1�#RS!�"�&#6=�O78`4$MkM(.<@6�S�

�7'(wxyWz{|}~�W A =.<@6~ ¡¢£}¤\L��1¥¦

S&#67(A "M1'§@=��"3%!1"`4$%6¨©/ª+1«C

=(¬®¯°z±\²³´ (Aharonov-Bohm effect) 6µ¶/·¸#§@78
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!"#$%&!'()*+,-./0123456789/: 8;*<= (>/?

@) /'ABC!DE(F2GH67I9/: 8, 9, 10;J, K/LMNOPQRS

(!/B*TUVWX(")X*YZ[\]^_`

! 

(",A)/abcde/fgh

/ij%.(S+*#$/kl789%mn@WS(!" 
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!"#$%&'()*+,&-./0123456789:  

! ;25-5 <=>?4@3A6789:-BCADEA8FG8HGIJKLM

-89:(E, B)BCNA

! 

divA = 0-$OP*QR<A

! 

"
e

= 0,  i = 0-BCSTU

VWXYZJ[ 

        

! 

" = 0,   divA = 0                                (27) 

! ! ! !   

! 

B = rot A ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (28) 

! ! ! ! !

! 

E = "
#A

#t
! ! ! ! ! ! ! ! ! ! ! ! ! !        (29) 

         

! 

("
2
#$

0
µ
0

% 2

%t 2
)A(x,t) = 0                       (30) 

-\]^_`<a5[ bXcdcA#$%&'()*+,&eA"fghi

5j<AKL89:-BCf(E, B)-0k^_`flmA;25-53nT?4@3

o-pfq5bSGrs5(;24)[ 

! TdTA#$%&'()*+,&eA"3ti50k^_`(30)-pfAu

vwxyQRfzTUA{|}~5bSG<m5[b-]:dcNA#$%&'

()*+,&eA"-./012T?��e�O��12"f�J6789:f

n=rs5S-��3I5[DEA#$%&'()*+,&eA"NA��3�

I5��-0�#$%&(�)-./��0-�����<��rs5[�./�

�0N0k^_`f��TU��A��w3N����k ¡S¢IibS£

<m5-<AKL89:N��-���w���k -¤�¡S¥¦<a5S

§W5eJeans -}¨"©©Aª!"[KL89:-«�¬&OeH"N��w�

��k S®¯j`<��°XAKL89:-±²³ ´£µ¶SI5·©Aª¸"[

o-��A¹ºwI0ke»A890"NA�¼ ¡STU¨p<m5[®½
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!"Planck #$%&'()*&'+#,-./0123456003789:

;<=>?@A;(A+#BCDEF!GHIJK!LM6 

  

NOP*#QRSTUVW1 A!XM5DYPZ,#[\  

! ]^#_`a L 3b5OP*c#def-gh56TU!ijklHmn-

gh5o!"OP*#pm!qrks A !GHI#QRSTUVW-gh56

0#VW7" 

! ! ! !       

! 

A(x,y,z,t) =A(x + L,y,z,t)

                =A(x,y + L,z,t)

                =A(x,y,z + L,t)

                        (56) 

3b56tu# A!XM5DYPZ,7"

! 

1/ "
0
µ
0

= c = 2.998 #108(m /s) 1kI" 

     

! 

("
2
#$

0
µ
0

% 2

%t 2
)A(x,t) = 0! ! v! !  

! 

" 2

"t 2
A(x,t) = c

2
#
2
A(x,t)     (57) 

3b56! (58)w^7"

! 

a
k
-xy89:;1M5Dz89:;

! 

k = (kx,ky,kz )#B

CD{|D(

! 

a
k
e

 i (k "x#$k t)+3b5a"0}7(56)#QRSTUVW-~sk"�

G"(57)#DYPZ,-~skIH560#017" 

! !           

! 

A(x,t) = a
k
e

 i k "x -i# k t ,                             (58)!  

1kI"(58)w^-(56)1(57)!��kI����56s�k"0#BC{|D

#Dz89:;#��!7��#VWa�HIH5� 

! ! !

! 

k = (kx,ky,kz ),                                           (58-1) 

      

! 

kx =
2" # nx

L
,    ky =

2" # ny

L
,    kz =

2" # nz

L
,                     (58-2) 

      

! 

nx,ny,nz = 0, ±1, ± 2, "  "  ",                               (58-3) 

`�!"0#BC{|D#�QDz7" 
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! 

"
k

= c # k = ck ,                                          (58-4) 

!"#$%"&"'()*+,$&-./0123456789:( 

!  (56)-

! 

A(x,y,z,t) =A(x + L,y,z,t);+(58)<=->?@AB5CDEF( 

! ! ! ! ! !

! 

A(x,y,z,t) =A(x + L,y,z,t)

a
k
e

 -i"k te
 i (kxx+kyy+kz z )

= a
k
e

 -i"k te
 i [kx (x+L )+kyy+kz z]

e
 i kxx = e

 i kx (x+L )
#1 = e

 i kxL

               (59) 

GH-IJ9K+ 

! ! ! ! ! !

! 

k
x

=
2" # n

x

L
+

! 

n
x

= 0, ±1, ± 2, "  "  "  

!L$%!

! 

A(x,y,z,t) =A(x + L,y,z,t)! -MN./OPQR$F(ST;8U+y+

z;VEFMN./W&+(58-2)X(58-3)-./0Y&$F( 

! (58)<=->?@AB5(57)-BZ[\J;CDEFX+ 

! ! ! !

! 

" 2

"t 2
(a
k
e

 i k #x -i$k t ) = c
2
%

2
(a

k
e

 i k #x -i$ k t )

(&i$k )
2
(a

k
e

 i k #x -i$ k t ) = c
2
a
k
e

-i$k t%
2
(e 

i (kxx+kyx+kz x )
)

               (60) 

X"F(]=!-^_`aO

! 

e
-i" k t-b;cdEF(<=e-fgfhijk

! 

"
2

= # =
$ 2

$x 2
+
$ 2

$y 2
+
$ 2

$z2
O+lmno-hpfqVo;cdEF-!+VrEF

-O

! 

e
ik "x

= e 
i (kxx+kyx+kz x )

s#!LF(tu5vEwxyz{

! 

a
k
X

! 

e
-i" k t;Ocd8"

'(fgfhijk0V|EF}aO+ 

        

! 

"
2
(e 

i (kxx+kyx+kz x )
) = [(ikx )

2
+ (iky )

2
+ (ikz )

2
](e 

i (kxx+kyx+kz x )
)  

                     

! 

= "[(kx )
2

+ (ky )
2

+ (kz)
2
](e 

i (kxx+kyx+kz x )
)             

X"F(~�U+�;�EX  

! ! ! !

! 

"(#k )
2
(a
k
e

 i k $x -i#k t ) = "[(kx )
2

+ (ky )
2

+ (kz)
2
]c

2
a
k
e

 i k $x -i#k t           (61) 

X"F-!+��+ 
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! ! ! ! !

! 

("k )
2

= [(kx )
2

+ (ky )
2

+ (kz )
2
]c
2

= k
2
c
2 

!"#$ (58-4)%&'()*+,-!  

! ./%01($  (58)23(4+

! 

a
k
56789:;!+,<=89:;

! 

k = (kx,ky,kz )%>?<@A<B

! 

a
k
e

 i (k "x#$k t)CD(A-3-1)~(A-3-4)%&'5EFGHI

J$K%>?@A<L$(56) %MNOPQ&'5RST$UV$ (57)%<WX

YZ[R\+,- 

! 

a
k
e

 i (k "x#$k t)L (58-1)~(58-4)%&'5RS+]V%>?@A<

^_,-`aG$b%01">?@A<%cdefgB]hieC[jklm

"no5pV%^$]qr!TGL$ 

  

! 

A(x,t) = {a
k
(t)e

ik "x
+ c.c.}

nz =#$

+$

%
ny =#$

+$

%
nx =#$

+$

%  

       

! 

= {a(nx,ny,nz,t)exp[i "
2#

L
(nx " x + ny " y + nz " z)]+ c.c.}

nz =$%

+%

&
ny =$%

+%

&
nx =$%

+%

&   (62) 

!^s,-StT$ 

! ! ! !

! 

a
k
e

 -i"k t # a
k
(t) = a(nx,ny,nz,t)                              (63) 

!uvTGH,-wS$c-c-L$xy%z({+,|}~�z(complex conjugate)

5��+,-a, b5�=!+,�$|}= z=a+bi%|}~�L$z�=a-bi^_#$

xy%z^ i�(-i) !TS[%(�,-xy%zDr"�K%|}~�z[�W

O(r!"aGH,BbIL�����ISHC-TUT$��(TGH,��

�L$�(�89:;^_,U�$��O(L$xy%z({+,|}~�!

%�5�,b!^Bz+ z�=2aC$�=��5��T$�=��5�TS[%5r

!T"�IJ"�"H-(z+ z�)/2=a tU�$�5 2 ^�aGr!+,![a!

�H-TUT$r%67D �"%^$1/2L �67(¡y,!+IJ$rL

�t�^[�H-bIL>?@A<5|}¢Z^u£TSb!({+,¤¥"
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!"#$%& 

! (62)'()*+,-./012,

! 

A(x,t) =A(x,y,z,t)3456789:;<=>

?@ABCDEFGHI%JK;LM&NO(456789:PQ#P

! 

A(x,t) =A(x,y,z,t)PRSTUVPWXY'(Z[\]RP^_`ab#Lc#

d%& 

  

! e

! 

divA = 0P*@f09:KPghi  

! jkPlm#'(nopqrP*@f09:(

! 

divA = 0 )KPgh;st>=

u=&vJ#((A-7)PwZ[\]RP^_`abxY;

! 

divA = 0Eyz{>|

%&! (62)}~PwZ[\]RP^_`abxY;jQP��E��M%& 

! !

! 

A(x,t) = {a
k
(t)e

ik "x
+ c.c.}

nz =#$

+$

%
ny =#$

+$

%
nx =#$

+$

% & {a
k
(t)e

ik "x
+ c.c.}

k

% &! ! ! ! (64) 

! 

divA = 0! '(

! 

"Ax

"x
+
"Ay

"y
+
"Az

"z
= 0P��#$%&(62)}~;yzM%r`(x�

�E�=>st%K(

! 

[a
k
(t)e

ik "x
]
x

= [a
k
(t)]

x
e
ik "x
! ���( 

 ! ! !

! 

"

"x
[a
k
(t)]

x
e
ik #x

= [a
k
(t)]

x

"

"x
(e

ik #x
) = [a

k
(t)]

x
# (ik

x
) # (e

ik #x
) 

#$%&y(z��E�=>���u��Eu%P#( 

    !

! 

div[ {a
k
(t)e

ik "x
+ c.c.}

k

# ]  

           

! 

= {i(a
k x
" kx + a

k y
" ky + a

k z
" kz )(e

ik "x
) + c.c.}

k

#  

          

! 

= {ik •a
k
(e

ik "x
) + c.c.}

k

# = 0                               (65) 

J�3�E��M%�E'( 

! ! ! ! !

! 

k •a
k

= 0! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !    (66) 
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!"#$%"&"'()*+,-./012345/678,-./

! 

a
k
9+:

;,-./

! 

k<=>?@'A(:;,-./

! 

kBC="DEB+,-./012

345/678,-./

! 

a
k
FG$%H'( 

! 

a
k
9I:!GA(J6:;,-./

! 

kBC="DEB9+=>KALM6NOFGA6!+P6NO6QR,-./

S

! 

e
1
,  e

2
 <KA<+ 

          

! 

ak = (ak )1e1 + (ak )2e2 = (ak )" e"
" =1,2

#                      (67)!

<TU!VA(J$S(64)BWXK$%+!

!        

! 

A(x,t) = {[ a
k"
(t)e

ik #x
e"

" =1,2

$ ]+ c.c.}
k

$                    (68)!

!GA(:;,-./

! 

kBC="DE!6

! 

a
k
6YZ(Y[)S\]?^TUB"A(!

(A-68)!+

! 

a
k
(t) = a(nx,ny,nz,t)" a

k
e

 -i# k t<_6`Bab%+!

      ! !

! 

A(x,t) = {[ a
k"
e
ik #x$ i%

k
t
e"

" =1,2

& ]+ c.c.}
k

& !

! 

e
k"
S:;,-./F

! 

k!GAc6 !6YZNO6QR,-./<K$%+!

! ! ! !  

! 

A(x,t) = {a
k"
# eik #x$ i% k

t # e
k"

" =1,2

& ]+ c.c.}
k

&                   (69) !

<TU!VA. d^ef+!

! ! ! !

! 

a
k"
# e

ik #x$ i%
k
t
# e

k"
= a

k"
(t) # e

ik #x
! ! ! ! ! ! ! ! ! ! ! ! ! (70)!

<TUK$%+(69)6ghTU9+!

! ! ! !

! 

A(x,t) = [a
k"
(t) # eik #x

" =1,2

$ + a *
k"
(t) # e%ik #x

k

$ ]         !      (71)!

<iTUjkA(lmnB9(69)i(71)io,-./<?@\pA6!+oTU

<?@9+!
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! ! ! !

! 

A(x,t) = a
k"
# e

k"
# cos(k # x $%

k
t + &

k"
)

" =1,2

'
k

'          !   ! (72)!

!"#$%&#'!

! (72)()*+,-./012345

! 

k! ! 6789:;

! 

e
k"
69:<6=>6

?@A

! 

a
k"
)BCD/EFGH

! 

"
k#IJKLM)NOPQ06RSTUV;W=

X6RSTUV<!Y$2345Z[\]^_5;A<(`abc/d!IeY

$#/'!

!

f2345Z[\]^_5;A<ghij/ E)Bk!

! 2345Z[\]^_5;A<Il#$)(29)!(28)gh;E)B<mJKhL

/'(72)6n2345`aIop!)!

! ! ! ! !

! 

E = "
#A

#t
= "

#

#t
{ a

k$
% e

k$
% cos(k % x "&

k
t + '

k$
)

$ =1,2

(
k

( }! !

                  

! 

= " a
k#
$ e

k#
$
%

%t
cos(k $ x "&

k
t + '

k#
)

# =1,2

(
k

( !

                  

! 

= a
k"
# e

k"
# ($%

k
) # sin(k # x $%

k
t + &

k"
)

" =1,2

'
k

'        !

 cos(!+") = cos! cos"- sin ! sin"! "  " =#/2 q cos(! +#/2) = $ sin ! r8!

! ! ! !

! 

E = "
#A

#t
= a

k$
% e

k$
% (&

k
) % cos(k % x "&

k
t + '

k$
+ ( /2)

$ =1,2

)
k

)        (73)!

qs/'E ()t!uvWG2345

! 

e
k"
qwxAL/'E !t(=>6y#)

GH6y#;#/2<(s/m)7z{|%}j$uvrp.~0X2345�!

�KLM&#' 

2345Z[\]^_5;A<(71)6��`aIoKM)!
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! ! !

! 

E = "
#A

#t
= "

#

#t
{ [a

k$
(t) % eik %x

$ =1,2

& + a *
k$
(t) % e"ik %x

k

& ]}!

              

! 

= " [
#a

k$
(t)

#t
% eik %x

$ =1,2

& +
#a *

k$
(t)

#t
% e"ik %x

k

& ]!

              

! 

= i "
k
[a

k#
(t) $ eik $x

# =1,2

% & a *
k#
(t) $ e&ik $x

k

% ]! ! ! ! ! ! ! ! ! (72)!

! !"#$! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  !
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! !"#$%&"'#(72)&()*+,-.# 

! !

! 

B = rot A(x,t) = rot{ a
k"
# e

k"
# cos(k # x $%

k
t + &

k"
)

" =1,2

'
k

' }!  

               

! 

= rot[a
k" # ek" # cos(k # x $%k

t + &
k" )]

" =1,2

'
k

'                (73) 

 rot ./&0'12+345678rot '# 

! !

! 

rot C =" #C =

i j k
$

$x

$

$y

$

$z
Cx Cy Cz

 

                

! 

= (
"Cz

"y
#
"Cy

"z
) $ i # (

"Cz

"x
#
"Cx

"z
) $ j+ (

"Cy

"x
#
"Cx

"y
) $k       ! ! (74) 

597:;#

! 

C = a
k" # ek" # cos(k • x $%

k
t + &

k" ).<=>?7. @AB' 

! ! ! !

! 

Cx = [a
k" # ek" ]x # cos(k • x $%

k
t + &

k" )

Cy = [a
k" # ek" ]y # cos(k • x $%

k
t + &

k" )

Cz = [a
k" # ek" ]z # cos(k • x $%

k
t + &

k" )

 

C:;#

! 

cos(k • x "#
k
t + $

k% ) = cos[(k x & x + k y & y + k z & z) "#k
t + $

k% )]DEFG>#

H& xAB+IJ7.#!

! ! ! !

! 

(
"Cz

"y
#
"Cy

"z
)

! 

= [a
k" # ek" ]z #

$

$y
cos(k • x %&

k
t + '

k" )  

! ! ! ! ! ! ! ! !  

! 

"[a
k# $ ek# ]y $

%

%z
cos(k • x "&

k
t + '

k# )  

! ! ! ! ! ! ! ! !

! 

= [a
k" # ek" ]z # ($ky )sin(k • x $%

k
t + &

k" ) 

! ! ! ! ! ! ! ! !  

! 

"[a
k# $ ek# ]y $ ("kz)sin(k • x "%

k
t + &

k# )  

KLM'NOPQRABD'STGU=8VW#cos(! +!/2) = " sin !XY 

!!!!!!!

! 

(
"Cz

"y
#
"Cy

"z
)

! 

= [a
k" # ek" ]z # (ky )cos(k • x $%

k
t + &

k" + ' /2)          

! ! ! ! ! ! ! ! !

! 

"[a
k# $ ek# ]y $ (kz )cos(k • x "%

k
t + &

k# + ' /2)       (75) 
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!"#$%& '(!) *+,-./012345678!

! ! !

! 

C = a
k" # ek" # cos(k • x $%

k
t + &

k" )! ! ! ! ! ! ! ! ! ! ! ! ! ! (76) 

!9#!8 

! 

rot C =" #C =

i j k
$

$x

$

$y

$

$z
Cx Cy Cz

 

            

! 

=

i j k

kx ky kz

[ak" # ek" ]x [ak" # ek" ]y [ak" # ek" ]z

cos(k • x $%k t + &k" + ' /2) 

            

! 

= k "C'! ! ! ! ! ! ! ! ! ! ! ! ! ! !  ! ! ! ! ! ! ! ! (77) 

:;<8C’! C=>?@ABCDE&FG"H8!

     

! 

C'= a
k" # ek" # cos(k • x $%

k
t + &

k" + ' /2)! ! ! ! ! ! ! ! ! ! ! ! ! (78) 

IJ#$K/8LMNOPQRSTUO&VWX(72) 

     

! 

A(x,t) = a
k"
# e

k"
# cos(k # x $%

k
t + &

k"
)

" =1,2

'
k

'          !   ! ! ! ! ! !

YZ[!8 

! !

! 

B = rot A = k " a
k# $ ek# $ cos(k • x %&

k
t + '

k# + ( /2)
# =1,2

)
k

) ! ! ! ! !  ! (79) 

! !

! 

E = "
#A

#t
= a

k$
% e

k$
% (&

k
) % cos(k % x "&

k
t + '

k$
+ ( /2)

$ =1,2

)
k

)             (73)!

IJ#$! !

! (79)!(73)Y\]238^_`a&abLMNO

! 

k!cd*+efgh9#L

MNOPQRSTUO*+A

! 

e
k"Efi172:j8k2/lm9#no!po

*+&q/=>?@="5$abLMNO

! 

k!LMNOPQRSTUO*+&r

s

! 

e
k"&tuA

! 

k " e
k#Ef8

! 

B&^*+&rsYgh9#vw 25-1x$yz=8w
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25-1!"#$%!& 

! 

k'()*+ ,-./

! 

B0123'()*+ 4-.!567/

89':;!<=7>?@AB/E01230CD

! 

e
k"'()*+ x-.0CD

!E@0F/G9':;!<=7>?@A!

!

!

!

!

!

!

!

!

!

!

!!HIJKLMNOPQK0RSTU(71)/ 

! ! ! !

! 

A(x,t) = [a
k"
(t) # eik #x

" =1,2

$ + a *
k"
(t) # e%ik #x

k

$ ]         !      !

VW%XY'/!

! ! !

! 

B = rot A(x,t) = rot{ [a
k"

(t) # eik #x

" =1,2

$ + a *
k"

(t) # e%ik #x

k

$ ]}           (80)!

FE@A123!Z?>/[\TU0XY]^_$%!`abcd?Aefg

'

! 

e
ik "x]

! 

e
"ik #x0h0i!jk#@A!

   

! 

rot[ ak" (t) # e
ik #x

] =

i j k

i # kx i # ky i # kz

[ak" (t) # ek" ]x [ak" (t) # ek" ]y [ak" (t) # ek" ]z

# e
ik•x
!

)*+ x- 
)*+ y- 

)*+ z- 

k 

B023l

! 

k " e
k#m 

! 

e
k"

 

n 25-1.! o\HIJK k0CD]HIJKMNOPQK23/ 

! ! ! ! ! pX230CD0qr 

HIJKMNOPQK230CD 
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! 

rot[ a *k" (t) # e
$ik #x

] =

i j k

$i # kx $i # ky $i # kz

[a *k" (t) # ek" ]x [a *k" (t) # ek" ]y [a *k" (t) # ek" ]z

# e
$ ik•x
!

!"#$%&'()!

      

! 

rot [a
k"

(t) # e
ik #x

+ a *
k"

(t) # e
$ ik #x

]!

                    

! 

= i [k " a
k#

(t) $ e
ik $x

% k " a *
k#

(t) $ e
% ik $x

]!

*+#$,-.)/0123)!

! ! !

! 

B = rot A(x,t) = i [k " a
k#

(t) $ eik $x

# =1,2

% & k " a *
k#

(t) $ e& ik $x

k

% ]}         (81)!

!"#$B4%456783)

! 

E45678!

      

! 

E = i "
k
[a

k#
(t) $ eik $x

# =1,2

% & a *
k#
(t) $ e&ik $x

k

% ]                      (72) 

*9:);<=4>?@ABC78D#E:FG!HI!J#$KLMN)

(73),(79)4

! 

E,B4O78CP-.KQR$!

!

S;<=4>?@ABT!

 UV V(WLX)4;<=4Y>?@ABC H*D#*)Z22![\]^'_:) 

! ! ! ! ! ! ! !

! 

H = u
e.m.

V

" dV ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (82) 

!"#$ 

! 

u
e.m.
3`a4UVb^(4;<=4>?@AB!"#c!

! !

! 

u
e.m.
(x,t) =

1

2
[E(x,t)•D(x,t) +H(x,t)•B(x,t)]          !       (Z22-47)!

   

! 

u
e.m.
(x,t) =

1

2
"0E

2
(x,t) +

1

2µ0
B
2
(x,t)

! 

=
1

2
"0[E

2
(x,t) + c

2
B
2
(x,t)]$      !  

!"#4!) 
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! ! ! ! ! ! !

! 

H =
1

2
"0 [E

2
(x,t) + c

2
B
2
(x,t)]

V

# dV!! ! ! ! ! ! ! ! ! ! (83) 

"#$!!

! ! !

! 

B = rot A(x,t) = i [k " a
k#

(t) $ eik $x

# =1,2

% & k " a *
k#

(t) $ e& ik $x

k

% ]}         (81)!

      

! 

E = i "
k
[a

k#
(t) $ eik $x

# =1,2

% & a *
k#
(t) $ e&ik $x

k

% ]                      (72) 

%, (83) 

! 

H = (1/2)"
0
(E

2
+ c

2
B
2
)

V

# dV&'()$!!  

 

! 

E
2*+,-./ 

     

! 

E
2

= [i "
k
(a
k#
e
ik $x

# =1,2

% & a *
k#
e
&ik $x

k

% )]•[i "
k
(a

k#
e
ik $x

# =1,2

% & a *
k#
e
& ik $x

k

% )] 

         (0123

! 

a
k"

(t),  a *
k"

(t) # a
k"

,  a *
k"

 , 

! 

" =1,2

#
k

# $
k. "

# 456)$) 

! ! ! !

! 

= [i "
k
(a

k#
e
ik $x % a *

k#
e
% ik $x

k,  #

& )]•[i "
k
(a
k#
e
ik $x % a *

k#
e
%ik $x

k,  #

& )] 

         789:2;<=9>&?$*+@ 

        

! 

= " #k#k'

k',$ '

% [(ak$ •ak'$ ' )e
i(k+k')&x " (a *k$ •ak'$ ' )e

"i(k -k')&x

k,$

%  

                     

! 

"(ak# •a *k'# ' )e
i(k -k')$x

+ (a *k# •a *k'# ' )e
"i(k+k')$x

]      (84) 

"#$!

! 

E
29AB%C::D)$E3FG)$923

! 

e
±i(k±k')"xHI"#J3

! 

ak" ,  a *k'" '
9KLMNO2PFG"#$!

! 

e
±i(k±k')"x9/Q9

! 

e
i(k+k')"x9:D%,-

$! 

       

! 

I(k + k') " e
i(k+k')#x

dx
3

V

$ =

! 

e
i[(k+k')x "x+(k+k')y "y+(k+k')" z" "z]dx

V

# dydz  

                          

! 

= e
i(k+k')z "z e

i(k+k')y "y{ e
i(k+k')x "x

0

L

#
0

L

# dx}dydy
0

L

# ! ! (85) 

{   }R9 x&STU9:D%,-$4 

  

! 

(k
x

+ k'
x
) = 0" e

i(k+k')
x
#x

0

L

$ dx = L;   !

! 

(k
x

+ k'
x
) " 0#

! 

e
i(k+k')

x
"x

0

L

# dx = 0      (86) 
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! 

(k
x

+ k'
x
) = 0!"#$%&'()*+,)-).

! 

(k
x

+ k'
x
) " 0!"#$.

! 

k
x

= 2" # n
x
/L,    k '

x
= 2" # n'

x
/L   (n

x
,n'

x
= 0,±1,±2,...)!!/0123!

    

! 

e
i(k+k')

x
"x

0

L

# dx =
$1

(k
x

+ k'
x
)
sin(k

x
+ k '

x
)x

0

L

+ i "
1

(k
x

+ k '
x
)
cos(k

x
+ k '

x
)x

0

L

= 0 

4*5,! (85)! y 6!78.z 6!7819+:;(86)4<=2>*?@4*

5!6.(85)!78AB$. 

! ! ! !

! 

(k + k'= 0)  "  

! 

I(k + k') " e
i(k+k')#x

dx
3

V

$ =

! 

L
3

=V                (87-1) 

        

! 

(k + k'" 0)  # 

! 

I(k + k') " e
i(k+k')#x

dx
3

V

$ = 0                  (87-2) 

4*5, 

! (84)!CD!>E.F3!GH!

! 

e
±i(k -k')"x.IH!

! 

e
"i(k+k')#x

! !B7781H+

:;.(87-1)4(87-2)4<J!?@KLMN5, 

! ! ! !

! 

(k "k'= 0)  #  

! 

I(k "k') # e
±i(k"k')$x

dx
3

V

% =V

! 

L
3

=V              (88-1) 

        

! 

(k "k'# 0)  $ 

! 

I(k "k') # e
±i(k+k')$x

dx
3

V

% = 0                   (88-2) 

! 

e
"i(k+k')#x1H+:$.(87-1)4(87-2)'O!2>1PQNR2+. 

! ! ! !

! 

(k + k'= 0)  "  

! 

I(k + k') " e
±i(k+k')#x

dx
3

V

$ =

! 

L
3

=V                (89-1) 

        

! 

(k + k'" 0)  # 

! 

I(k + k') " e
±i(k+k')#x

dx
3

V

$ = 0                   (89-2) 

ST!B7786$.(88-2)4(88-2)6$

! 

k "k'= 0!"#.UE.

! 

k'= k.

! 

"
k'

="
k

!"#!VKF5,(89-1)4(89-2)6$

! 

k'= "k !"#KF5!6.W!"#;

! 

"
k'

="#k ="
k
6X5W41YZ,[\:.(84)!78AB$ 

! !

! 

E
2
dx

3

V

" =

! 
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k

k,# '

$ )
2
[%(a

k#
•a%k# '

) + 2(a *
k#

•a
k # '

k,#

$ ) % (a *
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•a *
-k# '
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!"#$%&'()*

! 

k,"

#
k," '

# +,- 

! 

k'= k.

! 

k'= "k /012#3.3.456

7(!-3(894:;<=#$>?,

! 

" =1,2

#
k

# $
k. "

# .(@:48#$

! 

k'= k.

! 

k'= "k /012#3.ABCD#.-  

! ! ! ! !
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k,"

#
k'," '

# $
k,"

#
k," '

# =
k

#
" =1,2

#
k

#
" '=1,2

# $
k,  "

#
" '

#  

.-

! 

k' EF.;7).5#G 

!

! 

E
2
dx

3

V

" =

! 

V ("
k

# '

$ )
2
[%(a

k#
•a%k# '

) + 2(a *
k#

•a
k # '

k,#

$ ) % (a *
k#
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-k# '
)]$ ! ! (91) 

!"#$!

!HI(JKLMNAOP4@QRS#$!

!!!!!!

! 

B = rot A(x,t) = i [k " a
k#

(t) $ eik $x

# =1,2

% & k " a *
k#

(t) $ e& ik $x

k

% ]}        !  (81)!

ET=<-

! 

B
2
dx

3

V

" EUVWXY=$!

! ! ! !   

! 

B
2

= {i [k " a
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(t) $ eik $x

# =1,2

% & k " a *
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(t) $ e&ik $x

k

% ]}•!

                    

! 

{i [k " a
k#
(t) $ eik $x

# =1,2

% & k " a *
k#
(t) $ e&ik $x

k

% ]}!

             *Z[!

! 

a
k"

(t),  a *
k"

(t) # a
k"

,  a *
k"

 . tE\]D#+!

! ! ! ! !   

! 

B
2

! 

= ("1) [(k # ak$ )• (k'#ak'$ ' )e
i(k+k')%x

k',$ '

&
k,$

&  

                       

! 

" (k # ak$ )• (k'#a*)k'$ ' % e
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! 

"(k # a *k$ )• (k'#ak'$ ') % e
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! 
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]         (92) 

3WE^__`DWX-(88-1)-(88-2), (89-1), (89-2) (894-ab.acd,

! 

(k + k'= 0) (e12f-agd.ahd,

! 

(k "k'= 0) (e12#$iW(dA^
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! !
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&
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&

! 
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! 
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! 

+(k " a *
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! 
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$ + 2(k " a *k# )• (k " ak# ' )  

                                    

! 
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! 
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@ABCD+->?8EFG&+$#*5!$6!-HI-JK*E" x*y*z

,LMCNO:PQRST&U* 
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$%&'VWV*XY-Z#*[\1234$1234]^_`ab4-cd
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                                     (97) 
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2
B
2
(x,t)]

V

# dV !
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