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! ! ! ! ! ! ! ! ! ! V(r) = !
Ze2
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! ! ! ! ! ! ! ! ! µ
0
! "

0
= 1/ c
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! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (1-1-4) 

! jk.CGSlmnT>o/L. 

! ! ! ! pR%centimeter7m<.qr%gram7g<.()%s7s< 

tuvT>@w12x5T>o/5K@yzW{|5T>L. 

! ! ! ! !K$%!qr$'!pR$}[()~;%!g$'!cm$}[s];%dyne (dyn) 

!yzW{|$%!qr$'!pR$;}[()~;%!g$'!cm$;}[s];%erg (erg) 

/012(A1-1-3)A��w1*|,-�L. 

! ! ! ! ! ! ! !

  

! 
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! 
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! 
r 2
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! 
r 1 !
! 
r 2

! 
r 1 !
! 
r 2
! ! (dyn)! ! ! ! ! ! ! ! ! ! (1-1-5) 
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! ! ! ! ! ! ! q1 !
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4"#0

,    q2 !
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 ! ! ! ! ! ! ! ! ! ! ! ! (1-1-6) 
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! CGSlmnT>o/_´tµB¶O·¸AL.XCGS"_T>o]5_#7_
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(
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! 
r 0

! 
r 

" # d
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(1-2)! Schrödinger !"#$%&'!
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?@8AB3.CDEFGH:63*+I% Hamiltonian! JKLG1MNOP
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! ! ! ! ! ! ! ! ! ! ! (1-2-1)!

efgh:iZjklmno:
  
! = h/(2!)RpqIZ h barV:i = !1Ir1Ms

f:,1-1-1-% _ Z:!

! ! ! ! ! ! ! ! ! H =
1

2me

( x

2p + y

2p + z

2p ) + V(r)! ! ! ! ! ! !     (1-1-1)!

IrtuvL:wx%CDEF9'>`!

! ! ! ! ! ! !

  

ˆ H =
1

2me
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!

i
)2 !

2
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2
+ (
!

i
)2 !

2

!y
2
+ (
!

i
)2 !

2

!z
2
}+ V(r)

   = "
!

2

2me

(
! 2

!x
2 +

! 2

!y
2 +

! 2

!z
2 ) + V(r)

    =  "
!

2

2me

#  +  V(r)

! ! !R1-2-2V!

^^I:! " (
# 2

#x
2 +

# 2

#y
2 +

# 2

#z
2 )! ZkjkyAB3RLaplacianV`zHG1Rp

qIZ delta `C{VM[|Y:^% ˆ H 9}vL~5�o! .����:^G9

}�.O�:��.Z���������`~5�o! %�9O�:!

! ! ! ! ! ! ! ! ! ˆ H ! = E! ! ! ! ! ! ! ! ! ! ! ! ! !!!!!!!(1-2-3)!

^GJn�45��.r123% Schrödinger !"#Ir1M^GZ��!

! ! ! ! ! ! !

  

{!
!

2

2m
e

"  +  V(r)}# = E# ! ! ! ! ! ! ! ! ! !!!!!(1-2-4)!

Ir1M�?�^%���I]X%v��`%��Z|H|�| d^`M¡¢

I�£¤¥9¦|§¨1M! ©n���.ªd1 Schrödinger !"#Z«17I%
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!"#$%&'()*+,-./01"#!
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! 
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k ! 5 64748 39:;<=>?@/+A4B:CD,=>?@E

FGHI!

! ! ! ! ! ! ! !
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#

#x
+
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+
! 
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#

#z
! ! ! ! ! ! ! ! ! ! !!!!!!!(1-2-5) 

(4JKL/MN%"OPQ'( RSTU#! JKL(4VWX0Y=>?@Z'

["\]4.%:^_4`a4b2JKL:cd(4VWX0YefLgY'

[h4LiLeGHI02j1"4!

! ! ! ! ! ! ! !
2

=! "! = # =
$ 2

$x
2
+
$ 2

$y
2
+
$ 2

$z
2
! ! ! ! ! ! !!!!!!!!(1-2-6)!

.:!
2

(4PQ'(ORST! klmnoSRU/pqr4LiLeGHI!:sth0

u-]%4!(1-2-4)(4!

!!!!!!!!!!!!!!!!

  

{!
!

2

2m
e

"
2
  +  V(r)}# = E# !!!!!!!!!!!!!!!!!!!!!!(1-2-4’)!

/v\%"./w["#!!
2

5u-"/4xy:zEF'["./5Ch{|X

0}1:'~&%"./w["#�a]5u-Aw�-#!

!(1-2-4)r4������0[" � �� � �I�:�I0�1" Schrödinger 3

�W'["#���0��+,- Schrödinger 3�W�/wMN%"#Schrödinger 

3�W5��./(4��(4.:EF3�W5��1"���@�g���

 /¡�¢£! �:¤¥5¦§"./0,"r4¡�¢£0(4¨I©ª0«

�,B:CD,¬r®¯+A-"./0°±+,²%N,],-#!

! ¨I©ª:³´:2µ/+A4¡�¢£! (x, y,z):¶��:^_/Ox4y4zU

·¸:E¹ºd»¼ dxdydz/:d!

! ! ! ! ! ! (x, y,z )
2
dxdydz =!

*
(x,y, z)! (x,y, z)dxdydz ! ! ! ! ! !!!!(1-2-7)!

(4$:½IO.:¾¿(�IU5Ox4y4zU·¸:E¹ºd»¼ dxdydzc0

À-Á1ÂÃ5±Ä1"#¡�¢£! (2Å0(Æ¼£'[":'4$:Æ¼

ÇÈOÉ:Ê! "Ê/ËÌÍÎÏw:U/:dru-]%"#.:./0�h4

¡�¢£(ÐÑ:ÒÓ5��+,²%N,],-#!

OÔU ÕÖ×¬ØÙ1-2-7Ú5ÛÜ�'dF1%N$:�(Ô',²%N,]

,-#ÛÜ�:�.\0�Ý1"ÂÃ(Ô'["#`a4!

! ! ! ! ! ! ! !
*
(x, y, z)! (x, y, z)dxdydz = 1""" ! ! ! ! ! ! ! ! Ù1-2-8Ú!
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! ! ! ! !"#$%&'()*+,-./01"23%&'(! (x, y,z)4!

! ! ! ! 51-2-46789:2;<$!"7=(>?@

! 

C "#(x,y,z)A!"789:!

! ! ! ! 24$*+,-.B<$CD#EFG";H3!

IJK LMNO)P=QR! (x, y,z)451-2-46789:2*+,G"@%&'

(;<$!"/LMSTIU(KVWX;2e
i!
" (x, y,z)AY#Z51-2-46

789:2*+,G"@%&'([\2!/4]B23!

! ! ! !
{ei!" (x,y,z)} * #ei!" (x, y, z) =" (x,y, z) * e$i!ei!" (x, y, z)

 =" (x, y,z) *" (x, y, z) = " (x, y, z)
2

! ! !!I1-2-9K!

! ! ! %&'(! (x, y,z)/LMNOe
i!
VWX;2e

i!
" (x, y,z)#^_`ab!

! ! ! c7d:B<$CD#^_ef7d:/gh23LMNOe
i!
)EF#!

! ! ! G"i$!)P=Q#jkG"23!

! lOmn[#$51-2-16o\2pqo$rsl4tuOov]23!)tuO

o'w?x$%&'(Yyz{o':2lOmn)|};~�#�V\24$

!"<#�}o�_x�o��23�@$lOmn)~���A$��$���

o�`:2 Schrödinger ����o�?x��2)4pZ���[\23?B?$

!![#���o�`?;H Schrödinger ����)��o/��23��B<

\�Z�����7;<�2/$Bh�x��7 ¡!/o;2/¢qB<[

\23!

£#$51-2-46789:2�¤¥¦§¨yz{©/%&'(! �7Uªo«�

2!/o;24$¬)~o$�®¯#°±?xH2�/?@~²[)�P�³

;´=�oµHxgh23 

¶ 1-1-1[#$®·¸¹7º»¼½o¾H@4$¶ 1-2-1[#$®·¸¹

A��)L¾¿ÀÁ¦!
  

! 
r 
2
=IxJ$yJ$zJK7Âµ/?$¬)Ãl7 mJ/:23

¸O)Ãl7 mÄ/?$¬)L¾¿ÀÁ¦7!   

! 
r 
1
=IxÄ$yÄ$zÄK/:2/$

®Å¸¹B<¸OoÆBq¿ÀÁ¦#¿ÀÁ¦# 

! ! ! ! ! ! ! !
  

! 
r =
! 
r 
1
!
! 
r 
2
= (x

1
! x

2
,y

1
! y

2
,z

1
! z

2
)! ! ! ! ! ! ! ! (1-2-9) 

/;23mJ/ mÄ)|®#  

! 
r Ço\Z$!)È)|®)L¾¿ÀÁ¦  

! 
R #$ 

! ! ! ! ! ! ! !

  

! 
R = (

m
1

m
1
+ m

2

)
! 
r 
1
+ (

m
2

m
1
+ m

2

)
! 
r 
2! ! ! ! ! ! ! ! ! (1-2-10) 

[\23!)
  

! 

! 
r =
! 
r 
1
"
! 
r 
2
/  

! 

! 
R 7ÉHx$

  

! 
r 
1
/

  

! 
r 
2
7dÊ1$ 

! ! ! ! ! ! ! !

  

! 

! 
r 
1
=
! 
R + (

m
2

m
1
+ m

2

)
! 
r ,     
! 
r 
2

=
! 
R - (

m
1

m
1
+ m

2

)
! 
r ! ! ! ! ! (1-2-11) 
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! 

! 
v 

1
= d
! 
r 
1
/dt =

! ˙ r 
1
,   
! 
v 

2
= d
! 
r 
2
/dt =

! ˙ r 
2
! %&#'()*+,-./01234T5)(1-2-11)

678#!)! ! ! ! ! ! ! ! ! !  

! !
  

! 

T =
1

2
m

1

! ˙ r 
1

2

+
1

2
m

2

! ˙ r 
2

2

 

! ! !

  

! 

=
1

2
m

1

! ˙ 
R + (

m
2

m
1
+ m

2

)
! ˙ r 

2

+
1

2
m

2

! ˙ 
R "(

m
2

m
1
+ m

2

)
! ˙ r 

2

! ! ! ! ! ! ! !  (1-2-12) 

! ! !

  

! 

=
1

2
(m

1
+ m

2
)
! ˙ 
R 

2

 +   
1

2
(

m
1
m

2

m
1
+ m

2

)
! ˙ r 

2

 

*+,-9:012345
  

! 
r =
! 
r 
1
!
! 
r 
2
-;<=>?)@ 1-1-1-AB!CD VErF

%&#'()GHIJK2LMNOH'5) 

! ! ! !

  

H'  =
1

2
(m

1
+m

2
) ˙ R 

2

+
1

2
(

m
1
m

2

m
1
+m

2

)
! ˙ r +V(r)! ! ! ! ! ! !   (1-2-13) 

!"#$PP%)+QR(total mass) 6M = (m
1
+m

2
))STQREreduced massF

 

O 

Z 

X 

Y 

r1 

r2 

r = r1—r2 

R=(xG, yG, zG) 

m2,  Ze 

(x2, y2, z2) 

m1 , -e 

(x1, y1, z1) 

@ 1-2-1$UVW!XY-Z[ 



 10 

!µ = (
m
1
m
2

m
1
+m

2

)"#$%&'()&*+,-./01)2345678! !  

! ! ! ! ! ! ! !
  

! 
p M = M

! ˙ 
R ,     

! 
p µ = µ

! ˙ r ! ! ! ! ! ! ! ! ! ! ! !   (1-2-14) 

./9:)*+,!23456;<&(1-2-13)/H'= 

! ! ! ! ! ! !

  

H' =
1

2M

! 
p M

2

+
1

2µ

! 
p µ

2

+V(r)! ! ! ! ! ! ! ! !   (1-2-15) 

">78./?@!&ABCDEF!GHIJ)K#%LMNO/(1-1-1)"PQ

7"& R)RS7TC/*+UVWXYZ[\]^4_7[&`a/ 2Z=&

(1-1-1)b/Ec/d,em
e
f!ghd,eµf)ijS;<&

  

! 
r = (x,y, z)bka&

l/mmnoS78 

! pqrIcstuvwx!567MN=&TC/*+-56y<>(>_8R

)RS7z{UVWXYZ=|_/b&TC/*+=}~�c/*+">78

%�%&BCDEF)nS7Ec/#�*+!��S7MN)=&TC/*+

=56�&Schrödinger ���(1-2-4)/Ec/d,em
e
f!ghd,eµf)i

jS7�3b9_8./J)��'6S;<&ABCDEF=GHIJ)��%

4�a&ghd,eµf/Ec[./m]a!*+%4_7O"5649_8!  

! pqIc/MN&�c/d,=Ec/ 1836�bk7�(& 

! ! ! µ = (
m1m2

m1 +m2

) = (
1

1 + m1/m2

)m1 = (
1

1 + me/m p

)me = 0.99946 me ! !  (1-2-16) 

">78T�q/pqrIcstuvb= µ ! m
e
"%4�_&��/pqrI

cstuv/��b=&ghd,eµf!�)m"��.")S78 

 

A,c��/��!�3�;7�/ �O  

! Schrödinger ���!¡7L¢/A£¤¥O¦A§¨,[©hc)>7."O

>ª)1_4=&«�¬"%>_-/[`78®^4&Schrödinger ���}

x)1_4-&¯r>°±[²¥m":8./9:>³´°!µ¶S7)=&

Pauling and Wilson (1935)! ”Introduction to Quantum Mechanics” 3·&p852-53/

��[¸5)>78ASchrödinger ���".;)R¹S7º+R»)RS7�

�=&,c��/¼½¾¿Àbka&.;!�3�;7."=&ÁÂ/ÃÄ?

@!ÅÆS7.""¯Çbk7O"ÈÉ';4_78A./9:>Ê�/¼½�

�=Ë)-ka&Ì6<&ÍÂ=Î��/Ï0ÐÑ!ÁÂ/ÃÄ?@/ÒÓ"
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!"#$%&"'()*!"+,-./01234567/896:;<=&

>'?/@A(BC?DEFGH"'(ICJK"'()LM+NE/OPQ

RF SchrödingerSTUCVWXY6:ZM[9\]^(_@F>`+*B[F

5ab?/cdefghi4jk@A()!6!+C?6` SchrödingerSTU

CVWXYeNE/8ldmnopOe;<]^(89Cqr"B&esG!

tuC'uBC@A()v?!+B&:/wxmXYesG!>'>:y+NE

/OPQResG!>'BC[>(ICz@F Pauling and Wilson (1935)F{!

"'>'4+|}+*/tu>~�C9\!"?�'@A�u)DE? Pauling and 

Wilson (1935)C�rtu[+B/tu>��M@ SchrödingerSTUC*/VW

XYe#$%&(BC[!tu),-./0123e#$%&(tu[) 

! ��!+�l-.ev��=&�9dIC��(6*&C?v���/9dI

C�(6F+��@?cd4A()��/��FvBohr-Heisenberg-Born>�/

����� ��\�I@+��/��FvEinstein-Schrödinger>�/��I[�

4�"'()DE4 Pauling and Wilson (1935)C�rtuqr(BC[!�/F+

��/v�l-./����� ��\�I@+v�l-./� ¡IF|}¢"

B/��6:{=&"'()!6!+B/1£/��/¤�F+Bohr-Einstein

d¥C!"¦§@+��@?B/d¥4¨��_@F>')v����� ��\

�Iewxm[©��(��@?+v�l-./noªYI/9\F\«!"'

>'C�(¬�?'() Schrödinger STU/®¯�@A( Schrödinger °±

4+�l-.e��=&�9dC��>6��BC²+Dirac°±4�³v�l

-.F���IC/´µeJK"'(BC?¶�"·'�S4�')B/ªY

[V�(¸¹F+vK)º»¼½�l-.CB&[¤�(¾ªC¿dI[ÀÁ"·

'�)º»¼½�l-.Â����� ��\�ÃeÄÅÆÇÈ!+É!ÊËmÌ

ÍeÎ��[+B/tu>¸¹?ÏÐBCeÑH()Ò[+ÓÔÂ1992Ã²Õ

ÖÂ2003Ã/×¡FØÙÚ/ÛEe¤Ü[¡6&"'(/@+A(TÝÞ��

�ß[!"`&(/@àá') 



 12 

(1-3)! !"#$%&'(  

Schrödinger)*+&,-./01231456789:;<=>&?@ 

! ! !

  

{!
!

2

2m
(
" 2

"x
2 +

" 2

"y
2 +

" 2

"z
2 )  !

Ze2

r
}# = E# ! ! ! ! ! ! ! ! ! A1-2-4B!

CDCEFGHI!"#$?JKLMNOPQK<RNS>TU"#$7V

WXYXYX 6ZK[Q\?=>]^@(x, y,  z)I(r,! ,")?J_O@!

! ! ! ! ! !

x = r cos! cos"

y = rsin! sin"

z = rcos!

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! A1-3-1B!

`6@(r,! ,")I(x, y,  z)?J_O@!

! ! ! ! ! !

r = x2 + y2 + z2

tan! =
x
2
+ y

2

z

tan" =
y

x

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! A1-3-2B!

ab^IcdL@! ="
2

= (
# 2

#x
2 +

# 2

#y
2 +

# 2

#z
2 ) IefbgRdThi7@!

! ! ! = "
2
=
1

r
2

#

#r
(r
2 #

#r
) +

1

r
2
sin$

#

#$
(sin$

#

#$
) +

1

r
2
sin

2
$

# 2

#%
2
! ! !A1-3-3B!

?=>Ta&hi7j&kHlmnkHom-pEq6r=>K@sm&tu

v6rwx^bxd><@y^zO{|?abI}~KLMNaO7Rd��

6S>T�����69_>���l�<�^b>T�&�&��I�K�_T!

=>�s f (r,! ,")I�x[�@A1-3-2B]^_>O@(r,! ,")7�b�b(x, y,  z)&

�s?=>]^@ab7@!

! ! ! ! ! g(x, y,z) = f (r (x, y,z),!(x, y, z),"(x,y, z)) ! ! ! ! ! !!!!A1-3-4B!

?=>aOI��_>Ta&U�I x@y@z?���_>O@����&����

]^@!

 ! ! ! ! ! !

!g

!x
=
!f

!r

!r

!x
+
!f

!"

!"

!x
+
!f

!#

!#

!x
,

!g

!y
=
!f

!r

!r

!y
+
!f

!"

!"

!y
+
!f

!#

!#

!y
,

!g

!z
=
!f

!r

!r

!z
+
!f

!"

!"

!z
+
!f

!#

!#

!z
.

! ! ! ! ! ! ! ! !     (1-3-5) 
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!"#$%&(1-3-5)'()*+,-x$y.z/01234.5&67'89:;

!g = (
" 2

"x
2
+
" 2

"y
2
+
" 2

"z
2
)g <=>:#$!

! !%?/.@AB&C)"DE/(FG&/.H>IJKL"M4(FG$%

:A(A1-3-5)&12/(NO%!/H#$(1-3-5)&PQ& g'RST#%!A.

(1-3-5)&UQ/ f'RST#%!'VWT#$X>J.fJYZT#&A(r,! ,")/

H[.(x, y,  z)A f JYZ3"G&/.012&\&]^'_:`94(FG$

ab4.(1-3-5)A 

               

!

!x
=
!r

!x

!

!r
+
!"

!x

!

!"
+
!#

!x

!

!#
,

!

!y
=
!r

!y

!

!r
+
!"

!y

!

!"
+
!#

!y

!

!#
,

!

!z
=
!r

!z

!

!r
+
!"

!z

!

!"
+
!$

!z

!

!#
.

! ! ! ! ! ! !       (1-3-6) 

!"#$!

! cd. (1-3-6)'efgJhi#%!J3C)$5&jiJk1-3-1l!(1-3-2)

L>.mn&012'hi4oM. 

p$
!r

!x

" 
# 

$ 
% 
,  

!r

!y

" 

# 
& $ 

% 
,  

!r

!z

" 
# 

$ 
% 
JqG4r 

! ! ! r = x
2

+ y
2

+ z
2

/H#L>.%:>' x.y.z/012T:;. 

! ! ! ! ! ! !

!r

!x

" 
# 

$ 
% 

=
x

x2 + y2 + z 2
= sin& cos',

!r

!y

" 

# 
( $ 

% 
=

y

x
2

+ y
2

+ z
2

= sin& sin',

!r

!z

" 
# 

$ 
% 

=
z

x
2

+ y
2

+ z
2

= cos&,

! ! ! ! !       (1-3-7) 

! ! ! <=>:# 

s$
!"

!x

# 
$ 

% 
& 
,  

!"

!y

# 

$ 
' % 

& 
,  

!"

!z

# 
$ 

% 
& 
JqG4r 

! ! !
!"

!x

# 
$ 

% 
& 
,
!"

!y

# 

$ 
' % 

& 
&tuA.rsin! = x

2
+ y

2
&vQ' x.y/0123. 
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! ! !  
!"

!z

# 
$ 

% 
& 
!"#$%r cos! = z&%z'()*+,%-./&012.3 

! ! ! ! 45!67&89: 

! ! ! ! ! ! ! ! !

!"

!x

# 
$ 

% 
& 

=
cos" cos'

r
,

!"

!y

# 

$ 
( % 

& 
=
cos" sin'

r
,

!"

!z

# 
$ 

% 
& 

= )
sin"

r
.

! ! ! ! ! ! ! ! ! ! !   (1-3-8) 

;:
!"

!x

# 
$ 

% 
& 
,  
!"

!y

# 

$ 
' % 

& 
,  
!"

!z

# 
$ 

% 
& 
<=>,? 

! ! ! x = rsin! cos" ! @! y = rsin! sin"! 'A9B/%-.&CDx@ y' 

! ! ! ()*+,%012.345!EF<G9: 
!"

!z

# 
$ 

% 
& 

= 0! $2H<I9: 

! ! ! ! ! ! ! !

!"

!x

# 
$ 

% 
& 

= '
1

r
(
sin"

sin)
,

!"

!y

# 

$ 
* % 

& 
=
1

r
(
cos"

sin)
,

!"

!z

# 
$ 

% 
& 

= 0

! ! ! ! ! ! ! ! ! ! ! !     (1-3-9) 

4J&0129@% 

! !

!

!x
= (sin" cos#)

!

!r
+
cos" cos#

r

$ 
% 

& 
' 
!

!"
+ (

1

r
)
sin#

sin"

$ 
% 

& 
' 
!

!#
,

!

!y
= (sin" sin#)

!

!r
+
cos" sin#

r

$ 
% 

& 
' 
!

!"
+
1

r
)
cos#

sin"

$ 
% 

& 
' 
!

!#
,

!

!z
= cos"( )

!

!r
+ (

sin"

r

$ 
% 

& 
' 
!

!"
.

! ! !    (1-3-10) 

-.&K>,%LMNOPQ<%
! 2

!x2
=
!

!x

!

!x

" 
# 

$ 
% 
!EF<RSTUV+%-./

!W&X.3Y>:Z[!\$]^,%45!\N_O`9:r,  !,  "a@<b

@c.3!d1-3-3eO8/.9: 
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! ! !

! =
2

r

"

"r
+
" 2

"r2
+
1

r
2

" 2

"# 2
+
cos#

r
2 sin#

"

"#
+

1

r
2 sin2#

" 2

"$2

=
1

r
2

"

"r
(r
2 "

"r
) +

1

r
2
sin#

"

"#
(sin#

"

"#
) +

1

r
2
sin

2
#

" 2

"$
2

! ! ! ! ! !!!1-3-3"!

!1-3-3"#!1-2-4"$%&'()*+,-./0123 Schrödinger456789(

:;  

  

(!
!

2

2m
){

1

r
2

"

"r
(r

2 "

"r
) +

1

r
2
sin#

"

"#
(sin#

"

"#
) +

1

r
2
sin

2
#

" 2

"$
2}%  ! (

Ze2

r
)% ! E% = 0!

V(r) = !
Ze2

r
<=/*>3 V(r)$?2@ABCD$2@* 

  

(!
!

2

2m
){

1

r
2

"

"r
(r

2 "

"r
) +

1

r
2
sin#

"

"#
(sin#

"

"#
) +

1

r
2
sin

2
#

" 2

"$
2}%  + {V(r) ! E}% = 0 !

EF#
  

(!
!
2

2mr
2
)/G:D*!

  

{
!

!r
(r

2 !

!r
) +

1

sin"

!

!"
(sin"

!

!"
) +

1

sin
2
"

! 2

!#
2 }$  + (

2mr 2

!
2 ){E%V(r)}$ = 0 ! ! (1-3-11) 

D<:;C(7+,-/023 Schrödinger 456/H:;r $I':JKDL

M(!,  ")$I':JK$N(@O:=/*PQ# r D(!,  ")$KR2*ST=4

56#UV:=7W=XYZ[/H:; 
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(1-4)! !"#$%&'()*+,-()*  

./012345 Schrödinger()*(1-3-11)67895:1;<=;>&?"

= r:@:?"+(!,  "):@:?":ABC4D+4E!"#$FGHI!

! ! ! ! ! ! ! (r,",#) = R(r ) $Y(",#)! ! ! ! ! ! ! ! ! !!!!!(1-4-4) 

J B?KLM#=R(r):@BNO4;Y(!,")B=NO4PDIQ5;(!,")B?

KLM#=Y(!,"):@BNO4R(r)B=NORS;T"+UVWXD:1;!

  

Y
!

!r
(r

2 !R

!r
) + R{

1

sin"

!

!"
(sin"

!Y

!"
) +

1

sin
2
"

! 2Y

!#
2 }  + (

2mr2

!
2 ){E $V(r)}R %Y = 0 !

Y:Z[F! (r,",#) = R(r ) $Y(",#)1\L+;!

! !

  

1

R

!

!r
(r

2 !R

!r
) +

1

Y
{

1

sin"

!

!"
(sin"

!Y

!"
) +

1

sin
2
"

! 2Y

!#
2 }  + (

2mr2

!
2 ){E $V(r)} = 0!

+PLI!Y(!,")6?]KL^_`Fa[Bb`KL+;!

!

  

1

R

!

!r
(r

2 !R

!r
) + (

2mr2

!
2 ){E "V(r )}= "

1

Y
{

1

sin#

!

!#
(sin#

!Y

!#
) +

1

sin
2
#

! 2Y

!$
2 }  ! (1-4-5)!

+PLIY:C*:c[= J de:?"1a[=(!,")de:?"1fLIY:

Zg6C4D5hB=;c[ia[i5d:T"1Pe9WP8PDIY:T

"Fj+kYHIlmE;c[no!

! ! ! ! ! ! !
  

1

R

!

!r
(r
2 !R

!r
) + (

2mr2

!
2
){E "V(r )}= # ! ! ! ! ! !!!!!!(1-4-6)!

6789;a[no 

! ! ! ! ! ! ! !
1

Y
{

1

sin"

#

#"
(sin"

#Y

#"
) +

1

sin
2
"

# 2Y

#$
2 } = % ! ! ! !!!!!(1-4-7)!

6789LIY986;pq;&'()*+,-()*:r+PLI4s4;

T"+45j=tPLT"1=PDY+6uv1fLI(1-4-7):Z[B  !
2

YFw

e9W; 

! ! ! ! ! !

  

!!
2
{
1

sin"

#

#"
(sin"

#Y

#"
) +

1

sin
2
"

# 2Y

#$
2 }= %!

2
Y! ! ! !!!!!!(1-4-8) 

+PL6;Y9=;!Y(!,")B,x&y:_z{|}
  
(
! 

l 
2
)FNO~R5��BC

4DIY:Y+=�ofVS�e�9LY+I�B,x&yB�DE�VL�

BY:��=��BPL;!

  

! 
l 
2
Y(!,") = #"

2
{
1

sin!

$

$!
(sin!

$Y

$!
) +

1

sin
2
!

$ 2Y

$"
2 } = l(l +1)"

2
Y(!,")! !!!!(1-4-9)!
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l! !"#$%&'(')*+,-./0123!45-6*+!572 

! ! ! ! ! ! ! ! ! ! ! ! = l(l +1) ! ! ! ! ! ! ! ! ! ! ! (1-4-10)!

+,-.89:;<1(1-4-6)(=>?@ABC2!

! ! ! !
  

!

!r
(r
2 !R

!r
) + (

2mr2

!
2
){E" V(r)}R = l(l +1)R !

5D2EFG8(HI:
  
(!2mr

2
/!

2
)+JD2KLB-C2!

! ! !
  

(!
!
2

2mr
2
)
"

"r
(r
2 "R

"r
) +{V(r) +

l(l +1)!2

2mr
2

! E}R = 0 ! ! ! ! !

89! M NO(PQ*GRB-ST=UV+,-WF2XSTYZ![\+,

-2!

! ! !
  

(!
!
2

2mr
2
)
d

dr
(r
2 dR

dr
) +{V(r) +

l(l +1)!2

2mr
2

! E}R = 0 ! ! ! ! !!(1-4-11) 

C5-.89]&^=UV+,-.!

! $_=UV!`Gab(1-4-9)+,-.!

!

  

! 
l 
2
Y = !"

2
{
1

sin"

#

#"
(sin"

#Y

#"
) +

1

sin
2
"

# 2Y

#$
2 }= l(l +1)"

2
Y ! ! ! !! (1-4-9)!

$_=UV!(1-4-9)G! cdMe]fg91<5<(+2h(ij5klmnopq

rs(tu>vw=UV+,-.! x=2&^=UVG!2
  

{V(r) +
l(l +1)!2

2mr
2
}! ]

fg91yD28(Lz{!2$_=UV:|<1aF9- ! G}~B-no

pqrs:�B.��L(
  

l(l +1)!2

2mr
2 !2��%&G�j�lmG��B-nop

qrs:��B-.!

! (1-4-11)(&^=UV+2!

! ! ! ! ! ! ! ! ! ! R(r) =
1

r
!P(r)! ! ! ! ! ! ! ! ! ! ! ! !!!(1-4-9)!

Cy7C2!

! ! ! ! ! !
1

r
2

d

dr
(r
2 dR

dr
) =

1

r
2

d

dr
{!P + r

dP

dr
}=
1

r

d2P

dr
2 !

+,-WF2(1-4-11)(&^=UV!�(ijG���4G5-2!

! ! ! ! ! !
  

(!
!
2

2m
)
d2P

dr
2 +{V(r) +

l( l +1)!2

2mr
2 ! E}P = 0! ! ! ! !!!!(1-4-12)!
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!"#"$%&'()*+,-./0!.1,2345678"9$:;<"

:=>6 

! ! ! ! ! ! !

! 

"(r,#,$) = R(r) %Y(#,$) =
1

r
% P(r) %Y (#,$) ! ! ! ! ! ! (1-4-13) 

?@/!<1A.B>CDEC0Condon and Shortley (1953)F*/ The Theory of 

Atomic Spectra?,GH.BC/ R(r)>6(A1-4-13)" P(r)?@/0IJKLM?

)6NOKPE/<QRKPE/!<>*+@/"?STUEC*VF0 

! W;1XYZ[FW\U3"?6]^K

! 

(r,  r + dr),  (",  " + d"),  (#,  # + d#)?_

`H./abcdQFefg/hi"jkldm1no/!<FE/0XYZ

[?"abcd dv>

! 

dv = dr " rd# " rsin#d$ = r
2
dr(sin#)d#d$?@/!<0p6W;

qF)rsUB6 

! ! !

! 

"
*
(x, y,z)"(x, y,z)dxdydz = R(r)

2

# Y ($,%)
2

r
2
dr # sin$d$d%&&&&&&  

! ! ! ! !

! 

= R(r)
2

r
2
dr

r= 0

"

# Y ($,%)
2

sin$d$d%
  % = 0

2&

#
$ = 0

&

#  

! ! ! ! !

! 

= P(r)
2

dr

r= 0

"

# Y ($,%)
2

sin$d$d% =1
  %= 0

2&

#
$ = 0

&

# ! ! ! ! ! ! ! ! ! (1-4-14) 

<E/0$%<tu"W;KmvH.BC/wx6yz6jkldm){|F

mDB}8F~+!<K?�/6 

! !

! 

R(r)
2

r
2
dr

r= 0

"

# = P(r)
2

dr

r= 0

"

# =16!

! 

Y (",#)
2

sin"d"d# =1
  #= 0

2$

%
" = 0

$

% ! ! ! (1-4-15) 

$%:;<UB6R(r)?>E+6P(r)1GC/<jkldmF r " 2 �K�.E

C0P(r)1GC/&Kjkldm()��?@/0 

! ��"*VF6

! 

Y(",#)F:g/tu&'(6R(r)p> P(r)F:g/$%&'(

K�x.3"?6�>6!.x1��F�D��C!<FE/0UwU6�F

��3*VF6

! 

Y(",#)>��t�$�F|EK2BC/0��6`;" l(l+1)K

�./��?@/0��6t�$�F|CBno6

! 

Y(",#)F:g/tu&'("

�1��/!<Fg/0$%&'("�>HxF�"�?��/!<Fg/0

t�$�F:g/QR>6�� ¡�]^[¢F£`H.EC¤¥¦?§¨E)

"K©C"?6ª1«�B��/0 


