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! ! ! ! ! ! ˆ J 
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!"#$%&'()$%*Clebsch-Gordan+,-  

! ˆ J 
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= ˆ J 
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+ ˆ J 
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c(m
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Clebsch-Gordan23$+fg.ShM&D`aBGiR&' 

4(j$+ˆ J = ˆ J 
1
+ ˆ J 

2
! z^k.l@]*+ˆ J 

z
= ˆ J 

1z
+ ˆ J 

2z
$%&(4Gm\7'

(($*+ ˆ J 
2
= ( ˆ J 

1
+ ˆ J 

2
)

2
!nop.l@]QR+qr!D`aBGb&7s!

tu4M&'vw*xy$ ˆ J 
1
! ˆ J 

2
= ˆ J 

2
! ˆ J 

1
$%&zc+ 

ˆ J 
2
= ( ˆ J 

1
+ ˆ J 

2
)

2
= ˆ J 

1

2
+ ˆ J 

2

2
+ 2 ˆ J 

1
! ˆ J 

2
! {7+ ˆ J 

1
! ˆ J 

2
= ˆ J 

1x !
ˆ J 

2x +
ˆ J 
1y !

ˆ J 
2y +

ˆ J 
1z !

ˆ J 
2 z  

$%&'|.+ 

! ! ! ! ! ! ˆ J 
2
= ˆ J 

1

2
+ ˆ J 

2

2
+ 2( ˆ J 

1x !
ˆ J 

2x +
ˆ J 
1y !

ˆ J 
2 y) + 2 ˆ J 

1z !
ˆ J 

2z ! ! ! !     (10-1-13)  

4J&'}~+ 

!

ˆ J 
1+

ˆ J 
2! = ( ˆ J 

1x + i ˆ J 
1y )( ˆ J 

2x ! i ˆ J 
2y ) = ˆ J 

1x
ˆ J 

2x +
ˆ J 
1y

ˆ J 
2y + i ˆ J 

1y
ˆ J 

2x ! i ˆ J 
1x

ˆ J 
2y

ˆ J 
1!

ˆ J 
2+ = ( ˆ J 

1x ! i ˆ J 
1y)(

ˆ J 
2x + i ˆ J 

2y ) = ˆ J 
1x

ˆ J 
2x +

ˆ J 
1y

ˆ J 
2y ! i ˆ J 

1y
ˆ J 

2x + i ˆ J 
1x

ˆ J 
2y

! ! ! ! !  

$%&zc+(!>G4)6+ 

! ! !

! 

ˆ J 
1+

ˆ J 
2" + ˆ J 

1"
ˆ J 

2+ = 2( ˆ J 
1x

ˆ J 
2x + ˆ J 

1y
ˆ J 

2y ) ! ! ! ! ! ! ! ! ! ! !    (10-1-14) 

$%&'[\]+(10-1-13)4(10-1-14)zc+B^_����!F�nop*+ 

! ! ! ! ! ˆ J 
2
= ˆ J 

1

2
+ ˆ J 

2

2
+ ( ˆ J 

1+
ˆ J 

2! +
ˆ J 

1!
ˆ J 

2+ ) + 2 ˆ J 
1z
" ˆ J 

2 z
! ! ! ! ! ! !   (10-1-15) 

4J&'��!X]!nop*

! 

{ˆ J 
1

2
,  ˆ J 

1z
,  ˆ J 

2

2
,  ˆ J 

2z
}_!UVW34UV�zcr�$

�&(4e�&'�:�!

! 

( ˆ J 
1+

ˆ J 
2" + ˆ J 

1"
ˆ J 

2+).l@]*�2-5-9�G��!(4'[

\]+B^_! ˆ J 
2
= ( ˆ J 

1
+ ˆ J 

2
)

2
nop�

! 

{ˆ J 
1

2
,  ˆ J 

1z
,  ˆ J 

2

2
,  ˆ J 

2z
}_!UVW34UV�$r

�$�&' 

! `�$*+ ˆ J 
2
= ( ˆ J 

1
+ ˆ J 

2
)

2
+ ˆ J 

z
= ˆ J 

1z
+ ˆ J 

2z
+ ˆ J ± = ( ˆ J 

1± +
ˆ J 

2± )Gm\]+B^_!

j
1
, j
2
; j,m =! j

m
(r
1
,r
2
)UVW3GSTUVW3zc���.b\]�&'  

 



 189 

(10-2)! !"#$%&'()#$*+,  

-j1.j2/012&34567. j
1
,m

1
, j
2
,m

2
= j

1
,m

1
j
2
,m

2
=! j1

m1 (r
1
)! j2

m2 (r
2
)*8

2,9-m1=j1.m2=j2/:;, m1.m20<=:;,>?@ABCCDE6%FG

%&.mHj1Ij2:;,JKF j
1
, j
2
; j,m =! j

m
(r
1
,r
2
)L4CDE6%FG9MN. 

! ! ! ! j
1
, j
2
; j,m =! j

j1+ j2 (r
1
,r
2
)H! j1

j1 (r
1
)! j2

j2 (r
2
) = j

1
, j
1
j
2
, j
2
! ! ! ! (10-2-1) 

:;,9 m1=j1,m2=j2:<=:;,%&.mHj1Ij2L<=:;,9DON m P

<=Q@Ij:;,%&. jH(j1Ij2)Hm:FR3SF&FGT(2-4-17)P 2/*

UVPW5X9 (10-2-1)PYZ[\N ˆ J 
2

*+]^_3S.W3*`a:b,9  

! ! ˆ J 
2
! j

m
(r

1
,r

2
) = {ˆ J 

1

2
+ ˆ J 

2

2
+ ( ˆ J 

1+
ˆ J 

2" +
ˆ J 

1"
ˆ J 

2+ ) + 2 ˆ J 
1z #

ˆ J 
2z}! j1

j1 (r
1
)! j 2

j2 (r
2
)  

! ! ! ! ! ! !

= {j
1
( j
1
+1) + j

2
( j
2
+1) + 2 j

1
j
2
}! j1

j1 (r
1
)! j2

j2 (r
2
)

= ( j
1
+ j

2
)( j

1
+ j

2
+1)! j1

j1 (r
1
)! j 2

j2 (r
2
)

! ! ! !  (10-2-2) 

( ˆ J 
1+

ˆ J 
2! +

ˆ J 
1!

ˆ J 
2+ )@cdefg*hiP:.m1=j1,m2=j2P<=jg\*kEYZ[

\!"N+]l3SmPno@p:;,9<qPrs@.(10-2-1)PYZ[\0

jH(j1Ij2)HmPjg\*kEW5*tu67G,9vw. 

! j
1
, j
2
; j
1
+ j

2
, j
1
+ j

2
=! j1 + j2

j1 + j2 (r
1
,r
2
)H! j1

j1 (r
1
)! j2

j2 (r
2
) = j

1
, j
1
j
2
, j
2
! ! (10-2-1) 

:;,9WP jHmH(j1Ij2)*kE'()YZ[\Ndxefg ˆ J ± = ( ˆ J 
1± +

ˆ J 
2± )*

+]^_7y,9zBPdxefg@ (2-5-9):{|4JKN. 

! ! ! ! ! !

  

ˆ J 
1+! j

1

m1

,
= ( j

1
"m

1
)( j

1
+m

1
+1)!!

j
1

m1 +1

ˆ J 
1"! j1

m
1 = ( j

1
+m

1
)( j

1
"m

1
+1)!!

j1

m
1
"1

! ! ! ! ! ! ! ! !   (10-2-3) 

:;}. ˆ J 
2 ±N[67L~�:;,9cdefg

ˆ J + = ( ˆ J 
1+ +

ˆ J 
2+ )*(10-2-1)N+]

^_3S.��W3@p5F,9 mH(j1Ij2)@<=jg\C%&:;,9  

! ! ˆ J +! j1 + j2

j1 + j2 (r
1
,r

2
) = ( ˆ J 

1+ +
ˆ J 

2+ )! j1

j1 (r
1
)! j2

j2 (r
2
) = 0! ! ! ! ! ! ! ! !   (10-2-4) 

D�. ˆ J ! = ( ˆ J 
1! +

ˆ J 
2! )P�xefg*+]^_,5. 

! ! ˆ J !" j1+ j2

j1 + j2 (r
1
,r

2
) = ( ˆ J 

1! +
ˆ J 

2! )" j1

j1 (r
1
)" j2

j2 (r
2
)  

:;,%&.��5��@AB�PJKN���N��:b,. 

! !
  

ˆ J !" j1+ j2

j1 + j2 (r
1
,r

2
) = ! 2( j

1
+ j

2
)" j1+ j2

j1 + j2 !1
(r

1
,r

2
)  

! !
  
( ˆ J 

1! +
ˆ J 

2!)" j1

j1 (r
1
)" j2

j 2 (r
2
) = ! 2 j

1
" j1

j1 !1
(r

1
)" j 2

j2 (r
2
) + ! 2 j

2
" j1

j1 (r
1
)" j2

j2 !1
(r

2
)  

��H��:;,%&.W3*��l,5. 

! ! j1 + j 2

j1 + j2 "1 (r
1
,r
2
) =

1

( j
1
+ j

2
)
{ j

1
#! j1

j1 "1(r
1
)! j 2

j2 (r
2
) + j

2
#! j1

j1 (r
1
)! j2

j 2 "1(r
2
)}!  (10-2-5) 

5F,9(10-2-5)@ jH(j1Ij2).mH(j1Ij2)-1*kEYZ[\:;,9WPJKN.



 190 

ˆ J ! = ( ˆ J 
1! +

ˆ J 
2! )!"#$%&'()*+,-./0123j4 (j15j2)67893m

4(j15j2)3(j15j2)-13:::3-(j15j2)!32(j15j2)+1 ;!<=>?@ABCDE

FGH 

(63m4(j15j2)-1! j
1
, j
2
; j,m =! j

m
(r
1
,r
2
)'IJKLHm4(j15j2)-1'MNO

GPQ?@AB63R*STU/VWXKL*3(Y!Z[U\]W3 

! j1

j1 "1(r
1
)! j2

j 2 (r
2
) = j

1
, j
1
"1 j

2
, j
2
3! j1

j1 (r
1
)! j2

j2 "1(r
2
) = j

1
, j
1
j
2
, j
2
"1 !   (10-2-6) 

Z[!P^_`\E+GabC9cGP^OGd(e<6Z[U\]WH

(A10-2-5)6f!g[9R*D/WG3aFbP^OGhLg[!d(e<63

(A10-2-5)!iB'jFkJ/3l'm*UXh!9nGHaF'opnJq j

6rs\tE]WbU/3!
j1 + j2 "1 (r

1
,r
2
)buvab*OGb3 

!
j1 + j2 "1 (r

1
,r
2
) =

1

( j
1
+ j

2
)
{ j

2
#! j1

j1 "1(r
1
)! j 2

j2 (r
2
) " j

1
#! j1

j1 (r
1
)! j2

j 2 "1(r
2
)}!  (10-2-7) 

9nGH(10-2-5)b(10-2-7)6 m4(j15j2)-1Cwx93P^OGys\E3(10-2-7)

! j6 j4(j15j2)!?@AB96]WHz{! j4 (j15j2)'|W/3m4(j15j2)-1

'}JG j6 j4(j15j2)-1U\]WH~�/3(A10-2-7)6 j4(j15j2)-13m4(j15

j2)-1!?@AB9]1F2]E]WH��3 

! ! j1 + j 2 "1

j1 + j2 "1 (r
1
,r
2
) =

1

( j
1
+ j

2
)
{ j

2
#! j1

j1 "1(r
1
)! j 2

j2 (r
2
) " j

1
#! j1

j1 (r
1
)! j2

j 2 "1(r
2
)}!  (10-2-8) 

9nGHaF63 j4(j15j2)-14m]G?@AB9nG\E3(10-2-8)*��$%

& ˆ J + = ( ˆ J 
1+ +

ˆ J 
2+ )'+,-.F2 

! ! ! ! ˆ J +! j1 + j2 "1

j1 + j2 "1
(r

1
,r

2
) = ( ˆ J 

1+ +
ˆ J 
2 +)! j1 + j2 "1

j1 + j2 "1
(r

1
,r

2
) = 0 ! ! ! ! ! ! ! ! (10-2-9) 

b]GHg�3 ˆ J ! = ( ˆ J 
1! +

ˆ J 
2! )!"#$%&'(10-2-8)!! j1 + j 2 "1

j1 + j2 "1 (r
1
,r
2
)*()*+

,-.F23j4 (j15j2)-167893m4(j15j2)-13(j15j2)-23:::3-(j15j2)+1

!32(j15j2� 1)+1;!<=>?@ABCDEFGH 

(Y63 m4(j15j2)-2 9nG j
1
, j
2
; j,m =! j

m
(r
1
,r
2
)'IJGHm4(j15j2)-2 '

MNOGPQ?@AB6(!�[U\]WH���9uvb3 

! ! j
1
, j
1
! 2 j

2
, j
2
3 j

1
, j
1
!1 j

2
, j
2
!1 3 j

1
, j
1
j
2
, j
2
! 2 !  ! ! ! ! (10-2-10) 

9nGHa!d(e<\E63��*P^OG�[! j
1
, j
2
; j,m =! j

m
(r
1
,r
2
)'+

GabC9GHaFE'���U/ j,m buvb3a!L�! j
1
+ j

2
, j
1
+ j

2
! 2 3

j
1
+ j

2
!1, j

1
+ j

2
! 2 !Z[63R* j4(j15j2)3j4(j15j2)-1!<=>?@ABb

U/DEF/WG!93���!<=>?@AB63 j
1
+ j

2
! 2, j

1
+ j

2
! 2 9]

1F2]E]WHaF6 j4(j15j2)-24m !?@AB9np3 ˆ J + = ( ˆ J 
1+ +

ˆ J 
2+ )'



 191 

!"#$%&'()*+,-./0123 ˆ J ! = ( ˆ J 
1! +

ˆ J 
2! )(456789:;<

!"#$=>?&3j@ (j1Aj2)-2+BCD3m@(j1Aj2)-23(j1Aj2)-33EEE3-(j1

Aj2)+2(32(j1Aj2F 2)+1G(HIJKLMNOPQ%/0 

RS(TU<3 j
1
+ j

2
, j
1
+ j

2
=! j1 + j 2

j1+ j2 (r
1
,r
2
)@! j1

j1 (r
1
)! j2

j2 (r
2
)@ j

1
, j
1
j
2
, j
2
VQW

XY=3m@(j1Aj2)3(j1Aj2)-13EE(Z[KLMN(\]9^_=>?&3 j

@(j1Aj2)3(j1Aj2)-13EE(`D 1 abc#. j (HIJKLMNOPQ%/0j

+defDc#g./(DhiUVj!  

 

kHIJ j(lmn-lcno  

 (j1Aj2)O j(lmnDh/p-+3q<rsYt0j1uj2-Y= j(lcn9

^_TU0m@(j1Aj2)-n 9vwx/Z[KLMN(\]+3j13j2+yzm{|

-Y=3! ! !  

     j
1
, j
1
! n j

2
, j
2
3 j

1
, j
1
! n +1 j

2
, j
2
!1 3EEE3 

! ! ! ! ! ! EEEEE3 j
1
, j
1
!1 j

2
, j
2
! n +1 3 j

1
, j
1
j
2
, j
2
! n ! ! (10-2-11) 

Dh/0}~D(n+1)Gh/0�U1b�?c#. m@(j1Aj2)F (n+1)9^_3p

%9vwx/Z[KLMN(\]9�?&3 

! ! ! ! ! j
1
, j
1
! n !1 j

2
, j
2
3 j

1
, j
1
! n j

2
, j
2
!1 3EEE3 

! ! ! ! ! ! EEEEE3 j
1
, j
1
!1 j

2
, j
2
! n 3 j

1
, j
1
j
2
, j
2
! n !1 ! ! (10-2-12) 

Dh/0}~D(n+2)G-./0 

! YVY3 n=031, 2, EEE-��#$=�g-3j+ 1ab��Y=>gO3 

(10-2-11)D|bV+ j2F n@m2�min�@-j2O��x/0 j1uj2(��VQ3p%+ 

j1F n@m1�min�@-j1 (��<�>x/0 n=2 j2 9��x/VQ3p(� m@(j1

F j2)u,Dh/0p(��t<���tHIJKLMN+3j@(j1F j2)@m 9�

b0 m 2�min�@-j29�_/ j
2
,m

2
+��Y.|(D3m@(j1F j2)T�1bc#.

(10-2-12)(Z[KLMN(U�3 j
1
, j
1
j
2
, j
2
! n !1 +��Y.|0 j@(j1F j2)@

mT�c#. j+��Y.|(D3j@(j1F j2)OlcnDh/0j1�j2-Y=^_

%&3j@(j�F j�)@mOlcn-./0��3j(lmn-lcn+3 

! ! ! ! ! ! ! ! ! ! ! ! �j1F j2��j�(j1Aj2)! ! ! ! ! ! ! ! ! (10-2-13) 

Dh/0j(lmn-lcnO �t(D3HIJKLMN(¡N+:¢VQ3 

! ! ! (2 j +1)
jmin = j1 ! j 2

jmax = j1 + j2

" = ( j1 + j2 + 1)
2
! ( j1 ! j2 )

2
= (2j1 +1)(2 j2 +1) ! ! ! ! (10-2-14) 

-./0Z[KLMN(¡N<£Y|p-O /0 



 192 

(10-3)! !"#$%&'()*+,-. 

! /01!"#$%&'()*+,-.234 10-1 156789:7;<=>

+?@A2 mBCD3@E2 jBCDFG+?HI7JK+$%&'2(10-2-1)

1 j
1
+ j

2
, j
1
+ j

2
=! j1 + j 2

j1+ j2 (r
1
,r
2
)L! j1

j1 (r
1
)! j2

j2 (r
2
) = j

1
, j
1
j
2
, j
2
FGM3N2OPQR

S1TU3V2WXY(Z[\+?WXYF]^_+$%&'2`7

j
1
+ j

2
! n, j

1
+ j

2
! n FGM30aQRS(TUbc+dedf+g1FG+? 

 

! m!j j
1
+ j

2
                 ! j

1
+ j

2
!1              hhhh! ! j

1
! j

2
 

j
1
+ j

2
   

!

j
1
+ j

2
!1   

! !                      !!!!!!!!!!!!!!!!!!!!!!

j
1
+ j

2
! 2  

!!! ! !!!!

! ! !!! ! !

! ! ! ! ! !

! ! ! ! ! !

! ! ! !!!!!h!

!

h!

!!!!!!!!!!!!!

!!!!!!!!!!!!

!!!!!!!!!!!!

!!!!!!!!!!!!

!!!!!!!!!!!!

!!!!!!!h!

!

h!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

 !( j
1
+ j

2
! 1)!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! ! ! ! !!!! !!!!!!!!!!!!!!!!!!!!   ! ! ! ! !

 !( j
1
+ j

2
) ! !   

j
1
+ j

2
, j
1
+ j

2
 

      N!

j
1
+ j

2
, j
1
+ j

2
!1   V j

1
+ j

2
!1, j

1
+ j

2
!1  

     N!!!!!!!!!!!!!!!!!!!!N!

j
1
+ j

2
, j
1
+ j

2
! 2     j

1
+ j

2
!1, j

1
+ j

2
! 2  Vh!

!!!!!!N!!!!!!!!!!!!!!!!!!!!N!

       

                                         h   V! j
1
! j

2
, j
1
! j

2
 

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!N!

                                                    h!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!N!

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !! j
1
! j

2
,! j

1
! j

2
 

 

 

      N!!!!!!!!!!!!!!!!!!!!N!

j
1
+ j

2
,!( j

1
+ j

2
!1)   j1 + j2 !1,!( j1 + j

2
!1)  

        N!

j
1
+ j

2
,!( j

1
+ j

2
)  

4 10-1?!"#$%&'()*+,-.? 

 

! 4 10-1iO1 j
1
+ j

2
,!( j

1
+ j

2
) = j

1
,! j

1
j
2
,! j

2
j^k*+ldgF.+?l1

m!23NBno1p7qr+j^30aQRS(s6ld7f+?WXYF]

^_+$%&'23OPQRS(TUbc_tedf+g1FG+?!

4 10-1 1,-.j^u+5673WXYF]^_+ mLj 1 j, j ( jLj1vj2

wxj1y j2x7z{|)*|}~t3@�7OPQRS(TUbc3�|1!"

#$%&'(W�$%&'j^)*+ldB=>+?!



 193 

m!j "#$ j, j %&'()*+,-./0$1213$45&6789,.

:; j, j 7<=>?@Clebsch-Gordan>?A,BCD7E"FG$61H"I$J

K A10-1 LMNOPL&QRS j, j = j
1
+ j

2
! p, j

1
+ j

2
! p LTUVWXYZ[

7?%\5];:$45&^7OP3_^TQ"K`"I$a 

! ! j
1
+ j

2
! p, j

1
+ j

2
! p = cq j1, j1 ! p + q j

2
, j
2
! q

q= 0

p

" ! ! ! ! ! (A10-3-1) 

j
1
> j

2
7bQ%&0 ! p ! 2 j

2
! "#$J 

 

K 10-1JQRScde?1XYcde?7TQ 

m {ˆ J 
1

2
,  ˆ J 

2

2
,  ˆ J 

2
,  ˆ J 

z
}QRSZ[ {ˆ J 

2

2
,  ˆ J 

2z
,  ˆ J 

2

2
,  ˆ J 

2z
}XYSZ[ 

m =j1fj2 j
1
+ j

2
, j
1
+ j

2
 j

1
, j
1
j
2
, j
2

 

m =j1fj2g1 
j
1
+ j

2
, j
1
+ j

2
!1  

j
1
+ j

2
!1, j

1
+ j

2
!1  

j
1
, j
1
!1 j

2
, j
2

 

j
1
, j
1
j
2
, j
2
!1  

m =j1fj2g2 

j
1
+ j

2
, j
1
+ j

2
! 2  

j
1
+ j

2
!1, j

1
+ j

2
! 2  

j
1
+ j

2
! 2, j

1
+ j

2
! 2  

j
1
, j
1
! 2 j

2
, j
2

 

j
1
, j
1
!1 j

2
, j
2
!1  

j
1
, j
1
j
2
, j
2
! 2  

m =j1fj2g3 

j
1
+ j

2
, j
1
+ j

2
! 3  

j
1
+ j

2
!1, j

1
+ j

2
! 3  

j
1
+ j

2
! 2, j

1
+ j

2
! 3  

j
1
+ j

2
! 3, j

1
+ j

2
! 3  

j
1
, j
1
! 3 j

2
, j
2

 

j
1
, j
1
! 2 j

2
, j
2
!1  

j
1
, j
1
!1 j

2
, j
2
! 2  

j
1
, j
1
j
2
, j
2
!3  

h 
h 

h 

h 

h 

 

'()*+%& 

! ! ! ! ˆ J + =
ˆ J 
1+ +

ˆ J 
2+ ! "#i&  

ˆ J + j,m = ( j ! m)( j +m +1) " ! " j, m +1  

"#$45&6],(10-2-15)7jkL-./0lTm!01N]no:J 

ˆ J + j
1
+ j

2
! p, j

1
+ j

2
! p = ˆ J +c0

j
1
, j

1
! p j

2
, j

2
+ ˆ J +cp j

1
, j

1
j
2
, j

2
! p

                                         + ˆ J + cq j
1
, j

1
! p + q j

2
, j

2
! q

q=1

p

"
! ! (10-3-2) 



 194 

!"#$ q=0%p&'()*& m1%m2+,-&$% ˆ J + =
ˆ J 
1+ +

ˆ J 
2++./0123

45-&67'89:;<=>?@;+%A-&67'+:B5C'9;DE

FG8HIJKLMNO=>(10-3-2)&!"(% 

(10-3-2)&!"= cq ( p ! q)(2 j ! p + q +1) j
1
, j
1
! p + q +1 j

2
, j
2
! q

q =0

p!1

"  

! ! ! ! ! ! ! ! + cq q(2 j ! q +1) j
1
, j
1
! p + q j

2
, j
2
! q +1

q =1

p

" ! ! (10-3-3) 

K<P>Q 1'$q! (q " 1),      
q= 0

p"1

# !
q=1

p

# &RS+TU4VWXYZ([R$%

67\](Q 2'KT5^_K<P>`aH%(10-3-2)b0(% 

! {cq !1 (p ! q +1)(2 j ! p + q) + cq q(2 j ! q +1)} j
1
, j
1
! p + q j

2
, j
2
! q +1 = 0

q=1

p

"  

$cd%efN 0$cP?K+gh8H=P>i4%j&ef4kBPlmn% 

! ! ! ! ! ! ! ! cq = !
(p ! q +1)(2 j

1
! p + q)

q(2 j
2
! q +1)

" cq!1 ! ! ! ! ! ! ! ! (10-3-4) 

+oP>?&lmn9; 

! ! ! ! j
1
+ j

2
! p, j

1
+ j

2
! p = cq j1, j1 ! p + q j

2
, j
2
! q

q= 0

p

" ! ! ! ! ! (10-3-5) 

$cP>?&pq4%jbm &Mrs\](67&tjuMK8Hvwx4^_

$yP>?@;&ef+z{m8%cK(|}~��+./01@X%

Clebsch-Gordanef+�EP?KN$yP> 0 ! p ! 2 j
2
� j

1
> j

2
&�M�$cP

9;%pb0%1, 2%��K��4�EHVJ?K4<P> 

! �Mrs��kf+�EP��y�N��+��BPvw�(%(�11-4)%(�

12-4%-5%6)$��P&$%��%?@;&���EH��$�y2=>�?$

(%Clebsh-Gordan ef

! 

j
1
m

1
, j

2
m

2
( j

1
, j

2
) j m $

! 

j
2

=1/2,   j
2

=1&�MN /0@P

&$%¡|4vwx<ef¢+£¤HIJ¥ 

!

! 

j
1
m

1
,  

1

2
m

2
( j

1
,
1

2
) j m ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (10-3-6) 

!  

! 

j = j
1

+1/2  

! 

j = j
1
"1/2  

! 

m
2

=1/2  

! 

j
1
+m +1/2

2 j
1
+1

 

! 

"
j
1
"m +1/2

2 j
1
+1

 

! 

m
2

= "1/2  

! 

j
1
"m +1/2

2 j
1
+1

 

! 

j
1
+m +1/2

2 j
1
+1

 



 195 

 

! !

! 

j
1
m

1
,1m

2
( j

1
,1) j m ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (10-3-7) 

 

 

! 

j = j
1

+1  

! 

j = j
1
 

! 

j = j
1
"1 

! 

m
2

=1  

! 

( j
1

+m)( j
1

+m +1)

(2 j
1

+1)(2 j
1

+ 2)
 

! 

"
( j
1

+ m)( j
1
"m +1)

2 j
1
( j
1

+1)
 

! 

( j
1
"m)( j

1
"m +1)

2 j
1
(2 j

1
+ 2)

 

! 

m
2

= 0  

! 

( j
1
"m +1)( j

1
+ m +1)

(2 j
1
+1)( j

1
+1)

 

! 

m

j
1
( j
1
+1)

 

! 

"
( j
1
"m)( j

1
+m)

j
1
(2 j

1
+1)

 

! 

m
2

= "1 

! 

( j
1
"m)( j

1
"m +1)

(2 j
1
+1)(2 j

1
+ 2)

 

! 

( j
1
"m)( j

1
+ m +1)

2 j
1
( j
1
+1)

 

! 

( j
1

+m +1)( j
1

+m)

2 j
1
(2 j

1
+1)

 

 

 



 196 

!10-4"Clebsch-Gordan#$% Wigner & 3n-j'( ,! Racah& V)W#$  

*+&,-.)/0&1234&56%7) j1% j289:;<=>)!j)m"

? @ A B < C ! j

m
(r

1
,r

2
) " ! j1 j2 j m

(r
1
,r

2
) & D E F $ G ) (2j1+1)(2j2+1) H &

{ˆ J 
2

2
,  ˆ J 

2z
,  ˆ J 

2

2
,  ˆ J 

2z
}IJKDEF$! j1

m1 (r
1
)! j2

m2 (r
2
)&LMN5?OPQCR%?SCT

R&LMN5&#$8 Clebsch-Gordan #$?SCT56I&1234&4U$

7)Vj1W j2VXjX(j1Yj2)&Z[C\G]^)R& j .,^ m &_`8abCT 

4U$ jc(j1Yj2)7)/0&d1234efgh&ijk8lm?SCn5)j

cVj1W j2V7dijk8op?SCn5)%q:rdstuv&1234ef

gh&wk%&xyz{|};~���Q�T Clebsch-Gordan #$7d123

4&efghN5#$k%��r<CT 

! (10-2-14)};�C,-.)! j

m
(r

1
,r

2
) " ! j1 j2 j m

(r
1
,r

2
)�b=(2j1+1)(2j2+1)M�&�

�J���G[QT� 10-2.�Q,-.)��[ ˆ J 
1
, ˆ J 

2
};6CI&23��7

(2 j
1
+ 1)(2 j

2
+1)M�&����?OPB<C};)Z[C!j)m"&DEF$�)

�7^)(2j1+1)(2j2+1)H����QCR%.[CTOP&��7����)�:

��Cp�7lm�};?SCT 

 

 

 

 

 

 

 

 

 

 

! (10-1-12))(10-2-15) & Clebsch-Gordan#$7)/0&(2j1+1)(2j2+1)M�&��

J���&�&LM� #$?SC};)(2j1+1)(2j2+1)x(2j1+1)(2j2+1)M�&¡¢

£¤|� ¥¦G[QTR&§� ?SC¡¢£¤|� ¥¦�¨©��QC

R%.[CT O 10-1.��=,-.)m8lm?SC����8LM� ?N

r < C & ? ) ª � � & « ¬ G ) O 10-1 & , - . ] < r )

(2j1+1)(2j2+1)x(2j1+1)(2j2+1)M�&¡¢£¤|� ¥¦7z®fp1¯B<=

�&%[CTb=)� 10-1 &56IDEF$G°±C²³j.´:r)µ$¶

��[ ˆ J 
1
, ˆ J 

2
};6CI& 

23��· 

(2 j
1
+ 1)(2 j

2
+1)M��� 

{ˆ J 
1

2
, ˆ J 

1z
, ˆ J 

2

2
, ˆ J 

2z
}I& j

1
,m

1
, j
2
,m

2
�� 

{ˆ J 
1

2
, ˆ J 

2

2
, ˆ J 

2
, ˆ J 

z
}I& j

1
, j
2
; j,m �� 

LM�  

� 10-2T��[ ˆ J 
1
, ˆ J 

2
56I&23��%¸&�� 



 197 

!"#$%&'()*+,-./012345*+,-6789:;<=>1

?@A*+,-4B2C 
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