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i
,m

i
,m

si
)<]

�f2 ¡LMr¡?T]{& Slater���E¢`c,25DT£ 9-3¤¥�&

#$��acC2¦§jDT 

! ¡RJ¨���EFLMS Hund ©aª_EhD«¬.&�Q<J

! 

a
i
= (n

i
,l
i
,m

i
,m

si
)a ¡Dc,aFDTrHrJ]­2<J#$��2¨�a®

¡CD�Q�ccE<V��¯]{&¨�[&#$��^}°2�±!J#$;

N ,#$��a��PCR,rMSJ¨�#$2²rM_³jwh/#$&�

����:;&Z$;&��

! 

a
i
= (n

i
,l
i
,m

i
,m

si
)<]�2< ¡P5`T´��J

Pr
3+&«¬#$��<

! 

[Xe](4 f )
2
EFuJVXe&��#$��¯2µ& 4f#$[H

P5DaJ4f <

! 

a
i
= (n

i
,l
i
,m

i
,m

si
)&?¶&

! 

(n
i
,l
i
)^��jDaJ·u&

! 

(m
i
,m

si
)^

��rM`D¸E<5`T¹ 4f #$2²rJº5D

! 

(m
i
,m

si
) &�<

! 

2(2l +1) = 2(2 " 3 +1) =14 »�¼�PCDT  2 µ& 4f #$EFC�J

! 

2(2l+1)C2=14C2 = 91&º5D��Q½¾a¿ÀjDTc&>?5¨�#$��&�

Q<J��PCR N ,Á&#$��HPÂÃ5 Slater ���^jwM�uJc

&ª§5/�ÄQ^_`M 0����Y:;abPCD,Å��¢`TÁrMJ

/#$ÆÇ$&ÈEFD 0���

! 

ˆ 
H 

0
2²jDÉY,rM

! 

ˆ H rep = e
2
/ rij

j

"
i>

" ^¼�J

U9EvwRÉYÊHPbPCDËÌsÍ�^ÎhJ89Ï,89:;^ÐÑD
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!"#$%&' 

! ()%&*$+,-./

  

ˆ H = {!
!

2

2m
" i + V (ri )}+

e2

rijj

N

#
i>

#
i=1

N

# )01234567

89:;<=>!=.?@AB=>56CD

! 

"E@9!FGH

! 

{ ˆ L 
2
,  ˆ L 

z
,  ˆ S 

2
,  ˆ S 

z
})

567)IHD

! 

{L,M
L
,S,M

S
})JK8LM+@ 

! 

"(#,L,M
L
,S,M

S
)!;<:N>E

O:P>'

! 

{ ˆ H ,  ˆ L 
2
,  ˆ L 

z
,  ˆ S 

2
,  ˆ S 

z
}EQRST-:P>' 

! UV+@ 

! ! ! ! !

! 

ˆ H  "(#,L,M
L
,S, M

S
) = E(# ,L,S)"(#,L, M

L
,S,M

S
)  

! ! ! ! ! ! ! !

! 

M
L

= "L,"(L "1),# # #,(L "1),L ! ! ! ! ! ! ! ! ! (11-1-14) 

! ! ! ! ! ! ! !

! 

M
S

= "S,"(S "1),# # #,(S "1),S  

W/XY*@ 

! ! ! ! !
  

! 

ˆ L 
2
 "(#,L,M

L
,S,M

S
) = L(L +1)!

2
 "(#,L, M

L
,S,M

S
)! !  

! ! ! ! !
  

! 

ˆ L 
z
 "(#,L,M

L
,S,M

S
) = M

z
! "(#,L, M

L
,S, M

S
) ! ! ! ! ! (11-1-15) 

! ! ! ! ! ! ! !

! 

M
L

= "L,"(L "1),# # #,(L "1),L  

Z-*@ 

! ! ! ! !
  

! 

ˆ S 
2
 "(#,L,M

L
,S,M

S
) = S(S +1)!

2
 "(#,L, M

L
,S,M

S
)! !  

! ! ! ! !
  

! 

ˆ S 
z
 "(#,L,M

L
,S, M

S
) = M

S
! "(#,L,M

L
,S,M

S
)! ! ! ! ! (11-1-16) 

! ! ! ! ! ! ! !

! 

M
S

= "S,"(S "1),# # #,(S "1),S  

[\]=>'

! 

ˆ L 
2
,  ˆ S 

2
)IHD

! 

L,S[01234567)7

! 

E(",L,S)8^_@

! 

 ˆ L 
z
,  ˆ S 

z

)IHD

! 

M
L
,M

S
E01234567)`abc8de=>'

! 

E(",L,S)E

! 

(2L +1) " (2S +1)a*`a$+M>'fg)

! 

L,S *A$+

! 

M
L
,M

S
E@fg

! 

(2L +1),(2S +1))hi>78j>):@kl!$+

! 

(2L +1) " (2S +1))`a8mn

>' 

!

! 

ˆ L ,  ˆ S E@(2-2-13)@(2-2-13’)*%op\Z.>T-@IHD

! 

L,S  *EqOrs

!ts[P>'u10 )vwxyI)p\z:e{/%&*@IHD[

! 

j
1
,  j

2
:P

>|})wxyIT-p\Z./wxyI)IHD

! 

jE@ 

! ! ! ! ! ! ! !

! 

j
1
+ j

2
" j " j

1
# j

2
 

)~�*P>'UV+@�H(1)!(2))��wxyI)IHD8

! 

l
(1)
,l
(2)
!$+@ 

! ! ! ! ! !

! 

L
2

= l
(1)

+ l
(2 )

,  ( l
(1)

+ l
(2)
"1), # ##,  l

(1)
" l

(2)
! ! ! ! ! ! ! (11-1-17) 

Ep\Z./wxyI)IHD

! 

L
2
8^_>' 2 �H�i-

! 

L = L
2
:Po@(.

:k+) L[,-.>' 3�H�:P.?@()

! 

L
2
!�H(3))��wxyI)

IHD

! 

l
(3 )
8LM+@(11-1-17)8�o�=' 
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! ! ! ! ! !

! 

L
3

= L
2

+ l
(3)

,  (L
2

+ l
(3)
"1), # ##,  L

2
+ l

(3)
! ! ! ! ! ! ! (11-1-18) 

!"#$%3&'()*+),'- L./0#124&'(34567)89!

:;<=$>?2 

! *@ABCDE,),'-

! 

SFG?+6%*HICDE),'-JKLMNF

OP#$>?2 

! 

s =1/2FQ0#15RS5T1% 

! ! ! !

! 

S
2

= s
(1)

+ s
(2)

,  (s
(1)

+ s
(2 )
"1), # ##,  s

(1)
" s

(2 )
=1, 0! ! ! ! ! ! ! (11-1-19) 

2&'(),'-

! 

SU 1J 0VWX?23&'(5U% 

! ! ! !

! 

S
3

= S
2

+ s(3),  (S
2

+ s(3) "1), # ##,  S
2
" s(3 )

   = 3/2,  1/2 ( for S
2

=1);  1/2 ( for S
2

= 0)

   = 3/2,  1/2

! ! ! ! ! ! ! ! (11-1-20) 

JX12 

!

! 

ˆ L 
2
,  ˆ S 

2
),'-

! 

L,S5YZ[#1\&'(]^_`a

! 

E(",L,S)U%LS bcLS!

termdJW LS\ebcLS multipletsdJf$#12g&'()HICDE,),

'-.h_ijklm)nopcs%p%d%f%g%qqqd5rs[#tMNF%

*HICDE,),'-

! 

LUh_ijklm)uopcS%P%D%F%G%qqqd

5rv[#12 

! ! ! ! Lw0%1%2%3% 4%5%6%7% 8% 9%10 

! ! ! ! !  S  P  D  F  G  H  I  K   L  M  N 

! 

S)xU%c

! 

2S +1d)y!\ezcmultiplicitydJV+%LSb!{|}~1��

�a�aJV+��#12LS bUg�F

! 

2S +1
L! JV+v�[#%\ez.%

! 

2S +1=1, 2, 3, 4, 5, 6 " " "5T1bU%1ebcsingletd%2ebcdoubletd%3eb

ctripletd%4ebcquartetd%5ebcquintetd%6ebcsextetdqqqqqJf$

#12���](nl)
q5T1��&'��W0��1 LSbFG?+U�o�� )r

��� F�J�+�?t)5��[#t?2 

! 34)��U%@ABqHI��"�!��X?� ¡\&'() ˆ 
H !OP

t¢£5T12� ¡\&'() ˆ 
H .@ABqHI��"�!�¤¢£!¥F

OP12 

!  
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(11-3)! !"#$%&'()*+,-./0

! 

ˆ J " ˆ L + ˆ S  

! 12314567!"#$%&'()*89:;<=7 >?@ABC 1 23

N4567 HamiltonianD ˆ 
H EF!"#$%&'()*GHIJK<L 

! !

  

! 

ˆ H = {"
!

2

2m
# i +V (ri)} +

e2

rij

+ $(ri)
ˆ l i % ˆ s i

i

N

&
j

N

&
i>

&
i=1

N

& ! ! ! ! !  (11-3-1) 

+MNCOPQ7R9GL! ! !  

! ! ! !

! 

ˆ H = ˆ H 
0

+ ˆ H rep + ˆ H so! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  (11-3-2) 

+STC!"#$%&'()*<145UV5+A;WXN7>L=78YAB

1 4567Z[(7-3-4)>

! 

r" r
i
+AB\7G458]A;^XBZ[FL_45

67 ˆ 
H 8`abN+WXNC 

! ! ! !

! 

"(r
i
) #

1

2m
2
c
2

1

r
i

$V

$r
i

% 

& 
' ( 

) 
* ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (7-3-4’) 

! ! ! !

! 

ˆ H 
so

= "(r
i
)ˆ l 

i
# ˆ s 

i

i

N

$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (11-3-3) 

>cNC 

! 123_456 ˆ 
H F!"#$%&'()*GHI+L

! 

{ ˆ H ,  ˆ L 
2
,  ˆ L 

z
,  ˆ S 

2
,  ˆ S 

z
}<de

><MTMNCAfAL

! 

ˆ 
L +

! 

 ˆ S fQKgAB,-./0

! 

ˆ J " ˆ L + ˆ S <O7 ˆ 
H +\d

e>L

! 

{ ˆ H ,  ˆ J 
2
,  ˆ J 

z
}<hi7jklm]nGo9C(11-3-2) 7

! 

ˆ 
H 

0
L

! 

ˆ H rep+

! 

ˆ 
L L

! 

 ˆ S F

de>cNO+<p8=11-1 >qrA;:N7>L

! 

ˆ L ",  ˆ S "  (" = x, y,z)+

! 

ˆ H 
so
7]

stuGvwPxy:C 

! z{x+A;

! 

ˆ 
L 7 xg|+

! 

ˆ H 
so
7}e5G9TN+L 

! !

! 

[ ˆ H so, ˆ L x] = [ "(ri)
ˆ l i # ˆ s i

i

N

$ ,  ˆ l j
j

N

$ ] = [
j

N

$ "(ri)(
ˆ l ixˆ s ix + ˆ l iy ˆ s iy + ˆ l iz ˆ s iz ),

ˆ l jx]
i

N

$ !    (11-3-4) 

~�fQ��N}e57�>Li�j 7}e5<�nF��>cNfQ�+MNC

�Q8hi7�nGHIJK>\L!"#�n+-��n<��>c�

! 

[ˆ s 
ix
, ˆ l 

ix
] = 0>cNfQL 

! ! ! ! ! ! !

! 

[ˆ l 
ix

ˆ s 
ix
, ˆ l 

ix
] = ˆ l 

ix
ˆ s 

ix

ˆ l 
ix
" ˆ l 

ix

ˆ l 
ix
ˆ s 

ix
= ˆ l 

ix
[ˆ s 

ix
,ˆ l 

ix
] = 0  

��;L(11-3-4)<L 

! !

! 

[ ˆ H so, ˆ L x] = [
i

N

" #(ri)(
ˆ l iyˆ s iy + ˆ l iz ˆ s iz ),

ˆ l ix ] = #(ri){[ˆ l iyˆ s iy ,ˆ l ix] + [ˆ l iz ˆ s iz ,
ˆ l ix]}

i

N

"  

! ! ! ! !

! 

= "(ri){[ˆ l iyˆ s iy , ˆ l ix] + [ˆ l iz ˆ s iz ,
ˆ l ix]}

i

N

# = "(ri){[ˆ l iy ,
ˆ l ix]ˆ s iy +[ˆ l iz ,

ˆ l ix]ˆ s iz }
i

N

#  
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!"#$%&'()*+,-./2-2-50 

! ! ! ! ! !
  

! 

[ˆ l ix ,
ˆ l iy] = i!ˆ l iz ,    [

ˆ l iy ,
ˆ l iz ] = i!ˆ l ix ,  [

ˆ l iz ,
ˆ l ix] = i!ˆ l iy  

123456#)789:;7<5= 

! ! ! !

  

! 

"(ri){[ˆ l iy ,
ˆ l ix]ˆ s iy+[ˆ l iz ,

ˆ l ix]ˆ s iz } = "(ri){#i!ˆ l iz ˆ s iy +i!ˆ l iy ˆ s iz }
i

N

$
i

N

$  

!"#$>?=@)ABCD#E 

! ! !

  

! 

[ ˆ H so, ˆ L x] = "(ri)(#i!ˆ l iz ˆ s iy +i!ˆ l iy ˆ s iz )
i

N

$ = i! "(ri)(
ˆ l iyˆ s iz#

ˆ l iz ˆ s iy )
i

N

$ ! ! ! (11-3-5) 

FGHIJK9H

! 

[ ˆ H 
so

, ˆ L 
x
] " 07L#F!CMN45OP=QRHS+7H"6$

T9=

! 

ˆ 
L ) x2UHVW) Hamiltonian!XS+7H"6$

! 

[ ˆ 
H , ˆ 

L 
x
] " 07L#$ 

! IY= 

! 

ˆ S ) x2U!

! 

ˆ H 
so
)*+ZC[\#!=(11-3-5)CD]^_!`a9= 

!

! 

[ ˆ H so, ˆ S x ] = [ "(ri)
ˆ l i # ˆ s i

i

N

$ ,  ˆ s j
j

N

$ ] = [
j

N

$ "(ri)(
ˆ l ixˆ s ix + ˆ l iy ˆ s iy +ˆ l iz ˆ s iz ), ˆ s jx]

i

N

$ ! !  

! ! ! !

  

! 

= [

i

N

" #(ri)(
ˆ l iyˆ s iy + ˆ l iz ˆ s iz ), ˆ s ix] = #(ri){

ˆ l iy[ˆ s iy , ˆ s ix]+ ˆ l iz[ˆ s iz , ˆ s ix]}
i

N

"

= i! #(ri)($
ˆ l iyˆ s iz +

ˆ l iz ˆ s iy)
i

N

"
!    (11-3-6) 

!"#$IJK9H

! 

[ ˆ H 
so

, ˆ S 
x
] " 07LP=QRHbHPS+7H"6$T9

! 

[ ˆ H , ˆ S 
x
] " 07LP=

! 

ˆ S ) x2UHVW) Hamiltonian!XS+7H"6 

! 4c4=(11-3-5)d(11-3-6)Ce#!=fgc9= 

! ! ! ! !

! 

[ ˆ H 
so

, ˆ L 
x
] + [ ˆ H 

so
, ˆ S 

x
] = [ ˆ H 

so
, ˆ L 

x
+ ˆ S 

x
] = 0 !  

7L#F!1h#$ij5=

! 

ˆ J 
x
" ˆ L 

x
+ ˆ S 

x
! !klmGn=

! 

[ ˆ H 
so

, ˆ J 
x
] = 0!"#$ 

! 

ˆ 
L 

!

! 

ˆ S ) x2U!

! 

ˆ H 
so
)*+ZopCqr]1=s*tuv) x=y=zwH`A7

L#cg=y,! z 2U9[65X`a)>x!"#$yzcg= 

! !

! 

ˆ J " #
ˆ L " + ˆ S "    (" = x,y,z)!45=

! 

[ ˆ H 
so

, ˆ J " ] = 0,     [ ˆ H , ˆ J " ] = 0 ! ! ! (11-3-7) 

7L#$FGH=@){|9}65X~6= 

! !

! 

ˆ J " ˆ L + ˆ S  ! !45=! ! ! ! ! !

! 

[ ˆ H 
so

, ˆ J ] = 0,     [ ˆ H , ˆ J ] = 0 ! ! ! (11-3-7’) 

FGcg=s�9=

! 

ˆ J 
2
" ( ˆ L + ˆ S )

2
= ˆ L 

2
+ ˆ S 

2
+2 ˆ L # ˆ S  9[65X= 

! ! ! ! ! ! !

! 

[ ˆ H 
so

, ˆ J 
2
] = 0,     [ ˆ H , ˆ J 

2
] = 0 ! ! ! ! ! ! ! ! ! ! ! ! (11-3-8) 

123m#$ 

! 

ˆ J 
2
" ( ˆ L + ˆ S )

2
X

! 

ˆ H 
so
=

! 

ˆ H = ˆ H 
0

+ ˆ H rep + ˆ H so!S+7L#$ 

!

! 

ˆ 
L !

! 

ˆ S  cg�2�G]

! 

ˆ J  H=�����Zv)V%&'(.total angular 

momentum0!�nG#$

! 

%&'(IJ!`a9=s*tuv) z wC�tu
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! z"#$%&

! 

ˆ J 
2
,  ˆ J 

z
!'()*+,-./01234506 

! 1!78#&9:;<=>? ˆ 
H 3@ABCDEFGHI-JK2&

! 

{ ˆ H ,  ˆ L 
2
,  ˆ L 

z
,  ˆ S 

2
,  ˆ S 

z
}LMN4LOPO03& 

! 

{ ˆ H ,  ˆ J 
2
,  ˆ J 

z
}LMN4QR!'()*+

,-./01234506

! 

{ ˆ H ,  ˆ J 
2
,  ˆ J 

z
}?!=>STUVW)*X!-Y4Z[\

02\02& 

! 

{",  J,  M}!]>,!^_-I`aQR!'()*+,

! 

"(#,  J,  M)

-b[\0123450c 

! ! ! ! ! ! !

  

! 

ˆ H "(#,  J,  M) = E(# ,J)"(#,  J,  M)

ˆ J 
2
"(#,  J,  M) = J (J +1)!

2
"(#,  J,  M)

      J = L + S,L + S $1,% % %, L $ S

ˆ J 
z
"(#,  J,  M) = M!"(#,  J,  M)

    M = $J ,$(J $1),% % %,(J $1),J

! ! ! ! ! !     (11-3-9) 

4d06

! 

E(" ,J)!XL J !_4ef03&ghgh! J #ija&M L(2J+1)

!kO0X-l0!4&

! 

E(" ,J)L(2J+1)m#nmja`06 

! oL&

! 

E(" ,J)!X-p8qr0s3tu#O06(11-3-2)!

! 

ˆ H = ˆ H 
0

+ ˆ H rep + ˆ H so !

#vw0xh!y!z{+|3m}2O06LSySTUVW-qr0~���

11-1-2�4L&

! 

ˆ H 
0

>> ˆ H rep,   
ˆ H so = 02ja

! 

ˆ H rep-

! 

ˆ 
H 

0
#i\0��2ja./�6

! 

ˆ H 
so
" 0!~�L��!xh!~�#�wa./0c 

! ! ! �i�! !

! 

ˆ H rep >> ˆ H so!~�&! !

! 

ˆ H 
0

+ ˆ H rep >> ˆ H so  

! ! ! �ii�! !

! 

ˆ H rep "
ˆ H so!~�&! !

! 

ˆ H 
0

>> ˆ H rep + ˆ H so! ! ! !  (11-3-10) 

! ! ! �iii�!

! 

ˆ H rep << ˆ H so!~�&! !

! 

ˆ H 
0

+ ˆ H so >> ˆ H rep  

! (i)L&

! 

ˆ H 
so
- LS y#i\0��2ja�/0~�4d06����>C��

B�m���>C��B4d�a�����!~�L�`��2O061!.

/�L&���!��-l�a&Russell-Saunders  �(Russell-Saunders couplings)&

¡`L¢#&LS �(LS couplings) 2£¤¥06 

! (iii)L(i)!¦i!~�4&

! 

ˆ H rep3

! 

ˆ H 
0

+ ˆ H 
so
#i\0��y2./§¤O¨O`

©W@4d06 

! 

ˆ H 
0

>> ˆ H 
so
4d0s¨&ª=>�«>�¬#&f­

! 

ˆ j i = ˆ l i + ˆ s i-.

/,®!¯4

! 

ˆ j is¨°±²�]

! 

ˆ J -�³j&

! 

ˆ 
H 

0
#i\0

! 

ˆ H 
so
-qr06

! 

( ˆ H 
0
+ ˆ H 

so
)!

)*X-qr�¯#&

! 

ˆ H rep-��2ja´lµ�86jj  �(jj couplings)!./

�2£¤¥06 ¶·O jj �3&�>C��B?#�¸\0¹4LO`6js

j&º>2:»>s¨O0�>¼4L&¼>! jj  �#70½¾¿ÀU(Shell 

model)Á3ÂÃ,(magic numbers)!ÄÅ-8fPÆÇ\012L�PÈ¨¥a`

06 
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! (ii)!

! 

ˆ H rep"

! 

ˆ H 
so
#$%&'()*+,-./#012345678'9:; (i)

"(iii)+<=>5?@"AB:;

! 

ˆ H 
0

>> ( ˆ H rep + ˆ H so)"CD

! 

( ˆ H rep + ˆ H so)EFGH"

C5IJK5L56;<=M8(intermediate couplings)+NBO"PKJ:;QR

+STUVWXY+Z[\]^_`?@ENB:782ab"5:;)cd'

9:LSM8" jjM8!(<=M8EefCD(gh2ijkl:m"#'n:;

<=M8" jjM8(opM8qr+ghst+uv! Condon and Shortley (1953)

+ 10,11 w(Sobelman (1991)+ 5 wExyCD6pz{"CD(|}'!(i)+

Russell-Saunders (LS)M82~6D+��2���:; 
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(11-4) ! Russell-Saunders !"#

! 

2S +1
L
J
$%&  

! Russell-Saunders!"'()*+,-LS.'()*/0123456 LS.7

8&9:,

! 

{",  L,  M
L
,  S,  M

S
}+;<23-(2L+1)(2S+1)=>?=@AB45C'

D;EFGHIJKLGH%MN&OPQ>

! 

ˆ H 
so
,RS#@ATUV4#()45

! 

ˆ J 
2

= ( ˆ L + ˆ S )
2
'WXJ

! 

J = L + S,L + S "1,# # #,L " S ! 'YZYZ>(2J+1)=>?=@

[

! 

ˆ H 
so
'GH\/]^V45

! 

{ ˆ H ,  ˆ L 
2
,  ˆ S 

2
,  ˆ J 

2
, ˆ J 

z
}K'_`GHIJGH\'WXJ

'a

! 

{",  L,  S,  J,  M}>bc78&9:de/;<23-78&9:\,

! 

( L,  S,  J )

'WXJ'af+gh45C'78&9:ij,-k

! 

2S +1
L
J
l#mn23-J$%

&#op345J , L # S +gh4'+-(L,S,J)$%&#oq+rsB5LS .

'nt>uvwx+ J'\ywnV45 

! LS .#z{F|p-

! 

ˆ H 
so

= 0+}c-~'.78&9:ij,-

! 

{",  L,  M
L
,  S,  M

S
}'WXJ>��A;<23AB45WXJ

! 

(J,  M),�I�+}

45@1@-kRussell-Saunders!"�LS!"l'��+ LS!"#z{#-~C

+'��,-��

! 

ˆ J = ˆ L + ˆ S '"�y(�@[k

! 

2S +1
L
J
l$%&'��>��#(

)�pF|FB5kRussell-Saunders !"�LS !"l#()AB41|+}45

@1@-���>b�A,-kLS.'��l�kLS!"l#@AB4�"r}

45C'�",kRussell-Saunders !"�LS !"l#@A����pF|FB5

�V4>-�����XK+

! 

ˆ H = ˆ H 
0

+ ˆ H rep + ˆ H so#@[�"-Y�E>,- 

(11-3-9)'b{>-(J-M)'f/ksBWXJLgood quantum numbers)l+}45

@1@-

! 

ˆ H rep >> ˆ H so+}4�",- (J-M)> )A- (L-S)r¡�#@Aks

BWXJLgood quantum numbers)l+}4#()4C#/+x45 

! ¢>-

! 

ˆ H 
so
>b�A LS./

! 

2S +1
L
J
$%&>;£V4¤Xy¥WE>()45 

 

k¦§¨©ª«¬­TU>b478&9:;£®�����XKl  

! �����XK>¯°4¦§¨©ª«¬­TU,-±7+²³[b{>-´&

µ¶·¸¹X¦ºMN&F»'¼½¾¿'¹À+}45@1@-C3y¥WE

>��V4>,-[#)�����XK+}�Ar-±10+²³[

! 

ˆ J = ˆ l + ˆ s ! '

ÁÂSW'"�>ZBA��@A¯ÃÄ�/}45±7'ÅÆ/ÇÈ;+}�[

',-ÁÂSW'"�>ZBA'±10 '��yÉÊËhF1�[1|+}45

C'Ì>Í�@A±7>]V4ÎÏyCC>nV5��XKF'+-ÐÁÂSW

! 

ˆ j = ˆ l + ˆ s y,ÑÒ Hamiltonianr

! 

ˆ h ,  ˆ h 
so
#ÓÔÕ+nV5 

! ! ! !

! 

ˆ h 
so

=
1

2m
2
c

2

1

r

"V

"r

# 
$ 

% 
& 
(ˆ l ' ˆ s ) = ((r)( ˆ l ' ˆ s )! !                   (11-4-1) 
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!"#$

! 

ˆ j = ˆ l + ˆ s %&'()*+,-./%/01 j2* 

! ! ! ! ! ! !

! 

j = l + s,   l+ s"1,  # ##,   l" s  

34#5*s=1/2! !"#()*678# j%92:%;<=>?78#@ 

! ! ! ! ! ! ! lAB%C! !

! 

j =1/2  

! ! ! ! ! ! ! l!D%C! !

! 

j = l +1/2,   l "1/2! ! ! ! ! ! ! ! ! (11-4-2) 

! 

ˆ j z = ˆ l z + ˆ s z%EF9=GHI#/01 m2*

! 

m = j,  j "1,# # #,  " j +1, " j!"#5* 

JK2*

! 

 m = m
l

+m
s

= m
l
±1/2 [m

l
= "l,"( l"1),# # #,( l"1), l]! !"#$ 

lAB!"# sLMN0!2OPQR2ST4U$VW*l!D%X&YZ[#$ 

! D\]DN0^!"#()*

! 

{ˆ h ,  ˆ l 
2
,  ˆ s 

2
,  ˆ j ,  ˆ j z}2_CEF`1Yab$c8)%

EF9%/01YdUe_CEF`1Y

! 

"(n, l,s, j,m)3fI$ghi*n2j/0

13I#$(6-1-10)!klgDN0m.`1* 

! ! ! ! ! ! !
n, i.m ,ms

(r," ,#,s
z
) = R

n,l
(r ) $Y

l,m
(",#) $%

ms
(s

z
)! ! ! ! ! ! (6-1-10) 

2Jnom.`13pqr`1%st=4ueU#%!*

! 

m" m
l
*

! 

"
ms
(s

z
) = s,m

s
3vwxy8z* 

! ! !

! 

"
n, i.m,m s

(r,# ,$,s
z
) = R

n,l
(r) %Y

l,m
(# ,$) % &

ms
(s

z
) = l,m

l
s,m

s
! ! ! ! (11-4-3) 

.{`1|}2,~`1%�13iec8=��8#3I#$(�A10-1,-4)!k

lg Clebsch-Gordan�1 j
1
,m

1
, j
2
,m

2
j,m YdUe*&'^

! 

"(n, l,s, j,m)%��s

���5�)8#$ �10-4 % (10-1-12’)!klg;<=*���=��()�

(#�13ie* 

! ! ! ! j

m
(r
1
r
2
) = ! j1

m1 (r
1
)! j2

m 2 (r
2
) j

1
,m

1
, j
2
,m

2
j,m

m=m1 +m 2

" ! ! ! ! ! ! ! (10-1-12’) 

!"ug()* 

! 

j
1
,m

1
, j
2
,m

2
j,m = j

1
,m

1
,1/2,m

2
j,m %X&2*(10-3-6)() 

! ! ! ! ! !

! 

j = j
1

+1/2 j = j
1
"1 /2

m
2

= +1/2
j
1

+ m +1/2

2 j
1

+1
"

j
1
"m +1/2

2j
1

+1

m
2

= "1/2
j
1
"m +1/2

2 j
1

+1

j
1

+m +1/2

2 j
1

+1

 

5c%�134#$�g*

! 

j
1
= l,  m

1
=ml ,   j2 = s =1/2,  m

2
= ms%��!"#()* 

! ! ! !

! 

"(n, l,s, j,m) = l,ml s,ms l,ml ,s,ms j,m
m=ml +m s

# ! ! ! ! ! ! ! ! (11-4-4) 

34#$�=*

! 

 m = m
l

+m
s
=��ie* 

! 

j = l +1/2%C 
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! !

! 

"(n, l,s, j,m) =
l +m +1/2

2l +1
l,ml s,1/2 +

l#m +1/2

2l +1
l,ml s,#1/2  

! 

j = l "1 /2!" 

! !

! 

"(n, l,s, j,m) = #
l#m +1/2

2l +1
l,ml s,1/2 +

l +m +1/2

2l +1
l,ml s,#1/2  

! 

m = j,  j "1,# # #,  " j +1, " j#$%&'( 

! 

l,m
l
s,"1/2 , l,m

l
s,"1/2 !)*+,-&

'./0

! 

"(n, l,s, j,m)!1234,-56'7%89:;(<=>?@ABCD

EFG%HIJKLMNO

! 

"so(nlsj)P(Q!<RSLT#UV'7%( 

! ! !

! 

"so(nlsj) = #(n, l,s, j,m) ˆ h so #(n, l,s, j, m)  

! ! ! !      

! 

= "(n, l,s, j,m) #(r)( ˆ l $ ˆ s )"(n,l,s, j,m)              (11-4-5) 

W!<RSLTPXY

! 

(r," ,#,s
z
)FZ[%T\#$%5(]^XY rFZ[%

! 

"(r)

!T\_\P(Q!<=>?@ABCDE`Y

! 

"
nl
aEb;cde7%f 

! ! !

  

! 

"
n,l

= !
2

#(r)[P
n. l
(r)]

2
dr $

r= 0

%

&
e
2
!
2

2m
e

2
c
2
a
0

3
'

Z
4

n
3
l(l+1/2)(l +1)

! ! ! (7-3-5) 

<=>?@ABCDE`Y

! 

"
nl
PHIJKL!Qgahi8W7aEb;(<=

>?@ABCDEFG%HIJKL

! 

"so(nlsj)P( 

! ! ! !
  

! 

"so(nlsj) = # nl $ !
%2
&(n, l,s, j,m) (ˆ l $ ˆ s )&(n,l,s, j,m) ! ! ! ! (11-4-5’) 

jk%8 

! lm(

! 

ˆ j 
2

= (ˆ l + ˆ s )
2

= ˆ l 
2

+ ˆ s 
2

+ 2(ˆ l " ˆ s )#$%&'(

! 

(ˆ l " ˆ s ) = (1/2)( ˆ j 
2
# ˆ l 

2
# ˆ s 

2
)#$%8

9:;(

! 

(ˆ l " ˆ s )!noOP( 

! ! ! ! !
  

! 

(1/2){ j( j +1) " l(l +1) " s(s+1)}!
2
! ! ! ! ! ! ! ! ! ! (11-4-6) 

jpV;qb8(11-4-5’)j(11-4-6)aEb%j( 

! ! ! ! !

! 

"so(nlsj) = (1/2){ j( j +1) # l(l +1) # s(s+1)} $ % nl! ! ! ! ! (11-4-7) 

j!rs56'7%8 

! ! ! !

! 

j = l +1/2!"! !

! 

"so(nlsj) = (1/2) l # $nl !  

! ! ! !

! 

j = l "1 /2!"! !

! 

"so(nlsj) = #(1/2)(l +1) $ % nl! ! ! ! ! ! (11-4-8) 

jk%8

! 

ˆ h 
so

= 0jt;6'7;b%

! 

ˆ h 
0
Fib;!)*+HIJKu

! 

"
0
(nl)vwV

;(xHIJKLa

! 

"(nlsj) ="
0
(nl)+ "so(nlsj)j[7y( 

! ! ! !

! 

j = l +1/2!"!

! 

"(nlsj) ="
0
(nl)+ (1/2) l # $nl !  

! ! ! !

! 

j = l "1 /2!"!

! 

"(nlsj) ="s0(nl)# (1/2)(l +1) $ % nl! ! ! ! ! (11-4-9) 

#$%8z 11-1F{[G|F(l!)!"P(<=>?@ABCDEFG}

! 

"
0
(nl)

5~iF\�[%jpV%Wj5#�%8 
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!"#$%&'()*+,-./0123456789:;<=>?@AB8

-C<./01234;DCE-FC5G-H 

! !

! 

(2 j +1)"so(nlsj)
j=#(l +s)

( l+ s)

$ = (2 j +1){"(nlsj)
j=#( l+ s)

( l+s)

$ #"
0
(nl)}  

! ! ! ! ! ! ! ! ! !

! 

= (2l + 2)(1/2) l"
nl
# 2l(1/2)( l+1)"

nl
= 0! ! ! ! (11-4-10) 

!"#$%&'()*;IJE'()*5G-KL5G-HMNO< 

! ! ! ! !

! 

(2 j +1)"(nlsj)
j

#

(2 j +1)
j

#
!

! 

= "
0
(nl) ! ! ! ! ! ! ! ! ! ! ! ! ! (11-4-11) 

5G-HPQ<RS+ Na+ DT+UVWXYZ[8-C(\ 11-2]<  

 

 

 

 

 

 

 

 

 

 

^0(nl) 

j=l+1/2 

j=l-1/2 

(1/2)l!nl 

(1/2)"l+1)!nl 

_=>?`#l$#] 

_=>?`#l] 

_=>?`a(#l$%]] 

\ 11-1H!"#$%&'()*+,-./01234_bcde<lfb] 

! 

ˆ h = ˆ h 
0

 

! 

ˆ h = ˆ h 
0

+ ˆ h 
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! 

2
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! 

2
P
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! 

2
S
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[Ne]3p !"#$%&'( 2
P3/2,

2
P1/2)*+,-./0%123[Ne]3s !"#$4

2
S1/2 )*+546789+:;<=,%>3(?@A4BC4DEFGHIJ

KL(M[Ne]3s N s !"(l=0)OP(,-.2
S1/2 )*+4QRN3E<.[Ne]3p

4 p !"S l=1)NQRT(MNa 4 D U4QRON.

! 
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2
P
3/ 2
) #"

0
(
2
S
1/ 2
).
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  "(
2
P

1/ 2
) #"

0
(

2
S

1/ 2
)< 2 VU46789+:;%WXT(M

! 

  "
0
(

2
S

1/ 2
) =  "

0
(3s)OP

(,-.(11-4-10.11)4YZ[\EH.
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  "
0
(3p) #"

0
(3s)[]^O_(M 

! `4ab%.cdefghWij\%a(89+:;QR4YZ<cklm

+U4nopqFGHIJKL(rO.s 11-1 %tGuQRv489+:;w

x<yz%IJKL(rON3EM 
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  "
0
(nl)  N.(11-4-10.11)N{|}S~��

���E�FIJ�;�,-]^KL(�OP(M 

 

�cdefghWij\%a(89+:;QR�����!"��  

! �%.����!"�%&'(cdefghWij\%a(89+:;QR

%�EH��(M������!"�4YZ%WXT(�4<�-L(M 

! (7-3-4’).(11-3-3),-.!  

! ! ! ! !
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1
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2
c
2

1

r
i

$V
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i
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& 
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! 

ˆ H 
so

= "(r
i
)ˆ l 
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# ˆ s 

i

i

N

$ ! !  

OP(M��O��|GHE(4O``ON���4��%�EH ¡(M 

! (L,S,J))*+489+:;[

! 

E("LSJ)FT(F, `LN LS �489+:;

! 

E
0
("LS)%

! 
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so
4¢£<¤¥¦u4OP(,-.cdefghWij\%a(8
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! 

E
so
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! ! ! ! ! !

! 

E
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("LSJ) # E("LSJ) $ E
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("LS)! ! ! ! ! ! ! ! ! (11-4-12) 

F§'(M̀ 489+:;QRN�4ab3¨%3(`F<©¦HE(SCowan.
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! ! !
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2
$
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        (11-4-13) 
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! 

E(" ,L,S,J ) # E (",L,S,J #1) =
1

2
{J (J +1) # (J #1)J} $ %("LS)

! 

= J " #($LS)  ! (11-4-15) 
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! 

E
so
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J
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0
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J
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! 
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so
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! 
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! 
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! 
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! 

"
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! 

"(#LS) = ±
1
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"
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1
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1
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