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!16 "#$%&'"()&*+,Lagrangian- Hamiltonian!!

! ./"#$0123'"()&*+456789'"()&*+0:;3

Lagrangian- Hamiltonian<=&>?@A0@37BCD3EFGH9IJK)

L0>3K)MNO&PQ0R9STUVWXYZ[\V]A^<_`;3a-

Bbc;3E!!

!

(16-1) '"()&*+0:;3 Lagrangian!

! dK e -"' e &fg&'"()<./&"#$hB*+;3$i9F&

Newton&*+4569  

! ! ! ! !

! 

m
d
2
r

dt
2

= eE + ev "B                              ! !   (1) 

BCD>?E'"()&"'Bj-GHk3&%9lG")BCD3$iR(-e)

%mnoDpq@8@kEarR SIstu(MKSAstu)%&vw%x3E CGS

yz{|stu%R9}~���0���&�� (1/c) &�)<_k���&6 

! ! ! ! !

! 

m
d
2
r

dt
2

= eE + (
e

c
)v "B .                                 (1’) 

-@3E"#�N&��B9CGSyz{|stu- SIstu(MKSAstu)%�

��o;3$i9��&>?@��<_`;3EarR!13 0�-��&%9

aa%R9SIstu(MKSAstu)%&vw]1^B��0��;3E 

!]1 &̂}~�R���Z�M%9BR#� � ,  ER"$Bv;E

! 

v = dr /dt

R'"()&��STUV%x3E./"#$&'"()R9"$ E&4¡0

¢�£r9£809#� � B-

! 

v = dr /dt&@;¤¥0¦§@4¡0¢�£r

3Ea&#$0>3¢�4¡R9()&*+4¡ v 0l B &4¡0l§¨GH

k3E 

! |©ª�WXYZ[\V]!^-STUVWXYZ[\V]«^B¬k3"#

XYZ[\V]!, A^0>­H9#� �-"$Bvw;3-9 

! ! ! ! !

! 

B = rot A9! ! !

! 

E = "grad# "
$A

$t
! ! ! ! ! ! ! ! ! ! ! ! !

%x3EarB®?-9��0¯°3>?09(1)R±�²�o0³�%x3a

-<´3E  

! µ¶&|©ª�·�B f -GH9¸¹6!

! 

rot grad f =" # (" f ) = 0  B®?-9

arB

! 

B(x,t) = rot A(x,t)0¢DHl  ºl�LG@k789 

! !

! 

B = rot A + rot grad f = rot (A + grad f )                    
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<»¼;3EarRSTUVWXYZ[\V

! 

AB��&>?0�½GHk3E 

! ! ! ! ! !

! 

A ! ¾!

! 

A'=A + grad f9

! 

B'= rot A ' 

a&�½R9STUVWXYZ[\V&�o-¿@;a-<ÀÁ3E Fa%9

a&STUVWXYZ[\V&�o0:Â£ÃH9|©ª�WXYZ[\Vl9 

! ! ! ! !

! 

"! ¾!

! 

"'=" #
$f

$t
!  

-�½GHÄ3Ea&�o£r�"$9 

! ! ! ! !

! 

E'= "grad#'"
$A '

$t
= "grad(# "

$f

$t
) "

$A '

$t
 

B®­H9"#ÅÆ&Maxwell456Ç~& 

! 

rot E'+
"B'

"t
BÈ�HÄ3E 

  

! 

rot E'+
"B'

"t
=

! 

rot(E'+
"A '

"t
) = rot{#grad($ #

"f

"t
)} = #rot grad($ #

"f

"t
) = 0  

-@3Eb70"#ÅÆ&6R9�½Él»¼GHk3E 

!        

! 

div B'= 097Ê9 

! 

rot E'+
"B'

"t
= rot(E'+

"A '

"t
) = 0  

%xË9��&�oÉl9�Ê&Maxwell456RÌÍ£rHk3EÎÏ9

! 

" #
$f

$t

<=Ð@|©ª�·�%x­Hl9

! 

rot grad (" #
$f

$t
) = 0  <»¼;3789!

! 

A¾

! 

A'=A + grad f9

! 

"¾

! 

"'=" #
$f

$t
! -"#XYZ[\V<�o£rHl9Maxwell

456R»¼G9"#$ E, Bla&�o0³�%x3E 

! "#XYZ[\VB 

! ! ! !

! 

A¾!

! 

A'=A + grad f9!

! 

"  ¾!

! 

"'=" #
$f

$t
! ! ! !  

-ÑnoD3a-B±�²�o-Ò?EÓ±�²Ô-RÓÕÖG&×�Ô&¶

Ø%9×�B�DHl"#$&�¯R³�%x3E"#$&a&>?@ÙdB9

Ó"#$&

! 

(",A)R±�²$%x3Ô-vw;3E"#$ E, B<±�²�o%

³�%x3789���Z�Ml±�²�o0³�%x3EÚ­H9'"(

)0:;3 Newton&456l±�²�o0³�%x3E 

! ��&Û0Ü¶GH9"#XYZ[\VB(1)}~0ÝÞGHÄ3-9 
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! 

eE + ev "B = #grad (e $%) # e $ (
&A

&t
) + e $ v " (rot A)! ! ! ! ! ! ! (2) 

-@3. ß&·�B®­H(2)}~B½0ÑnoD3E 

! ! !

! 

dA(x,y,z,t)

dt
=
"A

"t
+
"A

"x

"x

"t
+
"A

"y

"y

"t
+
"A

"z

"z

"t
 

                

! 

=
"A

"t
+ vx

"A

"x
+ vy

"A

"y
+ vz

"A

"z
=
"A

"t
+ (v•#)A    !    

! ar>Ë9 

       

! 

"A

"t
=
dA

dt
# (v•$)A                                        (3)   

��9STUVàáâ&ã6

! 

A " (B "C) = B(A •C) #C(A •B)B®k9 

! 

A" v,  B"#,  C"A  -mnoDH9

! 

v " (# "A) =#(v•A) $A(v•#)ä789 

! ! !

! 

v " (rot A) = v " (# "  A) =#(v•A) $ (v•#)A                   (4)  

%x3Eå09 

   

! 

eE + ev "B = #grad $e # e{(
dA

dt
) # (v•%)A #%(v•A) + (v•%)A}            

             

! 

= "# $e " e(
dA

dt
) + e#(v•A)  

-@3EdK mE"'j&'"()&"#$0123 Newton&*+456R9 

          

! 

m
d

2
r

dt
2

= "#{ $e " e(v•A)}" e(
dA

dt
)                       (5)  

%xË9}~R"#XYZ[\V0>3vw0@­Hk3Eæ0çè;°nR 

! 

{ "e # e(v•A)}&|©ª�KR9éê&XYZ[\V]U^0:Â;3l&%x

3<9��<·ëGH1Ë9ìíä2&·�%R@ka-%x3E 

        

! 

r = (x,y,z) = (q
1
,q

2
,q

3
),     v = ( ˙ x , ˙ y , ˙ z ) = ( ˙ q 

1
, ˙ q 

2
, ˙ q 

3
)              (6) 

-GH9(5)BÑn§GHÄ3E 

          

! 

m
d ˙ q i

dt
= "

#

#qi

{ $e " e( ˙ q k Ak

k=1

3

% )}" e(
dAi

dt
)  

îÉ&�R9

! 

Ai =
"

" ˙ q i
( ˙ q k Ak

k=1

3

# ) -Ñïa-<ÀÁ378 

! ! ! ! ! !

! 

dAi

dt
=

d

dt
{
"

" ˙ q i
( ˙ q k Ak

k=1

3

# )}   
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%x3E Ú­H9Newton&*+456(5)}~R9ß&>?0@3E            

       

! 

m
d ˙ q i

dt
= "

#

#qi

{ $e " e( ˙ q k Ak

k=1

3

% )}" e
d

dt
{
#

# ˙ q i
( ˙ q k Ak

k=1

3

% )} 

            

! 

= "
#

#qi

{ $e " e( ˙ q k Ak

k=1

3

% )} +
d

dt
{
#

# ˙ q i
($e " e( ˙ q k Ak

k=1

3

% ))}! !    (7)  

îÉ&¹6%R9

! 

"R|©ª�WXYZ[\V%xË9

! 

"(#e) /" ˙ q i = 0  %x3a-

B®­�EFa%9 

! ! ! !           

! 

 U ="e # e( ˙ q k Ak

k=1

3

$ )                             (8) 

-;3-9Newton&*+456(5)R9ß&>?@ðñ@60@3E 

! ! ! ! ! ! ! !

! 

 m
d ˙ q i

dt
= "

#U

#qi

+
d

dt
(
#U

# ˙ q i
)                        (9) 

Ú­H9Lagrangian, LR  

!   

! 

L = T "U = (1/2)m{( ˙ q 
1
)

2
+ ( ˙ q 

2
)

2
+ ( ˙ q 

2
)

2
}"U                       (10) 

%ëD8r3789 Lagrange&*+456R9 

     ! ! !

! 

d

dt
(
"L

" ˙ q i
) =

d

dt
(m ˙ q i #

"U

" ˙ q i
)! ! !  

! ! ! ! ! ! ! !  

! 

= m
d ˙ q 

dt
"

d

dt
(
#U

# ˙ q i
) = "(

#U

#qi

) = (
#L

#qi

)                  (11) 

-@3a-<´3E�Qè&¹òR Newton &*+456(9)<»¼;3a-0

ó3EÎÏ9Newton&*+456 (9)<»¼;3a-R9(10)& Lagrangian0:

GH9(11)& Lagrange&*+456<»¼;3a-%x3E 

! ��&>?09"#$0123'"()&*+& LagrangianR9(8), (10)78 

    ! ! !  

! 

L = T " e# + e(v•A)                                 (12) 

%x3a-<ô73E

! 

qi0õö@*+KR9

! 

pi =
"L

" ˙ q i
&·�78÷8r9 

! ! ! ! ! ! ! !

! 

pi =
"L

" ˙ q i
= m ˙ q i #

"U

" ˙ q i
= m ˙ q i + eAi                    (13) 

-@3E*+KSTUV&A%Ñ2q9 

! ! ! ! ! ! ! ! !

! 

p = m ˙ q + eA ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  ! (14) 

%x3Eéê&()*+K

! 

m ˙ q 
i
-Rø@Ë9STUVWXYZ[\V A <_

`;3E'"()<9dK m&s@3dÛ%R@ï9"' eBùÊa-0>3E
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! 

p = m ˙ q + eA  &IJ*+KR9()&*+K

! 

m ˙ q 
i
-úû;3ü09æ0MNý

*+K-þqr3E 

 

(16-2) '"()&*+0:;3 Hamiltonian  

! (13)0>ËMN��R

! 

(qi, ˙ q i)" (qi, pi)-�o%n3EG7G9 (14)>Ë

! 

˙ q i = (1/m)(pi " eAi)%x3&%9L& Legendre�o78 Hamiltonian(H)BÈ�3ÿ

0ç¶<!"%x3E 

      

! 

H = pi
˙ q i

i=1

3

" # L  

        

! 

= pi
˙ q i

i=1

3

" # (1/2)m ( ˙ q i)
2

i=1

3

" + U

! 

= pi
˙ q i

i=1

3

" # (1/2)m ( ˙ q i)
2

i=1

3

" +$e # e( ˙ q k Ak

k=1

3

" )  

        

! 

= (pi " eAi) ˙ q i
i=1

3

# " (1/2)m ( ˙ q i)
2

i=1

3

# +$e  

aa%&

! 

˙ q iR#��%x3789

! 

˙ q i = (1/m)(pi " eAi)BÝÞGH9 

       

! 

= (
1

m
)(pi " eAi)

2

i=1

3

# " (1/2)m (
1

m
)
2
(pi " eAi)

2

i=1

3

# +$e 

-@3EÚ­H9"#$0123dK m9"' e&'"()&*+& HR9 

   

! 

H = (
1

2m
)(pi " eAi)

2

i=1

3

# +$e

! 

= (
1

2m
)(p" eA)2 +#e               (15) 

-@3E 

! f49"#$-$·�@%"#ýXYZ[\V V9&Dq')&")0(¬;

3)&*MXYZ[\V9&�%9dK m&()<*+;3+9F& HR9,

-.V/�]*+-.V/�-XYZ[\VW-.V/�&0^%x3789 

! ! !

! 

H = (
1

2m
)(pi)

2

i=1

3

" +V

! 

= (
1

2m
)(p)

2
+V                        (16) 

%x3E(15) -(16)B1°rq9éê&a&*+K-XYZ[\V VB9 

! ! ! ! !

! 

p   "     (p# eA) ,    

! 

V   "     V +#e                  (17) 

-A6ý0mnoD3a-%9dK m9"' e&'"()<./"#$%*+

;3$i& Hamiltonian, H<÷8r3E VR�¯&%"#ý@XYZ[\V%

x3EÎÏ,dK m9"' e &'"()<92CDHk3"#$-R§3·�G

@kXYZ[\V VlCD3-9F& Hamiltonian, HR 

      

! 

H = (
1

2m
)(p" eA)2 +V +#e                                (18) 
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-@3EarR9MNý*+K

! 

p = m ˙ q + eAB40Ñk�l&%x3E'"()

&*+%R9MNý*+K

! 

p = m ˙ q + eA<IJ*+K@&%9K)�0PQ;

3+0R9a&MNý*+K0>3(18)& HB®ôpq@8@kE!7y2%#$

<56;3$i&[7�89Zz�4560ÊkH¯°�ÿ09STUVWX

YZ[\V A <wr3a-B¯°�. arR(18)0>3E(18)R'"()-"#

$&��(¬B�¯;3îlðs@l&%xË9minimal@��(¬-þqr3E 

! f49

! 

(p" eA) = m ˙ q  -GHEéê&*+K(

! 

m ˙ q = m˙ r )0:GHvw ;3-9 

       

! 

H = (
1

2
)(m ˙ q )

2
+V +"e = (

1

2
)(m˙ r )

2
+V +"e                     (19) 

-@39*+&,-.V/y-GH& Hamiltonian%x3E éê&MNý-.V

/y[

! 

(1/2)(m˙ r )
2

+V ]09"$<·ô3-.V/�]

! 

"e^<¢ô­�l&%x3E

#$<·ô3-.V/y�R;�r@k E'"()&*+0123#$0>

3<=R9()&*+4¡-#$0>3M<§¨;3ü9ê0>ä78%x3E

(19)R?@�ý,-.V/yBv; Hamiltonian-GHRIGkEG7G9'"(

)&$i9

! 

m ˙ q = m˙ r RlRAIJ*+K%R@k&%9K)�0PQ;3ÿR9

(19)%R@ï (18)B®?!"<xË9(18)% 
  

! 

p"
!

i
# =
!

i
(
$

$x
,
$

$y
,
$

$z
)  &mnoD

BQDq[7�89Zz�4560PQ;3<9(18)&STUVWXYZ[\V

A lBC)0�ô3EA R=&>?@BC)0@37l;�HCDpq@8@

kE 

! ?@ý"#�N& Maxwell 456R"$-#$B¬kHvw£r3<9��

%¿�>?0"#XYZ[\V

! 

(",A)B¬kHÑnoD3a-lÀÁ3EK)�

&Àw��%R9"$-#$<DE£r3ÕFK%x3&0:G9"#XYZ

[\V

! 

(",A)R±�²�o&³EÙBùÊa-789

! 

(",A)0>3 Maxwell 45

6Rs@3�NýGH0ó3vw-¿@£r3&<Ié%x­�EG7G9 K

)�&Àw�É%R9STUVWXYZ[\V A <K)�&[7�89Zz�

4560§3wr3&%9A @G0R��<ÀÁ@ka-0@­�Ea&JK

BLý0M;<9NOªPQWR�STU  (Aharonov-Bohm effect) &5VB�

W3��%x3EXY (-&Z8) (2010)&Óè%¿3[GkK)MNÔ&� 8, 9, 

10 \9]^(1998)Ók�9l?fÊ&ñ()�Þ_Ô&� 8 \9Ra&`aB

bË�cHk3&%de£r�kE��9"#XYZ[\V

! 

(",A)&±�²�o

&³EÙ&¶Ø0ÊkHl9]^&fÑ0¯°8rHk3E 
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(16-3) Schrodinger!"#$%&'()*+,(-./%0123  

! (18)%

! 

H = (
1

2m
)(p" eA)2 +V +#e45

  

! 

p"
!

i
# =
!

i
(
$

$x
,
$

$y
,
$

$z
)  %678'95:

,;<&'=>?5 p @AB,<CDEF(8G=H<IJKL8MN>OP

Q%RS%TUVW@XYZ?IJKL@MN[9O!

!!!!!!

! 

ˆ H = (
1

2m
)(ˆ p " eA)

2
+ V +#e!!!!!!!!!!!!!!!!!!!!!!!!!!!!! (20)!

(=>OF%AB,

! 

ˆ H 85  

! ! !

! 

ˆ H " = E"                                               (21-1) 

(\N]5^_`a%bcdefghi!"#?5j>9@5  

! ! !
  

! 

ˆ H " = i!
#

#t
"                                            (21-2) 

(\N]5kl<Umn=>op%/q%rs?tuv>O 

! wx*y/@5z{K|}~�gb�| A%�����<�S5���z{K

| k (��!��8�<=>��%�,������,�%�q�(X�([

DE%45 

! 

A%�

! 

(k,")��<@:,��vE����,8j�@�v]�9O

:,��vE����,% Hamiltonian@ �}¡¢AB,4£¤�v5

! 

A%�

! 

(k,")��@ �}¡¢AB,<[>(¥15-6-3)O 

! ¦§%F(<¨©ª�5¦«4@(20)<¬9�­®>O¯°±u²³ªE´*

yµ[~�gb�| V@ V=0(ª]u¶·<¸ª�­®5¹E5{iºg}»

i¼%½¾4@

! 

" = 0 (4¿>%45ÀÁÂi}~�gb�|%TUÃ(=O(20)

@ 

     

! 

ˆ H " = (
1

2m
)( ˆ p # eA)

2" = (
1

2m
)[(ˆ p # eA) $ (ˆ p # eA)]"                 (22)   

([>O¹Ä, AB,(ª�%

! 

(ˆ p " eA) # ( ˆ p " eA)8­®>O 

! ! !

! 

(ˆ p " eA) # ( ˆ p " eA) = (ˆ p )2
" (e)(A # ˆ p + ˆ p #A) + (eA)

2              (23) 

4j>OAB,Z±uABÅÆ?�[v]op<@�[>AB,4j>OFF

4

! 

(A " ˆ p + ˆ p "A)8­®>?5
  

! 

ˆ p =
!

i
" =
!

i
(
#

#x
,
#

#y
,
#

#z
)5

! 

A =A(x)4j>F(<Ç©

ª5È©%É6Ê�

! 

g(x)<23=>AB,(ª�

! 

[A(x) " ˆ p + ˆ p "A(x)]g(x)8­®>O 

 ! ! !  

! 

[A(x) " ˆ p + ˆ p "A(x)]g(x)

! 

= A(x){ˆ p " g(x)} + ˆ p {A(x) " g(x)}          (24) 

4j>OËoT4@5
  

! 

ˆ p " g(x) = (!/i)#g(x)<

! 

A(x)8Ì±u23�Í>. ËÎT4
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!"

! 

ˆ p !

! 

A(x)g(x)#$%&'()*+,#-"
  

! 

g(x) " (!/i)#A(x) +A(x) " (!/i)#g(x).

/,01'1"23456738#9:'("

! 

"A(x) = divA(x) = 0-;<"=>

#?@A!BC,0DEF" 

 !  (24)
  

! 

= (!/i)A(x) " #g(x) +A(x) " (!/i)#g(x)
  

! 

= [2(!/i)A(x) " #]g(x) = [2A(x) " ˆ p ]g(x)  

-;,0GH" 

          
  

! 

A " ˆ p + ˆ p "A = 2(!/i)A " # = 2A " ˆ p                           (25) 

-;,0I#JK! 

          

! 

A " ˆ p # ˆ p "A = 0 = [A,  ˆ p ]                                  (26) 

./,#-"LMN.1F#

! 

A.

! 

ˆ p !OPQR-;,I.STU+,0DEF 

(22)!" 

     

! 

ˆ H " = (
1

2m
)( ˆ p # eA)

2"

! 

= (
1

2m
){(ˆ p )2 " 2(e)(A # ˆ p ) + (eA)

2
}$            (27-1) 

./,0
  

! 

ˆ p =
!

i
" =
!

i
(
#

#x
,
#

#y
,
#

#z
)SVW." 

      
  

! 

ˆ H " = (
1

2m
){#!2$2" # 2

!

i
e(A % $") + (e)

2
A

2"}                   (27-2) 

-;,0 XYZ[5LMN\]S^_."(27-1, 2)'(" 

      

! 

ˆ H = (
1

2m
) ˆ p 2 "

e

m
(A # ˆ p ) +

e
2

2m
A 2                               (28-1) 

! 

(1/i) = "i  \'(" 

       
  

! 

ˆ H = "(
!

2

2m
)#

2
+

i $ !

m
e $A •# +

1

2m
(eA)

2                        (28-2) 

./,0 

 `abN#a`!c.1Fd,#-"I#bNSaN.+,ef!gFch

(!e)#ijPCklm-;,0(28-1)n!(28-2)!"aoe#p%;,@q#`a

bN%r+,struvwx-#yz{|}5~3���S�C,0��#?

@A��!"aoe.�#@q#`abN�#t�)*S��1Fd,0a

oe.��1/dsaov��5y�Z VS�����" 

        

! 

ˆ H = [(
1

2m
)ˆ p 2 + V ]"

e

m
(A # ˆ p ) +

e
2

2m
A 2                       (29-1) 

       
  

! 

ˆ H = ["(
!

2

2m
)#

2
+ V ] +

i $ !

m
e $A $ # +

1

2m
(eA)

2                  (29-2) 
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!"#$%&'()*+,"-+./01/ Hamiltonian(

! 

ˆ H 
0
), 2345/67

89:;<=>?9 A/&@!A@/'BC01!)*+/DEFG!HIJC

! 

ˆ H 
0
KL#MN"OP

! 

( ˆ " H )!Q"LR 

        
  

! 

ˆ H 
0
" (

1

2m
) ˆ p 

2
+ V = #(

!
2

2m
)$

2
+ V                            (30-1) 

        
  

! 

ˆ " H # $
e

m
(A % ˆ p ) +

e
2

2m
A 2

=
i % !

m
e %A % & +

e
2

2m
(A)

2               (30-2) 

STUC(29-1, 2) B 

        

! 

ˆ H = ˆ H 
0

+ ˆ " H                                             (31) 

!"#$JVJC(29-1, -2)/ Hamiltonian(

! 

ˆ H )BCW)01,X-+./)*+(Y

Z+)[3\]/ Hamiltonian(

! 

ˆ H 
R
)(^_S-"-2!`abLcdST#$ 

 

e)*+(YZ+)/

! 

ˆ H 
R
!6789:;<=>?9f  

! ghBC01!)*+iYZ+j/DEFG(^klmn]/ Hamiltonian(

! 

ˆ H 
S
)

(opqr"s"-VsC(30)`

! 

ˆ H 
R
(tpl 

      

! 

ˆ H 
S

= ˆ H 
0

+ ˆ " H + ˆ H 
R
                                        (32) 

(uv`J"w3r"s"-$

! 

ˆ H 
R
B)*+iYZ+j/xy9z{SC|X}

/~��P1�!�"Jl�1/xy9z{`D�L#$2/�����98

��=BC�14-6S��l��`C 

   

! 

1

2
[P

2
k ," (t) + (#k )

2
Q
2
k," (t)]

k,"

$

! 

= 2V"
0

(#
k
)
2 $ a2k% (t)

k
%

& = H       �14-6- (57) 

ST#$~��P1/�1�i�15-6-3jS/��`�prC��)*��/�

��}

! 

Pk, " ,  Qk, "BC����C 

       
  

! 

[Qk , " ,  Pk', " '
] = i! # $k, k' # $" , " '                              (33-1) 

       

! 

[Qk , " ,  Qk', " '
] = 0,       [Pk , " ,  Pk', " '

] = 0                       (33-2) 

(��L#2!S�1��/ ¡1`�¢#$�15-6-3 /��SB&£/~�

�P1(opl/SC����B  

! 

[Q,  P] = i!ST¤l,C|X}/~��P1�

Vs"#YZ+SB&¥/�P1(¦�L#/`

! 

(k,  ")(§�L#¨©,TUC

(33-1,-2)/ªS����(«pqr"s"-$�15-6-3S¬cl��`C���

}/�14-6- (57)/��BC�1­/®S¯C[/°°S ¡1!J±¯²³L

#/SC 

       

! 

ˆ H =
1

2
[P

2
k ," (t) + (#k )

2
Q

2
k," (t)]

k,"

$ = ˆ H 
R

                      (34) 
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!"#$ 

 

%Heisenberg&'() Schrödinger&'*+,-.  

! /14-6+01!2345,6 2378 93 

     

! 

ak" (t) # e
ik #x

= ak" # e
ik #x$ i%

k
t
# ek" = {ak" # e

$ i%
k
t
# ek" } # e

ik #x     /14-6- (22)!

!"#:;+<=>?@ABCDE? A!FG)H#IJK$LMN3 

     

! 

a
k"
(t) = a

k"
# e

$ i%
k
t
# e

k"
= a

k"
# e

k"
# e

$ i%
k
t                 /14-6- (22’) 

I3

! 

e
"i#

k
t  OPQRSTOUVW&XWY#ZW

! 

a
k"
(t)O[MN\#$]K3^

_`ab23cd<=>?

! 

e
k"
9efW[gHN\#()3cWhi78+jk

lO&JN\#mn!"#$oH)+p2:;+qrIstY#$ 

!

! 

a
k"
(t)Ou+]]vwxIyzY#I3f{,|Y#vwxO}G#oIW~

#$oH2 Heisenberg�+��,6+}G��Heisenberg&'�!"#$o+

&'!23����+45,6!FG)H#�y�23�x��W��JK�

�3(34)+��W��O,G~\+!3u+]] tOPQvwxI�~YoI9

!k#$��3Schrödinger�+����+}G�(Schrödinger&')!23f{

,|2�N��s6����=>?�9�\3vwx2f{,|J~\I}G

#$��2���� ,¡!�¢,g¢£#+!3/14-6- (22’)+¤S! 

! 

a
k"
(t)# a

k"
I tO¥IYoI23RS+ 

! 

e
"i#

k
t  O��s6����=>?�T

W�YoIW_¦Y#$ o+§¨() Schrödinger &'+f{,|J~\vw

x

! 

a
k"
O}G#oI9©ª#$��«¬­�+<=>?@ABCDE? AO�x

1+vwxI}G#®W23o+¯+°±9²³#$Heisenberg)+́ �µ��¶

I Schrödinger +́ ���·�¶O¸¹W,¡Y#°±!"#$oHWº\N23

»¼½¾=(1958)́ �x���¿ÀÁ 4Â�3ÃÄ! Å3ÆÇ(1968)¶III~V, È©

(1969)´�x��ÉÊË¶Á Ì Í3ÎÏ(1991)´�x��¶/ÐÑ!~ÒOÓÔlHK

\$!

! :�+aÕ!23��1+<=>?@ABCDE? AO01Y#®W2

! 

a
k"
(t)

Ou+]][ÖY#93�x|JK�W23Schrödinger &'+vwx

! 

a
k"
IJ

N tO¥IJK&XO[�$Å+vwx�e×W tO¥IJK&XIY#$ 

! uo!3ØÙ��1+<=>?@ABCDE? A+01WÚ#$ 

    

! 

A(x,t) = [a
k"
(t) # eik #x

" =1,2

$ + a *
k"
(t) # e%ik #x

k

$ ]               /14-6-(23) 

oo!3

! 

a *
k"
(t)2

! 

a
k"
(t)+hiÆÛ!"#$oH()3

! 

Pk, " ,  Qk, "+45,63!
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! 

Qk," (t) # (V$0)
1/ 2
[ak" (t) + a *k" (t)]                       !14-6- (56-1)!

    

! 

Pk," (t) # ˙ Q k," (t) = $i%k (V&
0
)
1/ 2

[ak"
(t) $ a *k"

(t)]            !14-6-(56-2)!

"#$%&'()*+,

! 

(V"
0
)
1/ 2"-%./012)34%5*67

! 

a
k"
(t)8 

     

! 

a
k"
(t)9

! 

(V"
0
)
#1/ 2

$ a
k%
(t) 

:);<45=/'>?@AB*  

    

! 

A(x,t) = (V"
0
)
#1/ 2

[a
k$
(t) % eik %x

$ =1,2

& + a *
k$
(t) % e# ik %x

k

& ]              (35) 

: A?CDEB

! 

(V"
0
)
#1/ 2FG%&"*!14-6- (56-1, 2)?

! 

Pk, " ,  Qk, "HIJ?+,

! 

(V"
0
)
1/ 2BKL* 

    

! 

Qk," (t) # ak" (t) + a *k" (t)                                    (36) 

    

! 

Pk," (t) # ˙ Q k," (t) = $i%k[ak"
(t) $ a *k"

(t)]                        (37)!

:.&' 

! >MJ*(35)?

! 

A(x,t)8NO)*PQR,

! 

Pk, " ,  Qk, "8STU:VWX&M:

8YX&Z2*[\]8^4;_45* 

       

! 

ˆ H 
R

=
1

2
[ ˆ P 

2
k ," + (#k )

2 ˆ Q 
2

k ," ]
k,"

$                       ! !     (38) 

J`&'! (36):(37)?

! 

Pk, " ,  Qk, "8aDbKcSTU2X&2B*!15-6-3Jd

e)3012* 

! !

    

! 

ˆ a =
1

2!"
("Q + i # P),

       

! 

ˆ a 
"

=
1

2!#
(# $Q% i $ P)       ! !15-6-3 (82) 

8!15-6-3 (84)*
  

    
  

! 

ˆ a k," =
1

2!#k

(#k $Qk ," + i $Pk," ),    ˆ a 
%
k ," =

1

2!#k

(#k $Qk," & i $Pk ," ) 
     

2fg&'>);*Qk,! , Pk,! 8hi]jbklmnoj A?DE ak!*a
p
k!J

Y-X&:*aDbKcSTU:hi]jbklmnojDE ak!*a
p
k!?qr

st+B 

    

! 

 ˆ a 
k," = V#

0
$

2%
k

!
$ a

k ," ,          ˆ a 
&
k ," = V#

0
$

2%
k

!
$ a *

k,"             (39-1) 

:.&')u)*MMJB(35),v36w, (37)8NOX&M:2)3?J*hi]

jbklmnojDE ak!*a
p
k!2B+,(V"0)

-1/2"^x*yz!15-6-3-(85)?+

,(V"0)
1/2B{:.|*aDbKcSTUB 

      
  

! 

 ˆ a 
k," =

2#
k

!
$ a

k," ,          ˆ a 
%
k," =

2#
k

!
$ a *

k,"                  (39-2)
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!"#$! %&'()*+,-.( A/01 ak!23456789:/;<=>

?@# aAk!2B056789:CDCEFGHI#$B0)34567JKL

I#!9M7N8 (±1) /OPQRS#TU9VW',QXYZ[ITXY\U

IT/]^Q_`.  abc9(30-2)/def8@# A /Xgf29h/VW'

,QXYZ[ITXY\UIT/OPQiIJ9A /jgf29(±1) /OPQ

jklmnonphIh!QqrI#$
  

 

 s;tu8GI#vwxyz/de{  

! |}J~�8���/29�7��7�u8GI#���/����/��9

��9���8�#���,1�9"��?@�9:/��]^2��"de

!�c���8� C#$abc9(32)?

! 

ˆ H 
R
!

! 

ˆ H 
0
!t ¡�¢/Q£de/

Hamiltonian!¤"�9¥¦KL/

! 

ˆ " H Qde!�c�§$¨©9 

        

! 

ˆ H 
S
" ˆ H = ( ˆ H 

0
+ ˆ H 

R
) + ˆ # H                                  (40) 

!ªS#$ 

! «¬­®/¯78°±I#�7uQªS#829²³("e)/´nµSQl�9

;N/("e)/¶��7uQªS·¸"U"�$abc9(30-1,-2)/¹º29jQ�

7/»%(!�c¼Q½#¾8O¿I#ÀÁJ@#$m 2�7/®M?@#$

Â�9¶��7��7�2;N8"b�TU9 

! 

A(x)"A(x j )!Ã�7/Ä´Å

Æ?Ç&'()*+,-.(¢»%(I#ÀÁJ@#$ 

 

! 

ˆ H 
0

+ ˆ H R " [(
1

2m
)ˆ p j

2
+ V j ]

j

# + ˆ H R     

        

  

! 

= ["(
!

2

2m
)# j

2
+ V j ]

j

$ + ˆ H R                                  (41-1) 

     

! 

ˆ H 
R

=
1

2
[ ˆ P 

2
k ," + (#k )

2 ˆ Q 
2

k ," ]
k,"

$                                  (41-2) 

     

! 

ˆ " H # [
e

m
(A(x j ) $ ˆ p j ) +

e
2

2m
A 2

(x j )]
j

%    

       

  

! 

= ["
i # !

m
e #A(x j )$ j +

e
2

2m
A
2
(x j )]

j

%                           (41-3) 

     

! 

ˆ H = ( ˆ H 
0

+ ˆ H 
R
) + ˆ " H                                          (41-4) 

/È^!"#$ 

!

! 

( ˆ H 
0

+ ˆ H 
R
)Q£de Hamiltonian!¤"I/?9h/t0u/ÉÊËN2j`/
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