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!19! "#$%&'()*+,-./01  

! 23456789:;<'$%=>?@823A+BCDEF=;G;<H

BIB>23456JKLMNO($%6=>P&23A+=E6QRHST

6&,-UV&WXYZ[8\]R^_`a=>bcd*ecdFfgRhN

&"#$%6ijklmnopq8rs623A+BtD&6>?&uA+$

%vwM($%;G>^_`a= 0 *;x>P&ijklUV=Z[*;RH

ijklmnopq=23456JKLMyO($%zIG>hN&"#$%

M'$%*($%&{6QR|}MWXUV*;x>~�'()&"#$%&

{=Z[UV*;RH1iT"#$%&'()=����#�&�T% l&'Y

(6\�RH��p�T%FN<C=>��p�T%M�9&|}&�WXU

V*;RH��F>,-UV&WXYZ[8\]R�T%&��=>+,-&

/01�selection rule�*��@>?@F"#$%&'()M$�C<RH 

 

19-1)!  "#$%&'()*ijklUV&WXYZ[!

! ���#T&��$%

! 

"
n
(x)=>2345

! 

x" (#x)FfB>

! 

"
n
(#x) = (#1)n $"

n
(x)

&f�)8��>��$%

! 

"
n
(x)=>�T% n&'(F�x>'$%(even function)

*($%(odd function)F+��@R�!15-5-3�H"#$%&'()(parity>��

� n)&¡6QRH�¢>£¤�6&¥¦6§¨t�©F>ST&,&ª«Y

¬�,UV�M®?R¯F=>ST°&ecd*bcd8±²N³R^_`

a
  

! 

! 
H 
(1)ME6=;<?*M´`6QRH  

! 

! 
H 

(1)
= 0 or " 0&��F>"#$%M'$

%I($%I&'()(parity>��� n)M±²N<C<RH 

! klµ¶6&UV^_`a =>iT&ij.klmnopq , 

! 

("e) x j# =D, 8ST°ecd&"#$%

! 

"
b
*bcd&"#$%

! 

"
a
6r�>23

·¸�¹�6A+Bt±ºF»¡gRH  

        

! 

f H '
(1)
i " b (#e) x j$ a = bD a = %b * &D &%ad'(            (1) 

ij.klmnopq= 3 ¼½23·¸&$%6Qx>��p·¸F=¾$¿

zIG>*xQ:À=>��p"#$%=¾ÁBC¥¦B>��p"#$%D

Â]t¥¦=ÃF^©�!19-4�HijklUV&ÄÅ=(1)&^_`a&Æf7

&hÇF»¡gR&6>(1)M 0 6;<|}=>ijklUV=WX6>0 ;G

Z[UV6QRH^_`aFÂ�@Rij.klmnopq>

! 

("e) x j# =D=>

iT&ÈÉ¨ÊqË&�¼±}zIG>?&¨ÊqË=2345F�x½&7

FJKL8y³tD&F;RHÌ�>ij.klmnopq=23·¸&($
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%6QRH(1)&A+&uA+$%vw

! 

" *
b
#D(odd) #"

a
>M($%;G>?&2

3A+=Í#.FÎÏF;RH?@=>

! 

"
b
,  "

a
MÐF'$%>ÐF($%&|

}FÑÒgR&6>"#$%&?&Ó&{�}ÔÕ=Z[UV*;RH�¢>

! 

" *
b
#D(odd) #"

a
M'$%*;RWXUV=>

! 

"
b
,  "

a
&�¢M'$%6Ö¢M($

%&|}F×G@RH 

! ?&�©F>ijklUVMWX6QRIZ[6QRI=>ST&iTcd

8ØÒgR"#$%&'()���� nMÙIJI�MÚ`;ÛÜ8�NH

�¼½���#T&|}>��$%

! 

"
n
(x)&�T% n&'Y(M��$%&'(

)FfÝBtHiTFfgR"#$%&'()=>iT8�ÞDNßaST6

=>����#�&�T% l&'Y(FfÝgRHà%&iTMQR|}=>á

iT&����#�&�T% l&âã�>

! 

l
k" >&'Y(FfÝgRH?@8ä

ågR¯F>�À>æiT"#$%&ç§FèMR Legendre&éêë* Legendre

&ìéêë&'()IGíC��©H 

 

19-2)! Legendreéêë* Legendreìéêë&'()!

! Legendre&éêë

! 

P
l
(z)*P&î$%

! 

G(r,z)FN<C=>!3-16§¨tM>ï

ðgR*>

! 

cos" # z*BC>!

    

! 

G(r,z) " (1# 2rz + r
2
)
#
1

2 =1+ zr +
1

2
$ (3z2 #1)r2 + $ $ $ = P

l

l= 0

%

& (z) $ rl          (2) 

6Q�tHLegendre &éêë

! 

P
l
(z)&'()8ñ:RòFD>P&î$%=Ú`

6QRH(2)Fó<C>

! 

r" (#r),   z" (#z)*BC�R*> 

!!!!

! 

G("r,"z) = (1" 2rz + r
2
)
"
1

2 = P
l
("z) # ("r)l

l

$ !!!!!!!!!!!!!!!!!!!!!!!!!(3) 

6QRH (2), (3)�x>

! 

G(r,z) =G("r,"z)6QR?*F;RHô�C>

! 

r
l&¿%=

õö6÷B<IG>

! 

P
l
("z) # ("1)

l
= P

l
(z)6QRHõøF

! 

("1)
l8ù³C> 

     

! 

P
l
("z) = ("1)

l
P
l
(z)                                             (4) 

6QRHLegendreéêë

! 

P
l
(z)&'()(parity)=, l &'(6úû�@RH 

! Legendreìéêë

! 

P
l

m
(z)FN<C=>üF>!A4-26¥¦Bt�©F>

! 

z = cos"

*BC>Legendre&éêë

! 

P
l
(z)8 z6 mýþ+BtD&*BC> 

    

! 

P
l

m
(z) = sin

m " #
d
m

d(cos")m
P
l
(cos") = (1$ z

2
)
m / 2

#
d
m

dz
m
P
l
(z)               (5) 

6ÿ:G@RH

! 

P
l

m
(z) &'()FN<C&ë=!BCó<tM>'()&Ú`
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)ÍwF="#B;I�t&6>??6§¨RH(5)6 z$(-z)*gR*> 

    

! 

P
l

m
("z) = (1" z

2
)
m / 2

#
d
m

d("z)
m
P
l
("z)                                 (6) 

*;RH(4)&

! 

P
l
("z) = ("1)

l
P
l
(z)�x> 

    

! 

P
l

m
("z) = (1" z

2
)
m / 2

#
d
m

d("z)
m
P
l
("z) = (1" z

2
)
m / 2

#
d
m

d("z)
m
{("1)

l
P
l
(z)}       (7) 

*;RM> 

! 

("z)6&þ+F%<> 

     

! 

d

d("z)
=
d

dz
#
dz

d("z)
= ("1)

d

dz
 

*

! 

("1)&&TMyOH(7)&'ø&þ+êz³8ñ:R*> 

! !

! 

d
m

d("z)
m
{("1)

l
P
l
(z)} = ("1)

l d
m

d("z)
m
P
l
(z) = ("1)

l
# ("1)

m d
m

dz
m
P
l
(z)           (8) 

6QRH(F>(7),(8)�x> 

     

! 

P
l

m
("z) = ("1)

l+m
P
l

m
(z)                                           (9) 

6QRHm=þ+&ý%;&6>

! 

m = m > 0&ÛÜ6QRHm=0 &)= Legendre

éêë

! 

P
l

0
(z) = P

l
(z)6QRH�t>

! 

m = m > 0*BC>

! 

"m = "m < 0&|}=>!

A4-2-86¥¦Bt�©F> 

     

! 

P
l

"m
(z) = ("1)

m
#
(l "m)!

(l + m)!
# P

l

m
(z)                             (!4-2-8) 

*;RH 

 

19-3)! *+��$%

! 

Y
l

m
(",#)&'()  

! *+��$%

! 

Y
l

m
(",#)FN<C=>üF!4-2 6¥¦BtM>P&'()FN

<C=,F§¨;I�t&6??6ñ:�©H*+��$%= 

   

! 

Y
l,m
(",#) = ($1)m %{

1

2&
% eim#} %

2l +1

2
%
(l $m)!

(l + m)!
% P

l

m
(cos")      (!4-2-5) 

  Y
l ,!m(",#) = (!1)

m
$Y

l,m

*
(",# ) 

*-.ØÒ6/RHBIB>¢È�0z³&$%

! 

"(m)*12�3z³&$%

! 

"(l,m)*&A*BC> 

! !

! 

Y
l

m
(",#) =$(l,m) % &(m)                                  (!4-3-5) 

*ØÒgR?*D6/RHÃö&|}>0F$BC=>m&ÙJF$ÔGÀ 

! ! ! ! ! ! !

! 

"(m) =
1

2#
e
im$
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (!4-3-1) 
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! ! ! ! ! ! !

! 

"* (m)
0

2#

$ "(m')d% = &(m,  m')! ! ! ! ! ! ! ! ! ! (!4-3-2) 

M45B>0z³&$%

! 

"(m)=678�@t-9$%6QRH 

! 3F$BC=>l ! m ! 0*BC> 

! ! ! ! ! ! !(l,m) = ("1)
m
#
2l + 1

2
#
(l " m)!

(l + m)!
# P

l

m
(cos$)  

! ! ! ! ! ! !(l,"m) = ("1)
m
#!(l,m) ! ! ! ! ! ! ! ! ! !  (!4-3-3) 

6QRH!(l,m)=Ñ%&$%6QRIG>àaÐ:=½&$%F~;6Qx> 

! ! ! !
*
(l' ,m)

0

"

# !(l,m) sin$d$ = !( l' ,m)

0

"

# !(l,m)sin$d$ = %(l,  l' ) ! !  (!4-3-4) 

M45gRH*+��$%Y
l ,m
(!," )=>ßaST�æ<=æiT°�&�>¢?

ë&å6> 

        Y
l' ,m'

*

! =0

2"

#
$ =0

"

# ($,!)Y
l,m($,!)sin$d$d! = %(l,l' ) &%(m,m' )         (!4-3-6) 

8@AgR678�@t-9$%6QRH 

! 2345F�x>

! 

Y
l,m
(",#)&l·¸°&�>9%

! 

(",#)MB&�©F9C�@R

I�Àñ:RH9%DM

! 

0 "# " $,   0 " % " 2$6QR?*>,F>

! 

0 "# " $&��

F=EÛ8`gRH  

 

x

y

z

P(x,y,z)=P(r,!,")

P'(-x,-y,-z)=P'(r,#$!,#+")

!

"

 

        F 19-1Hx-y-z·¸°*l·¸°6&2345F�RÈÉ98H  
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 -9·¸°6=>2345=G P(x,y,z)8G P’(-x,-y,-z)FVg?**BC-�F

äå6/RHBIB>?@8l·¸°6ñ:R?*=>´ÀBDHI6=;<

�F 19-1�H12�3=Jl�Kz L�IGMl&¢NFO�6&PQ6Rx>

¢È�0= x LIG y L&N/FSO�6&PQ6RRH?&��&¯F>l

·¸°6&45TU=>¼& 1) V= 2)&Whý&f�TU8X/Y/^©Z?

**BCäåÕ[�;G;<H  

 1)! b]FKzL&\xFOz³ý5B>X/Y/>xy+6]^8^©> 

 2)! b]F>xy+6&]^8^<>X/Y/>KzL&\xFOz³ý5gR> 

?& 1) V= 2)&TU6>G P(r,!,")=45ÈÉFV#gR(F 19-1)HP&)> 

F 19-1F!g�©F>l·¸°&9%= 

! ! ! ! ! ! ! ! ! P(r,!,")! !! P’(r, #-!, "+#)! ! ! ! ! ! ! ! ! ! ! (10) 

*9CgRH23456l·¸°&#_ r=�96QRM>�>9%=9ÔRH

¢È�M"$"+#*;R&=>KzL&\x6&O&ý5TUF�RH?&ý5T

U612�3=98B;<H�¢>12�M!$#-!*;R&=, xy+6&]^T

UF�RH

! 

0 "# < (1/2)$&)>

! 

" + [(1/2)# $"]% 2 = # $"*;x>�t>

! 

(1/2)" #$ # "

&|}D>

! 

" # [" # (1/2)$ ]% 2 = $ #" *;RH  

! 

0 "# " $ &û`DFfB>

! 

0 "#'= $ %# " $*459CÃ&12�D~;û`DF��C<R?*MaRH

D�bs>xy+6&]^6=¢È�0=98B;<H 

 23456l·¸°&#_ r=�96QRM>�>9%= (10)&cF98gR

&6>�3>0�&d�$%D¼&�©F9CgRH 

       

! 

cos" # cos($ %") = %cos",     

! 

sin" # sin($ %") = sin",        (11-1) 

       

! 

cos" # cos(" + $ ) = %cos",            sin" # sin(" +$ ) = %sin"       (11-2) 

l·¸°&9%8e<C-9·¸°& x>y>z4+=>¼&�©FØÒ6/RH 

       

! 

(x,y,z) = (rsin" cos#,  rsin" sin#,  rcos")                       (12) 

(11)*(12)IG>-9·¸°6&(x,y, z)$(-x,-y,-z)&2345MÑÒBC<R?*

8Äf6/RH 

  

! 

(x,y,z) = (rsin" cos#,  rsin" sin#,  rcos")  

          

! 

" (-rsin# cos$,  - rsin# sin$,  % rcos#) = (%x,%y,%z)          (13) 

! gh&?*8i�:C> 

! 

Y
l

m
(",#) =$(l,m) % &(m)&'()8ñ:�©H 

! 

"(m) = (1/ 2# )eim$IGñ:R*>2345F�x> 

   

! 

(1/ 2" )eim# $ (1/ 2" )eim(# +" )
= (1/ 2" )eim# % eim" = (&1)m % (1/ 2" )eim#   (14) 

*;R. ?@=> 

! !

! 

e
im"

= cos(m" ) + i # sin(m" ) = cos(m" ) = +1(m = even) or ($1)(m = odd)  
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F�RH zIG>¢È�0&$%

! 

"(m)=>23456> 

          

! 

"(m)# ($1)
m
% "(m)                                     (15) 

*;RH 

! �¢>12�3&$%

! 

"(l,m)=>

! 

constant " P
l

m
(cos#)zIG>P&2345)

=>

! 

P
l

m
("cos#)&ØÒ6\�RH?@=>üF¥¦Bt

! 

P
l

m
(cos") # P

l

m
(z)&'(

)>

! 

P
l

m
("z) = ("1)

l+m
# P

l

m
(z) (9)>FÖ;G;<HzIG> 

           

! 

"(l,m)# ($1)
l+m

% "(l,m)                                (16) 

6QRHô�C>*+��$%

! 

Y
l

m
(",#) =$(l,m) % &(m)vw=, 23456> 

    

! 

Y
l

m
(",#) =$(l,m) % &(m)'Y

l

m
(( )",# + ( )                        (17) 

*;RM>2345Ã&7=> 

! ! !

! 

Y
l

m
(" #$,% + " ) = (#1)l+m & (#1)m & '(l,m) & ((m)  

                   

! 

= ("1)
l+2m

# $(l,m) # %(m) = ("1)
l
# $(l,m) # %(m) 

                   

! 

= ("1)l #Y
l

m
($,%)                              (18) 

6QRH*+��$%

! 

Y
l

m
(",#) =$(l,m) % &(m)&'()=>W����#�&

�T% l&'()Zz³6\�x>jj�T% mF=klB;< H?@=

+,-./01FèMRÚ`;)m6QRH! ÃF!19-66§¨R�©F, +,

-&Ñn1*BCop�@t Laporte�qrË�� &61FèMRH 

 

19-4)! 1iT"#$%&'()*��pcd&/01  

! !A6 6§¨t�©F>ßaST�1 <=æiT°�&iTFfgR"#$%

=>?@�6&#_$%*�>$%&AF��p"#$%!
ms

(s
z
) 8ù³tD&

6QRH 

! ! ! ! !

! 

"
n,i.m,ms

(r,#,$,s
z
) = R

n,l
(r) %Y

l ,m
(#,$) %&

ms
(s

z
)! ! ! ! ! ! (!6-1-10) 

P&Ù6-9)&A+=>¼&�©F;R> 

! ! ! !

! 

"
n ',i'.m',m ' s

(r,#,$,s
z
) "

n,l ,m,ms
(r,#,$,s

z
)

                           = %(n,n') & %(l,l') & %(m,m') & %(m
s
,m'

s
)
! ! ! (!6-1-11) 

??6&W��p·¸9% s
z
ZF�RA+=> s

z
&hN&7�s1/2�FN<C

&�6QR�!6�H 

! ??6¥¦BC<R2345=>tu&d¼½236&456Qx>��p

23*=¾$¿6QRHzIG>��p9%

! 

(s
z
)=23456=98ÕÀ>��

p"#$%

! 

"
ms

(s
z
)D98B;<*ñ:RH#_=

! 

r = r = x
2

+ y
2

+ z
2  &?*z
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IG>23456�96>#_$%

! 

R
n,l
(r) = (1/r)P

n,l
(r)D23456�96QRH

ô�C>��p"#$%DÂ]tæ<=æiT°& (iT&)"#$%vw

! 

"
n,i.m,ms

(r,#,$,s
z
)=>2345F�x> 

   

! 

"
n,i.m,ms

(r,#,$,s
z
)%"

n,i.m,ms
(r,& '#,$ + & ,s

z
) = ('1)l ("

n,i.m,ms
(r,#,$,s

z
)       (19) 

*;x>P&'()=>*+��$%

! 

Y
l

m
(",#) =$(l,m) % &(m)&'()>Ì�>

����#�&�T% l&'()z³F�RH 

! P?6>(1)&23A+6ÿ:G@R^_`a8>��p"#$%8Â]t|

}>B©vxw:�x<&Iy! (1)6&23·¸F�RA+=��p·¸DÂ

]R*BCïñg@�x<HP&¯F>"#$%=W���#FfgR"#$

%*��p"#$%&-A6QRZ?*8z!BCñ:@�x<Hijklm

nopq D=iT&23·¸

! 

(" )&$%6>��p·¸

! 

("
s
)*=¾$¿zIG> 

 !

! 

f H '
(1)
i " b (#e) x j$ a = bD a = %b * &D &%ad'(  

! ! ! ! !

! 

= ("
b
#$

bs
) * #D # ("

a
#$

as
)d% # d%

s

% ,%
s

&&

! 

= "
sb
#"

sa
d$

s

$
s

% # &
b
* #D #&

a
d$

$

%  

          

! 

= "(m
sb
,m

sa
) # $

b
* #D #$

a
d%

%

&                                (20) 

*;RH23·¸

! 

(" )*��p·¸

! 

("
s
)F$gRA+=(!8-3-21)6¥¦BC<RH

ô�C>

! 

m
sb

= m
sa
*UV6��pcdM�9;G>?@�6&W��p9%8

ñ:;<¥¦ZMP&��45gRHBIB>

! 

m
sb
" m

sa
;G>"#$%&'(

)*=¾$¿F^_`a=E*;x>Z[UV*;RH?@=>��p"#$

%

! 

"
ms

(s
z
)&-9)F{|OW��p�T%

! 

m
s
FN<C&/01Z6QRH 

! gh&ßaSTYßaSTc 1<= 1iT°6&/018>*xQ:À�*

]R*>g}&�©F;RH 

(1) 2345F$gR"#$%&'()=>����#�&�T% l&'Y( 

    FfÝB>W'Y(ZV=W(Y'Z&cd3&ijklUV=WX6>W'Y 

    'Z*W(Y(Zcd3&ijklUV=Z[6QRH 

(2) ��pcdM�96QRUVz³MWX6>~;R��pcd3&U 

V=Z[6QR. 

! ��pF$gR(2)&61=z�zM>(1)&WijklUV=>~;R'()

���� n�&cd36WXZ=´ÀBDz�6=;<H����#�&�

T% l MUVF�x l!l’*98gR)>~;R'()���� n�cd3&

UV=>

! 

"l = l'#l = ±1, ± 3, ± 5, ± 7, $ $ $ $Mñ:G@RH?@G=vCWXUV*
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;R&zb©Iy! ÑòF=>?@GvC&

! 

"l = l'#lMWX�@R�6=;O> 

W

! 

"l = l'#l = ±1&~;R'()���� n�&cd3UVz³MWXZ�

@RH 

! 

"l = l'#l = ±1*=W����#�&�T% l &�x}�t�T%

! 

(l ±1)Z

&cd�&UV6QRH?&�w.��=>"#$%&'()���� n�

z³&¥¦IG=«C?;<H(1)�t=(20)&A+ëFy�gR"#$%P@Í

w&)mIG�;RH�¼½���#T6ijklUV8ñ:t|}D, �¶B

tW�T% n FN<C&/01>

! 

"n = n'#n = ±1ZM�G@RM>�=x>�¼

½���#T&"#$%���$%�Íw&)mF�RH?&GFN<C¼¤

6ñ:RH 
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19-5)! !"#$%&'()*+,-  

5-1) ./01234*(#$%&  

! ./01234*(567*89x:;<34=>?@9xAB(CDE6FG

HIJK<LMNFOqK8PQRSTUV9567*WXMN qYZ[?=>

?934*W 

              DAqx                                         (21) 

(M\]^_`abcYd[e?<f>g §15'hi@jkl<9Schrödinger

:mn  

         
  

! 

d
2"(x)

dx
2

+ {(
2m

!
2
)E #

1

!
2
m
2 $% 2 $ x 2}"(x) = 0               (§15-7) 

 (o?@T(p4q+W9 

         
  

! 

" #
m $%

!
$ x = & $ x                                (§15-8)  

?,+,r@9stuvcwxn

! 

H
n
(")?yz-Q+

! 

A
n
Y{|T9  

         

! 

"
n
(x) = A

n
# exp($% 2 /2) #H

n
(%)                         (§15-34) 

            

! 

A
n

= (
"

#
$
1

2
n
$ n!
)
1/ 2                              (§15-53) 

'}~jg(1)(#$%&(����W9 

 

! 

f H '
(1)
i " m H '

(1)
n # $m * %D %$ndx&

! 

" (1/# 2
) H

m
($) * %$ %H

n
e
&$ 2

d$'    (22) 

?f>g.:9(§15-38)(�-n 

! 

H
n+1 = 2"H

n
# 2nH

n#1��9 

              

! 

"H
n

= (1/2)H
n+1 + nH

n#1                             (23) 

?f>('9(22)(��<(23)Y��@T9 

       

! 

f H '
(1)
i " m H '

(1)
n #

! 

H
m
(") #{(1/2)H

n+1 + nH
n$1}e

$" 2

d"%       (24) 

?f>ge((24)(��8B?f�f|(W9stuvcwxn

! 

H
n
(")(���

(�15-50)kV9 

             

! 

m = n ±1       "           #n = (m $ n) = ±1                (25) 

(�'9�S��(��WB'}>g�}~j)*+ n?(n±1)(�(%&(�

8!"'9e(!"%&W9�f>���F����`K(���(%&?f

~T|>g 
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5-2) !"#$%&'(&)$*+,-./012  

 !"#$3456)7(+e)89:#$;<=>#?@AB5C)7(-e)8D:)

$4

! 

r = (x,y,z),EF@AGH)IJKLMNOP D456,QR4C)7ST

6)7@RSUVWXYZG,35 

             

! 

D = "er = (-e)(x,y,z)                             (26) 

3AGH[\O]^4_`35]^124

! 

(n,l,m)" (n',l',m')a3bcGVdG

V512efg"45 

     

! 

f H '
(1)
i " n',l',m' H '

(1)
n,l,m = #n',l ',m' * $D $#n,l ,md%&     

                               

! 

= "
n ',l ',m '

* #($e)r #"
n,l,m

d%&          (27) 

3AGHK=>*,`h8ijX5(26),)IJKLMNOP, x5y5zkl45 

       

! 

D = ("e)r = ("e)(x,y,z) = ("e)(rsin# cos$,  rsin# sin$,  rcos#)     (28) 

m,35c,kln@12efg"8YZGH  

 

o)IJKLMNOP, zkl@pdG12efg"q 

! rs5)IJKLMNOP, zkl

! 

,  " (e)z = "(e)rcos#,  STYZGV5(27),

tl45 

! 

"
n ',l ',m '

* #($e)rcos% #"
n,l ,m

d&'  

  

! 

= "
n ',i'.m'

*
(r,#,$) % (&e)rcos# %"

n,l,m (r,#,$)r
2
sin#drd#d$

$= 0

2'

(
# = 0

'

(
r= 0

)

(  

  

! 

" R
n' l '

*
(r) # R

nl
(r)r

3
dr

r= 0

$

% # P
l '

m '
(cos&) # cos& # P

l

m
(cos&)sin&d&

0

'

%

! 

e
i(m"m' )#

d#
#= 0

2$

%   (29) 

VmGHc,tl< 0@mGSuS45r,tl4vpw35xy

! 

(",#)@pdG

tl<z{GH|},

! 

",tl45~A4-33����U@5

! 

m = m',�@ 2!V

mB,�V4mTmjH WSW5

! 

m " m'mT��VmGH��XH 

! 

m = m',�

�8YZ���j,35(29),

! 

"@pdGtl45

! 

m'" mVdGH 

! r�5

! 

z " cos#VdGV5

! 

dz = "sin#d#3AB5

! 

"3,tl,�?V�?85z

3,tl34���ZG,3��<`�B5(29),

! 

"@pdGtl45��5 

    

! 

P
l '

m
(cos") # cos" # P

l

m
(cos")sin"d"

0

$

%

! 

= P
l '

m
(z) " z " P

l

m
(z)dz

#1

1

$            (30) 

VmGHc,tl<�34mjcVST5

! 

l'V

! 

l,pw<�T�GH�c34

Legendre����

! 

P
l

m
(z),���8ijX5

! 

P
l

m
(z),���(§4-2)8 UH 

! ¡¢£@45¤¥,

! 

P
l

m
(z)@pdG���8 UH 
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! 

z " P
l

m
(z) =

l #m +1

2l +1
" P

l+1

m
(z) +

l + m

2l +1
" P

l#1

m
(z)                        (31-1) 

    

! 

(1" z
2
)
1/ 2
P
l

m
(z) =

1

2l +1
[P

l+1

m+1
(z) " P

l"1

m+1
(z)]                        (31-2) 

!!"#$

! 

z " cos#$

! 

(1" z
2
)
1/ 2

= sin#"%&'!()

! 

P
l

m
(z)*+,-#$Legendre

./-

! 

P
l
(z)012&3*+,-$ 

   

! 

(2l +1) " z " P
l
(z) = (l +1) " P

l+1(z) + l " P
l#1(z)                         (32-1) 

   

! 

l " P
l
(z) +

d

dz
P
l#1(z) = z "

d

dz
P
l
(z)                                   (32-2) 

4)56"7&'(32-1)8(32-2)*+,-9:#$;3-2$;19-2"<=>?@A

0$Legendre./-*B1C

! 

G(r,z)4)D)(&'

! 

G(r,z)# r8 z"EFG0H

IJ6K&!8L$!*(32-1)8(32-2)*M-0NL&' 

! LegendreO./-

! 

P
l

m
(z) 0PQR*+,-(31-1)8(31-2)#$Legendre./-

*+,-(32-1)S z" mTIJ>R$

! 

(1" z
2
)
m / 2SUVRWX?YZ8$ (32-2)

*+,-S z"[m-1\TIJ>R$

! 

(1" z
2
)
m / 2SUV?YZ$S]QRD)(&' 

!

! 

""*^J(30)0

! 

P
l

m
(z)*+,-(31-1)S_`2(a$

! 

P
l

m
(z)*bcd(§4-2)@G$

^J(30)Le8#f)fQgh#$ 

             

! 

l'= l ±1         "       #l = l'-l = ±1                      (33) 

8f&!8Lbi0j&'

! 

"*^J4)*YZ$ 

             

! 

m = m'          "           #m = m'-m = 0                   (34) 

8klmR$nopqrstuv* zwJ012&xyz{Le8#f)fQ

|}C~,gh"%&' 

! ?�>$!(#$nopqrstuv* zwJ

! 

"(e)z = "(e)rcos#�(9:Le

"#fQ!8S��0>RQ&'e"#fQnopqrstuv* zwJ8#$

�}L��2&���}4)�6�(&�*��n�* zwJLe"#fQ!

8"%&'  

 

�nopqrstuv* x$ywJ012&xyz{� 

! nopqrstuv* x$ywJ0PQR*xyz{(27)*^J#$�(�($ 

! ! ! ! !

! 

< D
x

>= "
n',l ',m' * #($e)rsin% cos& #"n,l ,md'(                   (35-1) 

! ! ! ! !

! 

< Dy >= "n',l ',m' * #($e)rsin% sin& #"n,l,md'(                   (35-2) 

8f&'zwJ*�k(29)8*�Q#$���

! 

"*

! 

cos"L

! 

sin"�8~��($�
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!"

! 

"#

! 

cos",  sin"$%&'()*+',

! 

cos",  sin"-./012 

           

! 

cos" =
1

2
(e

i"
+ e

# i"
),     sin" =

1

2i
(e

i" # e#i" )  

*3456',7829:-;<'=>?

! 

("e)12(35-1))(35-2)$@ABA#C

D-1;EFG/#*2HI*1J/0K6', 

 

! 

< D
x

>" P
l '

m '
(cos#) $ sin# $ P

l

m
(cos#)sin#d#

0

%

& (1/2)(e
i'

+ e
(i'
)e

i(m(m' )'
d'

'= 0

2%

&     (36-1) 

 

! 

< Dy >" Pl '
m '
(cos#) $ sin# $ Pl

m
(cos#)sin#d#

0

%

& (1/2i)(e
i' ( e( i' )ei(m(m ' )'d'

'= 0

2%

&    (36-2) 

((*#L!"

! 

"#=>M7NK6', 

      

! 

(
1

2
) (e

i"
+ e

# i"
)e

i(m#m ' )"
d"

"= 0

2$

% = (
1

2
) (e

i(m#m '+1)"
+ e

i(m#m '#1)"
)d"

"= 0

2$

%          (37-1) 

      

! 

(
1

2i
) (e

i" # e#i" )ei(m#m' )"d"
"= 0

2$

% = (
1

2i
) (e

i(m#m '+1)" # ei(m#m '#1)" )d"
"= 0

2$

%         (37-2) 

)G'#*2

! 

m "m'±1= 0#OP2Q=>1@-1GRG/,(SHT#UV*

1=>1@)G',W-2 

! ! ! ! ! ! !

! 

m "m'±1 = 0      #       $m = m'"m = ±1                (38) 

$XYZ[#UV)G',(37-1)#E\1(1/2)*+'$2(37-2)#]S1(1/2i)*

)G^0/',_1 90`#!abMcdF2x) y#efLg$hi<'()

Mj<, x#efLg) y#efLg12hi<'k* xylm#nc#Lg-

oS', zLg-pq<'f$ xylm*refMs<tu-v$',Schiff 

(1968)#wxyz{|}~p.417�2Cowan(1981)# 13�G����S8/, 

! l-;<UV1��"

! 

"-;<'=>AR�RS',(S1x2y�>*��*2 

! ! ! ! ! !

! 

P
l '

m'
(cos") # sin" # P

l

m
(cos")sin"d"

0

$

%                      (39) 

*+',FAF2

! 

m "m'±1= 0#UVI*K6'��$+', 

 7N2

! 

m'= m +1)F0 (39)MK6��, 

             

! 

P
l '

m+1
(cos") # sin" # P

l

m
(cos")sin"d"

0

$

%                      (40) 

)G'#*2��#

! 

P
l

m
(z) -;<'{�#���(31-2)12

! 

z " cos# , 

! 

(1" z
2
)
1/ 2

= sin#! )F02 

           

! 

(1" z
2
)
1/ 2
P
l

m
(z) =

1

2l +1
[P

l+1

m+1
(z) " P

l"1

m+1
(z)]                  (31-2) 
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!"#$%&'()*+,,)-.&(40)+

! 

sin" # P
l

m
(cos"))/012#3 

! 

P
l

m+1
(cos") # sin" # P

l

m
(cos")sin"d"

0

$

% =
1

2l +1
P
l '

m+1
(z) # [P

l+1

m+1
(z) & P

l&1

m+1
(z)]dz

&1

1

%  

456& 

! 

P
l

m
(z)+789(§4-2)$%'+:;<=!>5.+>&

! 

l'= l ±1+?!"

#3 

! @A&

! 

m'= m "1+BC&(39)>& 

             

! 

P
l '

m"1
(cos#) $ sin# $ P

l

m
(cos#)sin#d#

0

%

&                      (41) 

45#<&DEF(31-2)+ 

! 

(1" z
2
)
1/ 2
P
l

m
(z) =

1

2l +1
[P

l+1

m+1
(z) " P

l"1

m+1
(z)]! 

! 

m" (m #1),  l" l'4GH 

! ! ! ! ! ! ! !

! 

(1" z
2
)
1/ 2
P
l '

m"1
(z) =

1

2l'+1
[P

l '+1

m
(z) " P

l '"1

m
(z)] 

)IJG&(41)+

! 

P
l '

m"1
(cos#) $ sin#)/012#3 

  

! 

P
l '

m"1
(cos#) $ sin# $ P

l

m
(cos#)sin#d#

0

%

&

! 

=
1

2l'+1
[P

l '+1

m
(z) " P

l '"1

m
(z)]P

l

m
(z)dz

"1

1

#  

456&

! 

P
l

m
(z)+789(§4-2)$%, 

! 

l = l'±1!"#?+K&'+:;>=!>5.3

LM, 

! 

m'= m ±1&

! 

l'= l ±1 <NOPQ+RSTUE45#3 

! VWXSYZ[\Z]S^_!+`aPQ!&]bcdefghi+PQj

klW<=4>5%5.mn>&ophqrstu#vwxy2z& 

           

! 

"l = ±1                                    (42-1) 

           

! 

"m = 0, ±1                                (42-2) 

           

! 

"s
z

= 0                                     (42-3) 

45#3{11-4!>&1[\ 1]S^s|}#oph~�����J+�#��

��f;�s�.z��G&����RRST

! 

j = l ± sz = l ±1/2  (l "1)+���

s;�u#'4)��H3'+RST j+UE+BC>&���>  

           

! 

"j = 0, ±1    (0# 0 exluded)                   (42-4) 

45#3  
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19-6) ! Laporte!"#$%&'()*+,!-.#  

! /01,23456%&'()*+789:;6<=!>?+@AB!C,

D6EFGF9HI!J:;6<=!>?+@AB!CKLMNO'()*+

7$FI23456G$PQ$9RSGOTQ,8;UEVS5WJ:;6<

=!>?+@AB!CKXYL'()*+7$FI23,Z6E[!JVS5

W>?+@AB!\K]^_`6/01aMb#L-.#(selection rules)$cd

56ELaporte!"#(1924)89lOe`6%&/01!-.#!f=,9gha

O89[!Mb#]iR`6j,k&l18mS56[$O;nWET!op

89 

Jf=!q&rsGStu6/01!vB (term)w8, xq&! l !y(

! 

l
i" )

Lz{G|{GO}~9vz!B(even term)w$v|!B(odd term)wO</459

23456'()*+789 

                vz!Bw!v|!Bw                       (43) 

!��OVS56EK,D6E  

! 1���q&�!��e{$FI9Slater�����8-2-4�]��W�9[!

��e{89xq&O\`6 1q&��e{!�GSmnW�\�����8-3�

,D6GS9����O}~9xq&O\�`6

! 

Y
l
i

m
i (",#)  8

! 

("1)li Y
l
i

m
i (#,$)$;

~9H�,8 

! ! ! ! ! ! !

! 

("1)l1 # ("1)l2 # # # ("1)li # ## = ("1)
l
i

i

$

                   (44) 

!�&L��E! (44) !�L��$;6

! 

l
i" Lz{!� Lz¡¢(even parity)9

-1$;6

! 

l
i" L|{!� L|¡¢�odd parity�,D6E 

! £�d9

! 

[Xe] f
2
p!q&rs8|¤¥¦§A�odd parity�]¨©9

! 

[Xe] f
2
d!

rs8z¤¥¦§A(even parity)]¨=E

! 

[Xe]8ª«!¬'(Xe)q&rsO®W

~9¯!¬'q&rs,¨9°Oz¤¥¦§A(even parity)$FI±²`6!

,9 ³°89ª«´/]µ¶FIq&rs]·¸FI¹º`6E

! 

[Xe] f
2
p8»

O

! 

f
2
p9

! 

[Xe] f
2
d¨

! 

f
2
d  $¸`E1q&¼½$FI! s, p, d, f¼½! l89T5

¾59l=0, 1, 2, 3,D6E f¼½¿�! l8|{ 3,DnI¨9fq&L 2ÀD

6$9<Á456!,9z¤¥¦§A$FI±²`6E

! 

f
2
pH�!¤¥¦§A8

! 

("1)
3
# ("1)

3
# ("1)

1
= ("1)

7!|¤¥¦§A�odd parity�$;6EfÂ9

! 

f
2
d!� 

89

! 

("1)
3
# ("1)

3
# ("1)

2
= ("1)

8!z¤¥¦§A(even parity)$;6Ex 1q&¼½!

l !�$9T!q&rs,ÃÄ6¼½!À{9!ÅÂO}nI(44)!¤¥¦§A

8ÃÄ6[$OÆÇE 
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! !"#$%&'()*+,-./012, 3()' l '4(

! 

l
i" )567,87

,9:;$<6'1(even term)=><8'1(odd term)=9?@AB0CD)@E

FG2$HIJ'KL>M#$<8'1(odd term)='NO$S$P$D$FP' term 

IQ'RS9< ° =TUV$<6'1(even term)=92WBTUVXY>Z[M

#Y0(Cowan, 1981)C <6'1=><8'1=>2$\]^_7`@TaYb

cde75$fBgB$6e7>8e7>X0hiGj0Ck,-$l19-1, 2, 3

9mnb:o9$(pqrstu^v28e7k,-$w>2X-XYxyz

{|}2$<6'1(even term)=!<8'1(odd term)='NO9~-B0C Laporte

'��2$cde7'68�(parity)9���(pqr��9�V0���,-

��AB0C 

! cde7'68� (parity)2$���N'�)9��0 Hamiltonian, 

  

! 

! 
H = p

2
/2m + U(r)5����G�_9�bB0W>,-����B�$f'�|

�5A-9��9X0CWWG2��MXY'GCu ¡$¢)�F£(1971), l

3-14$l5-20T¤¥ABbYC 

! l11 G2$1 ��¦()§' LS 1> J ¨©ª'«¬ªt9&Y#mnbC

fWG2$Russell-Saunders®O(LS®O)> jj®O9���MbCl12G2$¯

°X()*+,-./0 LS1«¬ªt9&Y#��MbCl11Gmnb:o

9$Russell-Saunders®O(LS®O)G±²0¦()§'«¬ªthi2$ 

! !  1)³´µ¶·d¢'¢)7 L$! ! 2)³\]^¶·d¢'¢)7 S$ 

! !  3)³¶·d¢'¢)7 J$ 

G¸¹G�0C! L 2³´µ¶·d¢'º»¼½)

! 

ˆ L 
2'¾¿À  

! 

L(L +1)!9:;$

S2³\]^¶·d¢'º»¼½)

! 

ˆ S 
2'¾¿À  

! 

S(S +1)!9:0CÁb$³¶·d

¢'¢)7 J2³¶·d¢

! 

ˆ J = ˆ L + ˆ S 'º»¼½)

! 

ˆ J 
2'¾¿À  

! 

J(J +1)!9:0C 

! ¦()§'(pqrxy9e�0���2$Laporte'��9Â²#$¢)7

L, S J'_Ã>M#Ä²-B0C®ÅkVÆ�>ÇÈ':o9X0C  

         

! 

"S = 0                                       (45-1) 

         

! 

"L = 0, ±1                                  (45-2) 

         

! 

"J = 0, ±1    (0# 0 exluded)                    (45-3) 

>X0CRussell-Saunders®O(LS®O)5ÉÊMXYNOG�$ (45-3)2%ËÌ

9ÉÊ�0CW'Í'���'%ËÌÎÏ2$Ð�Ñ'HÒ>¶·d¢'eÓ

,-ÔÕGj0Ö×D$1970ØCowan, 1981; Sobelman,1991Ù5$WWG2ÚÛ

;MXY.!  
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19-7)! !Laporte"#$% d!d&'( f!f&'  

! )*+%,-./0123456789:;<0=>?@ABCD458Laporte

%EF5G%HBIJKLMNO(PQRS 

! TUVW@XYZI[R\8]^LMN_`a/&'58bcd(parity) 

! ! %e=@fB&'IghMNij 

TUVW@XYZj(58+W./0123@kl.m(n\opqr@st

u8qrv(wx4y6Rz{`|}~(6NC/�;<%O(4�Ni&'

9:;<�=>?458+W./0123@����}�/%Q�<P8��

�<�8}��8���<�6}��8���<�4}��8��8OMh%���

Q�<, 6�(6�\RNi���<����<5UVW@XYP8���<5

UVWP�Ri��8���Q�<4�UVWP�R�>P�NiO%HB6

��P�N�I8TZPUVW@XYO(@v�I�Nj(%��P� ¡¢I

£MNi (43)(¤^P¥6N¦456Ri 

! &'9:�§¨©ª«%;<�=>?458./C_`% Laporte%EF¬h

�N(]^LM6R d!d&'( f!f&'IU�N®¯°±²³P8´µI¶

·LMNi!Laporte"#$(¸¹º»y4Jn�%5¼%�4�NiO%½¾I

YR\bcd%¿m¬hÀÁÂÃIÄÅ�Ni 

! ÆÇ123�ÈÉ§¨©ª«123%;<0=>?@AB�>8+WÊ12

3IYR\

! 

[Ar]d
n
,  [Xe] f

n%a/}~@ËtNiO%bcd58./C_`%Ì

Í|ÎÏ(44)¬h�N(8ÐÑÒC@�¿n\� (44)%Ó5e=n6R%48 a

/}~5

! 

d
n8

! 

f
n(n\bcd@ËtN.!

! 

d
n%�>8dÔÕ5 lÖ2�¬h8(44)

%bcd5

! 

("1)
2n

= +14b4�Ni×�Ø(Ù�ØPÚIa/}~P

! 

d
n4�NH

B6&'P d!d &'�¬h8OM5bÛb%&'4 Laporte "#(6Nin¬

n8ÆÇ123%;<ÜÝÞ�ßà58áâ6ãIäãn\[�8O%äã%

.å5 d!d&'IHNæ¿_%çè(ËtéN@ê6Rië+WQa/Z@A

B./C_`%ßÅ@8Q./ZI¼%��Xìí�(O%îïPðñNiÀ

Á%òó@ô�Ni 

! õö%./0123¬h÷NC/8;<8ßà458./C_`I[øN 1

+WQa/Z%./0123(5¥6�8./ù—a/úûÀüI./ù—.

/ùúû�ýþ%eö(6Niÿ�\8Q./Z4�N&'9:;<�=>?

I58./!úû�./ù!úû�P"!(ÚI#$eþ�N%þýþ%,-

&P�Ni¼%�8+W&'9:123(}�/!%'Ue�IH�8���
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