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!2! "#$%&"#$%'()  

*+,-+.)/012345"#$%16789:;<=>1?@8AB

CDEF%)GHIJKLMNOPQARS1*+,-+.)/0N"TUV

WNXIY8Y(!,")NZ[>6\];^_Fl(l!")N`a;bX78A!

!

(2-1)! cdGHN"#$%  

cdGHe)N"#$%
  
(
! 
l )EFfghiNjkN3l1mQFnNopfg

hi
  
(
! 
r )&#$%fghi

  
(
! 
p = m

! 
v = m

! ˙ r )1qrsNqt1uvDC8F 

! ! ! ! ! ! ! ! ! ! !
  

! 
l =
! 
r !
! 
p ! ! ! ! ! ! ! !            (2-1-1) 

"#$%
  
(
! 
l )NwxyEFz 2-1-1;{|}~F 

! ! ! ! ! ! ! ! ! ! !
  

! 
l =
! 
r !
! 
p !sin"! ! ! ! ! !            (2-1-2) 

IFBCEopfghi
  
(
! 
r )&#$%fghi

  
(
! 
p = m

! 
v = m

! ˙ r )O�8����]N

�k1�}QA"#$%
  
(
! 
l )NU�EFsNqt1uvDC8Aopfghi

  
(
! 
r )

&#$%fghi
  
(
! 
p = m

! 
v = m

! ˙ r );����9IFopfghi
  
(
! 
r )�D#$%f

ghi
  
(
! 
p )�"T(! );�rFBCO���N��"IY8�N���N��U

�OF"#$%
  
(
! 
l )NU�&L8(z 1-5-1)A 

! ��NfghiNjkE<�NfghiIYrF�N�fghi&��78A

fghiNjkIEkN��;�v8&��O��1L8A ¡F¢<fgh

iNjkE£&L8A 

 

 

 

 

 

 

 

 

 

 

 

 

��¤¥/N xFyFz¦N§ofghi;
  

! 
i ,  
! 
j ,  
! 
k  Fopfghi;

  

! 
r = (x,  y, z)F

¨  
O 

  

! 
r    

! 
p =m
! 
v  

  

! 
p =m
! 
v  

  

! 
r  

  

! 
l  

z 2-1-1A©ª1�78"#$%N3l!
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#$%fghi;
  

! 
p = (px ,  py,  pz )&78�F"#$%

  

! 
l = (lx,ly,lz )EsNqtL�

«WIuvDC8F 

        

! 
l =
! 
r !
! 
p =

! 
i 
! 
j 
! 
k 

x y z

px py pz

=
y z

py pz

"
! 
i #

x z

px pz

"
! 
j +

x y

px py

"
! 
k 

= (lx ,  ly ,  lz )

! !  (2-1-3) 

BN¬­EfghiNjkN3l�D®DC8NIFfghiX¯N°±²I

³´}~µ¶Am·~F"#$%
  

! 
l = (lx,ly,lz )N��¤¥¸¹EF 

           

! 

lx = y " pz # z " py  

           

! 

ly = z " px # x " pz! ! ! ! ! ! ! ! !                   (2-1-º) 

           

! 

lz = x " py # y " px  

&L8A 

! BBIFlx = y ! pz " z ! pyN�»¼¹;&8&F 

! ! ˙ l x = ˙ y ! pz + y ! ˙ p z " (˙ z ! py + z ! ˙ p y ) = ( ˙ y ! pz " ˙ z ! py ) + (y ! ˙ p z " z ! ˙ p y )  

IF½N ˙ l y ,  ˙ l zM¢¾N]1L8NIFBCE 

! ! !
  

! ˙ 
l =

d

dt
(
! 
r !
! 
p ) = (

d

dt

! 
r )!

! 
p +
! 
r ! (

d

dt

! 
p ) =
! ˙ r !
! 
p +
! 
r !
! ˙ p  

IY8AjkN¼¹E¿ÀNkN¼¹Á1mtA 

 

*,-GÂ1µÃ8<e)N"#$%
  
(
! 
l )0  

"#$%NJKÄ;bX78Å1F,-GÂ1µÃ8<ÆNe)N#$;Ç

v8A,-GÂ&EF¤¥Èª&nN©ª;¬ÉU�NÊ1ËÌ�ÍNGO�

Í}FnNwxyEÈª�DNÎÏNÊ1Ð8ÂÑIY8A¤¥Èª1p�C

¡Ò.Ó&gÔÕÖËÌ�Í}LOD#$78<ÆN.);ÇvC×ØQÙz

1-1-+ÚA
  

! 
r = r&78&FBN#$1�78 NewtonN#$UVWEF 

! ! ! ! ! ! ! !
  

m
! ˙ ̇ r =
! 
F = f (r) !

! 
r 

r
! ! ! ! ! ! ! ! ! ! !     ! (2-1-5) 

&²Ã8A<UF"#$%
  
(
! 
l )N�»¼¹EF 

! ! ! ! !
  

d

dt
(
! 
l ) =

d

dt
(
! 
r ! m

! ˙ r ) =
! ˙ r ! (m

! ˙ r )+
! 
r ! (m

! ˙ ̇ r )! ! ! ! ! !      (2-1-6) 

&L8ARSNÛ1 NewtonN#$UVW;ÜÝ7C×F 

! ! ! ! !
  

d

dt
(
! 
l ) =

d

dt
(
! 
r ! m

! ˙ r ) = m(
! ˙ r !
! ˙ r ) + m

f (r )

r
(
! 
r !
" 
r )= 0 ! ! !     (2-1-7) 
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&L8B&OÞ�8A¢<fghiNjkEßÕà�DIY8Am·~F 

,-GÂ1µÃ8<e)/N#$IEFnN"#$%
  
(
! 
l )E<3IY8A*"#$

%
  
(
! 
l )EáâyC80&MãtA 

"#$%
  
(
! 
l )E<3IY8�DFBNU�; z ¦1<äy4¡ÂÑ;Z[>1

Çv8Ae)N#$E x-y�91Y8B&1L8AåæF 

! ! !
  

! 
l = (0,  0,  lz ),   r = (x,  y, 0),   p = ( px,  py ,  0)! ! ! ! ! ! !    (2-1-8) 

IY8A 

 

 

 

 

 

 

 

 

 

 

 

 

e)Nop;z 2-1-2 Nç¤¥/Iè4×F x = r cos!,   y = r sin!! IY8�DF

BC;�»¼¹}~F 

! ! ! ! ! ! ˙ x = ˙ r cos! " rsin! # ˙ ! ,     ˙ y = rsin! + rcos! # ˙ !  

IY8ABC;F lz = x ! py " y ! px ! 1ÜÝ7C×F"#$%  
(
! 
l )O®DC8An

N¬­E 

! ! ! ! lz = x ! py " y ! px = mr
2
(cos

2
# + sin

2
#) ! ˙ # = mr

2 d#

dt
! !  !     (2-1-9) 

&L8A
  

! 
l = (0,  0,  l

z
)O<3IY8&EFz ¦NérN��#$N"êTO<

3IY8B&;`a}~Q8As1FPe)/NÂÑ;Çv~Ê8A 

 

 

*,-GÂ1µÃ8Pe)/Në"#$Ù  

! 
L Ú0  

e)»NËÌ�ÍE��Ne);¬ÉU�NÊ1�Í}FnNGNwxyE

ÙrFìÚ 
ì x 

z 

y 

z 2-1-2AxFyÔ��1µÃ8<e)/N#$ 
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��Ne)»ÎÏNÊ1Ðâ78&78Aí\NÓ.e)OgÔÕÖG;îï}

YQLOD#$}~Q8ðñ;ÇvC×ØQA¡à}F.ÓE�e)1òóI

Y8&78Aôe)/I<U;¤¥Èª1ò3}¡ÂÑOFõ?N,-GÂ1

µÃ8+e)/1L8NIFöQ`aIN*,-GÂ01µÃ8Pe)/;Ç

v8B&1L8A 

e)÷&e) jNopfghi;F
  

! 
r i ,   
! 
r j&}FøùNÎÏ;

  
rij =
! 
r ij =

! 
r i !
! 
r j &7

8&Fe)÷1�Í78e) j1q8GEF 

! ! ! ! ! !

  

! 
F ij = f (rij ) !

! 
r ij

rij

! ! ! ! ! ! ! ! ! ! ! ! !         (2-1-10) 

&²Ã8A

  

! 
r ij

rij

Ee) j�De)÷1��t§ofghiIY8AÓ.e)N.Ó

E<=1E�}¶LQNIFúûüýNe)»ÎÏOr = rij = rklIY·~MF<

=1Ee)�OþLC×F f (rij ) ! f (rkl )IY8Aÿ!EF f (rij ) ! fij (rij )&²¶@

xàOFBC;"#}~Q8B&1$`Am·~Fe)÷1�78 NewtonN#

$UVWEF½Ne)�D%Ã8G;ë&'v~FsNqt1²Ã8A 

! ! ! ! ! !

  

mi
˙ ̇ r i =

! 
F ij

j ( j!i )

" = f (rij) #

! 
r ij

rijj ( j! i)

" ! ! ! ! ! ! ! !           (2-1-11) 

! &B(IFPe)/ë[Në"#$%Ù  

! 
L ÚEsNqt13lyC8A 

! ! ! ! !

  

! 
L = ri

i

! " pi = ri

i

! " (mi

! ˙ r i)! ! ! ! ! ! ! ! ! !      (2-1-1ô) 

Æ)Ne)N"#$%EfghiIY8�DFBC;ëe)1�Q~fghi

*;&·¡MNOë"#$%Ù  

! 
L ÚIY8A*,-GÂ01µÃ8Pe)/IE

BNë"#$%Ù  

! 
L ÚOáâyCB&Ow�JKIY8A 

+e)NÂÑ(2-1-7)&¢+qt1F  

! 
L N�»¼¹;^_~BC;³´}~Êq

tA¢<fghiNjkE£IY8B&1$`}~F 

! ! !  
  

d

dt
(
! 
L ) =

d

dt
{ (
! 
r 
i
!m
! ˙ r 
i
)

i

" } = (
! ˙ r 
i
!m
! ˙ r 
i
)

i

" + (
! 
r 
i
!m
! ˙ ̇ r 
i
)

i

" = (
! 
r 
i
!m
! ˙ ̇ r 
i
)

i

" ! !  

&L8ABC1 NewtonN#$UVW;ÜÝ7C×F 

! ! ! ! !

  

d

dt
(
! 
L ) = (

! 
r i !mi

! ˙ ̇ r i )
i

" =
! 
r i !{

i

" f (rij)

! 
r ij

rijj ( j# i)

" }! ! ! ! ! !    (2-1-13) 

IY8A�Í��ÍN,Á�DF
  

! 
F ij = !

! 
F ji ! IY8NIF 

! ! ! !

  

! 
r i !
! 
F ij +
! 
r j !
! 
F ji = (

! 
r i "
! 
r j ) !

! 
F ij =

! 
r ij ! f (rij )

! 
r ij

rij

= 0 ! ! ! ! !    (2-1-14) 
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IY8ABNR-N�WN9:;Çv8& (2-1-13)��N�J*EFi > j ! &}

¡sN<J*1�}QB&OÞ�8A  

    

d

dt
(
! 
L ) =

! 
r i !{

i

" f (rij)

! 
r ij

rijj( j#i )

" }= (
! 
r i $
! 
r j

i> j

" ) ! f (rij )

! 
r ij

rij

=
! 
r ij

i> j

" ! f (rij )

! 
r ij

rij

= 0  

n}~F<J*N�ÛE(A2-1-14)NRSN�W1Y8qt1F¢<fghiN

jkI£IY8Am·~Fë"#$%Ù  

! 
L ÚN�»¼¹E£IYrFë"#$%

Ù  

! 
L ÚEáâyC8A 

! ./Nqt1FcdGHIEF,-GÂ1µÃ8 1e)N#$N"#$%
  
(
! 
l )E

áâyC8APe)/IY·~MF.Óe)NgÔÕÖËÌ�ÍNqt1FGE

�e)�;¬ÉU�1NÊ1�Í}FnNwxyEe)»ÎÏNÊ1q·~u

vDC8*ölN,-GÂ0IEFë"#$%Ù  

! 
L ÚOáâ%IY8ABNqt

LcdGHN  

! 
l 0  

! 
L EF%)GH1Y·~E'()11;�v8OF0ErF#

$;2%;#?78A"#$%O3NqtL'()&LrF3NqtLÄ©;

4��;s1Çv8A 

 



 24 

(2-2)! !"#$%&'()*+,-.  

/01'*!"#%&'(+,-.2  

$'34*!"#$%&'(ˆ l )56(1-2-1)*"#$78*%&'9:;,<=

>( 

! !

  

! 
p = (px , py, pz )! (

"

i

"

"x
,
"

i

"

"y
,
"

i

"

"z
)  

7?@34A!"#$
  
(
! 
l =
! 
r !
! 
p )9BCDEFGHI)*JK56 

! !

  

ˆ l x =
!

i
(y
!

!z
" z

!

!y
),    ˆ l y =

!

i
(z
!

!x
" x

!

!z
),    ˆ l z =

!

i
(x
!

!y
" y

!

!x
) ! ! ! (2-2-1) 

(L=I?@34A"#$5
  

! 
p = (px , py, pz ) = px

! 
i + py

! 
j + pz

! 
k ! MNO6PQ6R

ST5
  

! = (
"

"x
)
! 
i + (

"

"y
)
! 
j + (

"

"z
)
! 
k ! MN=UV6WX*:;,<56

  

! 
p ! ("/ i)"!

MN=IYZ[6(2-2-1)58*\9]^=6 

! ! ! ! ! ! ! ! !
  

ˆ l =
! 
r ! (
"

i
") = (

"

i
)
! 
r ! "! ! ! ! ! ! ! ! ! ! ! ! ! (2-2-2) 

>*_`9a<VE=!"#$%&' (ˆ l )956+,-.bcommutation 

relationsc(dFE=8*efL-.ghOiZ[H=I 

! ! ! ! ! ! ! ! !

  

ˆ l x
ˆ l y !

ˆ l y
ˆ l x = i!ˆ l z ,    

ˆ l y
ˆ l z !

ˆ l z
ˆ l y = i!ˆ l x,   

ˆ l z
ˆ l x !

ˆ l x
ˆ l z = i!ˆ l y,

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (2-2-3) 

>EghiD=>(56j<F6
  

ˆ l x
ˆ l y !

ˆ l y
ˆ l x = i!ˆ l z ,    *kl6 

! ! ! !

  

ˆ l x
ˆ l y = !!

2
(y
"

"z
! z

"

"y
)(z

"

"x
! x

"

"z
) = # # #  

! ! ! !

  

ˆ l y
ˆ l x = !!

2
(z
"

"x
! x

"

"z
)(y

"

"z
! z

"

"y
) = # # #  

7mnA9op6
! 2

!x!z
=

! 2

!z!x
,  etc. ! 9qrDEF6st*ug

  

ˆ l x
ˆ l y !

ˆ l y
ˆ l x = i!ˆ l z ! M

N=>(gv=Iw*klxy\9z{M;=I 

P|96}~*��%&' ˆ A ,   ˆ B ! UV�VE�68*_`L%&' 

! ! ! ! ! ! ! ! [ ˆ A ,  ˆ B ] ! ˆ A ̂  B " ˆ B ˆ A  ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (2-2-4) 

5/ ˆ A ( ˆ 
B *+,'bcommucatorc2(dFE=I(2-2-3)*��56>*+,'
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!"#$%&'()(2-2-3)* 

! ! ! ! ! ! ! !

  

[ˆ l x,
ˆ l y] =

ˆ l x
ˆ l y !

ˆ l y
ˆ l x = i! ˆ l z ,    

[ˆ l y,
ˆ l z ] =

ˆ l y
ˆ l z !

ˆ l z
ˆ l y = i!ˆ l x,   

[ˆ l z ,
ˆ l x ] = ˆ l z

ˆ l x !
ˆ l x

ˆ l z = i!ˆ l y,

! ! ! ! ! ! ! ! ! ! ! ! ! (2-2-5) 

+,-&./01234256+7825629:*);'(<x)y)z=) 

<y)z)x=)<z)x)y=+>?@AB&2ACD!*EFAB&.GH*78I

!B&56JKLM&. 

N2/0OP*)QRST2UV2WXJYZM&+[\A,-&.(2-1-3)

A]^_`!)342QRST  

! 
A ,   
! 
B ! 2UV*) 

! ! !
  

! 
A !
! 
B = (AyBz " Az By)

! 
i + (Az Bx " AxBz )

! 
j + (AxBy " AyBx )

! 
k ! ! ! ! (2-2-6) 

AB&.NNA)  

! 
B !

! 
A  2ab0cJ\`+) 

! ! ! !
  

! 
A !
! 
A = (AyAz " Az Ay )

! 
i + (Az Ax " AxAz )

! 
j + (Ax Ay " Ay Ax)

! 
k ! ! ! ! (2-2-7) 

AyAz = AzAy,    AzAx = Ax Az ,    Ax Ay = Ay Ax ! ABd)  

! 
A !
! 
A = 0AB&<efQRS

T2UV*g=.h'h)(2-2-7)A)  

! 
A ! ˆ A ! +h$ij1!ab0c&+) 

! ! ! !
  

! 

ˆ A " ˆ A = ( ˆ A y
ˆ A z #

ˆ A z
ˆ A y)
! 
i + ( ˆ A z

ˆ A x #
ˆ A x

ˆ A z )
! 
j + ( ˆ A x

ˆ A y #
ˆ A y

ˆ A x )
! 
k ! ! ! ! (2-2-8) 

AB&.Nk*/0OP(2-2-3)2l8I!mnh$%&.QRST2UV2WX

JYZh^(2-2-8)JZ%&+)/0OP* 

! ! ! ! ! ! ! ! ! ! !   
ˆ l ! ˆ l = i!ˆ l ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (2-2-9) 

+"&.  !! 0! 2opA*) ˆ l ! ˆ l " 0 ! ABd)qrst2  

! 
l !
! 
l = 0!mnM

&. 

 

uv0ij1+ewxyO6z  

ˆ A + ˆ 
B 2/01)[ ˆ A ,  ˆ B ] ! ˆ A ̂  B " ˆ B ˆ A  )!Oh$){2|}"~����M&. 

! ! ! ! ! ! ! ! ! ! [ ˆ A ,  ˆ B ] ! ˆ A ̂  B " ˆ B ˆ A  = 0 ! ! ! ! ! ! ! ! ! ! ! (2-2-10) 

��d�4w) ˆ A + ˆ 
B *uv0"ij1AB&<commuting operators=z+�%)

�ij1*��2ewxyO6J�4. ˆ A + ˆ 
B �v0AB&N+*)�����

2ewxyO6J�4�2�}����AB&.u��2ewxyO6z*)�

!u��2xyO6z)uewxyO6z+���k&. 

N2~�*){2_`!��Ab&.ef2QRST��!�ZM&342

HWij1 ˆ A + ˆ 
B ���2xyO6<! =J�4+Mk�) 

! ! ! ! ! ! ! ! ˆ A ! = "! ,          ˆ B ! = µ! ! ! ! ! ! ! ! ! ! ! (2-2-11) 
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!,  µ ! !"#$%&'()*+,-./-.0(1.23.456+) 

! ! ! ! ! !

ˆ A ˆ B ! = ˆ A ( ˆ B ! ) = ˆ A (µ! ) = µ( ˆ A ! ) = µ"!  

ˆ B ̂  A ! = ˆ B ( ˆ A ! ) = ˆ B ("! ) = "( ˆ B ! ) = "µ!
 

(1.78) ˆ A ˆ B ! " ˆ B ̂  A ! = ( ˆ A ˆ B " ˆ B ̂  A )! = 0(19) ˆ A ˆ B ! ˆ B ̂  A = 0! 2-.4 

:;) ˆ A 2 ˆ 
B <=>() ˆ A ˆ B ! ˆ B ̂  A = 0! (1.23.4?$@) ˆ A $%&A0B

! 23.2) ˆ A ˆ B ! = ˆ B ̂  A ! = ˆ B ("! ) = " ˆ B ! 2-.4?C!) ˆ A ( ˆ B ! ) = "( ˆ B ! )(1

.78)ˆ 
B ! !)ˆ A $%&'!DE3.%&A0(1.?2BFGH+I9)ˆ 

B !

!! BJ0KHLM$DNHO2PQ+RO4ST) ˆ 
B ! = µ! ! 2-.4 

! UV!)%&'<WXH+O-OYZ(1.<) ˆ A $%&'<[XDWXH+

I9):\$%&'!
i
D]H+[^$_`ab-%&A0<]c3.YZ!)

:deD!)?C8%&A0$fF$:`gZ<%&'!
i
$%&A02-.4

?$YZMhiDH+Vj$JkBlm(n.oMessiah)1961p qr)1978s4 

 

tuvwx$*yz{|}~wo ˆ 
L s2�$�>A��  

N ^$vw78-.x$����e*yz{|!)"vw$yz{|$��

���(16L78) n ��$vwD\O+)_vwx$YZ(2-2-2)2h��

�D) 

! ! ! ! ! !
  

ˆ l 
(n)
=
! 
r 

(n )
! (
"

i
")

(n)
= (
"

i
)
! 
r 

(n )
! "

(n)
! ! ! ! ! ! ! !  (2-2-12) 

2-.4?$*vwD\O+$�<uvwx$*yz{|}~wo ˆ 
L s 

! ! ! ! ! ! ! ˆ L = ˆ l 
(n)

n=1

N

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  

B�Q.4ST) 

! ! ! !

ˆ L x =
ˆ l x

(1) + ˆ l x
(2) + ! ! + ˆ l x

(N ) = ˆ l x
(n)

n=1

N

"

ˆ L y =
ˆ l y

(1)
+ ˆ l y

(2)
+ ! !+ ˆ l y

( N)
= ˆ l y

(n)

n=1

N

"

ˆ L z =
ˆ l z

(1) + ˆ l z
(2) + ! ! + ˆ l z

(N ) = ˆ l z
(n )

n =1

N

"

! ! ! ! ! !  !  (2-2-13) 

(1.4 

"vw)�Q�)n��$vw$yz{|}~w��!_vw$YZ2h�()

��D=>(!-�)(2-2-5)$�>A�B��3.��(1.4H7H)�$v
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!"#$%&'(!)*+,-./01234!,3"56789:;<=/

012>?@1AB?CDE4!/0FGHCIJK#$%&'(!)*+L

M#$%&'(!)*,-./012NOHCIJK56+PQ56RST1

<=/012U"V#$%&'(!)*"W.!,C 

! !

[ ˆ L x,
ˆ L y] = ( ˆ l x

(n)

n=1

N

! )( ˆ l y
(n )

n=1

N

! ) " ( ˆ l y
(n)

n=1

N

! )( ˆ l x
(n)

n=1

N

! )

=
n=1

N

! ˆ l x
(n) ˆ l y

(n ' )

n ' =1

N

! "
n=1

N

! ˆ l y
(n) ˆ l x

(n ' )

n' =1

N

! =
n=1

N

! (ˆ l x
(n) ˆ l y

(n ' ) " ˆ l y
(n) ˆ l x

(n' ))
n' =1

N

!
 

+T1RC34!"#$%)*+,-./01"/CXYCDE4!"W.!

"ZR[12\FGC]^"_>"`ab,CDE4!?cd1efb+TgC 

! ! ! ! ! !

  

[ ˆ L x,
ˆ L y] =

n=1

N

! (ˆ l x
(n) ˆ l y

(n ') " ˆ l y
(n) ˆ l x

(n' ))
n ' =1

N

!

= (ˆ l x
(n) ˆ l y

(n) " ˆ l y
(n) ˆ l x

(n) )
n=1

N

! = i! ˆ l z
(n )

n =1

N

! = i! ˆ L z

 

+T12h"W.!?;iGHDj/01<=Ck4!l"V#$%&'(!

m ˆ 
L n?;iGHCo4!"#$%&'(!+DjTW.cpR)qd12 

! ! ! ! ! ! ! ! !

  

[ ˆ L x,
ˆ L y] = i! ˆ L z

[ ˆ L y,
ˆ L z ] = i! ˆ L x

[ ˆ L z ,
ˆ L x ] = i! ˆ L y

! ! ! ! ! ! ! ! ! ! ! !  ! (2-2-14) 

r,Cef?C!   
ˆ L ! ˆ L = i! ˆ L ! ! /012 

>?st1ou!"IJK#$%&'(!m ˆ s nHCku!l?vw1 ˆ s "b

/01VIJK#$%&'(!m ˆ S nHC (ˆ l )  xm ˆ 
L n"W.cp(A2-2-5)C 

(A2-2-14)+VyDjTW.cp9ziG{|}O12 

&!~�/,C#$%&E�9 ˆ J ! +���C 

! ! ! !

  

[ ˆ J x , ˆ J y ] = i! ˆ J z

[ ˆ J y,
ˆ J z ] = i! ˆ J x          or        ˆ J ! ˆ J = i! ˆ J 

[ ˆ J z ,
ˆ J x] = i! ˆ J y

! ! ! ! !   (2-2-15) 

T1W.cpR)qd1N+9HFGC#$%& ˆ J "{|+�Gi12 

! NO�/"mVn#$%&'(!,Cu!"LM$%?cd1H"/012

E�"#$%&'(!+�3d1�?CmVnLM#$%&'(!+����R
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!"#$%$&'()*+,-./&01&2345"6789:;$&<=&

>?@ABC(ˆ l )&D>?@ABCE ˆ 
L F5G+H5IJ-# 
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(2-3)! !"#$%&'()*+,-()*  

! $*./0123!"#$%456789%:;<=0>?@9A9B()

*CDE045F3G!"#$%&'()*Hsquared angular momentum operatorI

+,-()*(raising and lowering operators)6<=:J3G<=E()*K0LM

NBOPQ>R6J3G 

 

S!"#$%&'()*H ˆ J 
2

IT  

!"#$H%UVDI%&'()*CW%XY045F3; 

! ! ! ! ! ! ˆ J 
2

! ˆ J ̂  J = ˆ J x
2

+ ˆ J y
2

+ ˆ J z
2

! ! ! ! ! ! ! ! ! ! ! ! ! (2-3-1) 

<%XY045D=9!"#$%&'()*H ˆ J 
2

IL; ˆ J x,   ˆ J y ,   ˆ J z ! %Z[\+

]^:J3G_`; 

! ! ! ! ! [ ˆ J 
2
,  ˆ J x] = 0,      [ ˆ J 

2
,  ˆ J y ] = 0,     [ ˆ J 

2
,  ˆ J z ] = 0! ! ! ! ! ! ! ! (2-3-2) 

6[aF3G<=EL; 

! ! ! ! !
[ ˆ A 

2 , ˆ B ] = ˆ A 
2 ˆ B ! ˆ B ̂  A 

2 = ˆ A 
2 ˆ B ! ˆ A ̂  B ̂  A + ˆ A ̂  B ˆ A ! ˆ B ̂  A 

2

= ˆ A ( ˆ A ˆ B ! ˆ B ̂  A ) + ( ˆ A ̂  B ! ˆ B ˆ A ) ˆ A = ˆ A [ ˆ A , ˆ B ] + [ ˆ A , ˆ B ] ˆ A 

 

:J3<+CbY+;cd0efF3<+6:V3G 

(2-3-2)gE; ˆ J 
2

L!"#$[\H ˆ J x,   ˆ J y ,   ˆ J zI%h=+i]^:J3gE;j

k%lmno>PCpqG@g@ ˆ J x,   ˆ J y ,   ˆ J zLrs0]^:LBt;u^>R6

[aF3v2:J3%:; ˆ J x,   ˆ J y ,   ˆ J z%Y`w=gxqCyz;
ˆ J 

2

+%jkBn

o>PC{|3Gk}L; ˆ J 
z
+ ˆ J 

2

%jkBlmno>PC{|3G!~���

C��F3no>PL; ˆ J 
z
+ ˆ J 

2

%jkBlmno>P:J3<+6�073L

�:J3G 

 

S,-()*H ˆ J +,  ˆ J !IT  

W%XY0�,()*H ˆ J +I+�-()*H
ˆ J !IC45F3; 

! ! ! ! ! ˆ J + = ˆ J x + i ˆ J y,        
ˆ J ! =

ˆ J x - i ˆ J y ! ! ! ! ! ! ! ! ! ! ! ! ! (2-3-3) 

�=�=;raising operator, lowering operator +g;step-up operator, step-down 

operator +g��=3G�+���2�; 

! ! ! ! ! ! ˆ J ± = ˆ J x ± i ˆ J y ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (2-3-4) 

:J3G<=0�@�,-()*%��6��F3G��:L;ladder operators 

S�*HL@�IT()*%��:J3G�0�3XY0; ˆ J ±C��D�3+;

no�6  ±!v2�B3no>P6�E=3G<% ¡6;x¢%�*Cx£¤



 30 

!"#$%&$'()*$%&$'(+,-./0%1,23)4567896

2:;.<$%1,= 

!  (A2-3-3)2>?.@ ˆ J x,   ˆ J y ,   ˆ J zA2BCDE2>?FG)HI2DE#J(K

!) 

! ! ! ! ! ! ! !

  

[ ˆ J 
z
, ˆ J + ] = !ˆ J +

[ ˆ J 
z
, ˆ J ! ] = !ˆ J !

[ ˆ J + , ˆ J ! ] = 2! ˆ J 
z

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (2-3-5) 

-LM)BC6NOPQ/R1%)@ ˆ J x,   ˆ J y ,   ˆ J zA2BCDENS1LTUV3

W,= 

XG/) ˆ J 
2

. ˆ J ±#YC)Z[) 

! ! ! [ ˆ J 
2
, ˆ J +] = 0,    [ ˆ J 

2
, ˆ J !] = 0 ! \.]%! [ ˆ J 

2
, ˆ J ±] = 0 ! ! ! ! ! (2-3-6) 

#J(K!=! ˆ J 
2

M^_`a896Jb@ ˆ J x,   ˆ J y ,   ˆ J zA2cL.dYC3e,F

G)[ ˆ J 
2
, ˆ J ±] = ˆ J 

2
( ˆ J x ± i ˆ J y ) ! ( ˆ J x ± i ˆ J y)

ˆ J 
2
= [ ˆ J 

2
, ˆ J x] ± i[ ˆ J 

2
, ˆ J y] = 0.<,= 

\')H2DEdJ(K!) 

! ! ! ! ! ! !

  

ˆ J +
ˆ J ! =

ˆ J 
2
! ˆ J 

z
( ˆ J 

z
! !)

ˆ J !
ˆ J + =

ˆ J 
2 ! ˆ J 

z
( ˆ J 

z
+ !)
! ! ! ! ! ! ! ! ! ! ! ! ! ! (2-3-7) 

-2DEMH2fg/h%UV3W,=>?2(2-3-3)FG) 

! ! ˆ J +
ˆ J ! +

ˆ J !
ˆ J + = ( ˆ J x + i ˆ J y)(

ˆ J x ! i ˆ J y ) + ( ˆ J x ! i ˆ J y)(
ˆ J x + i ˆ J y ) = 2( ˆ J x

2
+ ˆ J y

2
) ! ! (2-3-8) 

3e,=ij! ˆ J +
ˆ J ! !

ˆ J !
ˆ J + = [ ˆ J + , ˆ J !]! 3e,FG(A2-3-5)2klm2nof() 

! ! ! ! ! ! !
  
ˆ J +

ˆ J ! !
ˆ J !

ˆ J + = [ ˆ J + , ˆ J !] = 2!ˆ J 
z
! ! ! ! ! ! ! ! ! ! ! ! ! (2-3-9) 

(2-3-8)p(2-3-9)Nq()r3sLT)(2-3-7)2tu2no#vGL,=(2-3-7)2

tr2noM)(2-3-9)w (2-3-8)Nq()r3s$'d2/<$%1,= 

! x"2^_`a2ry896.z{896/D|,}~QDEoM)^_`

a2���/D+,H2��3�SXL,= 
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(2-4)! !"#$%&'(  

! !"#$%)*+,-./01%&'(2+3456789:;.<4=!

"#$%>?@ABC ˆ J 
2

DE!"#$@AB% Z FGC ˆ J 
z
DH/I*JKL/

MN%&'+O:PQ34-./ ˆ J 
2

%&'(R b/ ˆ J 
z
%&'(R cES/MN%

&'+OR!
bc
E34=TU/ 

! ! ! ! ! ! ! ( ˆ J x
2
+ ˆ J y

2
+ ˆ J z

2
)!bc = b! bc! ! ! ! ! ! ! ! ! ! ! ! (2-4-1) 

! ! ! ! ! ! ! ! ! ! ! ! ˆ J 
z
!

bc
= c!

bc
! ! ! ! ! ! ! ! ! ! ! ! (2-4-2) 

JK4= (2-4-2%VW2X-. ˆ J 
z
RYZ[\4/ 

! ! ! ! ! ! ! ˆ J 
z
( ˆ J 

z
!

bc
) = ˆ J 

z

2
!

bc
= c ˆ J 

z
!

bc
= c

2
!

bc
! ! ! ! ! ! ! ! (2-4-3) 

]%8^R(2-4-1)%VW-._S`aE/ 

! ! ! ! ! ! ! ! ! ( ˆ J x
2
+ ˆ J y

2
)! bc = (b " c

2
)! bc! ! ! ! ! ! ! ! ! ! (2-4-4) 

]<H/( ˆ J x
2
+ ˆ J y

2
)%&'(:(b ! c

2
)JK4]ERbcSde4=( ˆ J x

2
+ ˆ J y

2
)%&'

(JK4-./]<Hf274]EH7e/ 

! ! ! ! ! ! ! ! ! (b ! c
2
) " 0! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (2-4-5) 

gh@AB2X-. ˆ J 
z
RYZ[\di4E/ 

! ! ! ! ! ! ! ˆ J z (
ˆ J x ± i ˆ J y) =

ˆ J z
ˆ J x ± i ˆ J z

ˆ J y ! ! ! ! ! ! ! ! ! ! ! ! ! (2-4-6) 

E74=!"#$%)*+,(2-2-15)-./ 

! ! ! ! ! ! !
  

ˆ J z
ˆ J x !

ˆ J x
ˆ J z = i! ˆ J y,    ˆ J y

ˆ J z !
ˆ J z

ˆ J y = i!ˆ J x  

JK4-./!
  

ˆ J z
ˆ J x =

ˆ J x
ˆ J z + i! ˆ J y,      ˆ J z

ˆ J y =
ˆ J y

ˆ J z ! i!ˆ J x ! E7L/]<R(2-4-6)%j

W2kl34E/ 

! !
  

ˆ J z (
ˆ J x ± i ˆ J y) =

ˆ J x
ˆ J z + i! ˆ J y ± ( ˆ J y

ˆ J z ! i! ˆ J x ) = ( ˆ J x ± i ˆ J y )( ˆ J z ± !) ! ! ! ! ! (2-4-7) 

:;.<4=Xj%@ABHmSeno-./]<R!
bc
2YZ[\p8^qr

HLmSe/ 

  

ˆ J z (
ˆ J x ± i ˆ J y)! bc = ( ˆ J x ± i ˆ J y )( ˆ J z ± !)! bc = ( ˆ J x ± i ˆ J y )(c ± !)!bc = (c ± !)( ˆ J x ± i ˆ J y )! bc!  

JKL/8s/ 

! ! ! ! ! ! !
  

ˆ J z (
ˆ J x ± i ˆ J y)! bc = (c ± !)( ˆ J x ± i ˆ J y)! bc ! ! ! ! ! ! ! ! ! (2-4-8) 

JK4=]%VW%jt2MNSd( ˆ J x ± i ˆ J y)! bc:K4-./]<:uJ7ev

L/w( ˆ J x ± i ˆ J y)! bcH
ˆ J 

z
%&'+OJKL/x%&'(H

  
(c ± !)JK4y]ERb

cSde4= 

z2/ ˆ J 
2

R( ˆ J x ± i ˆ J y)! bc2YZ[\di4/
ˆ J 

2

H ˆ J x,   ˆ J y ! EI*JK4]E2

{bSd/ 

! ! ! ˆ J 
2
( ˆ J x ± i ˆ J y )! bc = ( ˆ J x ± i ˆ J y)

ˆ J 
2
!bc = b( ˆ J x ± i ˆ J y)! bc ! ! ! ! ! ! ! (2-4-9) 
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!"#$%&'( ˆ J x ± i ˆ J y)! bc%
ˆ J 

2

"()*+,-.&/"()0% b,-12!3

4567891:;<&'( ˆ J x ± i ˆ J y)! bc%&
ˆ J 

2

3 ˆ J 
z
"=>"()*+,&/"()

0%&?@&b3
  
(c ± !),-12:!

/!,&(2-4-7)"
  

ˆ J z (
ˆ J x ± i ˆ J y) = ( ˆ J x ± i ˆ J y )( ˆ J z ± !)4( ˆ J x ± i ˆ J y)! bcABCDE8F1& 

! ! ! !
  

ˆ J z (
ˆ J x ± i ˆ J y)(

ˆ J x ± i ˆ J y )! bc = ( ˆ J x ± i ˆ J y)(
ˆ J z ± !)(

ˆ J x ± i ˆ J y)! bc! ! ! ! (2-4-10) 

!!,&GH"
  
( ˆ J z ± !)( ˆ J x ± i ˆ J y )! bcAIJK13& 

! ! ! ! !
  
( ˆ J z ± !)( ˆ J x ± i ˆ J y )! bc =

ˆ J z (
ˆ J x ± i ˆ J y)! bc ± !(

ˆ J x ± i ˆ J y)! bc  

,-.&GH"LMN%&(2-4-8)OP8%Q1RS& 

  
( ˆ J z ± !)( ˆ J x ± i ˆ J y )! bc = (c ± !)( ˆ J x ± i ˆ J y)! bc ± !(

ˆ J x ± i ˆ J y )! bc = (c ± 2!)( ˆ J x ± i ˆ J y)! bc  

,-1:TU8!VA( ˆ J x ± i ˆ J y)4WRSBCDEXYZO (2-4-10)"GH3[1:

;<& 

! ! !
  

ˆ J z (
ˆ J x ± i ˆ J y)(

ˆ J x ± i ˆ J y )! bc = (c ± 2!)( ˆ J x ± i ˆ J y)(
ˆ J x ± i ˆ J y)! bc ! ! ! ! ! (2-4-11) 

!"#$%& 

'( ˆ J x ± i ˆ J y)(
ˆ J x ± i ˆ J y )! bc%

ˆ J 
z
"()*+,-.&/"()0%

  
(c ± 2!),-12!

!34567891:!

! ˆ J 
2

4WRS ( ˆ J x ± i ˆ J y)(
ˆ J x ± i ˆ J y )! bcABCDE8F1:

ˆ J 
2

% ˆ J x,   ˆ J y ! 3\],

-1RS& 

! !

! 

ˆ J 
2
( ˆ J x ± i ˆ J y )( ˆ J x ± i ˆ J y )"bc  

! ! ! ! ! !

! 

= ( ˆ J x ± i ˆ J y )( ˆ J x ± i ˆ J y ) ˆ J 
2"bc = b( ˆ J x ± i ˆ J y )( ˆ J x ± i ˆ J y )"bc  ! ! ! ! ! (2-4-9) 

!"#$%!

! ! ! '( ˆ J x ± i ˆ J y)(
ˆ J x ± i ˆ J y )! bc%

ˆ J 
2

"()*+,-.&/"()0%b,-12!

!34567891:;<&!

! ! '( ˆ J x ± i ˆ J y)(
ˆ J x ± i ˆ J y )! bc%&

ˆ J 
2

3 ˆ J 
z
"=>"()*+,&/"()0%& 

! ! ! ! ?@&b3
  
(c ± 2!),-12:!

^_"!3RS&`"YaObSV1&!

!' ˆ J 
2

3 ˆ J 
z
"=>"()*+O!

bc
,&/"()0O&?@&b3 c,-1c& 

! ! !
bc
Adefgh4 mijklkBCDE8bSV1*+%&m%.& 

! ! ˆ J 
2

3 ˆ J 
z
"=>"()*+,-.& ˆ J 

2

3 ˆ J 
z
"()0%&?@&b& 

  
(c ±m!)  

! ! ,-12:!

!"YZRS& ˆ J 
z
"()0A*78&!

! ' ˆ J 
2

"()0bAn78& ˆ J 
z
"()0 c%&  c'4oVRMp"()03 

! ! K13& 
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! ! ! ! ! ! ! !
  
(! ! !,  c' "2!,  c' "!,  c' ,  c' +!,  c' +2!,  ! !!)! ! ! ! ! ! (A2-4-10) 

! ! !"#$%&'$()*!

+,-./0)1/12(2-4-5)/32!

! ! ! ! ! ! ! ! ! ! ! c
2

! b ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (2-4-5)!

!45-60!72 ˆ J 
z
!89:!;<=3/>95760) 

?+72@A!89:'c
max
2?!89B;'!

bcmax
2@C!89:'c

min
2?

!89B;'!
bcmin
2,(0,2!

! ! ! ! ! ! ! !

( ˆ J x + i ˆ J y)! bc max = 0

( ˆ J x " i ˆ J y)! bc min = 0
! ! ! ! ! ! ! ! ! ! ! ! ! (2-4-11) 

7$DEF$3$G)@A!89:c
max
'HI89B;>JKLMN'OPQR

ST2+E"UAV$89:<WX1$G/3760)@C!89:c
min
'HI

89B;>YZLMN'OPQR[\]T^_760)̀ aNb<1cd<95

!e;1/$Gfg760)!

(2-4-11)>h12KZLMN>B(0(2-3-7)'i#2!

! ! ! ! ! ! !

  

ˆ J +
ˆ J ! =

ˆ J 
2
! ˆ J 

z
( ˆ J 

z
! !)

ˆ J !
ˆ J + =

ˆ J 
2 ! ˆ J 

z
( ˆ J 

z
+ !)
! ! ! ! ! ! ! ! ! ! ! ! ! (2-3-7)!

(2-4-11)!jklmn> ˆ J ! =
ˆ J x ! i ˆ J y'OPQREF2(2-3-7)!jol-2p[2

(2-4-11)!jolmn> ˆ J + =
ˆ J x + i ˆ J y'OPQREF2(A2-3-7)!jkl-iq0)

rsS2!

  

( ˆ J x ! i ˆ J y)(
ˆ J x + i ˆ J y )" bc max = ( ˆ J 2 ! ˆ J z

2 ! !ˆ J z )"bc max = (b ! cmax

2 ! !cmax)" bc max = 0

( ˆ J x + i ˆ J y)(
ˆ J x ! i ˆ J y )" bc min = ( ˆ J 

2
! ˆ J z

2
+ !ˆ J z )"bc min = (b ! cmin

2
+ !cmin )"bc min = 0

 

+E<2tu2 

! ! ! ! ! ! ! ! !

  

b ! c
max

2
! !c

max
= 0

b ! c
min

2 + !c
min

= 0
! ! ! ! ! ! ! ! ! ! ! ! ! (2-4-12)!

+E/3 v'wx1S2yz(EF2!

! ! ! ! ! ! !
  
(cmax + cmin)(cmax ! cmin + !) = 0 ! ! ! ! ! ! !  

,$0)rsS2 

! ! ! ! ! c
max

= !c
min

        or         c
max

= c
min
! ! ! ! ! ! ! ! ! ! (2-4-13)!

(2-4-10)!89:%&<2@C89:c
min
!89B;!

bcmin
>JKLMN'{|>

OPQR[t}q3E089:%&>~�1SG0!72 
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! ! ! ! ! !
  
(cmin ,  cmin + !,  cmin + 2!,  cmin + 3!,  ! ! ! !!,  cmax) ! ! ! ! ! (2-4-14)!

!"#$%&'()*+,-./01  ±!! 23$4516789:;<=>?

@AB; n!CDE1!

! ! ! ! ! !
  
c
min
+ n! = c

max
! !

FG'HI%JKLMNMOPQ-RSF3$-21!

! ! ! ! ! !
  

cmax = (
n

2
)!,           cmin = !(

n

2
)!! ! ! ! ! !  

TT21UVW1J=n/2! !XY!1 

! ! ! ! ! !
  
c

max
= J!,           c

min
= !J!! ! ! ! ! ! ! ! ! ! ! ! ! ! (2-4-15) 

n 0c
min
45c

max
Z[$\216789:;<=>?@AB23$451]^Z

01_`\@0a-bB23$%cdW1J 0_`\@0a-ebBf0,! 1/2,!

1,! 3/2,gggh23$%n=iJ 23'1TD0(2-4-14)-*+,jkZl#$.

/-BZmnoWp$%cdW1jkZq\D$*+,-rB01sV-c
min
t

uvWwvxEy5yp451nz1=2Jz123$% 

! c
min
!c

max
F{d@-21(2-4-15);(2-4-12)Z|}CDE1 ˆ J 

2

-*+,bt J2

~�2�$1�-��01 

! ! ! ! !
  
b = cmax

2
+ !cmax = J(J +1)!

2
! ! ! ! ! ! ! ! ! ! ! ! ! (2-4-16)!

�6;\!V$!1 

����-i�89:f ˆ J 
2

h!����89:- ZG�f ˆ J 
z
h 

-��*+�BF��C$�1 

! �h ˆ J 
2

-*+,0
  
J(J + 1)!

2
21J0����-�:B21 

! ! ! ! J�011/21113/21ggg;�$%! ! ! ! ! ! ! ! ! ! ! (2-4-17) 

! ih ˆ J 
z
-*+,0  m!21m�-J1-J+11-J+21ggg1fJ-1h1J 

! ! ! ! 23'1f2Jz1h�-�y$,;�$% ! ! ! ! ! ! ! ! !  

! �hJF��0bB23$�0 m�0F��q\D$F1 

! ! ! JFebB23$�01m�00q\Dyp%!

��y J20 JfJz1h�Ji203$F1i�!�pyF5 JfJz1h23$T!

Z��%!

�� �¡:jZ¢#$¡:-����89:f ˆ l h1£¤1¡:-¥¦��

�-�:B; l!C$!1�-i�89:f ˆ l 
2

h-*+,F
  
l(l +1)!

2
23$T!

Zy$%§B�¨-©Z(1-4-10)21! = l(l +1)!o@T!;ªp«�)%TD01

  !
2

;¬­Z®d@�-¥¦���-i�89:-*+,23$%!
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!2-5"#$%&'()*+,-'./!  

0123'45+678 ˆ J 
2

'#$9:
  
j( j +1)!

2
8 ˆ J 

z
'#$9:  m!3;<=>

#$%&

! 

" j ,m:?@ABC>8D'

! 

" j ,mE ˆ J ± =
ˆ J x ±

ˆ J yFGHEIJKLBM8

(2 j + 1)N'OP<#$%&:QAB<D+:RSCT6U68

! 

" j ,mV

! 

" j ,m ± 1PW

X()*KB7YAZ8  

! ! ! ! ! ! ! ! ! ! !

! 

ˆ J ±" j ,m = C(±)" j,m ±1
! ! ! ! ! ! ! !     (2-5-1) 

3;[8

! 

C(±)'\&]^_'`ab:;<T

! 

" j ,m
V

! 

" j ,m±1
PW:()*KB7c

<D+FdeE8\&

! 

C(±)Ffg<hi:;<T 

! 

" j ,m:()*KB7c+X8 

! ! ! ! !
j,m

*
(" )!

j, m
(" )d"# $ !

j ,m
!

j ,m
= 1! ! ! ! ! ! ! !  !   (2-5-2) 

Fajk<T

! 

" j ,m'lmno3;<

! 

"
j ,m

* +

! 

" j ,m+Fp_78! = (!
1
,!
2
,!
3
," " ")'q

r&Esc7tu6Cv':w3;<D+Fajk<Tlmno+'t'tu

Xxyz{t+|MB<T '}~�X Dirac, P. A. MT'��6Cv'3;

<T

! 

" j ,m±1:()*KB7c<D+v8 

! ! ! ! !
j,m±1

*
(" )!

j ,m±1
(")d"# $ !

j,m± 1
!

j,m±1
=1! ! ! ! ! !     ! (2-5-3) 

3;<T 

(A2-5-1)

! 

ˆ J ±" j ,m = C(±)" j,m ±1'��'xyz{tFI<+T 

! ! ! ! ˆ J ±! j, m

ˆ J ±! j ,m
= C

2
(±) ! j,m±1 ! j,m±1 = C

2
(±)! !    ! (2-5-4) 

���X(2-5-3)FJc7c<T��8���XT 

! ! ! ! !
  

ˆ J ±! j, m

ˆ J ±! j ,m
= ! j ,m

ˆ J 
!

ˆ J ±! j ,m ! ! ! ! ! !   ! ! ! ! (2-5-5) 

+P<TDD3X8 ˆ J ±'����{�noP����X8  
ˆ J 
!
3;<D+F�S

7c<TD'��Esc7X8����{�noP����+����{���

��Esc7��:hi3;<'38�1��E2+g7~67Y�T 

(2-5-5)'��E}B<
  
ˆ J 
!

ˆ J ±X8(A2-3-7)UA
  
ˆ J 
!
ˆ J ± =

ˆ J 
2
! ˆ J 

z
( ˆ J 

z
± ")3;<T 

�E8 

! ! !
  

ˆ J 
!

ˆ J ±! j,m = ˆ J 
2
! j ,m "

ˆ J z
2
! j, m ! "

ˆ J z! j,m = "
2
( j !m)( j ±m +1)! j, m  

+P[8(2-5-5)X8 
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! ! !
  

ˆ J ±! j, m

ˆ J ±! j ,m
= !

2
( j " m)( j ±m + 1) ! j, m ! j,m ! ! ! !    ! ! (2-5-6) 

!"#$%&(A2-5-4)'(& 

! ! ! ! ! !
  
C
2
(±) = !

2
( j "m)( j ± m +1) ! ! ! ! ! ! ! !       ! (2-5-6) 

!"#)*+$%&C(±),-./,012!"#*3/4567& 

! ! ! ! ! !
  
C(±) = e

i!
" ! ( j"m)( j±m+1)! ! ! ! ! ! !       ! (2-5-7) 

38#)!,95:;2!&e
i!
,<=>?@AB)CD,! = 0367&e

i!
= 1

@EF67& 

  

ˆ J ±! j, m = ! ( j"m)( j±m+1)! j ,m ±1
= ! j( j+1)"m(m±1)! j ,m ±1

!       (2-5-8) 

3AB)! = 0:GH, Condon and Shortly (1951) 8IJK:L?MN&O?P

QN:RSTU3-V67W#X&YZ/'[7\]^_`abcdef8Ig

,! " 0:<=>?Xhij+7W#:!45Xkl!"#) 

! mn@o3p#3&! = 0367&e
i!
= 1@EF6qrs& 

! ! ! !

  

ˆ J 2! j ,m = j( j +1)!2! j ,m

ˆ J z! j, m = m!! j ,m

ˆ J +! j, m = ( j"m)( j+m+1)!! j, m+1

ˆ J "! j, m = ( j+m)( j"m+1)!! j, m"1

! ! ! ! ! ! ! !         (2-5-9) 

38#) 

 

tuvwxUyz8{|?}3tuvwxU{|?} 

tuvwxUyz8{|?}:~�,�:C(!"#)��:{|?@ ˆ A , ˆ B 3

6&!
1
(" ),!

2
(" )@��:�23B#�& 

! ! ! ! ( ˆ A !
1
(" ))#

*

!
2
(" )d" = !

1

*
(" )# ˆ B !

2
(" )d" ! ! ! ! ! !   ! ! ! (2-5-10) 

X��B#8%&ˆ B ,t ˆ A /�B#uvwxUyz8{|?}!"#3��)t ˆ A 

/�B#uvwxUyz8{|?},& ˆ A 
�:'�/&6�6�& ˆ A :n��

:��\_�xg�!Aj+#)(2-5-10),&(2-5-2):'�8 Dirac:A��@�

�3& 

       ˆ A !
1
(" ) !

2
(") = !

1
(" ) ˆ B !

2
(" ) ! ! ! ! ! ! !          ! (2-5-11) 
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!"#$%&' ˆ A ( ˆ B )*+!,-#.( ˆ B /0 ˆ A )123456789:);

<=>6(?@( ˆ A 6129:*+A!"#$ 

BC(0 ˆ A DEF#GHIJK9:L%&'AM ˆ A 5NOPDQ3RS( 

0 ˆ A /GHIJK%&'A!"#.TUN#$?@((2-5-10)((2-5-11)/V6W

XDL#( 

! ! ! ( ˆ A !
1
(" ))#

*

!
2
(" )d" = !

1

*
(" )# ˆ A !

2
(" )dt ! ! ! ! !     ! ! ! (2-5-12) 

! ! ! ˆ A !
1
(" ) !

2
(") = !

1
(" ) ˆ A !

2
(" ) ! ! ! ! ! ! ! !    ! ! (2-5-13) 

*+!,-#.(0 ˆ A 6129:*+M ˆ A DQ3RAYZD[=#$ ˆ A /GHI

JK*+!"#$GHIJK*+6\]^/_`!"#$a'bc!/dea

fgha(igha(H Ljk/Fl4GHIJK%&'!"m(56nop

qrD/GHIJK*+)sR#t.M!u#$tN/a'bc6vwLxy

!"#$  

ˆ A ( ˆ B MGHIJK%&'Lz( ˆ C + =
ˆ A + i ˆ B ,     ˆ C ! =

ˆ A ! i ˆ B ! /{|DGHI

JK9:L%&'!"#t.)}~!��F#$tN/(0 ˆ J ±6GHIJK9:

L%&'/(
  
ˆ J 
!
!"#At.6��!"#$ 

! ! ! !
1
(") ( ˆ A + i ˆ B )!

2
(" ) = !

1
(" ) ˆ A !

2
(" ) + i !

1
(" ) ˆ B !

2
(" )  

!"#M( ˆ A ( ˆ B /GHIJK%&'!m((2-5-12, 13)�z(t6��/ 

ˆ A !
1
(" ) !

2
(") + i ˆ B !

1
(" ) !

2
(" ) .L#$t6���/( 

i ˆ B !
1
(" ) !

2
(" ) = i ( ˆ B !

1
(" ))

*

# !
2
(" )d" = ($i ˆ B !

1
(" ))

*

# !
2
(" )d" = $i ˆ B !

1
(" ) !

2
(" )  

!"#$i)789:�D�N#�D/(!i.3L�NULzLRt.)��3

4R#D��LR$ 

!
1
(") ( ˆ A + i ˆ B )!

2
(" ) = ˆ A !

1
(" ) !

2
(" ) + #i ˆ B !

1
(" ) !

2
(" ) = ( ˆ A # i ˆ B )!

1
(" )!

2
(" )  

.Lm(��( 

! ! ! ! ! ( ˆ A ! i ˆ B )"
1
(# )"

2
(# ) = "

1
(# ) ( ˆ A + i ˆ B )"

2
(# ) ! ! ! ! ! ! (2-5-14) 

M�zN#$tN.(GHIJK9:%&'6�� (2-5-10).�lN/(
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ˆ C + =
ˆ A + i ˆ B !  ˆ C ! =

ˆ A ! i ˆ B "#$%&'()*+,-./012345!"67

48 
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!"#$%&'()*+,-.  

  &'(/*+0,12345678)09:);5<=9"#$%&'(>

*+0,1?4@5>67AB5?4C 

! ! = 05<=9e
i!
= 1>DE<8FG9 

! ! ! !

  

ˆ J 2! j ,m = j( j +1)!2! j ,m

ˆ J z! j, m = m!! j ,m

ˆ J +! j, m = ( j"m)( j+m+1)!! j, m+1

ˆ J "! j, m = ( j+m)( j"m+1)!! j, m"1

! ! ! ! ! ! ! ! ! ! ! ! ! ! (2-5-9) 

0HI8C 

! JKLMN>O?! j,m/9m = j,  j !1, j ! 2, " " " " ",  ! ( j ! 2), ! ( j !1),  ! j ! )

(2j+1)P)QRSTO45?459(A2-5-9))UVW)XYZ!
*
j ,m'>[\=]^

<9! j,m_JKLMN>O?@5>`a59 

! ! ! ! ! ! !
  
! j ,m'

ˆ J 
2
! j ,m = j( j +1)!

2
"m' ,m

 

! ! ! ! ! ! !
  
! j ,m'

ˆ J z ! j, m = m!" m' ,m
! ! ! ! ! ! ! ! ! ! ! ! ! ! (2-5-15) 

! ! ! ! ! ! !
  
! j ,m'

ˆ J + ! j ,m = ( j"m)( j+m+1)!# m' ,m +1
 

! ! ! ! ! ! !
  

! 

" j,m '
ˆ J # " j,m = ( j+m)( j#m+1)!$m ',m#1

 

5O4C@3T)bc>*+de5<=,?@5_0f4C@)gaO*+>

U&'(),1*+5haC ˆ J 
2
, ˆ J 

z
)FG/i"*+9 ˆ J ±)FG/ji"*+5

O4@5/LkZlS4C 

*+de_mT34@5/no_9:3>de5?4*+_9pq9rs5

tuv0wx3=o4&'(yz>,1?4*+ZO4){|aS}! x~@

)�ST��4C 

JKLMN>O?QRN!
n
(n = 1,2," " ",N)>��4C@3/9 

! ! ! ! ! ! ! !
m
!
n
= ! *

m

x

" #!
n
dx = $

m, n
! ! ! ! ! ! ! ! ! ! ! (2-5-16) 

��)!>��9@)QR/JKLMQRN!
n
(n = 1,2," " ",N))��Gl�0,1

0f45?4C��9!
n
(n = 1,2," " ",N)0��0f45?4Ca

n
>!��Gl�.

�RH4o/!��.�R5<=9��)!/9 

! ! ! ! ! ! ! ! ! ! = a
n
!
n

n=1

N

" ! ! ! ! ! ! ! ! ! ! ! !  ! ! ! (2-5-17) 

0H4C@)�Ra
n
/9(2-5-16)g�9�)��s�]0�x4C 



 40 

! ! ! ! ! ! !
m
! = !

m
a
n
!
n

n =1

N

" = a
n
!*

m

x

# $!
n
dx

n=1

N

" = a
m
! ! ! ! ! (2-5-18) 

!"a
n
#$%&'()*+,-!#$%&'(./&012*345 ˆ A 6'-!7

89:;<=>)* ˆ A !?!
n
(n = 1,2," " ",N).@A.B&(CD* 

! ! ! ! ! ! ! ˆ A ! = b
n
!

n

n=1

N

" ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  (2-5-19) 

a
n
-EF(GHIJ7*b

n
6$KLM ˆ A !#$%N<'(7O&0'L)* 

! ! ! ! ! ! !
m

ˆ A ! = !
m

b
n
!

n

n=1

N

" = b
n
! *

m

x

# $!
n
dx

n=1

N

" = b
m
! ! ! !  (2-5-20) 

./&0PND*345 ˆ A 6!789:;&'()*!"a
n
Q!"b

n
7RST&

'(./U*345 ˆ A -VW#$%&'(7O&0X!"a
n
6YZ(T&[\]

^_6X!"b
n
6YZ(T&[\]^_7RST&-#*345 ˆ A -`B./&

(abMcd0('e.*(2-5-17)-fg7 ˆ A 689:;&(*a
n
)hO&!"

./&ij* 

! ! ! ! ! ! ! ˆ A ! = a
n

ˆ A !
n

n=1

N

" ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (2-5-21) 

./&0'L7kC*(2-5-20)(GHlmnop68&(* 

! ! !

b
m
= !

m
ˆ A ! = !

m
a

n
ˆ A !

n

n =1

N

" = ! *
m

x

# $ ( a
n

ˆ A !
n

n=1

N

" )dx

    = a
n
( ! *

m

x

# $ ˆ A !
n
dx

n =1

N

" ) = !
m

ˆ A !
n

a
n
= ( ˆ A )

m ,n
a

n

n=1

N

"
n=1

N

"
! !  ! (2-5-22) 

qr-('e.* 

! ! ! ! ( ˆ A )
m,n

! "
m

ˆ A "
n
= "

*
m

ˆ A 

x

# "
n
dx ! "

m

ˆ A "
n
! ! ! ! ! !  ! (2-5-23) 

(CDstuv6wxC*9dDd&'(7y,0'-(2-5-22))*345 ˆ A #!

789T&'(7IND*X!"a
n
6YZ(T&[\]^_#X!"b

n
6YZ(

T&z<O[\]^_7R{&'(6|wCDd&0PND*(2-5-23)6uv(

T&st#*345 ˆ A 6}~CDd&'(7O&0G�7CD*(2-5-15)-st

uvij�jL&st)*�345-st}~(O&0!  

! (2-5-15)-stuv6wK&EF)*s) m’.|wC*� 1 s# m’�j*� 2

s# m’�j-1*���*(T&0! t) m .|wC*� 1 t# m�j*� 2 t#

m=j-1,! ���*(T&0 PND* ˆ A 6345(CD* 
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! ! ! ! ! ! ! ! ! m = j,               m = j !1,        "  ,            m  

! ! !

m' = j

m' = j !1

"

m'

!

! j, j
ˆ A ! j , j ! j , j

ˆ A ! j, j"1
# #

! j, j"1
ˆ A ! j, j ! j, j"1

ˆ A ! j, j"1
# #

# # # #

# # # ! j ,m'
ˆ A ! j ,m

$ 

% 

& 

& 

& 

' 

( 

) 

) 
) 

!  (2-5-24) 

!"#$ 

! j=1/2%&'()m)m’=-1/2)+1/2!"#*+),-./%0123()45

%678)9:2:3;%23<8#$ 

! ! ! ! ! !

  

ˆ J 
2( ) = 1/ 2, m' ˆ J 

2
1/ 2, m = !

2
3/ 4 0

0 3/ 4

! 

" 
# $ 

% 
= !

2 1

2
& (

1

2
+1) &E  

! ! ! ! ! !

  

ˆ J 
z( ) = 1/ 2,m' ˆ J 

z
1/ 2, m = !

2
1/ 2 0

0 !1/ 2

" 

# 
$ % 

& 
= !

1

2

1 0

0 !1

" 

# 
$ % 

& 
= !

1

2
'

z
 

! ! ! ! !

  

ˆ J +( ) = 1/ 2,m' ˆ J + 1/ 2, m = !
0 1

0 0

! 

" 
# $ 

% 
 

! ! ! ! !

  

ˆ J !( ) = 1/ 2,m' ˆ J ! 1/ 2, m = !
0 0

1 0

" 

# 
$ % 

& 
 

=>-./%?@(2-3-3)*+)ˆ J x = (
1

2
)( ˆ J + +

ˆ J !),       ˆ J y = (
1

2i
)( ˆ J + !

ˆ J !)! !"#*+) 

! ! ! ! !

  

ˆ J 
x( ) = 1/ 2,m' ˆ J 

x
1/ 2,m = !

0 1/ 2

1/ 2 0

! 

" 
# $ 

% 
= !

1

2

0 1

1 0

! 

" 
# $ 

% 
= !

1

2
&

x
 

! ! ! ! !

  

ˆ J y( ) = 1/ 2, m' ˆ J y 1/ 2, m = !
0 !i / 2

i / 2 0

" 

# 
$ % 

& 
= !

1

2

0 !i

i 0

" 

# 
$ % 

& 
= !

1

2
' y  

A8#$j=1/2%&'()B<CD#EFGHIJK<LMN#$!x ,   ! y,   !zA

OPQ9:2:3;23( Pauli23ARST)EFGHIJK% x)y)zUV

%2301<WXT#$ 

jYZ%&')m)m’=-1, 0, +1 !"#*+),-./%0123(9[2 [3;

%23A8#$(2-5-16)<\]^)j=1/2%&'%67<_TS`P$!
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!2-6"#$%&'()*+,-./012!  

! 345'678,-./9:;<$%&=>?@: 

! !

  

ˆ l x =
!

i
(y
!

!z
" z

!

!y
),    ˆ l y =

!

i
(z
!

!x
" x

!

!z
),    ˆ l z =

!

i
(x
!

!y
" y

!

!x
) ! ! ! ! (2-2-1) 

AB?@C+D:EE'9EF=#$%&'(GH(A1-3)IJ?@KI: 

x,  y,  z,  
!

!x
,  
!

!y
,  
!

!z
! =#$%&'()*@?L6':EFM6NO'PL 

(1-3-1)A(1-3-10)= (2-2-1)IQRGFST?HU6NO9VW6XY'PL: 

! ! ! ! !

  

ˆ l x = i!(sin!
"

"!
+ cot! cos#

"

"#
)

ˆ l y = i!($cos!
"

"!
+ cot! sin#

"

"#
)

ˆ l z = $i!
"

"#

! ! ! ! ! ! ! ! ! ! ! ! (2-6-1) 

Z[6
  

ˆ l 
z
= !i!

"

"#
9\I]^'PLHEFI_Y`a0126#$%()9: 

! ! ! ! !

  

ˆ l ± = !e
±i!

(±
"

"#
+ i cot#

"

"!
)! ! ! ! ! ! ! ! ! ! ! ! ! ! (2-6-2) 

AbLHEFcM: 

! ! ! ! !

  

ˆ l !
ˆ l + = !!

2
(
" 2

"#
2
+ cot#

"

"#
! i

"

"$
+ cot

2
#
" 2

"$
2
)! ! ! ! ! ! ! (2-6-3) 

'PLEADdLH 

! ef:eg6,-./ ˆ J IhGL`a0126ijA*@:(2-3-7)=k?lU

m: 

! ! ! ! ! ! ! ! !

  

ˆ J +
ˆ J ! =

ˆ J 
2
! ˆ J 

z
( ˆ J 

z
! !)

ˆ J !
ˆ J + =

ˆ J 
2 ! ˆ J 

z
( ˆ J 

z
+ !)
! ! ! ! ! ! ! ! ! ! ! ! (2-3-7) 

no@:78,-./Ih*@:
  
ˆ J !

ˆ J + =
ˆ J 

2
! ˆ J 

z
( ˆ J 

z
+ !)9:

  
ˆ l !

ˆ l + =
ˆ l 

2
! ˆ l 

z
(ˆ l 

z
+ !)Ab

LcM:
  
ˆ l !

ˆ l + =
ˆ l 

2
! ˆ l 

z
(ˆ l 

z
+ !) = ˆ l 

2
! ˆ l 

2
z ! !ˆ l 

z
'PLHEFcM 

! ! ! ! ! ! !
  
ˆ l 

2

= ˆ l !
ˆ l ! +

ˆ l 
2

z + !ˆ l 
z
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (2-6-4) 

EEI:(2-6-3):(2-6-1)=QRGFS: ˆ l 
2

! 6#$%()DpMFLH 

! ! ! ! ! !

  

ˆ l 
2
= !!

2
{

1

sin"

#

#"
(sin"

#

#"
) +

1

sin
2
"

# 2

#$
2}! ! ! ! ! ! ! ! (2-6-5) 
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!"#$%&'()* ˆ J "+,- ˆ J 
2

&./01#(2-4-17)2
  
J(J +1)!

2
23456

789,-:4;<=-# ˆ l 
2

&./01
  
l(l +1)!

2
234;>"# 

! !

  

ˆ l 
2
!

l ,m = "!
2
{

1

sin#

$

$#
(sin#

$

$#
) +

1

sin
2
#

$ 2

$%
2}! l ,m = l(l +1)!

2
!

l, m
! !  ! (2-6-6) 

234;5?1#!
l,m
(",#) = Y (",#)6@?ABCDE&F"GH,I(A1-4-9)2

3J#'KLMN&OY (!,")P#ˆ l 
2

6 ˆ l 
z
&QR&./+C234!

l,m
(",#)S&T

&234; 

U"# ˆ l 
2

6 ˆ l 
z
&QR&./+C234Y

l ,m
(!," ) =#

l,m
(!,")7VWX"YZ45

67[\456"]4P#S&^"# ˆ H ,  ˆ l 
2
,  ˆ l 

z
! &+_"`:-[\-ab; 

 

cdefg"ah4ijk& ˆ H ,  ˆ l 
2
,  ˆ l 

z
1lmn  

ˆ l 
2

"o@4(A2-6-5)7(A1-3-3)&!"pq@?A#rsrtuvk&wxyz{

1# 

! ! ! ! ! ! ! !
  

! = "
2
=

1

r
2

#

#r
(r

2 #

#r
) $

ˆ l 
2

r
2
!

2 ! ! ! ! ! ! ! ! ! ! ! (2-6-7) 

<=-#(1-2-2)& SchödingerLMN& ˆ 
H 1#m7|k&mv}*6,-# 

! ! ! ! ! ! !
  

ˆ H = !
!

2

2m
"

1

r
2

#

#r
(r

2 #

#r
) +

ˆ l 
2

2mr
2
+ V(r )! ! ! ! ! ! ! ! (2-6-8) 

6]4;5?~�# ˆ H ,  ˆ l 
2
,  ˆ l 

z
P��"lm23456# 

! ! ! ! ! ! ! ! ! ˆ l 
z
, ˆ H [ ] = 0,  ˆ l 

2
, ˆ H [ ] = 0 ! ! ! ! ! ! ! ! ! ! ! ! ! (2-6-9) 

P�~4;[ˆ l 
z
,ˆ l 

2
] = 0234561!"�-:4;! [ˆ l 

z
, ˆ H ] = ˆ l 

z

ˆ H ! ˆ H ̂  l 
z
! 7�=I

�#(2-6-8)&�$�6���1BC r&�"+_,# ˆ l 
z
! &'KBC61��2

34~�#uvk&�1��7q?�\-T����7�\#��1 ˆ l 
z
6lm2

34;���1 f (r) ˆ l 
2
&�2]=-:4P# ˆ l 

z
1'KBC&�"�4&2#r &

+CP�:-:-T�&��"��]:;�I#[ˆ l 
z
,ˆ l 

2
] = 0234~����T ˆ l 

z

6lm234;<=-#[ˆ l 
z
, ˆ H ] = 0234;��",-#[ˆ l x,

ˆ H ] = 0,  [ˆ l y,
ˆ H ] = 06]

4;[ˆ l 
2
, ˆ H ] = ˆ l 

2 ˆ H ! ˆ H ̂  l 
2
&g�T#(2-6-8)&�$�6���P ˆ l 

2

6lm23456

1#ˆ l 
z
&g�6��234;���&g�T#�$uvk& mkP¡6]4&

1¢£234~�#[ˆ l 
2
, ˆ l 

2
] = 0234;<=-#[ˆ l 

2
, ˆ H ] = ˆ l 

2 ˆ H ! ˆ H ̂  l 
2
= 0234; 

¤¥&�¦"#ˆ H ,  ˆ l 
2
,  ˆ l 

z
1��"lm234~�#|k&§¨©ª«./+C#

¬­# ˆ 
H &./+C1#ˆ l 

2
,  ˆ l 

z
! 6QR&./+C7®:-z@56P2¯4; ˆ 

H 
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!"#$%&! (r,",#) = R(r)Y (",#) = (1/ r )P(r)Y(",# )'()*+,-). ˆ l 
2
,  ˆ l 

z
!

*/0!"#$%& Y (!,") = Y
l ,m
(!,") =#

l,m
(!,")'()12 (!,")345)*

R(r) = (1/ r)P(r)&67)8%'(92:3;! (r,",#) = R(r)Y (",#)&2 ˆ H ,  ˆ l 
2
,  ˆ l 

z
;

/0!"#$%'().<=>?@;AB)CDE!FGHIJKLM&2IE

?N;(O,&2< ˆ H ,  ˆ l 
2
,  ˆ l 

z
&PQ'/0!RS"#$%TUVM*-WX7).

<=>?@;AB)YDE!ZFGHJKLM[R\]W7X2<YDE^! ˆ 
H 

*  ˆ L 
2
,  ˆ L 

z
&PQ'/0!RS"#$%TUVM*7).Y_EE^! ˆ 

H &`11

'ab)c*;7)12def;&2C_E! ˆ 
H !g;_Eh!ijklmn

o!gTpqr[!*7).sO,2tu!vqw'xy'z).  
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(2-7)! ˆ l 
2
, ˆ l 

z
!"#$%&' Y

l ,m
(!," )()!*+,  

-./01234 ˆ J 56789(2-5-9):9 ˆ J 
2

; ˆ J 
z
!"#$%&'9<=>?@

!&ABCD87EFGHI>?@!JKLMNO(2-6):DPF ˆ J C ˆ l 5QRS

THU9 ˆ l 
2
, ˆ l 

z
!"#$%&'Y

l ,m
(!," )VWXYZR&ABVDIHEF 

! ! ! ! ! ! ! !

  

ˆ l 
2
Y

l, m
= l(l +1)!

2
Y

l ,m

ˆ l 
z
Y

l, m
= m!Y

l,m

ˆ l +! l ,m
= (l"m)(l+m+1)!Y

l ,m+1

ˆ l "! l ,m
= (l+m)(l "m+1)!Y

l ,m"1

! ! ! !    ! ! (2-7-1) 

Y
l ,m
(!," )![\/&']O9^_0 m!`(m = ±l,  0)Ca6Y

l ,m
(!," )5<=>?

@CbcdefghiEG;jI*+IHEF 

kl9
  

ˆ l 
z
Y

l, m
= m!Y

l,m
jImTEF ˆ l 

z
!JKLMNO(2-6)5nEop5qr:9 

! ! ! ! ! ! !

  

ˆ l 
z
Y

l, m
= !i!

"

"#
Y

l ,m
($ ,#) = m!Y

l, m
($,#)  

;0EFGHO9 

! ! ! ! ! !
!

!"
Y
l ,m
(#," ) =

$1

i
mY

l ,m
(#,") = imY

l,m
(#,")! ! ! !    ! (2-7-2) 

G!st,uBO9Y
l ,m
(!," )Vv!op0&':nEG;Cwxe87EF 

! ! ! ! ! ! Yl ,m(!," ) = e
im"
# gl,m(! ) = e

im"
# fl,m (cos!) ! ! ! !    ! (2-7-3) 

0 ! " ! #:O9!;cos!O-y-5yzYEjI9cos!C{'5|}8~�7F 

P�e9 fl ,m(cos!)O�'~�+8mTEF 

m = ±lO���o���! m :nE!:9GHIY
l ,± lO^_0~!:nEF

(2-4):�Pop59Y
l ,l
5�<>?@CfghiP��O�:nc9Y

l ,! l5�=>

?@ChiP��~�:nEF<=>?@O(A2-6-2)jI9 

! ! ! ! ! !

  

ˆ l ± = !e
±i!

(±
"

"#
+ i cot#

"

"!
)  

:nEjI9(2-7-3)Cg789 

!

  

! 

ˆ l +Yl,l = !e
+i"

(
#

#$
+ i cot$

#

#"
)[e

il"
fl,l (cos$)] = !e

+ i( l +1)"
(
##

#$
% lcot$)fl,l (cos$) = 0! ! ! !  

;0EFGHO9 

! ! ! ! ! ! ! ! ! ! (
d

d!
" l cot!) fl ,l (cos! ) = 0 ! ! ! !     ! ! ! ! (2-7-4) 
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!"#$%&'()C
l
*+,-./) 

! ! ! ! ! ! ! ! ! ! fl ,l (cos! ) = Cl(sin!)
l
! ! ! ! ! ! !  ! ! ! (2-7-5) 

!"#$(2-7-4)01234./56./789:#$;<) 

! ! ! ! ! ! ! ! ! ! Y
l ,l = Cl ! e

il"
! (sin#)

l
! ! ! ! ! ! !  ! ! ! (2-7-6) 

!"#$Y
l ,! l2=>?@A*BCDEFGHIJK2./) 

! ! ! ! ! ! ! ! ! ! Y
l ,! l = C!l "e

!il#
" (sin$ )

l
! ! ! !  ! ! ! ! ! (2-7-7) 

-&LMNOP8#$ 

(2-7-3)! mQR-.FGH& 

! ! ! ! ! ! ! ! ! Yl ,0 (!,") = fl ,0 (cos! )! ! ! ! ! ! ! !  ! ! (2-7-8) 

ISTUVWX,!"#$%&X,*YZ#2()Yl ,0 (!,") = fl ,0 (cos! )! N
ˆ l 

2

&

VWX,!"#%-*[\$ ˆ l 
2

() 

! ! ! !

  

ˆ l 
2
= !!

2
{

1

sin"

#

#"
(sin"

#

#"
) +

1

sin
2
"

# 2

#$
2}! ! ! ! ! ! ! ! (2-6-5) 

!"#N)(2-7-3)(!*]^!_U_`P)!2Xa#56(R!"b) 

! ! !
  

ˆ l 
2
Yl, 0 = !!

2
{

1

sin"

#

#"
(sin"

#

#"
)} fl ,0 (cos" ) = l(l +1)!

2
fl ,0 (cos" )! !

-U#$%8(cd,&56efg!"#`P)h56efg2U#$iF)!

g(!) = f (cos! )2j./k1*!!56a89)!

!
dg

d!
=

df

d(cos! )
"
d(cos! )

d!
= # sin! "

df

d(cos! )
! !)

d

d!
= " sin! #

d

d(cos!)
!"#%-2

lm./noa89)!

! ! ! ! ! ! {
d

d cos!
(sin

2
!

d

d cos!
) + l(l +1)} fl,0 (cos!) = 0 !

-U#$%%!) z ! cos" ! -a#-)!

! ! ! ! ! ! ! {
d

dz
(1 ! z

2
)
d

dz
) + l(l +1)} fl,0 (z) = 0 ! ! ! ! ! !!! ! (2-7-9) 

%&56efg( Legendrepqrstuqv&56efg-w98#$%&'

()lx& Legendrepqrstuqv&yzg!)P
l
(z)-{|D8#$P

l
(z)( z

2Xa#lx&yzg!"b)P
l
(1) = 1N}~./_#$P

l
(z)&���YZe()

%%!(��U_)�32|a$ 

! ��&Y
l ,l

,   Y
l, !l ,   Yl,0 ! `P�8`*��)%82�>?@A*�b�./BC

DE89)�/&Y
l ,m
N���2YZP8#$Y

l ,l
*�^�GH(=>?@A*)
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Y
l ,! l!"#$%&'()*+,-!./0123456Yl ,0789:5%&'()

*+,-!./012340Y
l ,l
;<!=:(Y

l ,! l;<'>?+,-!12345

@ABC56 Y
l ,l

,   Y
l, !l ,   Yl,0DEF!"#<G(*?+,-H

ˆ l ±I!JKLM1

234N%&DOPQ!R:=:0STAUV<W56XB@F!=:56 
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!2-8"#$%&'()*+,-./012345(5'6 

01234578,9(2-7-1):*9#$%&';9 

! ! ! !
  

ˆ l ±Yl, m
= (l!m)(l±m+1)"Y

l,m±1
 

<=>?@A9BCDE7FGH9 

! ! ! ! !

  

Y
l ,m±1

=
1

(l!m)(l±m+1)
!
1

"
! ˆ l ±Y

l, m
! ! ! ! ! ! ! ! ! ! ! (2-8-1) 

Y
l ,m±1

,  Y
l,m ± 2

,  Y
l,m±3

,  ! ! ! !!,  Y
l ,m ± kDIJKLHMNO/;9P6;Q/RST9

ˆ l ±D

UV)*+,HW.XYZO/7[Z\](:^[ ˆ l ±D k V)*+,?_`D

(ˆ l ± )
k
<a,9O(bcdaeDKLZ\ 

fgh6; 

! ! ! ! Yl , µ = e
iµ!
" fl , µ(cos#) ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (2-8-2) 

/Fi9OS7 ˆ l ±DW.XYZ\#$%&'(jklae;9 

! ! ! ! !

  

ˆ l ± = !e
±i!

(±
"

"#
+ i cot#

"

"!
)! ! ! ! ! ! ! ! ! ! ! ! ! ! (2-6-2) 

<=Z\ (2-8-2)<m6Dcos!7,HGZ(<9(2-6-2)<! /!" # ! /! cos"/,

Hn@oT[A[G\OS;9p79(2-3-9)(qrstuq(vwxyzD{Z

|7}>HGZ\~vw�vw���<=Z@A9 

! ! ! ! ! ! !
!

!"
= # sin" $

!

!(cos")
! ! ! ! ! ! ! ! ! ! ! ! ! ! (2-8-3) 

�^��(��;9(2-6-2)(cot!DFi�RO/<=Z9 

! ! ! ! ! ! !
!(sin" )

!(cos" )
#
! sin"

! cos"
= $

cos"

sin"
= $cot" ! ! ! ! ! ! ! ! (2-8-4) 

OS;9cos
2
! + sin

2
! = 1(��D!<vwRZ/{ASZ\(2-8-3)/(2-8-4)D�

>H9 ˆ l ±;9 

! ! ! ! ! !

  

ˆ l ± = !e
±i!

(" sin"
#

# cos"
$ i

# sin"

# cos"

##

#!
) ! ! ! ! ! ! ! ! ! (2-8-5) 

/[Z\O( ˆ l ±D(2-8-2)(Yl , µ = e
iµ!
" fl , µ(cos#)7W.XYH�Z9 

! ! ! !

  

ˆ l ±Yl, µ = !e
±i! (" sin"

#

# cos"
$ i

# sin"

# cos"

#

#!
)[eiµ! % fl, µ (cos" )]

= !e
±i!

{µ %
# sin"

# cos"
" sin" %

#

# cos"
} %[e

iµ!
% fl, µ (cos")]

! ! ! (2-8-6) 

/[Z\ 
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ˆ l +  !"#$%&'((2-8-6))*!{µ !
" sin#

" cos#
$ sin# !

"

" cos#
}e

iµ%
fl,µ (cos# )+,-.

/((! sin
1+µ

")-01234( 

! ! ! ! !

(! sin1+µ "){!µ #sin!µ!1" #
$ sin"

$ cos"
+ sin!µ " #

$

$ cos"
}eiµ% fl,µ (cos" )

= (! sin
1+ µ
" ){

$

$ cos"
(sin

!µ
") + sin

!µ
" #

$

$ cos"
}e

iµ%
fl,µ (cos" )

= (! sin
1+ µ
" )

$

$ cos"
{(sin

!µ
" )e

iµ%
fl ,µ (cos")}

 

456789'( ˆ l +  !"#( 

! ! ! !
  

ˆ l +Yl,  µ = ! ! ("e
i#

) !(sin
1+ µ

$)
%

% cos$
{(sin

"µ
$ ) ! e

iµ#
! fl , µ (cos$)}! ! ! ! ! (2-8-7) 

:;67 

! ˆ l !  !"#$%&'(<=$./>?(2-8-7)$@A!BCDEF>67G!B

CH( 

! ! ! !
  

ˆ l !Yl,  µ = ! " (e
!i#

) " (sin
1!µ
$)

%

% cos$
{(sin

+µ
$ ) "e

iµ#
" fl, µ (cos$)}  

IJ-#K'L,?( 

! ! ! !
  

ˆ l ±Yl,  µ = ! ! ("e
" i#

) ! (sin
1±µ
$ )

%

% cos$
{(sin

"µ
$) !e

iµ#
! fl,  µ (cos$ )}! ! ! ! ! (2-8-8) 

4567MNO ˆ l ±+,:LP4( 

! ! ! ! ! !
  

ˆ l ±(µ) = ! !("e
"i#

) !(sin
1±µ

$)
%

% cos$
(sin

"µ
$ )! ! ! ! ! ! ! ! ! ! (2-8-9) 

456D(QR!ST(UVDWX:;67Y%H((2-8-8)4Z[>?\6]^$(

  
(sin

!µ
! )-_,'`FMN36a4(ˆ l ±DYl , µ = e

iµ!
" fl , µ(cos#)!µ$bcd'&6a

4:;67! ˆ l +- kef1gd'hijK6a4H( 

(ˆ l + )
k
[e

iµ!
" fl,µ (cos# )] = ˆ l + (µ + k $1) " ˆ l + (µ + k $ 2) " " " ˆ l +(µ + 1) " ˆ l +(µ) "[e

iµ!
" fl,µ (cos% )]  

:;67kl( ˆ l !- kef1gd'hijK6a4H( 

(ˆ l ! )
k
[e

iµ"
# fl,µ (cos$ )] = ˆ l ! (µ ! k +1) # ˆ l !(µ ! k + 2) # # # ˆ l !(µ !1) # ˆ l !(µ) #[e

iµ"
# fl ,µ (cos% )]  

4567 

km1 !"#H(2-8-9):;6`F(kmS!"#-no(Yp!f1gdeqD k :

;6"#H(rstu$noF>67 

! ! !

  

(ˆ l + )
k
= (!)

k
! ("1)

k
!e

ik#
!sin

k+µ
$ !

% k

%(cos$)
k

(sin
"µ
$ )! ! ! ! ! ! (2-8-10) 
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! ! !

  

(ˆ l ! )
k
= (!)

k
" e

!ik#
"sin

k!µ
$ "

% k

%(cos$)
k

(sin
µ
$) ! ! ! ! ! ! ! ! ! ! (2-8-11) 

(ˆ l ± )
k
!"#$% 

  
(sin

!µ
! )&'()*+,-./01%Yl , µ = e

iµ!
" fl , µ(cos#)!µ23

45)6/01%2789:;<=>%(ˆ l + )
k
2?%(!1)

k
!@A9BC/012$

78< 

 

DEFGHIJ!JAK l?LM?N!OKP%QOKRP?S6T  

U2-4PV>WX2GHIJ!JAK J?%YZ[2?%LM?N!OKM?

QOKP\/<5*5%EFGHIJ!JAK l?QOKR&]+^%l?LM

?N!OKP\_%`a)%!l "m " l! m?:^ 0&bc01%&de5)f

g< 

(2-7-6)1(2-7-7)*+%m9hi1hj!Y
l ,l

,  Y
l, !l?% 

! ! ! ! ! ! ! ! ! ! Y
l ,l = Cl ! e

il"
! (sin#)

l
! ! ! ! ! ! ! ! ! ! ! ! ! (2-7-6) 

! ! ! ! ! ! ! ! ! ! Y
l ,! l = C!l "e

!il#
" (sin$ )

l
! ! ! ! ! ! ! ! ! ! ! ! (2-7-7) 

P\/<Y
l ,l
2klmnA&olpqrst/1%u!vw?xKyK&z{%Y

l ,! l

2Y|./< 

! ! ! ! ! ! !

! 

(ˆ l ")
2l

Y
l ,l

= (Constant) #Y
l,"l

 

P\/<5*5%n}~15)%klmnA&�ol�n�pqrst/1%u!

vw?LP\/<m���!���!���K?4�5S6*+P\/<��!

! ! ! ! ! ! ! ! (ˆ l ! )
2l +n

Y
l ,l
= 0! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (2-8-12) 

P\/<0!��?%(2-8-11)!vw&�X1% 

!

  

(ˆ l ! )
2l +n

Y
l ,l = C

l
" (!)

2l+ n
" e

!i (2l + n)#
" sin

l+ n
$ "

% 2l + n

%(cos$ )
2l + n

(sin
l
$ "e

il#
"sin

l
$ )  

! ! ! ! !

  

= C
l
!!

2l+n
e
"i (l+ n)#

! sin
( l+ n)

$
d
2l +n

d(cos$)
2l+ n (sin

2l
$ ) = 0 ! ! ! ! ! ! (2-8-13) 

0!vw?%cos! = z1./1% 

! ! ! ! ! ! !
d

2l+ n

dz
2l +n (1 ! z

2
)
l
= 0      (n " 1) ! ! ! ! ! ! ! ! ! ! ! (2-8-14) 

P\/01&8�5)6/< 

00P��~!"#&��/1%
d

dz
{
d

2l

dz
2l

(1 ! z
2
)
l
} = 0   P\/*+% 

d
2l

dz
2l

(1 ! z
2
)
l
= const.   P\_%���-.C�% 
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! ! ! ! ! ! (1 ! z
2
)
l
  !"2l#$%&'()! ! ! ! ! ! ! ! ! (2-8-15) 

*+,-./0,1"2l#23456789:;<=>?@ABC*+,DE)

FGH2)"2l#!IJ2K%LC*+,1<D<)(2-8-15)DE)l 2MLCN

*+,-.2O?PQR1STU)l=1/2 %VW8XTPU)YEDH(2-8-15)

2Z[<QR1\]^_`a%a7C l2 0bA2K%LC*+:)cde)m

fLC*gh 08ij1m2kla7C.mUP,1 

! ! ! ! !
l = 0,  1,  2, 3,  ! !

m = "l,  " ( l "1), ! !!,  -1, 0, 1, ! !!,  (l -1), l 
! ! ! ! ! ! ! ! (2-8-16) 

\]^_`a%a7C l %no2)`pqr(DEsEP,ta7C"n#*u

TEP,-.2v5-1*wxy,1 


