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!3! Legendre"#$%&'#()*+,-./ Y
l ,0

 

! (2-7)0123456Y
l ,m
0 m78/92:;)Yl ,0 = fl,0 (cos! )! <

ˆ l 
2

)=>?@

0ABC/DE6 z ! cos" ! /FB/6Legendre"#$%&'#()*+,-.

<GEHBI Yl ,0 = fl,0 (cos! )JK)L0ABICC0J6MN6OPQ)RPS

TUVWX)YZ&[%#\]#^_< Legendre )`a.0bcdHBC/e

fg96Legendre )`a.< Legendre"#$%&'#()*+,-.)L0A

BC/6hij6 Yl ,0 = fl,0 (cos! )J Legendre )`a.eXkjbcdHBC/

elmBI 

 

"3-1(Legendre)`a./PQn)RPST\]#^_  

OPQ)RPUVWX)YZ&[%#\]#^_J6(1-1-5)6(1-1-8)DE6P

Q)Po)pqres6tu)PQ)vwe r12/FB/6 

! ! ! ! ! ! ! ! ! ! Erep =
e2

r
12

! 0 ! ! ! ! ! ! ! ! ! ! ! ! ! (3-1-1) 

0ABIPQ)vw r12<xdyzB/OPQ)RPUVWX)YZ&[%#\

]#^_J{|yz}6r12 <~�{0��/zBIC)YZ&[%#\]#^

_e6��J�56OPQn)RPST\]#^_/��C/5FBI 

 

 

 

 

 

 

 

 

 

 

! � 3-10)����DE6(r
12
)
2
= (r

1
)
2
+ (r

2
)
2
! 2r

1
r
2
cos"! 0AB)06 

! ! Erep =
e2

r
12

=
e2

(r
1
)2 + (r

2
)2 ! 2r

1
r
2
cos"

=
(e2 / r

1
)

1 ! 2(r
2
/ r
1
)cos"2 + (r

2
/ r
1
)2
! !  (3-1-2) 

0ABI(r
2
/ r
1
)0��eZ_�_��FB<6K)�5J(r

2
/ r
1
) <10z�H�z

r�O 

r� 

rO 
� 

� 3-1IOPQ)RPUVWX 

�!

� 
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EzkIr
12
Jr

1
,  r

2
5?9jq�0AB)06{|k,er+6xdk,er!/9j6 

! ! ! ! ! ! ! Erep =
(e2 / r+)

1 ! 2(r! / r+)cos"
2 + (r! / r+)

2
! ! ! ! ! ! ! ! ! (3-1-3) 

/��BIdE56(r! /r+ ) = r,  cos" = z/FB/6 

! ! ! ! ! ! ! Erep =
(e2 / r+)

1 ! 2rz2 + r 2
 

/zBI! (1 ! 2rz
2
+ r

2
)
!1/ 2
e r)?@e��6r = 00CHeZ_�_��FB6 

! ! ! ! ! ! !

(1 ! 2rz + r
2
)
!
1

2 =1 + zr +
1

2
" (3z

2
!1)r

2
+ " " "

= {
1

l!l=0

#

$ "
% l

%r
l
(1! 2rz + r

2
)
!
1

2}
r = 0 "r

l

= P
l

l=0

#

$ (z) " r
l

! ! !  ! ! (3-1-4) 

r
l
)�@0ABP

l
(z)J6#$%&'#)`a./��H6(1 ! 2rz

2
+ r

2
)
!1/ 2
J#

$%&'#)`a.)�?@"generating function(/��HBI 

! (3-1-4)DE6 

! ! ! ! ! ! ! ! ! (1 ! 2rz + r
2
)
!
1

2 = P
l

l= 0

"

# (z) $r
l
 

0AB)06C)��e6r0*+9j6(1 ! 2rz
2
+ r

2
)e��B/I 

! ! ! ! ! !
(z ! r )

1 ! 2rz + r2
= (1 ! 2rz + r

2
) " l "P

l

l= 0

#

$ (z) " r
l!1

 

0ABIC)�� #$%&'#)`a.0��BDE6 

! ! ! ! ! ! (z ! r) P
l
(z) " r

l

l= 0

#

$ = (1! 2rz + r
2
) " l " P

l

l=0

#

$ (z) " r
l!1
! ! !  ! ! (3-1-5) 

/zBIdE56��e¡a9j¢u)!5M/£B/6 

! ! ! ! {(l + 1)P
l
(z ) ! r

l+1

l= 0

"

# $ (2l +1)z !P
l
(z) !r

l
+ l !P

l
(z) ! r

l$1
} = 0 ! ! ! ! (3-1-6) 

CC06"r
l
)�@(78e��j¤B/6¥ 1a0J l! l "16¥Oa0Jl! l6

¥ 3a0Jl! l +165?FB�@)¦<��0z�H�zEzkI§¨6 

! ! ! ! ! l !P
l"1(z) " (2l +1)z !Pl(z) + (l + 1) ! Pl+1(z) = 0 ! ! ! ! ! ! ! ! (3-1-7) 

/)©ª.<GEHBI(A3-1-4)3}6P0
(z) = 1, P

1
(z ) = z ! J«ED0ABDE6

(A2-9-7)0 l =1,2,3, ! ! !/FH�6C)©ª.DEP
l
(z)J�¬)­5®£EHB6 
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! ! ! ! ! ! ! ! ! ! !

! 

P0(z) =1, 

P1(z) = z,

P2(z) =
1

2
(3z

2
"1),

P3(z) =
1

2
(5z

3
" 3z),

P4 (z) =
1

8
(35z

4
" 30z

2
+ 3),

,

,

! ! ! ! ! ! ! (3-1-8) 

M26 

! ! ! ! ! ! ! ! ! ! ! P
l
(1) = 1! ! ! ! ! ! ! ! ! !  ! ! ! ! (3-1-9) 

0ABC/5¯°934I(3-1-7))©ª.0 z7�/FB/6 

! ! ! ! ! ! l !P
l"1(1) " (2l +1) !Pl (1) + ( l +1) !Pl+1(1) = 0  

0ABDE6CHe�|±²�6 

! ! ! ! ! ! (l +1) !P
l+1 (1) = (2l +1) !Pl (1) " l !Pl"1(1)  

0ABICHJ6P
l
(1) = 1,P

l!1(1) =1" P
l+1(1) =10ABC/°³9jkBIz = 1)

´6fD5P
0
(1) = 1, P

1
(1) = 10ABDE6P

2
(1) = 10A}6P

l
(1) = 1/zBI 

! P
l
(z)J z) lµ)`a.0A}6l)¶·¸5q¹9jP

l
(z) ¶?@6¸?@

/zBI�?@53B�º.(3-1-4)6 

! ! ! ! ! ! ! ! ! ! (1 ! 2rz + r
2
)
!
1

2 = P
l

l= 0

"

# (z) $r
l
! ! ! ! ! !  ! (3-1-4) 

06r! "r,  z!" z! )»|¼�e½ij 6«ED5��J¾ª9zk)06 

! ! ! (1 ! 2rz + r
2
)
!
1

2 = P
l

l= 0

"

# (z) $r
l
= P

l

l= 0

"

# (! z) $ (!r )
l
= (!)

l
P
l

l= 0

"

# (!z ) $ r
l
 

<¿}Àu6r
l
)�@eÁmH�6 

! ! ! ! ! ! ! ! ! ! ! P
l
(z) = (!1)

l
"P

l
(!z)! ! ! ! ! ! !  ! ! (3-1-10) 

ÂJ6Ã5�kj 

! ! ! ! ! ! ! ! ! ! ! P
l
(!z) = (!1)

l
"P

l
(z)! ! ! ! !  ! ! ! ! (3-1-10’) 

/zBIhij6! P
l
(1) = 10AB)06P

l
(!1) = (!1)

l
"P

l
(1) = (!1)

l
! 0ABI 

 

! �Ä)3456#$%&'#)`a./K)�?@<Åi2IK9j6OP

Qn)RPST\]#^_J6#$%&'#)`a.eXkj6 
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! ! ! ! ! ! ! ! !

! 

Erep = (e
2
/ r+) Pl

l= 0

"

# (cos$) % (r& /r+)
l
! !  ! ! ! ! (3-1-10) 

/bc0|BIC)ÆÇJ6`PQÈ)PQST\]#^_e��BÉ5ÊË

/zBIµ56#$%&'#)`a.<#$%&'#)*+,-.)L0AB

C/efgFBI 
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!3-2"Legendre#$%&'() Legendre#*+(  

! ,-./01234536789:; 

! ! ! ! ! ! ! ! ! (1 ! 2rz + r
2
)
!
1

2 = P
l

l= 0

"

# (z) $r
l
! ! ! ! ! ! ! !     (3-2-1) 

4 r.$%8<0!r
l
#=3"4>?0 Legendre#*+(@2ABCD((3-1-7)

4E9F 

! ! ! ! l !P
l"1(z) " (2l +1)z !Pl(z) + (l + 1) ! Pl+1(z) = 0 ! ! ! ! ! !    ! (3-1-7) 

! GG./0(3-2-1)#:;4 z.$%80(1 ! 2rz + r
2
)4HI<JB0 

! ! ! r P
l
(z) ! r

l

l= 0

"

# = {
d

dz
P
l

l=0

"

# (z) !r
l
$ 2z

d

dz
P
l
(z) ! r

l+1
+
d

dz
P
l
(z) ! r

l+ 2
}! !  

GG.0r
l+1
#=34>?<JB)0 

! ! ! P
l
(z) !

d

dz
P
l+1(z) + 2z

d

dz
P
l
(z) !

d

dz
P
l!1(z) = 0! ! ! !    ! ! ! ! (3-2-2) 

KELMBFGM@NOABPQ@0(3-1-7)#CD(R z.$%AB)0 

 l !
d

dz
P
l"1(z) " (2l +1)Pl(z) " (2l +1)z

d

dz
P
l
(z) + (l +1)

d

dz
P
l+1(z) = 0 !  ! (3-2-3) 

KELMBFG#(3-2-2))(3-2-3)#ST4U@2=(4E<0VM4RQWX z

.$%89YZK0 

! ! ! ! ! ! ! !

(1 ! z 2)
d
2

dz
2
P
l
(z) ! 2z

d

dz
P
l
(z) + l(l +1)P

l
(z)

= {
d

dz
(1 ! z

2
)
d

dz
+ l(l +1)}P

l
(z) = 0

! ! !   ! (3-2-4) 

)[BG)4\]^0Legendre#*+(/ Legendre#$%&'(#_.`BG

)G)4\89G)@[BFab#cd.GM44efABF 

g"(3-2-2))(3-2-3)hL z
d

dz
P
l
(z)#+4ijAB)0 

! ! ! ! ! ! ! !
d

dz
P
l+1(z) !

d

dz
P
l!1(z) = (2l +1)Pl(z)! ! ! ! !   ! (3-2-5) 

k"(3-2-3))(3-2-5)hL
d

dz
P
l!1(z)#+4ijAB) 

! ! ! ! ! ! ! !
d

dz
P
l+1(z) = (l +1)Pl (z) + z

d

dz
P
l
(z) !   ! ! ! ! ! (3-2-6) 
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! !
d

dz
P
l+1(z)! z,  P

l
(z),  

d

dz
P
l
(z)"#$%&'()*!  

+,
d

dz
P
l!1(z)- z,  P

l
(z),  

d

dz
P
l
(z)"#$.)/012(3-2-6)3(3-2-5)145 

   .)62 

! ! ! ! ! ! ! !
d

dz
P
l!1(z) = !l "Pl(z) + z

d

dz
P
l
(z)! ! ! ! !    ! (3-2-7) 

7,(3-2-6)"l! (l "1)6.)62 

! ! ! ! ! ! ! !
d

dz
P
l
(z) = l !P

l"1(z) + z
d

dz
P
l"1(z )! ! ! !    ! ! (3-2-8) 

8,
d

dz
P
l!1(z)39:.)/012(3-2-8) 6(3-2-7)3;('2 

! ! ! ! ! ! ! (1 ! z
2
)
d

dz
P
l
(z ) = l{P

l!1(z) ! zPl(z)}! ! !   ! ! ! (3-2-9) 

<,(3-2-9)=>?3 z"@A.)*P
l!1(z)=@A!B)!2C&D(3-2-7) 

! ! 1EF2 z,  P
l
(z),  

d

dz
P
l
(z)"#.C6!"G)HI2C&I3JKL' 

! ! ! ! ! (1 ! z
2
)
d
2

dz
2
P
l
(z) ! 2z

d

dz
P
l
(z) + l(l +1)P

l
(z) = 0! !    ! ! (3-2-4) 

!MI&)*C&I3N60'OPQ2Legendre=@ARST 

! ! ! ! ! ! ! ! {
d

dz
(1 ! z

2
)
d

dz
+ l(l +1)}P

l
(z) = 0  

6U)* VW=EX12(3-2-2)6(3-2-3)HI (3-2-4)!MI&)*Legendre=Y

ZTD Legendre=@ARST=["\)* 

! Legendre =@ARSTD]^=@ARST"\)HI2Legendre =YZT=

[=_1-X`a=[!bc.)*Legendre =@ARST=`d[D2C=e

a=[=fghi"\)*LHL2C=-X`a=[D2jkRST=[6L

'Dl;"GU(-="\)="2CC"DmnLU(*op=\)RD2q

Krs=tuvwxyzQ2{|} ~̀���s�=/0=rs�nx���,2

f�872���,=~Legendre=@ARST=Z�3��%&/(* 
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!3-3"Rodrigues#$%  

! Legendre#&'%P
l
(z)()(3-1-8)*+,-./)z# l0#&'%*123 

d
l

dz
l
(z
2
!1)

l
! 4 z# l0#&'%*125)674 Legendre#89:;%#<=

#>*1?)@ABACDE Legendre#&'%P
l
(z)/<FG23@AH*IJ

G2K) 

! ! ! ! ! ! ! ! ! P
l
(z) =

1

2
l
!l!
!
d
l

dz
l
(z
2
"1)

l
! ! ! ! ! ! !   ! ! ! (3-3-1) 

KL2367( Rodrigues#$%KMN72367COP#56#Q#RS3 

! HT) 

! ! ! ! ! ! ! ! !
d
n

dz
n
(z
2
!1)

l
" v

(n )
! !  ! ! ! ! ! ! ! ! ! ! ! (3-3-2) 

KBUG2K) 

! ! ! ! (z
2
!1)v

(n+ 2)
+ 2(n ! l +1)zv

(n +1)
+ (n ! 2l)(n +1)v

(n)
= 0 !  ! ! (3-3-3) 

5VWG26KCXYZ-.3 

(3-3-2)#BU-?) 

 v
(n+1)

=
d

dz
v
(n)
=
d
n +1

dz
n+1 (z

2
!1)

l
=
d
n

dz
n
{
d

dz
(z
2
!1)

l
}=

d
n

dz
n
{2lz(z

2
!1)

l!1
}! (3-3-4) 

[\/Z]) 

v
(n+2 )

=
d

dz
v
(n+1 )

=
d
n

dz
n
[
d

dz
{2lz(z

2
! 1)

l!1
}] =

d
n

dz
n
{2l(z

2
!1)

l!1
+ 4l(l !1)z(z

2
!1)

l! 2
}

!  ! (3-3-5) 

(3-3-3)*^_`#a) 

! ! ! ! ! (z
2
!1)v

(2)
+ 2(n ! l +1)zv

(1)
! 2lv

(0)
= 0 ! ! ! ! ! ! !  ! (3-3-6) 

*123675VWG26K()(3-3-2))(3-3-3))(3-3-5)* n=0KG2K) 

! ! ! ! ! ! !

v
(0)
= (z

2
! 1)

l
,

v
(1)
= 2lz((z

2
!1)

l!1

v
(2 )
= 2l(z

2
! 1)

l!1
+ 4l(l !1)z

2
(z
2
!1)

l! 2

! ! ! !  ! ! (3-3-7) 

5bc72dc)67cC(3-3-6)#ef/ghZ]XY*E23 

0/)nij#klCIm23(3-3-3)#efC z *89Z)n#opCqrG

2K) 
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!  ! (z
2
!1)v

(n+ 3)
+ 2(n ! l + 2)zv

(n+ 2)
+ (n + 2)(n + 1- 2l)v

(n+1)
= 0! ! ! (3-3-8) 

!"#$(3-3-3)%&' n((n+1))*+,-./01234/0$n=056(3-3-3)

789:25'$n;<5=>?(3-3-3)789:2!)7@23 

)!A'$(3-3-3)' n=l! )BC)$ 

! ! ! ! ! (z
2
!1)v

( l+2)
+ 2zv

( l+1)
+ l(l +1)v

( l)
= 0 ! ! !  

D&-(-1)EFG0H2)$ 

! ! ! ! ! ! (1 ! z
2
)
d
2

dz
2
v
(l+ 2)

! 2z
d

d
v
( l+1)

+ l(l +1)v
( l)
= 0  !   ! ! ! (3-3-9) 

!"# Legendre5IJKLM'N2OP$ 

! ! ! ! ! ! ! v
(l )
!
d
l

dz
l
(z
2
"1)

l
! ! ! ! ! ! ! ! ! ! ! !  ! ! ! (3-3-10) 

?$Q5RS5T'N2!)7UO23Legendre 5VWMP
l
(z)#$(3-1-8)-N

2XY-$ z5 lZ5VWM'N[$
d
l

dz
l
(z
2
!1)

l
! ? z5 lZ5VWM'N2O

P$D\#]^_^E`aRb*01.G"c.P.13de$ 

! ! ! ! ! ! P
l
(z) = C !

d
l

dz
l
(z
2
"1)

l
! ! ! ! ! ! ! ! ! ! !  ! ! ! (3-3-11) 

P
l
(z)'#$(3-1-9)5XY-P

l
(1) = 1'N/+3!"OP_^ C5fEgh23 

! ! ! ! ! ! P
l
(1) = C ![

d
l

dz
l
(z
2
"1)

l
]
z =1 =1! ! ! ! ! !  ! ! ! ! ! (3-3-12) 

!!'#$(z
2
!1)

l
= (z +1)

l
(z !1)

l
'N2!)$i5IJ-j:2klmnop5

]qEr123klmnop5]q#$ 

! ! ! ! ! !
d
n

dx
n
{a(x)b(x)} =

n!

!!(n " ! )!! =0

n

# $
d
!

dx
! a(x) $

d
n "!

dx
n" ! b(x)  

'N234/0$ 

! ! ! ! ! !

d
l

dz
l
(z2 !1) l =

d
l

dz
l
{(z +1)l(z !1) l}

=
l!

"!(l ! ")!" = 0

l

# $
d
"

dx
" (z +1)

l
$
d
l!"

dx
l! " (z !1)

l

! !  ! ! ! ! (3-3-13) 

(3-3-12)-N2XY-$st-.25#$zu<5=>'N2OP$vwxc.P

.15#$
d
l! "

dz
l! " (z ! 1)

l
5W'N23l ! (l ! " ) = " #15=>#$ 
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(z !1)
l! (l! " )

= (z !1)
"
!"#$%&'()* z+,-./012%&012)23

!*l ! (l ! " ) = " = 0!"-4%& 

 [
d
l

dz
l
(z
2
!1)

l
]
z =1 = [(z +1)

l d
l

dx
l
(z !1)

l
]
z=1 = (2)

l
" l(l !1) " " " 2 "1 = (2)

l
"l!! ! (3-3-14) 

56/7Rodrigues!89 

! ! ! ! ! ! ! ! ! P
l
(z) =

1

2
l
!l!
!
d
l

dz
l
(z
2
"1)

l
! ! ! !                  (3-3-1) 

#:)(%& 
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!3-4"Legendre#$%&'()* Y
l ,0

 

+, l-./01, Legendre#$%* l
'

-./01, Legendre#$%&23

4567 898:-/2;<=>&3?@,A 

! ! ! ! ! P
l
(z)P

l'

!1

1

" (z)dz ! ! ! ! ! ! ! ! ! ! ! ! !     ! ! (3-4-1) 

BCDEF!l = l'"&GHI9 

! ! ! ! ! P
l
(z)P

l

!1

1

" (z)dz = {P
l
(z)}

2

!1

1

" dz! ! ! ! ! ! ! ! ! ! ! ! ! ! !  

-+,A z = cos!-+,JK967 898:I z &LMNO-+,AP&LMO

QR=,/2;D9l !  l'- 09l = l'-/N*S,T9P
l
(z)I'()D+,*U

VA 

 

W P
l
(z)&'()X  

a(z),  b(z)3YZ& z&[N*<\9]&/2;3?@,A 

! {(1 ! z
2
)a' (z)}' b(z)dz

!1

1

" = [(1 ! z
2
)a' (z)b(z)]!1

+1
! (1 ! z

2
)a' (z)b' (z)dz

!1

1

"  

P1I^;2;Q_`SaD9bcdF$Ie-+,&-9 

! ! {(1 ! z
2
)a' (z)}' b(z)dz

!1

1

" = ! (1! z
2
)a' (z )b' (z)dz

!1

1

" ! ! ! !   ! ! ! ! (3-4-2) 

P&fgI9(3-4-2)&hci-9a(z)*b(z)3j1k@\>9fgIEl-+,

P*3Zm<\a,AnP-9a(z) = P
l
(z),   b(z) = P

l'
(z)! *<\9(3-4-2)&hc

i3op1q9P1K3j1k@=>&Ir<aJK9 

! !
d

dz
{(1 ! z

2
)
d

dz
P
l
(z)}" P

l'
(z )dz

!1

1

# =
d

dz
{(1! z

2
)
d

dz
P
l'
(z)}" P

l
(z)dz

!1

1

# !    ! (3-4-3) 

-+,AP
l
(z),   P

l'
(z)IsQ Legendre &t;uv%&w-+,JK9(3-2-4)-x

=yVQ 

! ! ! !

(1 ! z 2)
d
2

dz
2
P
l
(z) ! 2z

d

dz
P
l
(z) + l(l +1)P

l
(z)

= {
d

dz
(1 ! z

2
)
d

dz
+ l(l +1)}P

l
(z) = 0

! ! !            ! (3-2-4) 

3z=<\a,A{|\9l,   l'Q[<\ 
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! ! ! !
d

dz
(1! z

2
)
d

dz
P
l
(z) = !l(l +1)}P

l
(z)  

!"#$%&'()*(A3-4-3)+* 

! ! ! ! l(l +1) P
l
(z) !P

l'
(z)dz

"1

1

# = l' (l'+1) P
l'
(z) ! P

l
(z)dz
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