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I
m
=

d

dz
{
d
m!1

dz
m!1 Pl (z)}

!1

1

" #{(1! z
2
)
m d

m

dz
m
P
l
(z)}dz  

! =
d
m!1

dz
m!1 Pl(z) "(1 ! z

2
)
m
"
d
m

dz
m
P
l
(z)

!1

1

!
d
m!1

dz
m! 1 Pl(z)

!1

1

# "
d

dz
{(1! z

2
)
m d

m

dz
m
P
l
(z )}dz  

$%&';<=L(1 ! z
2
)
m
H%&W4 089X+JY 

! ! ! ! I
m
= !

d
m!1

dz
m!1 Pl (z)

!1

1

" #
d

dz
{(1 ! z

2
)
m d

m

dz
m
P
l
(z)}dz ! ! ! !  ! ! (4-2-15) 

$%&',,$(4-2-13).Z[G&8+ 

! I
m
= (l +m)(l ! m +1)

d
m!1

dz
m!1 Pl(z)

!1

1

" # (1 ! z
2
)
m!1

#
d
m!1

dz
m!1 Pl(z)dz  

! ! = (l +m)(l !m +1)I
m!1! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  ! (4-2-16) 

$%&',:\]^._`V+ 

! ! I
m!1 = (l +m !1)(l !m + 2)I

m! 2  

! ! I
m!2 = (l +m ! 2)(l !m + 3)I

m!3
 

! ! !

   !

   !

I
k+1

= (l + k +1)(l " k )I
k
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!"#$%&'( 

! ! I
m
= {(l +m)(l ! m +1) " " " (l + k +1)} "{(l ! m +1)( l !m + 2) " " "(l ! k )}I

k
 

)*#$k + k=0 ,!-.!/#$,0( I
0
+P

l

m
(z ) = P

l
(z )12345678#

9:( (A3-4-13)9:( I
0
=2/(2l;1)!"#$%&'( 

! ! I
m
=
(l +m)!

(l + k)!
!
(l " k)!

( l "m)!
I
k
=
(l + m)!

(l " m)!
! I
0
=
(l +m)!

(l "m)!
! (

2

2l +1
)! ! ! !  (4-2-17) 

)*#$ 

<1l' = l1=>)(4-2-11)1 l' ! l1=>5?@'( 

! ! ! P
l'

m
(z) !P

l

m
(z)dz = (

2

2l +1
) !
(l +m)!

(l "m)!
!#

l,l'

"1

1

$ ! ! ! ! ! ! ! !  ! (4-2-18) 

)AB<)C!/#$ 

! DE5!
l ,l'
1FG!HIJ( 

! ! {
2l' +1

2
!
(l' "m)!

(l' +m)!
P
l'

m
(z )}!{

2l +1

2
!
(l "m)!

(l +m)!
P
l

m
(z)}dz = #

l,l'

"1

1

$ !  (4-2-19) 

)*#$P
l

m
(z )+KLMG!+"#C(NO.+PI'Q*Q$R9R( 

2l +1

2
!
(l "m)!

(l +m)!
P
l

m
(z) ! +NO.PI0KLMG)*#$ 

!  
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(4-3)! Y
l ,m
(!," ):!"#$%&  

'()*+,-Y
l ,m
(!," )./01234 l 5678 m90, :1, :2/;;;:l

,<2l +1)=,%&>?@ABCD5./Y
l ,0
(0,0) =E,F&/e

i!
= 1,GHIJ

KL@M/ 

! ! l ! m ! 0M78 

! ! ! Y
l ,m
(!," ) = (#1)

m
${

1

2%
$ e

im"
} $

2l +1

2
$
(l #m)!

(l +m)!
$P

l

m
(cos!) !   ! (4-2-5) 

! ! ! Y
l ,!m(",#) = (!1)

m
$Y

l,m

*
(",# ) 

NOPQR,Y
l ,m
(!," ),S./ 

! ! ! ! Y
l ,0

(!,") =
2l +1

4#
$P

l
(cos!),    Y

l ,m
(0,!) =

2l +1

4"
#$

m ,0
! !   ! (4-2-5’) 

PT>?@A 

! U3>VW,>.?@X/YZ,QR/[&(!,")X\]>^@UMI_#7

8/`,abPc>def3@A! !  

! [&g5%78./m,Eh5%i2j 

! ! ! ! ! ! ! !(m) =
1

2"
e
im#
! ! ! ! ! ! ! ! ! !   !   ! ! ! ! (4-3-1) 

MdeL@A!(m). 

! ! ! ! ! ! ! ! ! * (m)

0

2"

# !(m' )d$ = %(m,  m' )! ! ! ! ! ! ! ! ! ! ! (4-3-2) 

Xkl7/mnof34pq%&>?@AU,UM./ 

! ! !
1

2!
e
i (m "m' )#

d#
0

2!

$ =
1

2!
% {cos(m - m' )# + i sin(m " m' )#}d#
0

2!

$  

>/m9m’ ,QR.r>?@Amsm’,QR./tmu m’v= nXw&>?x/0

y2z,{|\>?@}2/sin2n! = 0>cos2n! =1>?@UM}2/{|\~

C. 0MP@A 

! [&�5%78./l ! m ! 0M78/ 

! ! ! ! ! ! !(l,m) = ("1)
m
#
2l + 1

2
#
(l " m)!

(l + m)!
# P

l

m
(cos$)  

! ! ! ! ! ! !(l,"m) = ("1)
m
#!(l,m) ! ! ! ! ! ! ! ! ! ! !  ! (4-3-3) 

M�ZA!(l,m).F&,%&>?@}2/����.�,%&5��>?x/ 
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! ! ! !
*
(l' ,m)

0

"

# !(l,m) sin$d$ = !( l' ,m)

0

"

# !(l,m)sin$d$ = %(l,  l' ) ! ! ! (4-3-4) 

!"#$(4-3-4)%&'() z = cos!*+,)-./ z 012*)dz = ! sin"d"!

"#34)56%7809#$ 

! ! ! (!1)
2m
(!1) {

2l' +1

2
"
(l' !m)!

(l' +m)!
P
l'

m
(z)}"{

2l +1

2
"
(l !m)!

(l +m)!
P
l

m
(z)}dz

+1

!1

# !  

! ! ! ! = {
2l' +1

2
!
(l'"m)!

(l'+m)!
P
l'

m
(z)} !{

2l +1

2
!
( l "m)!

(l +m)!
P
l

m
(z)}dz = #

l ,l'

"1

+1

$  

:;<%=>/?02#@*07#(-1)*)dz = ! sin"d"0AB2#(-1)34)C

D%E.((!1)
2(m+1)

= 1!"F)GH!I#$@J((4-2-14)!KLMNOPJL

P
l

m
(z )%1QRE!"#$ 

@%780)STUVW%XY
l ,m
(!," )!"#YZ[\R.() 

! ! ! ! ! ! ! ! ! Y
l ,m
(!," ) = #(m)$( l,m) ! ! ! ! ! ! ! ! ! ! ! ! (4-3-5) 

! ! ! !  Y
l' ,m'

*

! =0

2"

#
$ =0

"

# ($,!)Y
l,m($,!)sin$d$d! = %(l,l' ) &%(m,m' ) ! ! ! ! ! ! (4-3-6) 

!)MNOPJL1QR.!"#$ 

]P9(l, m)/^_Y
l ,m
(!," )%`Da9R.b(56%cF!"#$ 

  

l = 0        Y
0, 0
=

1

4!

l =1         Y
1,0
=

3

4!
cos",       Y

1,±1
= !

3

8!
# e±i$ #sin"

 

  

l = 2      Y2,0  =
5

16!
" (2cos2# $ sin2# )

             Y2,±1 = !
15

8!
" e± i% "sin# cos#,               Y2,±2 =

15

32!
" e±2i% "sin2#

 

  

l = 3      Y3,0  =
7

16!
" (2cos

3
# $ 3cos# sin

2
# )

             Y3,±1 = !
21

64!
" e

±i%
"(4cos

2
# sin# $ sin

3
# ),        Y3,±2 =

105

32!
" e

±2i%
" sin

2
# cos#

             Y3,±3 = !
35

64!
" e±3i% " sin3#

 

d0)selfgh)pelfih)delfjh)felfkh*lmJ#@*/no#$ 
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(4-4)! !"#$%&'()*+  

,-./0'1Y
l ,m
(!," )23(A2-6-6)453 

! ! ! {
1

sin!

"

"!
(sin!

"

"!
) +

m
2

sin
2
!

" 2

"#
2 + l(l + 1)}Yl ,m(!,#) = 0! ! !    ! (2-6-6) 

'16789:;5<= l >?@A mB0, C1, C23DDDCl 'E2l +1)FGH

IJK89LMN1678453O<5E2l +1)F'Y
l ,m
(!," )PQRSTU=V'3 

! ! ! ! f (!,") = Al,m
m= #l

+l

$ Yl ,m(!," )! ! ! ! ! ! ! ! ! ! ! ! ! ! !    (4-4-1) 

VW=3,-./0(2-6-6)'16789X.3(4-4-1)' f (!,")N,-./0'1

678Y53Y
l ,m
(!," )2(4-3-6)6Z=[\>3]^_`<=ab%&678453 

! !  Y
l' ,m'

*

! =0

2"

#
$ =0

"

# ($,!)Y
l,m($,!)sin$d$d! = %(l,l' ) &%(m,m' ) ! ! ! ! !   ! (4-3-6) 

Ncdef9ghA3(A4-4-1)'ij>Y
*
l' ,m' (!," )PkHAlm'noPp;q3 

! ! ! ! !

! =0

"

# Y
*
l,m(!,$) % f (!,$)sin!d!d$

$= 0

2"

#  

! ! ! ! ! = A
l,m

m= !l

+ l

"
# =0

$

% Y
*
l' ,m' (#,& ) 'Y

l ,m(# ,&) 'sin#d#d&
& = 0

2$

% = A
l ,m
! ! !  ! (4-4-2) 

rY89O'[\>@A*W8s&A
l ,m
rtu]ab%&vY

l ,m
(!," )PwxA3

f (!,")  2(4-4-1)'[\>yz6{89 

! |O63} 4-4-1'~f'������
  

! 
r 
1
,  
! 
r 

2
P�;89O<5P���co6

�Kr3 

! ! ! ! ! ! ! !
  

! 
r 
1
= (r

1
,  !

1
,  "

1
),        

! 
r 
2
= (r

2
,  !

2
,  "

2
) ! ! ! ! !   ! (4-4-3) 

678rK89ghA3O<5'����'�������6'co23 

! ! ! ! ! ! !

  

! 
r 1 = (r1 sin!1 cos"1,  r1 sin!1 sin"1,  r1 cos!1) 
! 
r 2 = (r2 sin!2 cos"2,  r2 sin!2 sin"2 ,  r2 cos!2)

! !  ! ! (4-4-4) 

rY89 

! O<5~f'����NYK,-N�678�3~f'����'�nP�

<q3 

! ! ! ! ! !
  

! 
r 
1
!
! 
r 
2
= r

1
r
2
cos" = (

! 
r 
1
) x ! (
! 
r 
2
) x + (

! 
r 
1
) y !(
! 
r 
2
)y + (

! 
r 
1
) z !(
! 
r 
2
)z  

678453 

! ! ! ! ! ! cos! = cos"1 cos"2 + sin"1 sin"2 cos(#1 $#2 )! ! !     ! (4-4-5) 

rY89O'�3 
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! ! ! ! ! ! P
l
(cos!) = (

4"

2l +1
) Y

l,m

*
(#
2
,$
2
) %Y

l ,m
(#
1
,$
1
)

m=&l

+l

' ! ! ! ! (4-4-6) 

!"#$%&'()*+,-./01234(spherical harmonics addition theorem)

567(%&(4-4-5)8(!
1
,  "

1
)5(!

2
,  "

2
)9:(;<=>?@)ABCDE(4-4-6)

0FG8E(!
1
,  "

1
)5(!

2
,  "

2
)9:(;<=>HB& 

! 5'I8EJ3-18 2KLM0NKOPQRSTU) Legendre0VWX8YZ

8[%'59\]^_&'012349`B%5E2KLM0NKOPQRST

U)E2KL0abc9`B=*+,-./8YZ%$'5!8[%&defg

hVKLi9j<%kelm5A%&'034!n0opeqr%0C9st

8j<%& 

u<D(_vw)xyz%&{y)Ecos! = z! 5^=E 

! ! ! z = cos! = cos"1 cos"2 + sin"1 sin"2 cos(#1 $#2 )! ! !          ! (4-4-5) 

>p{y)E(4-4-6)0|G)P
l
(z)8z%CDE'() l }0 Legendre 0~��

�X0�eA�=B%'58z%& 

� 

�� 

�f 

�� 

�f 

r� 

rf 

y 

x 

z 

� 

� 4-4-1&xy0�����S rf5 r� 

z’ 
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! ! !

{
d

dz
(1 ! z

2
)
d

dz
+ l(l +1)}P

l
(z) = 0

or

{(1 ! z 2)
d
2

dz
2
! 2z

d

dz
+ l(l +1)}P

l
(z) = 0

! ! ! ! ! ! !        ! (4-4-7) 

!"#$"%&'()(!
1
,  "

1
)*+,-./)(!

2
,  "

2
)*0/(12345676

-819) 

! ! ! {
1

sin!1

"

"!1
(sin!1

"

"!1
) +

1

sin
2
!1
#
" 2

"$
2 + l(l +1)}Pl (z) = 0!         ! (4-4-8) 

:;<=>?@)P
l
(z)  A(2-6-6)"BCDEF"GHIJ>KL!-*M8!-

:NOLP!1:;<8LI()(A4-4-1)"QRH)P
l
(z)AY

l ,m
(!
1
,"
1
)NSTNO

L!-HILP 

! ! ! ! ! P
l
(z) = A

l,m

m= !l

+l

" Y
l ,m
(#
1
,$
1
)! ! ! ! ! ! ! ! !         ! ! ! (4-4-9) 

A
l ,m
A(!

2
,  "

2
)N0/(1L!--IL"N)A

l ,m
(!

2
,  "

2
)NULPVWXYA 

! ! ! ! ! ! A
l ,m

(!
2
,  "

2
) = (

4#

2l +1
)Y

l ,m

*
(!

2
,  "

2
)! ! !       ! ! ! ! ! (4-4-10) 

NUL!-*Z[>KL!-HILP\J>)(4-4-8)-(4-4-10):;<8L!-

*]^819_KP(!
2
,  "

2
)-(!

1
,  "

1
)A`1a/>b_K'()cd('"ef

"g*./19_KP 

hi)(4-4-8):;<8L!-j! #$"kl*mn=>(4-4-8)"opq*r@)

!1: 0-IL!-*Ms9QKPtuvHA 

!
1

sin!1

"

"!1
(sin!1

"

"!1
) +

1

sin
2
!1
#
" 2

"$
2 = (1% z

2
)
d

dz
% 2z

d

dz
! !     ! ! (4-4-11) 

NUL!-*Ms9_KP!"opA 

! !
! 2

!"
1

2
+ cot"

1

!

!"
1

+
1

sin
2
"
1

#
! 2

!$
2

 

NULPh2)(4-4-5)"wx:UL'()yz{"|}~*�J>) 

! ! !
!

!"
1

=
!

!z
#
!z

"
1

= (
!z

"
1

) #
!

!z
,      

!

!$
1

=
!

!z
#
!z

!$
1

= (
!z

!$
1

) #
!

!z
   

! !
! 2

!"
1

2
=

!

!"
1

(
!

!"
1

) =
!

!"
1

{(
!z

!"
1

) #
!

!z
} = (

! 2 z

!"
1

2
) #
!

!z
+ (

!z

!"
1

)
2
#
! 2

!z
2
,  

-ILP��H=>) 
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! ! !
! 2

!"
2
= (

! 2 z

!"
1

2
) #
!

!z
+ (

!z

!"
1

)
2
#
! 2

!z
2  

!"#$%&'$#()$% z(*+%(!
1
,  "

1
)  ,-./01,2345(4-4-5)

,678#9:;(<=%'>!?@%& 

(4-4-11),AB45
! 2

!z
2
>

!

!z
,2C,,D(E>=%'>!?@%F 

(
! 2 z

!"1
2 ) #

!

!z
+ (

!z

!"1
)
2
#
! 2

!z
2 + cot"1 (

!z

!"1
) #
!

!z
+

1

sin
2
"1
{(
! 2 z

!$1
2 ) #

!

!z
+ (

!z

!$1
)
2
#
! 2

!z
2 } 

= [(
!z

!"1
)
2
+

1

sin
2
"1
(
!z

!#1
)
2
]
! 2

!z
2 + [(

! 2z

!"1
2 ) + cot"1(

!z

!"1
) +

1

sin
2
"1
(
! 2 z

!#1
2 )]

!

!z
 

?G%8#5
! 2

!z
2
>

!

!z
,7HI(4-4-5)8#9:;(<=%>5J8( 

[(
!z

!"1

)
2
+

1

sin
2
"1

(
!z

!#1

)
2
] =1 $ z

2
,     [(

! 2
z

!"1

2 ) + cot"1(
!z

!"1

) +
1

sin
2
"1

(
! 2
z

!#1

2 )] = $2z  

>KLMN%&OLM5(4-4-9),PQ!RS?G%& 

! ! ! ! ! P
l
(z) = P

l
(cos!) = A

l ,m

m=" l

+l

# Y
l,m
($
1
,%
1
) ! ! ! !        ! ! !  (4-4-9) 

(3-4-20)TN4(4-1-6)? mU0?G%>+%>5 

! ! ! ! ! ! ! ! Y
l ,0
(!," ) =

2l +1

4#
P
l
(cos!)  

?G%8#5V(WNM5 

! ! ! ! ! ! ! ! P
l
(cos!) =

4"

2l +1
Y
l,0
(!,# )! ! ! !        ! ! ! (4-4-12) 

',XY,(!," )45Z 4-4-1([NM5
  

! 
r 
2
,\]I^_N z’`(abcd,

  

! 
r 
1
,

efg>\hg?G%&i4jk, x,y,zl?m^_N x’,y’,z’l?mno?G%&

(4-4-9)>(4-4-12)8# 

! ! ! ! ! ! ! ! Y
l ,0
(!," ) = B

l,m

m= #l

+l

$ Y
l ,m
(%
1
,&
1
)! ! ! ! ! !        ! (4-4-13) 

>PQ?@%'>(K%& 
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! x’,y’,z’!" z’#$
  

! 
r 
2
%&'()*+,-.x’, y’#$/01/23"45"2"

6789:;%<=>?@AB-.C/x,y,z!D"EF8(lx ,ly,lz )G>-6HI

JKLMN  

! 
l 8+,/O"  

! 
l " x’,y’,z’!D"

  
(
! 
l )

z'
EF"P8+,-G/Q?$/

x,y,z !D"EF(lx ,ly,lz )G z’#0R
  

! 
r 
2
"ST38 x,y,z !D<=>-UV"67!

0WX/YX38Z[*/\"]D^,_?-.  
(
! 
l )

z'
$`abGc* ˆ l 

z'
Gde. 

! ! ! ˆ l z'
= sin!

2
cos"

2

ˆ l x + sin!
2

sin"
2

ˆ l y + cos!
2

ˆ l z  

! ! ! ! = cos!2
ˆ l z +

1

2
sin!2e

" i#2 (ˆ l x + iˆ l y) +
1

2
sin!2e

i#2 (ˆ l x " iˆ l y )!        ! (4-4-14) 

Df-.ghij"k]8lm>-n%$/oEuler6Gpq!"rst%u>-

vwxyzDf{4.\|(}4-5)%~�8^,*�e"D��(?�[. 

gXij$/��`ab"=�(A2-3)/ ˆ l ± =
ˆ l x ± i ! ˆ l y%���/ 

! ! ! ! ˆ l x = (ˆ l + +
ˆ l ! )/ 2,         ˆ l y =

1

i
(ˆ l + !

ˆ l ! )/ 2 = !i( ˆ l + !
ˆ l ! )/ 2  

Df-QG8�4Gm_?-.ghij"UV"�$/ 

! ! ! ! ! ! !

sin!2 cos"2
ˆ l x + sin!2 sin"2

ˆ l y

=
1

2
sin!2 cos"2(

ˆ l + +
ˆ l # ) #

1

2
i $sin!2 sin"2(

ˆ l + #
ˆ l # )

=
1

2
sin!2(cos"2 # i $sin"2 )ˆ l + +

1

2
sin!2 (cos"2 + i $ sin"2 )ˆ l #

=
1

2
sin!2 $ e

#i"2 $ ˆ l + +
1

2
sin!2 $ e

i"2 $ ˆ l #

 

G�-�_Df-. 

! ! (4-4-14)"��8/(4-4-13)"��"Y
l ,0
(!," )%�Z()?@ m=0Df-�_/ 

! ! ! ! ! ! ! ! ! !
  

ˆ l 
z'
!Y

l, 0
(",# ) = m!Y

l, 0
(",# ) = 0  

(4-4-13)%(4-4-14)8�Z()���$ 0 Df-.��*/ (4-4-13)"��% 

(4-4-14)"��8�Z()���� 0D��?@�_�[.�5/ 

! ! ! !

  

0 = B
l ,m

m= !l

+ l

" {m!cos#
2
Y
l.m
(#
1
,$
1
)  

! ! ! ! ! ! ! ! !

  

+
1

2
sin!2e

"i#2! (l "m)(l + m +1)Y
l,m+1(!1,#1 )

+
1

2
sin!2e

i#2! (l + m)( l "m "1)Y
l,m"1 (!1,#1)}

! !  

! Y
l ,m
(!
1
,"
1
)$����u�Df-�_/Q?x�k;%E�>-n%$/ 

Y
l ,m
(!
1
,"
1
)" ¡�x¢* 0D��?@�_�[.Y

l ,m
(!
1
,"
1
)"¡�8BG£-G/ 
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! ! ! !

  

m!cos!2Bl,m +
1

2
sin!2e

"i#2! (l " m +1)(l +m)B
l,m"1

+
1

2
sin!2e

i#2! (l + m +1)(l " m)B
l,m+1 = 0

! ! ! ! ! ! (4-4-15) 

!"#$B
l ,m
%&'()*+,-#.'/"012"3"4$5&/6f (!

2
,"
2
)*

78'9:!;<6 

! ! ! ! ! Bl ,m = f (!
2
,"
2
)Yl ,m

*
(!
2
,"
2
) = (#1)

m
f (!

2
,"
2
)Yl ,#m(!2 ,"2 )! ! ! ! ! (4-4-16) 

*=><?#!6&1%@AB(4-4-15)*+,-#$ (4-4-15)BCD;<&1*

@E;<?#$B
l ,m ±1B9F-#  

Y
l ,!(m ±1) = Yl, !(m )!1'GB%6H:!;< 

  
(!1)

!(m )!1
= (!1)

m

"(!1)IJK&!BL8;<6 

! ! ! !
  
(!1)

m
f ("

2
,#
2
){m!cos"

2
Yl ,!m("2 ,#2 )  

! ! ! ! ! ! ! ! ! ! !

  

!
1

2
sin"2e

!i#2! ( l !m +1)(l +m)Y
l,!m+1("2,#2)

!
1

2
sin"2e

i#2! (l +m +1)(l ! m)Y
l, !m!1("2 ,#2 )}

 

!"#$Y
l ,!mBMN-#OPQRS%6 

! ! ! ! ! ! !

  

(ˆ l x ! i ˆ l y )Yl, !m = ! (l !m)(l +m +1)Yl ,!m!1

(ˆ l x + i ˆ l y )Yl, !m = ! (l +m)(l !m +1)Yl ,!m+1

 

/T#A36 

! !
  
(!1)

m
f ("

2
,#
2
){m!cos"

2
Yl ,!m("2 ,#2 )  

! ! ! ! ! ! !
1

2
sin"2e

!i#2 (ˆ l x + i ˆ l y )Yl, !m("2,#2 ) !
1

2
sin"2e

i#2 (ˆ l x ! iˆ l y )Yl ,!m("2 ,#2 )} 

! !
  
= (!1)

m
f ("

2
,#
2
){m!cos"

2
!

1

2
sin"2e

!i#2 (ˆ l x + i ˆ l y ) !
1

2
sin"2e

i#2 (ˆ l x ! i ˆ l y )}Yl,!m("2,#2 )  

! ! ! ! UOPQRS'VWXYZ(2-6-2)*[\<] 

! !
  
= (!1)

m
f ("

2
,#
2
){m!cos"

2

  

!i!cos"
2

#

#$
2

}Y
l, !m ("2,$2 ) = 0  

^_%`a%6
!

!"
2

Y
l ,#m($2 ,"2 ) = #imYl,#m($2 ,"2 )BbcK$(4-4-16)'B

l ,m
%@AB

(4-4-15)'()*+,;<4#$ 

! d\<6(4-4-13)B(4-4-16)*CD-#!6 

! ! ! ! Yl ,0 (!," ) = f (#
2
,$
2
) (%1)

m
Yl, %m

m=%l

+l

& (#
2
,$
2
)Yl ,m(#1,$1 )! ! ! ! ! ! ! (4-4-17) 
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!"#$(!
1
,  "

1
)%(!

2
,  "

2
)&'()*+,-./0$ 

! ! ! ! Yl ,0 (!," ) = f (#
1
,$
1
) (%1)

m
Yl,%m

m= %l

+l

& (#
1
,$
1
)Yl,m(#2 ,$2 )  

! ! ! ! ! ! ! ! = f (!
1
,"
1
) (#1)

m
Yl ,m

m= +l

# l

$ (!
1
,"
1
)Yl ,#m (!2,"2) ! ! ! ! ! ! ! (4-4-18) 

1234567m =8 l9:l& m =:l98 l ;<=>?@AB;CDE.$ 

(4-4-17)%(4-4-18)FG3HIE(!
1
,  "

1
)%(!

2
,  "

2
);JK+,LMC#N;67 

! ! ! ! ! ! f (!
2
,"
2
) = f (!

1
,"
1
) = f = const.! ! ! ! ! ! ! ! ! !  

!EO(PE0E.$G3HIE(!
1
,  "

1
)%(!

2
,  "

2
);67QR7!

2
= !

1
=" = 03

ST,UV(#$! = 03ST7(4-4-17)3WX67Y
l , 0

(0,! ) =
2l +1

4"
!"#$

(4-4-17)3YX67 f (!
2
,"
2
) (#1)

m
Yl, #m

m=#l

+l

$ (0,"
2
)Yl,m(0,"1)  

! ! ! ! ! ! ! ! ! ! ! = f (!
2
,"
2
) (#1)

m 2l +1

4$
%m, 0

m= #l

+l

&
2l +1

4$
%m, 0 = f '(

2l +1

4$
)  

Z[+7 f =
4!

2l +1
%E#$ 

(4-4-12)6! P
l
(cos!) =

4"

2l +1
Y
l,0
(!,# )! !"[@/07 

! ! ! ! P
l
(cos!) = (

4"

2l +1
) Y

l,m

*
(#
2
,$
2
) %Y

l ,m
(#
1
,$
1
)

m=&l

+l

' ! ! ! ! ! ! ! ! ! (4-4-6) 

%E#\%F]#$ 

! ! ! ! P
l
(cos!) = (

4"

2l +1
) Y

l,m

*
(#
1
,$
1
) %Y

l,m
(#
2
,$
2
)

m=&l

+l

' ! ! ! ! ! ! ! ! ! (4-4-6’) 

,LMC#$\3HI;K+7^_`abc3defgFh0(#$ 

!  
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(4-5) Euler!"#$%&'(  

)#$%&'(*  

+ 4-5-1,-./x0y0z1#$%230z(+)435678,9:".:;<=

xy >67&?@AB30/x0y0z1#$CD/X0Y0ZEF1GHI".:;

J&?@AB&K#$CDL/r0M129:N0/X0Y0ZEF1"&OP30 

! ! ! ! ! ! ! ! ! ! ! !
X = rcos!

Y = rsin!
 

29:; 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

?@AB3QR,STUV0/x0y0z1#$%G z4&=WX,YNZ=WX,

![\]^'(_`:ab R/\0z1Gcd:;J&'(ab,eX/x0y0z1

#$%3/x’0y’0z’1#$%,f:;J&N0g#$%2&J&?@ABCD

/X’0Y’0Z’E013h#$%&CD/X0Y0ZE01"i&j,klmn0 

X' = rcos(! " # ) = rcos! cos# + rsin! sin# = cos# $ X + sin# $Y

Y' = rsin(! "# ) = rsin! cos# " r cos! sin# = " sin# $X + cos# $Y
! ! ! ! (4-5-1) 

JoGpq2r^s0 

! ! ! ! ! ! ! ! !
X'

Y'

! 

" 
# $ 

% 
=

cos& sin&

' sin& cos&

! 

" 
# $ 

% 

X

Y

! 

" 
# $ 

% 
! ! ! ! ! ! ! ! ! ! ! (4-5-1’) 

29:;z4&=WX,YNZ=WX,![\]^'(_`:t&0'(4"'

y 

y’ 
(r, M) 

x’ 

x 

M 

\ 

zEzu 

+ 4-5-1;z4,O.:#$%&'( 
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!"#$%&'()*#+,-./()*#0!"#$%123456780

!9/0!"#$%&:;<=5>#?1@A78 

0!BCD z 91$<7E#FG7HI z JK&LM4N6OP'xy QRS

#TUVW1H@XY'Z[#TUVW#JK\X'Y'Z]1245E'(A4-5-1’)

#L^,_&`aFb78! zcz’91$<7"de#fgh#0!BC R(e, z)

F&'ij1k@lm567TUVW#JK&' 

!

X'

Y'

Z'

! 

" 

# 
# 

$ 

% 

& & =

cos' sin' 0

( sin' cos' 0

0 0 1

! 

" 

# 
# 

$ 

% 

& & 

X

Y

Z

! 

" 

# 
# 

$ 

% 

& & '>m&!

X'

Y'

Z'

! 

" 

# 
# 

$ 

% 

& & = M(' ,z)

X

Y

Z

! 

" 

# 
# 

$ 

% 

& & ! ! ! ! (4-5-2) 

#?1L^<78 M(e'z)&fg0!BC R(e'z)1nofgJK#L^pq

r<7,_FG78 

! s?1tumv'x91$<7"de#fg0!BC R(e, x)F&'(4-5-1)#

\X'Y]p\Y'Z]/wxyumvz68!  

X'

Y'

Z'

! 

" 

# 
# 

$ 

% 

& & =

1 0 0

0 cos' sin'

0 ( sin' cos'

! 

" 

# 
# 

$ 

% 

& & 

X

Y

Z

! 

" 

# 
# 

$ 

% 

& & '! ! ! !

X'

Y'

Z'

! 

" 

# 
# 

$ 

% 

& & = M(' , x)

X

Y

Z

! 

" 

# 
# 

$ 

% 

& & ! ! ! ! ! (4-5-3) 

y91$<7"de#fg0!BC R(e, y)F&'(A4-5-1)#\X'Y]p\Z'X]

/wxyumvz6OP' 

X'

Y'

Z'

! 

" 

# 
# 

$ 

% 

& & =

cos' 0 ( sin'

0 1 0

sin' 0 cos'

! 

" 

# 
# 

$ 

% 

& & 

X

Y

Z

! 

" 

# 
# 

$ 

% 

& & '! ! ! !

X'

Y'

Z'

! 

" 

# 
# 

$ 

% 

& & = M(' , y)

X

Y

Z

! 

" 

# 
# 

$ 

% 

& & ! ! ! ! ! (4-5-4) 

D{Pm78 

|fg0!#}BCptu7/R~68�uv'R(e, z)#}BC'R
-1

(e, z)'

&'fghp z91$45"d� e��0!lX7>/FG78fgL^F&'

(A4-5-1)'(A4-5-1’)F'�fg�p�fg�Fq<>/FG78���F&' 

X

Y

Z

! 

" 

# 
# 

$ 

% 

& & = M
'1
(( ,z)

X'

Y'

Z'

! 

" 

# 
# 

$ 

% 

& & = M('(, z)

X '

Y'

Z'

! 

" 

# 
# 

$ 

% 

& & ! FG7L^,_D R
-1

(e, z)123<78 

M
!1
(" ,z) = M(!", z) =

cos" sin" 0

! sin" cos" 0

0 0 1

# 

$ 

% 
% 

& 

' 

( ( 

!1

=

cos" !sin" 0

sin" cos" 0

0 0 1

# 

$ 

% 
% 

& 

' 

( ( = M
T
(" ,z)  

M
T
(!, z)&M(!, z)#!�,_FG78},_D!�,_1�468Z[1' 
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! ! ! ! (i)! M
-1

(!, z)"M
T
(!, z)! ! ! ! ! ! ! ! ! ! ! !  

! ! ! ! (ii)! M
T
(!, z) M (!, z)"M (!, z) M

T
(!, z)=E#$%&'(! ! ! !  

(iii) det)M (!, z)!)"det)M
T
(!, z)!)"*+!

,-./0123 (iii)4+1 56789#6:9(4;<=>?789=@AB

CDE2FG 1FH23M (!, x)>M (!, y)IJ10KLM=N23OP9BQ

RS2T5UV=N2TW>;C4X n4YZ4[\!4@A]^ R (!, n)I_

ROP`a&'M(!, n)5b4cdBef0123(i)g(iii)4hiBefjkl

B-mFE2no&'5n4pq&'Frst23pq&'Iuv0kwxy

z,`a{t2|>}4kwxyz4~�{5�`=N23�TI> 

! X
2

+ Y
2

+ Z
2

= (X,Y, Z )

X

Y

Z

! 

" 

# 
# 

$ 

% 

& & = (X,Y, Z )M
'1
((, z)M((, z)

X

Y

Z

! 

" 

# 
# 

$ 

% 

& & ! !  

!

  

= (
! 

X )
T !MT

(", z) !M(" ,z) !(
! 

X ) = [M(", z) !(
! 

X )]
T
M(", z ) ! (

! 

X ) = (X' ,Y' ,Z' )

X'

Y'

Z'

# 

$ 

% 
% 

& 

' 

( (  

=N23wxyzB�C/0>OP94�B@A{�0124=>bt5��

4��=N23pq&'Iu2��`a5pq`aFrst23b4��B>

��lB-mFE2wxyzI��E2bF,=�23��wxyz4~�{

4��5>'wxyzBA�/����I`fj&wxyzB?TW}4'w

xyzI��jK4=N23�v0>�4pq`a4M
T
(!, z)BM

T�(!, z)I�

f0��Ets�13(i)g(iii)4hi=>M
T
(!, z)�M

T�(!, z)F/j��5> 

¡¢£¤&'4CDFH23M (!, z)5 ¡¢£¤&'FHZ>btIu2OP

`a5 ¡¢£¤`aFrst>��wxyz4~�{B�`I¥J3 

!  

¦Euler[Iu2OP94@A§  

�¨4OP94@A5>(x, y, z)9B�J4pqX=@A{�2K4=Nvj3

/T/>�@4@A=5>(x, y, z)9B©4UV4OP94ªEbF5«¬H13

btI5>H®FK¯°® 3@4OP@A]^,±²=N23Euler[(!>³>

´)Iu2OP94@A]^ R (!,³,´)IuZ>btBkµE2bF,=�23

b4@A]^ R (!,³,´)5�4MICD{t2¶ 
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(1) z!"#$%&'()*+, 

(2) -.(1)/ y!0 y’!123,4) y’!"#$%&'5)*+, 

(3) -.(1),(2)/ z!0 z’’!123,4) z’’!"#$%&'6)*+. 

       R((,5,6)7R(6,z’’)8R(5,y’)8R((,z)   ! !     (4-5-5) 

9 4-5-20,4) Euler&:(,5,6;"<%*+-.=>?@A%B 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CD):x,y,z;EFG)HIJKLM0(x’’’, y’’’, z’’’=z’’)EFG/)LM"

NOPQ%BRST"0, 

! ! !

X' ''

Y' ' '

Z' ' '

! 

" 

# 
# 

$ 

% 

& 
& 

= M[R(' ,(,) )]

X

Y

Z

! 

" 

# 
# 

$ 

% 

& 
& 

= M() , z' ' )

X' '

Y' '

Z' '

! 

" 

# 
# 

$ 

% 

& & = M() , z' ' ) *M((, y' )

X'

Y'

Z'

! 

" 

# 
# 

$ 

% 

& & = M() ,z' ' ) *M(( ,y' ) * M(', z) *

X

Y

Z

! 

" 

# 
# 

$ 

% 

& & 

 

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! A4-5-6)

12%BEuler&:(,5,6;)*+-."UV$%NOWX0, 

! ! ! !  M[R(!,",# )] = M(# ,z' ' ) $M(" ,y' ) $ M(!, z) ! ! !        !    (4-5-6’) 

/Y%B*+-.1?@0! R(! ,z' ' ) " R(! ,z ),     R(#, y' ) " R(# ,y)! /Y%Z, 

x! x’ 

z=z’ 

y’ 

y 

y’=y’

’ 

z’’  z’ 

x’’ 
x’’   x’’’ 

y’’’ 

 

y’’ 

z’’=z’’’ 

( 

5 

6 

R(!, z)  R(! ,y' )

 

R(! ,z" )  

9 4-5-2B Euler&:(,5,6;"<%*+-.B!  

x’    
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!"#$%&'()M(! , z' ' ) = M(! ,z),     M(", y' ) = M(", y) ! *+,-%./0&

123! 45')(4-5-2)6(4-5-4)789:);<=>!"#$?@AB,3 

M[R(!,",# )] = M(# ,z' ' ) $M(" ,y' ) $ M(!, z) = M(# , z) $ M(", y) $M(! ,z)  

! =

cos! cos "cos# $ sin! sin# cos! cos" sin# + sin! cos# $cos! sin "

$ sin! cos " cos# $ cos! sin# $ sin! cos" sin# + cos! cos# sin! sin "

sin " cos# sin " sin# cos"

% 

& 

' 
' 

( 

) 

* *  

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (4-5-8) 

*+,3CDEFG7#2.45')HIJK<? 

! ! ! (x, y, z)! (x' , y' , z = z' )! (x' ' , y' = y' ' ,z' ' )! (x' ' ' , y'' ' ,z'' = z' ' ' )  

!L5'#M-%)NO)PQ&'#MRSTUSDE*+,-%./03 

--*)VW(4-4-14).XY'Z9,3[\S]x)y)z^J7 z RSTU.! ! !

_`abDEcd)eSf.) y’RSTU.g`SDE7#2%)z R(
  

! 
r 
2
.h

ij,-%?Lk,3NO)
  

! 
r 
2
7)lmS]x)y)z^JkAn,%)eSop

q(g`*)rsq(_`%>5'Y,3-B(tuvwqSxy*Z9B:)

z A4-5-3.{&| 2DSHIJSDEFG7#2-%.}~&'Y,3 

 

 

 

 

 

 

 

 

 

 

 

 

 

eS!"#$)M(!
2
, y' ) "M(#

2
, z))( 

! ! M(!2, y' ) "M(#2, z) =

cos!2 0 $sin!2
0 1 0

sin!2 0 cos!2

% 

& 

' 
' 

( 

) 

* 
* 

cos#2 sin#2 0

$ sin#2 cos#2 0

0 0 1

% 

& 

' 
' 

( 

) 

* *  

z=z’ 

 
_` 

x! x’ 

 

y’ 

y 

 

y’=y’’ 

x’’ 

z’’ g` 

x’   

R(!
2
,z)

 

R(!
2
,z' ' )

 

z 4-5-33zR*S_`SDEf)y’R*Sg`SDE7#2HI

JS!"FG3 

z�z’ 
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! ! ! ! ! ! ! ! ! ! =

cos!
2
cos"

2
cos!

2
sin"

2
#sin!

2

# sin"
2

cos"
2

0

sin!
2
cos"

2
sin!

2
sin"

2
cos!

2

$ 

% 

& 
& 

' 

( 

) 
) ! ! ! ! (4-5-9) 

!"#$ 

! % 4-5-3&' 2()*(+,-./012"2$)*)3456 Euler7893

:3;<=>#(+&' 3(,-.?@ABC3D6EF/G(4-5-8)&3zHI

=JKB#L 3 /.M#!3DN='OPQ6(+7;'R012"2$N6

L 3/&9STU3:SVU!)WXY'32(6EF/G(A4-5-9)6 zHI.Z

[#L 3/!\])12#$OPQ6^_`a(+' z’’b=JB#(+&c#

*d3 z’’bHI.Ee)"2$z HIfg.hi#!3% 4-5-3 6(4-5-9)!%

4-5-2 6(4-5-8)'jkN!&c#$ 

! l0137mno  

! 
l pqrs6t68x3y3z<uvwHI!x)2uvw8x’’, 

y’’, z’’<6 z’’HI='3 

! ! ! ˆ l z' ' (=
ˆ l z' ) = sin!2 cos"2

ˆ l x + sin!2 sin"2
ˆ l y + cos!2

ˆ l z ! ! ! ! ! ! ! (4-5-10) 

6JKCHyB#$NzC(4-4-14)6{/Q6|}&c#$ 

! %A4-5-3 &'3̂ _`a~6uv(+' 2()*�012"26&3�*=3

�}6^_`a7(+&'"2$ z’’HI=�21'�}6^_`a7(+6E

F!\]')12#�663uvw6EF!)1'3 x’’, y’’b��["2!2

g"26'��&3OPQ6^_`a(+R(! ,z' ' )'�'@��="#$x)2

z b6�@6(+7;.�iz��2$(4-4-14)=JB#��&'3 z b.
  

! 
r 
2
=

\]��#N!fgCQ�&c#*d3OPQ6^_`a(+R(! ,z' ' )6;'�

�!)1�g��26&c#$ 

! ��6(�4-6)3(�4-7)6�'3^_`a(+=JB#�g�)��&c#6

&3��6~z*d'�z12#$)*)3(+�6��. ¡¢£!)1'

¤)�¥Cc#*�¦z"2$ 
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!4-6"Euler#$%&'()*+)*,-./012  

! &'(3)*45,-,! 678 R(9:z).:;%,-<=>&'(?@%/

012M(9:z)3ABCDEFDGHIEuler#!9:J:K"%&'()*$

L: 

! ! ! ! ! ! ! ! R(!," ,# ) $ R(# ,z' ' ) % R(" ,y' ) % R(! ,z) ! ! ! ! (A4-5-5) 

! ! ! ! ! ! M[R(!,",# )] $ M(# ,z' ' ) %M" ,y' ) % M(!, z)  

! ! ! ! ! ! ! ! ! ! ! ! = M(! , z) " M#,y) "M($ ,z) ! ! ! ! ! (A4-5-6) 

;%M:(x”,y”,z”)(N(x’’’,y’’’,z’’’)(%)*$O:(x,y,z)(N(x’,y’,z’)(%)*$

O:)*#PQR$:)*S%TUPQR$VW8:X&'Y.Z&'Y%[

%\]LQR$V5;.<^_CHI 

! ! ! ! ! ! M(! , z") = M(! ,z),      M(" ,y' ) = M(", y)! ! ! ! ! (A4-6-1) 

P?`abICcC:)*,-.CDL:)*de5SPf>cg: 

! ! ! ! ! ! ! R(! ,z" ) " R(! ,z ),      R(# ,y' ) " R(# ,y)! ! ! ! ! (A4-6-2) 

$V`:OhijkQl%,-m.Ln7oFI$L:)*#LQRpP)*

SPqo5rb%)*,-Ls%t>ou$ogkQl%,-m.o5%$V

i>cv 

! R(! ,y' ).R(! ,y)Ps%w<xyz{c3| A4-6-1$}75I~C}7W8�

�o;.$V5I��< y’S3 y S<�C:y S$J%)*3�`:V.$ y

S3 y’S<�e8:y’S$J%)*3��H;..QR$V5I 

 

 

 

 

 

 

 

 

 

 

 

 

 

y’=y’’ 

y�y� 

z� 

x 

z’’ 

x’ 

| A4-6-1I)*#J.9%)*,-�� 

9 

9 

J 

J 

 ��� 

�� B 

�� A 

x� 
x” 

z=z’ 
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! !"#$%&'()*+,#-'. 

! ! ! ! !              x’/0x’’/ 

      R(! ,y' )+12:    y’/0y’=y’’/ 

                       z’/0z’’/ 

3 A4-6-1456y’=y’’/78(9':; B<# z=z’/6z’’/6x’/6x’’/>?

'. 

! @+/+AB7R(! ,y)+127CD%EFGHI(9JK6 

! ! ! ! !              ! !      x’/0x/ 

     R(!", z) = R
!1
(" ,z)+12:    y’/0y/ 

                       ! !      z’=z/0z/ 

+ y’/0y/#L9127MN#OD%6P#6 

! !             ! ! !  ! ! ! !  x/0x*/ 

      ! ! ! ! R(! ,y)+12:     y/0y=y*/ 

                        ! ! ! ! z/0z*/ 

7QI.@+R6y/78(9':; A+<#6x/6x*/6z/6z*/>?'.

ST#6R(!, z)7QU y/7 y’/#L9.@J4:; A5:; B#VW9'. 

! !              ! !     ! ! !  x*/0x’’/ 

     ! ! ! ! ! R(!, z)+12:    y=y*/0y’=y’’/ 

                       ! !      z*/0z’’/ 

XNL912(6TYZ[\]#L912>^T#_'>6`a(G%56 

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !   x’/0x’’/!  

! ! R(!, z) R(! ,y) R
!1
(" ,z)+12b! y’/0y’=y’’/! = R(! ,y' )+12 

     ! ! ! ! ! ! ! ! ! ! ! ! !    z’/0z’’/ 

5cV4?'@(>dY'.@J7 

! ! ! ! ! R(! ,y' ) = R(!, z) R(! ,y) R
!1
(" ,z) ! ! ! ! ! ! ! ! (A4-6-3) 

(e12+fgh+i#jU%HU.  R(!, y' ) " R(!, y)45?'>6klmn>

fGU+46y /0y’/(9'/AB+12R(!, z)7CD%6(A4-6-3)opq+

127QrKe12+fgh#-'.@+opq#FJ' y6z+/5MN+s

tu+/4?'. 

(A4-4-2)+vIVwxfgv6z=z’/0z’’/#A9/AB+12R(! ,y' )7yU

%6c,# 

! ! ! ! ! R(! ,z' ' ) = R(",y' ) # R(! ,z) #R
$1
(" ,y' )! ! ! ! ! ! ! (A4-6-4) 
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!"#$%& 

'()%*+,-./01234*R(! ,z ) = R(" +! # ",z ) = R(#" +! + ", z)  

567.8* 

! ! R(! ,z ) = R(" ,z) #R(! , z) #R
$1
(" ,z) = R

$1
(", z ) # R(! ,z) #R(", z)! !  (A4-6-5) 

907& 

! :;<*(A4-5-3, -4,! -5), Euler=>?*@*AB<CDEFGHI 

! ! ! ! ! ! R(!," ,# ) $ R(# ,z' ' ) % R(" ,y' ) % R(! ,z) ! ! ! ! ! ! ! !  (A4-5-5) 

<JKLMNOP79* 

! ! R(!," ,# ) $ R(# ,z' ' ) % R(" ,y' ) % R(! ,z)  

! ! ! ! ! ! = {R(!, y' ) "R(# , z) " R
$1
(!, y' )} "R(!, y' ) " R(%,z )  

! ! ! ! ! ! = R(! ,y' ) "R(# ,z) "R($, z)  

! ! ! ! ! ! = {R(! ,z) "R(#, y) "R
$1
(!,z)} "R(% ,z) "R(!, z)  

! ! ! ! ! ! = R(! ,z) "R(#, y) "{R
$1
(!,z) "R(% ,z) "R(!, z)} 

! ! ! ! ! ! = R(! ,z) "R(#, y) " R($ ,z)  

QR*Euler=>?*@*AB<CDE<FGHI4*CDE<FG9SMT-

UVWX+<YZ#<FG9UV[\U]&U.U*;^<_(M& 

! ! R(!," ,# ) $ R(# ,z' ' ) % R(" ,y' ) % R(! ,z) = R(! ,z) "R(#, y) " R($ ,z) ! ! ! (A4-6-6) 

567.8*`a<CDE<(x,y,z)E< y +*z +<b#<FGHI*QRc-

.01+d<FGHI*M_eV'f)<CDEFG,gh5i7&]jU*

k<234*HI<lm!nM07&U.U*`aMop]_(M*CD"q

<rsWt54*uv<rsWt<w<lx4* 

! M[R(!,",# )] $ M(# ,z' ' ) %M(" ,y' ) % M(!, z) = M(! , z) " M(#,y) "M($ ,z) ! (A4-5-6) 

56#*w<lx4y<YY567& 

(A4-6-6)9(A4-5-6),zfUV41{01&R(?, z)<_(MCDE,FGP7

HI9*k<HIM|(CDE"q<rsWtM(?, z),}~UV�1V�]�

�4* (A4-6-6) <��<��9(A4-5-6) <��<��<k<�1M67& 

! ! ! ! ! ! ! ! R(!," ,# ) = R(! ,z) "R(#, y) " R($ ,z) ! ! ! ! ! (A4-6-6) 

! ! ! ! ! ! M[R(!,",# )] = M(! , z) " M(#,y) "M($ ,z) ! ! ! !  (A4-5-6) 

`a<+5<FGHI<lm9`a<+5<rsWt<w<lx!)�UV1

01&k<�)�<��4*'R��* Euler=>?*@*AB<CDE<FG

HI,*CDE<FG9SMT-UVWX+<YZ#<FG9[\UV�i0

!8*-.01`a<+<b#<FG5�hU].8567& 
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! !"!#$%&'()*#+,-./-01'2341567"(89:$&

;<(6=>:?&@(ABCDEF&GH!FIJ#K(-LMNO$PK5

QR(STUVW1X-&;<(6YZ#[(89:2;<(6=>:$&@

(ABCDEF&GH!F\!K5'(]^U_?`a15 
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(4-7)!!"#$%&'()*+,-./012  

#$%+!"34'()*+,-./012567879:#$;7<=+

>?0@A 4-7-1BC,-D5,-E7FGHIJK7LM5N4#$%H 

 

 

 

 

 

 

 

 

 

 

 

 

@x4y4zB%&!"3OPQ4'()*+DRSTU,-./012+ Ra(S, z)4

VWMXY'()*79:#$;Z7<=[\+ Ma(S, z)5]^V5M^0C

_`Q7 aH4a#$%H@x4y4zB%&!"3OPQ4'()*+bcd@activeB

M,-./0eV5+f^CVWg&hiOjka'()*+lZM!"3O4

#$%+,-./0e12HCmcd(passive),-5>?4noH_`Q7 p+

p?Oqr^0C 

! Ra(S, z) 7,-12MsN4 3tulZ7'()* r! Hr7'()* r’Mv

0CcwHx<&4DR7yz{@z|SBM<}07&4X = rcos!,   Y = rsin! !

&~0��4 

X' = rcos(! + " ) = rcos! cos" # rsin! sin" = cos" $ X # sin" $Y   

Y' = rsin(! +" ) = r cos! sin" + rsin! cos" = sin" $X + cos" $Y

Z' = Z

!  (4-7-1)!  

��4Ra(S, z) 7,-12+2�./W�4 

! ! ! ! ! ! ! ! !

X'

Y'

Z'

! 

" 

# 
# 

$ 

% 

& & =

cos' ( sin' 0

sin' cos' 0

0 0 1

! 

" 

# 
# 

$ 

% 

& & 

X

Y

Z

! 

" 

# 
# 

$ 

% 

& & ! ! ! ! ! ! ! ! (4-7-2) 

7sYM4#$��H<=^0��4#$��+<=^0[\H4 

S 

(r4z+S) 

x 

y 

z 

z 

A 4-7-1C#$%+!"k'()*7,-12 

(r,z) 
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! ! ! ! ! ! ! Ma(!, z)"

cos! "sin! 0

sin! cos! 0

0 0 1

# 

$ 

% 
% 

& 

' 

( ( ! ! ! ! ! ! ! ! ! (4-7-3) 

#$%&'()*+,-./01234567819:;<=>?(@A)*

(B)*=:C)*DEF5G%'H+IJDK%& 

Ma(!, z)"

cos! "sin! 0

sin! cos! 0

0 0 1

# 

$ 

% 
% 

& 

' 

( ( "Mp
L M

(!, z)"Mp
T
(!, z)"Mp (-!, z) 

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (4-7-4) 

NG+, 

! ! ! ! ! Mp (!, z)Ma (!, z)"Ma (!, z)Mp (!, z)=E           (4-7-5) 

#$%&OPQ9:HRPQ9:DST%67UV(@A)*(WX+,Y(

Z[E9:#$F5\])*HB)*=:C)*(WXD$%&^_D`abc,

Ra(!, x)d xe(fgh(ij!(OPQ9:(67UV(@A)*+, 

Ma(!, x)"

1 0 0

0 cos! " sin!

0 sin! cos!

# 

$ 

% 
% 

& 

' 

( ( "Mp
L M

(!, x)"Mp
T
(!, x)"Mp (-!, x) 

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (4-7-6) 

#$h,Ra(!, y) dye(fgh(ij!(OPQ9:DST%67UV(@A

)*+ 

Ma(!, y)"

cos! 0 sin!

0 1 0

" sin! 0 cos!

# 

$ 

% 
% 

& 

' 

( ( "Mp
L M

(!, y)"Mp
T
(!, y)"Mp (-!, y) 

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (4-7-7) 

HE%& 

VkEY(lmn1`a%oD+,6781Pp45`a%Zh+,qVkr

(\(s19:;<5`a=tuKhvIG&wac,$%e#x2y/3z"120{

|Tr(Vk19:;<=}~+,�(VkD�F=hH��4,�(VkH

��u�pEGHI%&E�c\[�9^���1vF5\��u�pEG+

�#$%&��E�,9:;<=\(H�(\(u^�|p�#$%&}�,x2

y/3zx2"240{9:45\��u�pEG'HDE%&E�c\[�9vF5

\��u�pEG+�|& 4p4,399:;<=}~+,(2y/3)x3"2y=360{
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!"#$%&'()*'+,-./$01)2345678%9':;<(=&

7>)?@;A'BCDEFGHI&J'K:LM8%NOPQ'RS8!"

TUEVMRSN 

WXYZ r- Ra([, z)'TUE\% r’K#)Q]- Ra(^, y)'TUE#)r’’K

#)Q]-_- Ra(`, z)'TUEEa#)r’’’EbcKd]e) 

! !   r’f Ra([, z) r) r’’f Ra(^, y) r’)! r’’’f Ra(`, z) r’’! ! (4-7-8) 

ghijd]e) 

! ! ! ! ! ! r’’’f Ra(`, z) Ra(^, y) Ra([, z) r! ! ! ! ! ! ! ! ! (4-7-9) 

Q]-Bkd&l?'mn\o:) 

! ! ! !   ! !

X' ''

Y' ' '

Z' ' '

! 

" 

# 
# 

$ 

% 

& & = Ma(', z)Ma((, y)Ma () ,z)

X

Y

Z

! 

" 

# 
# 

$ 

% 

& &  ! ! ! ! ! ! ! (4-7-10) 

(=&NWXYZ-Bd&!"TUKp'WXYZ'qrl?'mn\o-:)

s'tu5Bk#$%&N!  

! qrvEwx#$)WXYZE!"yz&{6'TUEth\/cKd&N

Q'|' Ra(`, z) Ra(^, y) Ra([, z)E}6'!"TUK~8#$)Q]E Euler

�(!," ,# )-R&2���(active)8!"TU9R
a
(!, ",# )Kx�d&QKJ��&N

Q'R
a
(!, ",# )-Bkd&l?'mn\o:) 

Ma[Ra(!, ",# )] = Ma(!, z)Ma(", y)Ma (# ,z)f 

! =

cos! cos" cos# $ sin! sin# $ sin! cos" cos# $ cos! sin# sin " cos#

cos! cos" sin# + sin! cos# $ sin! cos" sin# + cos! cos# sin " sin#

$cos! sin " sin! sin" cos"

% 

& 

' 
' 

( 

) 

* *  

= {Mp[Rp (! ,",# )]}
T
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (4-7-11) 

K8&N(4-7-11):)WXYZEwx#$qrvE!"yzc2passive 8 Euler

!"9'mn\o(4-5-8)E"�#cJ'-�#%N 

! 2qr�Ewx#)?@��@'qrWXYZE!"yz&TU9:)?@

8�'BCDE��d&�-��5�%N Euler � (!," ,# )-R&!":)

R
a
(!, ",# )8'7)p]KJ)Rp (! ,",# )8'7E<�-#$07�e8>8%N

qrl?'mn\o5�8&7>(=&Nmn\o'� 3\-[5�]&'5)

M
a
[R

a
(!, ",# )](=1)̀ K^'�([5�]8%'5Mp [Rp(!, ",# )](=&N!

"�'��(���)1980)(:)M
a
[R

a
(!, ",# )]5��]$%&N 

 


