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! ! ! ! ! ! f (r) = a
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P(r)4ÜÝ]9]µ�G¹�95s = l +1! DÞr?;G! /-c�75()ST
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=
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!
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r = [1/(2 !)] " #L]95ï7�]9EF9�ô?3Ud5rQR-«5P(r)QP 
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)
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2
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=
L
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L
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#
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)
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!
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L
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(r !1)!
!
L
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! ! ! ! ! L
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2
L
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J704!
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2
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2
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3
+ 9!

2
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4
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3
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2
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!
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)
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=
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k
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2
+ " "! %#$^_>/04!
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=
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=
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=
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(5-2-8)!"#$!%&'()%*+(,%!-./'k0 r123.45678

9.0'r:0;<'k:=;r!41>?.@A7B'CDE0FG1HI*JK

7LI@M*M'()%! k:0;<'r:k;<!45NO1PIQ'u!RST

1UVMQW.0X7YZ[MHBLI@\]5^_MQPH0' 

! ! !

                          r! "
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! Laguerre!fg% L
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! ! ! ! ! ! ! L
r
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r
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2
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!
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!
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Laguerre!fg% L
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(x)!��%B'(5-2-1)!�2] U(�, u)5 u&���MQ
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! ! ! ! ! ! ! ! ! !
u

1 ! u

L
r
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=
L
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! ! ! ! ! !  (5-2-10)!

!"#$%&'()!

! ! ! ! ! ! !
L
'
r (!)

r!r= 0

"
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r
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L
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"
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L
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"
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L
'
r (!)
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"
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r (! )
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"
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+

L
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"
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u
r

*+,#-.)!"/0123"4252675) 

! ! ! ! ! ! ! ! !
L
'
r (!)

r!
"
L
'
r "1(!)

(r "1)!
+
L
r "1(! )

(r "1)!
= 0  

89) 

! ! ! ! ! ! ! ! ! ! L
'
r (!) " rL

'
r "1(!) + rL

r "1(! ) = 0 ! ! ! ! ! ! ! ! (5-2-11)!

!!1:r;(r+1)(&'() 

! ! ! ! ! ! ! ! ! ! L
'
r+1(!) = (r +1){L

'
r (! ) " L

r
(!)}! ! ! ! ! ! ! ! (5-2-12)!

!"#<=>?@1ABC&"4) 

! ! ! ! ! ! ! ! ! ! L
' '
r+1(!) = (r +1){L

' '
r (! ) " L

'
r (!)}! ! ! ! ! ! !  (5-2-13)!

/D5"':(5-2-11)1)r;(r+2)(EF)GHI=J@1ABC&"4)!

! ! ! ! ! ! ! ! ! ! L
'
r+ 2 (!) = (r + 2){L

'
r+1 (!) " L

r+1(!)}! ! ! ! ! !  (5-2-14)!

! ! ! ! ! ! ! ! ! ! L
' '
r+ 2(!) = (r + 2){L

' '
r+1(!) " L

'
r +1(! )}! ! ! ! ! ! (5-2-15)!

#D':KL)MJDF6'NOP!  

! ! ! ! ! ! ! L
r +1(! ) + (! "1 " 2r)Lr (!) + r

2
L
r "1(! ) = 0 ! ! ! ! ! ! ! (5-2-3)!
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! ! ! L
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(!) + (! " 2r " 3)L

r+1

' '
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'
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L
r
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(!) = 0 ! ! !  ! (5-2-16)!

(2':!!1*TU#(5-2-12)V(5-2-15)#W6F L
r
(!)*XYK1*ABC*

ZJ[\]&:^EF)(r+1)1_"4)Laguerre *`UPL
r
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! ! ! ! ! ! ! ! !L
r

' '
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r

'
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r
(!) = 0  ! ! ! ! ! ! !  ! (5-2-17)!

!"/ Laguerre*BCcdP1e': 

!*Laguerre*`UPL
r
(!)Ja&'BCcdP(5-2-17)#@1 s?ABC&':!

^*QR/)@*(r-s)b*`UP1e' Laguerre *f`UPL
r

s

(!)Ja&'BC
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(5-3)! !"#$%Laguerre&'()*+,(-./0+  

! Laguerre')*+ L
r
(!)1234-./0+5 

! ! ! ! ! ! ! ! !L
r

' '
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'
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L
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L
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'
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!"
s#1
L
r

'
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! s

!"
s
L
r

'
(") = s

! s

!"
s
L
r
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! s

!"
s
L
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'
(" )! ! (5-3-2)!

,D4=PQB5Laguerre'-./0+R5-2-17S89: s;<-.34,5 

!
" s
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s
L
r
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(!) + s

" s

"!
s
L
r

'
(! ) +

" s

"!
s
L
r

'
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s
L
r
(!) # !

" s
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s
L
r

'
(!) + r

" s
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s
L
r
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,D4=EK8TU3KV5 

! ! !
" s
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s
L
r

''
(!) + (s +1 # !)

" s

"!
s
L
r

'
(!) + (r # s)

" s

"!
s
L
r
(!) = 0 ! !     ! (5-3-3)!

FWXK4=!

! EE:59' Y Z')*+:[4 Laguerre )*+89: s ;<-.OBWX

K4%r\s&Z')*+8,  Laguerre'()*+,]^34_!

! ! ! ! ! L
r

s

(!) "
# s

#!
s
L
r
(!) ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (5-3-4)!

(5-3-3)C5 L
r

s

(!) "
# s

#!
s
L
r
(!)1234`a'-./0+:[b5Laguerre '(-

./0+,cVK4=L
r

s

(!)8dABefV5 

! ! ! ! ! !L
r

s' '

(!) + (s +1 " !)L
r

s'

(!) + (r " s)L
r

s

(!) = 0! ! ! ! ! ! ! ! (5-3-5)!

:[4=EE:5 

!       

! 

r = n + l,    s = 2l +1! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  (5-3-6) 

,gh59:678iKV5 

! ! ! ! L
n+ l

2l+1
 
' '
(!) +{

2l + 2

!
"1}L

n +l

2l +1
 

'
(! ) +

(n " l "1)

!
L
n+ l

2l+1
 (!) = 0! ! !  (5-3-7) 

,D4=!(5-1-20)' f(9)Fjk34-./0+,MlL'FWXKm= 
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 (5-1-20)!"#"$n%&'()* 

! ! ! ! ! ! ! f (!) = Lr
s
(! ) "

# s

#!
s Lr (!)! ! ! ! ! ! ! ! ! ! ! ! ! (5-3-8) 

%&'+ f (!)#,! (n ! l !1)-!./0%&12+ L
n+ l

2l+1
(!)3*45*,!

(n + l) ! (2l +1) = (n ! l !1)-!./067189'+ 

Laguerre!:./0;<=>6?'+(5-2-8)%@2!Laguerre./0!AB0*!

! ! ! ! ! ! L
r
(!) = ("1)

k

k= 0

r

#
(r!)2

(k!)
2
(r " k)!

(!)
k
! ! ! ! ! ! ! ! ! !(5-2-8) 

; sC,%DEF2(5-3-4)!L
r

s
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# s

#!
s
L
r
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=
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k# s
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L
r
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L
r
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2
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       = ($1)
k
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%
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! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !    (5-3-8) 

WX!Y6Z98*k-s=mU['U* 

! ! ! ! ! k=s,! k=s+1*\\\\\\*k$r! 6]F8* 

! ! ! ! ! m=0*m=1*\\\\\\*m=r-s! %&'()* 

! ! ! ! ! !
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#
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2
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#
(r!)2
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s
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#
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U7'+NOd Laguerre:./0!AB0%&'+!  

! L
n+ l
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(!1)
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! ! ! !

L
n+ l

2l+1 (!) = ("1)2l +1+k
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#
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2
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            = "[(n + l)!]
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! 

L
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2
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< 0                (5-3-11) 

!"#$!!
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=
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s (#
1
/ n' )d#

1

          =
(2nn' )

s +2
$(s +1)!(1% u)(1% v)

{(n + n)(1% uv) + (n % n' )(v % u)}s+ 2
(uv)s ' Q

! ! ! ! ! (5-4-11)!

!"#$%&'() u* r+,v* t+,-./0,u=v=0!1#!,!

! !
1

(s+1 ) "e# (1/ n+1/ n' )!1 / 2 "Lr
s
(

!1 = 0

$

% !
1
/ n) "Lt

s
(!
1
/ n' )d!

1
=

& t

&vt
(
& rQ

&ur
)

' 

( ) 
* 

+ , u= v=0

! ! ! (5-4-12)!

2345#$67,(5-4-11)8(*9,:;<=>?@&AB/C9 (u
r
v

r
)/(r!t!)

D&EF*G#H4,!I?@&AB/JK(u
r
v

r
)/(r!t!)) u* r+-./15L(r!)&

MN2OP,Q4R v* t+-./15L(t!)&MN2OP#$STU,I?@&

AB/JK(u
r
v

t
)/(r!t!)) u* r+,v* t+,-./0<VWR9,I?@&AB/J

&X2Y#$(5-4-11) 8(RZ[5#(u
r
)!(v

t
)\]^_&`aD9,%&>u *

r+,v* t+&-./C&bc*dUe!"#$[<,(u
r
)!(v

t
)\]f_&`a

D9,%&-./gh u,! v&`a!0UY#2,u=v=0&ijR\],k9]

dUe!"#$STU, (5-4-11)8(& lm! n Ro1#pRq0,%&\r"-

./)s=,u=v=0!1#!,t&VW9!(A5-4-12)!"#$>?@&AB/C)

:;#R9,!(5-4-11)&u(vQ)wxR v! u*-./0,u=v=0!15Ly

=$!%52(5-4-12)&z{*G#$!

%%*|}#>~��B/C9,���’,67,lvn&��*G#H4,!(5-4-12)

u(&-./)ws0"�Uh,(5-4-11)H4��"VW9345#$!(5-4-12)

u(&-./9,_�&>���C��*��1#$!

���’,67,lvn&��,(5-4-11)9_&\rR"#,!

! ! ! ! !

(uv)
r

(r!)2

r =s

!

" #
1

(s+1) $ e%#1 / n ${L
r

s (

#1 =0

!

& #
1

/n)}2
d#

1

          =
(n)

s +2
$(s +1)!(1% u % v + uv)(uv)

s

(1% uv)s +2

! ! ! ! ! ! ! (5-4-13)!

8(&p9 r&XRo1#p!"],(uv)&`a&p*G#$STU,u(h(uv)

&`a&p*��Q5�L"4"=$u(& (1-uv)
-(s+2))�F��0,(uv)&`

a&p*�1$ 

! !
(1 ! uv)!( s +2) = f (x) = (1! x)! (s+ 2) = f (0) + f ' (0) " x + (1/ 2!) f "(0) " x2 + " " "

                   = 1+ (s + 2)uv + (1/ 2!)(s + 2)(s + 3)(uv)2 + " " "
 

(1 ! uv)
!( s +2)

=
(s + 2)(s + 3) " " " (s + k +1)

k!k =0

#

$ (uv)
k
=

(s + k +1)!

k!(s +1)!k= 0

#

$ (uv)
k
! ! (5-4-14) 
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!"#$%"&'(5-4-13)()*+,-./'!

! !

(uv)
r

(r!)2

r =s

!

" #
1

(s+1) $ e%#1 / n ${L
r

s (

#1 =0

!

& #
1

/n)}2
d#

1

          = (n)
s +2

$(s +1)!(1% u % v + uv)
(s + k +1)!

k!
(uv)

k+ s

k=0

!

"
 ! ! ! ! (5-4-15)!

!*012'(uv)
r

34"/*('(1-u-v+uv)*,5 1 6 uv 3789/:;2<

=' 

! ! ! ! ! k+s=r *:;>k=r-s?' k+s+1=r *:;> k=r-s-1? 

-@A"/B CDE'(5-4-15)01-FG/(uv)
r

*8H('  

! ! ! ! (n)
s+ 2
!
(r +1)!

(r " s)!
+ (n)

s +2
!

r!

(r " s " 1)!
= (n)

s +2
!

r!

(r " s)!
!(2r " s +1)  ! (5-4-16) 

2</B!*8H((5-4-15)I12*(uv)
r

*8H6.DE%/ 

! ! ! ! ! ! !
1

(r!)
2

!
1

(s+1 )
"e

# !1 / n "{L
r

s
(

!1 = 0

$

% !
1
/ n)}

2
d!

1
 

-JK%BL-' 

! ! ! !
1

(s+1 )
"e

# !1 / n "{L
r

s
(

!1 = 0

$

% !
1
/ n)}

2
d!

1
= (n)

s+ 2
"
(r!)3

(r # s)!
"(2r # s +1) ! ! (5-4-17) 

6./B 

(5-4-17)I1*MNOH(P1QRA'!"#Pn-S9B! !
n
= (

2Z

na
)r = !

1
/ n  

2</*2'  !
1

= n!
n
! 6.=' 

! ! ! (n!
n
)
(s+1 )

" e
#!

n "{L
r

s
(

!n = 0

$

% !
n
)}
2
"nd!

n
= (n)

s +2
"
(r!)3

(r # s)!
"(2r # s +1) !

TU'!

! ! ! ! !
n

(s +1)
" e

#!
n "{L

r

s
(

!n = 0

$

% !
n
)}
2
d!

n
=
(r!)3

(r # s)!
" (2r # s +1)! ! ! ! ! (5-4-18) 

6./BVWXYZ[\]3^_7H-T`ab*('r = n + l,   s = 2l +12<D

cRA'Pn*dMN('efH(n, l)-+=)*+,-ghA"/B 

! ! ! ! ! !
n

(2l +2 )
"e

# !
n "{L

n+ l

2l+1
(

!n = 0

$

% !
n
)}
2
d!

n
=
[(n + l)!]3

(n # l #1)!
" (2n) ! ! ! ! ! (5-4-19) 

(5-4-4)*ijkMN('n=n’ 6KE'MNOHlP1RAPn-SKEmh"
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!"c
2
(n, l)(

a

2Z
) !

n

2l +2
"e

# !
n "[L

n+ l

2l +1
(!

n
)]
2
" nd!

n

!1 = 0

$

% = 1! ! #$%"&' 

! ! ! ! ! ! ! c
2
(n, l)(

na

2Z
) !

n

2l + 2
" e

#!
n "[L

n +l

2l +1
(!

n
)]
2
d!

n

!n = 0

$

% = 1! ! ! ! ! (5-4-20) 

()*+! ,-."(5-4-19)((5-4-20)/0" 

! ! ! ! ! ! ! c
2
(n, l) = (

2Z

na
) !

(n " l "1)!

(2n)[(n + l)!]
3
! !  

#$%"123" 

! ! ! ! ! ! ! c(n, l) = ± (
2Z

na
) !

(n " l "1)!

(2n)[(n + l)!]
3 ! ! ! ! ! ! ! ! ! (5-4-21) 

()*+4567089:;<=.>?@8#$*A"BC3589A;<D

E*+58FGHI2:JKLM3"(5-3-11)#NO=PQ("R7" 

rST8U"R7"VST8U" 

! ! !     ! L
n+ l

2l+1
(!)"

#[(n + l)!]2

(2l +1)!(n # l #1)!!
< 0              !     (5-3-11) 

#$*Q(WX*+58I2:JY=.Z[("rST8U,  Pn, l(r)\T(]*

Q(A#^*+ 

! _W"`2:VWa=.bc!" 

! ! ! ! " !
n
= (

2Z

na
)r    

! ! ! P
n,l
(r ) = ! (

2Z

na
) "

(n ! l !1)!

(2n)[(n + l)!]
3
" #

l+1
"e

! # / 2
"L

n+l

2l +1
(#)! ! ! ! ! (5-4-22) 

#$*+L
n+ l

2l+1
(!)3"V8(n - l - 1) d8efg#$%"hijW3"(5-3-10)Wk

Wl=.$*+ 

mno2:pq8 Rn, l(r)Wac!"R
n,l
(r) =

1

r
!P

n,l
(r )#$*/0" 

 ! ! ! " !
n
= (

2Z

na
)r   

! ! R
n,l
(r) = ! (

2Z

na
)
3
"
(n ! l !1)!

(2n)[(n + l)!]
3
" #

l
" e

!# / 2
"L

n+ l

2l+1
(#) ! ! ! ! ! ! (5-4-23) 

#$*+rs#"mno2R
n,l
(r) =

1

r
!P

n,l
(r )8hijo2tAu0EP+ 
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(5-5)! !"#$%&'(  

)%*+,-./01$ l234+501$ n26789:%!"#$,&'

;8)<-=>-   l  ,?@+A82-n ! n'+A8B- 

! ! ! ! ! ! ! ! ! P*
n' ,l
(r) !P

n,l
(r)dr = 0

r = 0

"

# ! ! ! ! ! ! ! ! ! ! ! ! ! (5-5-1) 

+A8)<CDE;8FGHIJ7.K,L*(MA5-6)+NO8%+-)%*,

PQRSTUVWUXYWF 

! Z[%\]^,-_*`aTbGc`- 

 ndn’%B-! = (2Z /na)r-!' = (2Z /n' a)r+-! " !'+A8Fe)+-!1 = (
2Z

a
)r !

<TU-!
n
= (

2Z

na
)r = !

1
/ n,     !

n'
= (

2Z

n' a
)r = !

1
/ n' !  (5-4-3)+A8fg-)%9:

%!"#$,-!

! ! ! ! ! P
n,l

(r ) = c(n,l) ! e
" #

n
/ 2
! #

n

l+1
!L

n+l

2l+1
(#

n
),     ! ! ! ! ! ! ! ! !  (5-4-4) 

    ! ! ! P
n' ,l

(r ) = c(n' ,l) !e
" #

n ' / 2
!(#

n'
)
l+1
!L

n' +l

2l+1
(#

n'
)      

+A8F(A5-5-1)%]^,- 

 P
n' ,l

*
(r) !P

n,l

r = 0

"

# (r)dr !

!  = c* (n' ,l) ! c(n, l) e
"( #

n' + #n ) / 2 ! #
n'

( l+1)
! #

n

( l+1)
!L

n '+ l

2l+1
(#

n '
) ! L

n+ l

2l +1
(#

n
)

r =0

$

% dr  

! = c* (n' ,l) ! c(n, l)(
a

2Z
) e

"(#
n' +# n

) / 2
! #

n'

( l+1)
! #

n

( l+1)
! L

n' +l

2l +1
(#

n'
) ! L

n+ l

2l +1
(#

n
)

#1 =0

$

% d#
1
!  

! = c* (n' ,l) ! c(n, l)(
a

2Z
)(
1

nn'
)
l+1 "

1

2l+ 2
!e

#(1 / n' +1 / n) "1 / 2 ! L
n' + l

2l+1
("

1
/n' ) !L

n+ l

2l +1
("

1
/n)

"1 = 0

$

% d"
1
 

+A8F]^h$,ij`7kUW8Fl[%\$m$,n<TU\]^%o^

pqCrstSYWfg- ndn’+A8B- 

    I
n,n'

! "
1

2l+ 2
#e

$(1/ n' +1 / n) "1 / 2 # L
n '+ l

2l+1
("

1
/n' ) #L

n+l

2l+1
("

1
/n)

"1 = 0

%

& d"
1
= 0       ! ! (5-5-2) 

CDE;tSYWF 

! uvwx%yz{|C}Wb!"#$%&'(%~�,-��72g-��

�701��%�����sS-Pauling and Wilson(1935)`G8X%7��,X

>��-���7���[�sS-Schiff, L. (1968)���(1969)7�]+X��t
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!"#"$%&'()*+,-./012/034.5678.9:;<=>

?!"@ABCD"$E7EFGH(&.IDJKLMNOPQ"RS:CT

U!V"WXPYX$RZEFGH(&.IDJKP3[@\].M^5F 

! ! ! ! ! ! e
! x
x
k
L
n

k
(x)L

m

k
(x)dx =

(n + k)!

n!
0

"

# $(n,m) ! ! ! ! !         (5-5-3) 

_Fn ! n';T@ABFx P`R@aCb\;_#".;cQ;d#"$e.W

X#fg78F(5-5-1).S:_hi;jhLk[@$lmO#n-op.qrs

;tuvwx8?#"yz2Y{?@$ 

! M^5.S:P_FGH(&IDJK.|}.~34LQ"R��.��F 

! ! !

(
u
r
v
t

r! t!r ,t=s

!

" ) #
1

(s+1 ) $e% (1/ n+1/ n' )#1 / 2 $Lr
s (

#1 = 0

!

& #
1
/ n) $Lt

s (#
1
/ n' )d#

1

          =
(2nn' )

s +2
$(s +1)!(1% u)(1% v)

{(n + n)(1% uv) + (n % n' )(v % u)}s+ 2
(uv)s ' Q

! ! ! !(5-4-11)!

2Fe.��L u; r�Fv; t��?�?���EFu=v=� 2ER��F!

! ! !
1

(s+1 ) "e# (1/ n+1/ n' )!1 / 2 "Lr
s
(

!1 = 0

$

% !
1
/ n) "Lt

s
(!
1
/ n' )d!

1
=

& t

&vt
(
& rQ

&ur
)

' 

( ) 
* 

+ , u= v=0

! !(5-4-12) 

LQ"@$s = 2l +1,   r = n + l,     t = n' +l ! 2[@2F(A5-5-2).��_(5-4-12)P

��[@78;T@$e.��_F��������78�q��"R$�.

��P�� ¡[@$ 

! (5-4-11). Q LQ"!(A5-4-12)¢�L£¤?¥V"CFuFv P3¦E#" Q

.§4¦4_¨¤©"!ª«@$�.¬PF 

! ! ! !   Q
'
!

(1 " u)(1 " v)(uv)s

{(n + n)(1" uv) + (n " n' )(v " u)}
s+ 2
!

! ! ! ! !   = (1 ! u)(1 ! v)(uv)
s
" g(u,v)! ! ! ! ! ! ! ! ! ! ! ! !!!!(5-5-4)!

! ! ! g(u,v) !{(n + n)(1" uv) + (n " n' )(v " u)}
"( s+ 2)
!

2E!F!

! ! !
! t

!vt
(
! rQ'

!ur
)

" 

# $ 
% 

& ' u= v=0

=
! t

!vt
[
! r

!ur
{(v

s ( vs +1
)(u

s ( us+1)g}]
" 

# $ 
% 

& ' u= v=0

! ! ! ! (5-5-5) 

L®O£¤@e2P[@$e?_F 

!!!!!!
! t

!vt
(
! rQ'

!ur
)

" 

# $ 
% 

& ' u= v=0

=
! t

!vt
(v

s ( vs +1
){
! r

!ur
(u

s
g) (

! r

!ur
(u

s+1
g)}

" 

# $ 
% 

& ' u= v=0

!

2#@78F=¯F
! r

!u
r (u

s
g)! 2!

! r

!u
r (u

s +1
g) ! P}"!ª«@$!
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!"#$%&'()*+,-."/01234
! r

!u
r (u

s
g)15'67u80 9:(

;7!

! ! !
! r

!u
r (u

s
g) =

r!

k!(r " k)!k=0

r

# (
! k

!u
k u

s
)(
! r" k

!u
r "k g) =

r!

(r " s)!
(
! r" s

!u
r " s g) ! !!! (5-5-6) 

6<(=
! k

!u
k
u
s
">?@" v%A(B#$"CD1EF<3=sGk9:(>? u

%A(B#$"HI9J6<(=sKk9:(>?B#$"HI9LM(N@" u

80"OP9Q?RJ6<("97sSk">TF1UVWXY3=!
! k

!u
k
u
s
= k!= s!

9:(Z[7\]"^_6<(=
! r

!u
r (u

s +1
g)%&`4Lab%7!

u809:(;7 

! ! !
! r

!u
r (u

s +1
g) =

r!

k!(r " k)!k= 0

r

# (
! k

!u
k u

s +1
)(
! r "k

!u
r " k g) =

r!

(r " s "1)!
(
! r "s "1

!u
r " s"1 g)!

6<(=cd47!

!!

! t

!vt
(
! rQ'

!ur
)

" 

# $ 
% 

& ' u= v=0

    = [
! t

!vt
(vs ( vs+1){

r!

(r ( s)!
(
! r ( sg

!ur( s
) (

r!

(r ( s (1)!
(
! r( s(1

g

!ur (s (1
)}]u=v= 0

!

!

    = r![
1

(r ! s)!

" t

"v
t (v

s
#
" r! sg

"u
r! s ) !

1

(r ! s !1)!

" t

"v
t (v

s
#
" r ! s!1g

"u
r! s!1

)

             !
1

(r ! s)!

" t

"v
t (v

s+1
#
" r !s g

"u
r !s ) +

1

(r ! s ! 1)!

" t

"v
t (v

s +1
#
" r! s!1g

"u
r! s !1 )]u= v= 0

! (5-5-7)!

6<(= v"ef1 v9B#$`7vS06'(;7
! r

!u
r (u

s
g)"gh6ab9:

(Z[7(A5-5-7)"ij">?7k"Al%<(= 

!
! t

!vt
(
! rQ'

!ur
)

" 

# $ 
% 

& ' 
u= v=0

= (r!!t!)[

" t#s

"vt# s
(
" r #sg

"ur #s
)

(r # s)!(t # s)!
#

" t#s

"vt# s
(
" r #s #1g

"ur # s#1
)

(r # s #1)!(t # s)!
!

! ! ! ! ! ! ! ! ! ! !

" t!s !1

"vt! s!1
(
" r! sg

"ur !s
)

(r ! s)!(t ! s !1)!
+

" t!s !1

"vt! s!1
(
" r! s!1g

"ur! s !1
)

(r ! s ! 1)!(t ! s !1)!
]u= v=0 ! (5-5-8) 
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(5-5-8)!"#$%& g(u,v)#'()*+,-./012%3456 

! 789: 

! ! ! !
g(u,v) ! h"( s + 2)

h ! (n + n' )(1" uv) + (n " n' )(v " u)
! ! ! ! ! ! ! ! ! ! (5-5-9) 

;<=:
! i

!vi
(
! kg

!uk
)

" 

# $ 
% 

& ' u= v= 0

,>012)6(5-5-8)!",*+,-./?: 

     (i, k) = (t-s, r-s), (t-s, r-s-1=), (t-s-1, r-s), (t-s-1, r-s-1) 

,@A#BC()6D#:(i, k);EF[
! i

!v
i (
! kg

!u
k )]u= v= 0,G#+5FHI9JK)6 

(5-5-9)LM!
!h

!u
= "(n + n' )v " (n " n' ),  

! 2
h

!u
2

= 0    #NO();: 

! ! !

!g

!u
=
!g

!h
"
!h

!u
,      

!
2
g

!u
2
=
!

!u
(
!g

!h
"
!h

!u
) = (

!
2
g

!h
2
)(
!h

!u
)2 ,   

! 3g

!u3
= (
! 3g

!h3
)(
!h

!u
)

3
,  " " " " " " " " " " " ",   

! k g

!uk
= (
! k g

!hk
)(
!h

!u
)
k
   

! ! ! ! (5-5-10) 

D#: 

! ! ! [
! i

!v
i (
! kg

!u
k )]u= v= 0 = [

! i

!v
i {(

! kg

!h
k )(

!h

!u
)
k
}]u =v= 0! ! ! ! ! ! ! ! (5-5-11) 

;PQ:RSTUVW,XY0Z[;:!

! ! !

[
! i

!v
i (
! kg

!u
k )]u= v= 0

= [
! i

!v
i {(

! kg

!h
k )(

!h

!u
)
k
}]u =v= 0

                        = [
i!

j!(i " j)!j= 0

i

#
! j

!v j
(
! k g

!hk
) $
! i" j

!vi" j
{(
!h

!u
)k}]u =v= 0

! (5-5-12) 

9\)6 

!
!h

!v
= "(n + n' )u + (n " n' ),  

! 2
h

!v
2

= 0    9\)LM:v#])-./9^(5-5-10);

_`,'ab\)6cdF: 

! ! ! ! ! ! !
! j

!v
j (
! k g

!h
k ) = (

! j+ kg

!h
j+ k )(

!h

!v
)
j
! ! ! ! ! ! ! ! ! ! ! (5-5-13) 

9\)6e&: 

!(v) "
#h

#u
= $(n + n' )v $ (n $ n' ),    

#!

#v
= $(n + n' ),     

# 2!

#v
2

= 0    ! ! (5-5-14) 
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!"#$%& 

! !

!
i" j

!v
i" j

{(
!h

!u
) k} =

!
i" j"1

!v
i" j"1

(
!

!v
# k) =

!
i" j"1

!v
i" j"1

[k $# k"1 $(
!#

!v
)]

                     =
! i" j"2

!v
i" j" 2

[k $(k "1)#
k "2

$(
!#

!v
)

2
]

                     $

                     $

                     =
! i" j"( i" j )

!vi" j"( i" j )
[k $ (k "1) $ $ ${k " (i " j " 1)}# k"( i" j ) $ (

!#

!v
)( i" j )]

 

! !                      =
k!

{k ! (i ! j)}!
"(
#h

#u
)
k!( i! j )

" (
# 2h

#v#u
)

( i! j )
! ! ! ! ! ! ! ! (5-5-15) 

(5-5-12)'()* (5-5-13)+(5-5-15),-./01& 

[
! i

!v
i (
! kg

!u
k )]u= v= 0 = [

i!

j!(i " j)!j= 0

i

#
! j

!v
j (
! kg

!h
k ) $

! i" j

!v
i" j {(

!h

!u
)
k
}]u= v=0  

! ! ! ! ! ! = [
i!

j!(i ! j)!j=0

i

" (
# j+kg

#h
j+k ) $ (

#h

#v
)
j
$

k!

{k ! (i ! j)!}
$ (
#h

#u
)
k! (i! j)

$ (
# 2h

#v#u
)
( i! j )

]u= v=0  

2'3),(i!4k!)!567&89/#+& 

!

[
! i

!vi
(
! kg

!uk
)]u= v= 0

(i!"k!)
= [

(
! j+ kg

!hj+ k
) "(

!h

!v
)
j
" (
!h

!u
)
k# i+ j

" (
! 2h

!v!u
)
i# j

j!(i # j)!(k # i + j)!j= 0

i

$ ]u=v= 0! ! ! ! (5-5-16) 

+:#;20*<=&(5-5-8)()*>0? g(u,v)*@/#AB'CDEFG&H

'IJKLM7&NOP*QM#2+R!S#;(A5-5-16)()'TCDE!

u=v=0+U?V'W,QM01XY; 

(i) (
! j+ kg

!h
j+ k ) =

! j+ k

!h
j+k h

"( s +2)
= ("1)

k+ j (s +1 + k + j)!

(s +1)!
h
" (s+ 2+ k+ j )

 

! ! ! ! ! ! ! (
! j+ kg

!h
j+ k )u =v= 0 = ("1)

k+ j (s +1 + k + j)!

(s + 1)!
(n + n' )

"( s+ 2+ k+ j )
 

(ii) 
!h

!v
= "(n + n' )u + (n " n' ),       [(

!h

!v
)
j
]u= v= 0

= (n - n' )
j
  

(iii) 
!h

!u
= "(n + n' )v " (n " n' ),    [(

!h

!u
)
k -(i - j )

]u= v=0
= (-1)

k -(i - j )
# (n - n' )

k "(i- j )
     

(iv) 
! 2h

!v!u
=
!"

!v
= #(n + n' ),   (

! 2h

!v!u
)

( i# j )
= (#1)

(i# j)

$(n + n' )
( i# j )
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(i)!(vi)"(5-5-16)#$%&'() 

 

[
! i

!vi
(
! kg

!uk
)]u= v= 0

(i!"k!)
=
(n + n' )# (s+ 2)

(s +1)!
"

(#1) j " (s +1 + k + j)!

j!(i # j)!(k # i + j)!j= 0

i

$ " (
n # n'

n + n'
)
2 j+k #i

!  (5-5-17) 

*+,-./0#1,23435)67)89:;<,- 

=>,?@(5-5-8)AB/CD/EFGH5)(i, k) = (t-s, r-s)! *&,*) 

(i, k-1) = (t-s, r-s-1), (i-1, k) = (t-s-1, r-s), (i-1, k-1)I(t-s-1, r-s-1)#JK&,.   

(5-5-17)"LM&'() j=0, 1, 2, 3, NNN, i*OP&,#Q9)(i, k)*  

(i-1, k-1)/HRS(
n ! n'

n + n'
)
2 j+ k!i

TUV,-(i-1, k)/HRS5(
n ! n'

n + n'
)
(2 j+1)+ k!i

) 

(i, k-1)/HRS5(
n ! n'

n + n'
)
(2 j!1)+ k!i

TUV,/W)X/(i-1, k)*(i, k-1)/YD/HR

S5)(
n ! n'

n + n'
)
(2 j±1)+ k!i

TUV,*&'(Z9- 

Q[:)j=0, 1, 2, 3, NNN, i*OP&,\) 

! !!]^! !!(i, k)* (i-1, k-1)/H! ! ! _! ! ! (
n ! n'

n + n'
)
2 j+ k!i

  /`a)!

!   II-! (i-1, k)*(i, k-1)/H! ! !  _      (
n ! n'

n + n'
)
(2 j±1)+ k!i

/`a) 

"Dbc)d`a5ef#gh+ij/`a"+&X*TkR,- 

(
n ! n'

n + n'
)
2 j+ k!i

! #lm&,/5)! (i, k)* (i-1, k-1)/HW)n/235) 

i = t ! s,    k = r ! s,    s = 2l + 1,    r = n + l,     t = n' +l   #opq:) 

(!1)
j
"(s +1+ k + j)!

j!(i ! j)!(k ! i + j)!
+

(!1)
j
"(s +1 + k ! 1+ j)!

j!(i !1! j)!(k ! i + j)!

  =
(!1) j "(s + k + j)!

j!(i ! j)!(k ! i + j)!
"{(s +1+ k + j) + (i ! j)}=

(!1) j " (s + k + j)!

j!(i ! j)!(k ! i + j)!
" (n + n' )

 

(
n ! n'

n + n'
)
(2 j!1)+ k!i

/235)(i-1, k)/HW5 j_j-1)(i, k-1)/HW5 jIjW) 

!
(!1)

j!1
" (s + 1+ k + j !1)!

( j !1)!(i !1 ! j +1)!(k ! i +1 + j !1)!
!

(!1)
j
" (s +1 + k !1+ j)!

j!(i ! j)!(k ! 1! i + j)!

  =
(!1) j "(s + k + j)!

j!(i ! j)!(k ! i + j)!
"{j ! (k ! i + j)} =

(!1) j " (s + k + j)!

j!(i ! j)!( k ! i + j)!
" (n'!n )
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!"#$n!n’! %&'($(5-5-17))*+,-./$0+1+2345674$ 

(!1) j " (s + k + j)!

j!(i ! j)!(k ! i + j)!
{(n + n' ) "(

n ! n'

n + n'
)
2 j+ k! i

+ (n' !n) "(
n ! n'

n + n'
)
(2 j!1)+ k!i

}  

=
(!1)j "(s + k + j )!

j!(i ! j)!(k ! i + j)!
{(n + n' ) "(

n ! n'

n + n'
) + (n' !n)} "(

n ! n'

n + n'
)
(2 j!1)+ k!i

= 0 ! ! (5-5-18) 

89:$;<=>?@#+ jAB/$C! ! D! E4FAG%&'HI>4$ n!n’!

%&:$r!t+($ 

! ! ! ! ! !
! t

!vt
(
! rQ'

!ur
)

" 

# $ 
% 

& ' 
u= v=0

=
! t

!vt
(
! rQ

!ur
)

" 

# $ 
% 

& ' 
u= v=0

= 0!

%&:$ 

    I
n,n'

! "
1

2l+ 2
#e

$(1/ n' +1 / n) "1 / 2 # L
n '+ l

2l+1
("

1
/n' ) #L

n+l

2l+1
("

1
/n)

"1 = 0

%

& d"
1
= 0      !  (5-5-2)!

%&'I8JKL/#M'H1N+OP+QR#$!

! ! P*
n' ,l
(r) !P

n,l
(r)dr = R*

n' ,l
(r ) ! R

n,l
(r)r

2
dr

r =0

"

# = $(n,n' )
r = 0

"

# ! ! ! ! ! ! (5-5-19) 

STUAVWX'H 

! YZ+[\A]^_3+`ab4$l  Scd%&'(AVWX'H l  Se9

'fg4$hi_3Y
l ,m
(!,")+`ajkA[:$l]_3@m 

! ! ! !
n, i.m
(r," ,#) = R

n,l
(r ) $Y

l ,m
(",#) =

1

r
P
n,l
(r) $Y

l,m
(" ,#)  

+`ab$ 

! ! !

!
n' ,i' .m'

*
(r," ,#) $!

n, l ,m(r,",#)r
2
sin%drd%d#

#= 0

2&

'
% = 0

&

'
r = 0

(

'

           = R
n' ,l

* (r)R
n, l(r)r

2
dr $ Y

l' ,m'

* (",#)Y
l,m(" ,#)

# = 0

2&

'
" =0

&

'
r= 0

(

' sin%drd%d#

           = P
n' , l

* (r)P
n,l (r)dr $ Y

l' ,m'

* (" ,#)Y
l ,m(",#)sin%

#= 0

2&

'
" = 0

&

'
r= 0

(

' d%d#

           = )(n.n' )) (l,l' ))(m.m' )

 

SV:Wn+%op49MHqr3+stun, l, mv8!un’, l’, m’vJwnxn+l

]_3+y%$un, n’vz!ul, l’vz!um, m’v+{n+B+\|$}>U~n+qr3

+BS�~�%&>�$�>=l]_34`aX'H!

!
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(5-6)! !"#$%&'()*+%,-.  

! !"#$%/012$3456789:;<%=>?@3ABCDEFEGH

IJIK!"#$%,-.LM3NO%PQRDK!"ST@*+%UPQ6

!"#$%&'()3VWO6LMPXGH9:;<%=>?@7YLBZ[

(\5-5)%]^_`86J7abPQ6H 

! !"ST@%c$ r 3K

! 

" = (2Z /an) # r ! 7cdI[ef8Kg7(\5-1)%

(5-1-17)PhiG6j 

! ! ! ! ! ! !

! 

d
2
P(")

d"
2

+{#
1

4
+
$

"
#
l(l+1)

"
2
}P(") = 0 ! ! ! ! ! ! ! ! (5-1-17) 

 (\5-1)P]^I[_k7lm%#noQ`Kp8qrs$ nPQ6H 

! ! ! !
  

! 

a =
!
2

me
2
K!

! 

E = "
Z
2
e
2

2a
#
1

n
2
K!

! 

" =
Z
2
e
2

2a
#
1

E
= n $1! ! ! (5-6-1) 

(5-1-17)8Kqrs$o nKStrs$o l%uvPQ6JFK 

! ! ! !

! 

" # "
n

= (2Z /an) $ r,     "
1
= (2Z /a) $ r,      "

n
= "

1
/n! ! ! ! ! ! (5-6-2) 

PQ`K 

! 

P(")8

! 

P
nl
("

n
)%Y*PQ6HwZiK(5-1-17)8x%_k7E6K 

! ! ! ! ! ! !

! 

d
2
P
nl
("

n
)

d"
n

2
+{#

1

4
+
n

"
n

#
l(l+1)

"
n

2
}P

nl
("

n
) = 0 ! ! ! ! ! ! (5-6-3) 

yz?8K

! 

"
n

= "
1
/n7_6{|%}~PQ6oK

! 

"
1
# "*�5i��IK

! 

"
n
# " /n

*IiK

! 

"7_6{|%}~7c�O6*K 

! ! !

! 

d
2
P
nl
("

n
)

d"
n

2
=

d

d"
n

{
dP

nl
("

n
)

d"
n

} =
d

d"
{
dP

nl
("

n
)

d"
#
d"

d"
n

}
d"

d"
n

= n
2 d

2
P
nl
("

n
)

d"
2  

PQ6HYR7_`K

! 

n "1 P

! 

n " 0PQ6JFK(A5-6-3)8x%_k7E6K 

! ! ! ! ! ! !

! 

d
2
P
nl
("

n
)

d"
2

= {
1

4n
2
#
1

"
+
l(l+1)

"
2
}P

nl
("

n
)! ! ! ! ! ! ! (5-6-4) 

! 

n'" n7�Gi�K(5-6-4)*��%@o��O68�PQ6JFK 

! ! ! ! ! ! !

! 

d
2
P
n'l
("

n'
)

d"
2

= {
1

4n'
2
#
1

"
+
l(l +1)

"
2
}P

n' l
("

n'
) ! ! ! ! ! ! (5-6-5) 

! +YPK[(5-6-5)x

! 

P
nl
("

n
)� (5-6-4)x

! 

P
n' l
("

n '
)]3��RDK+R�R%��%y 2K

3 ?8�G7���R6H+IiK+%ef3

! 

" = 0JF

! 

" =#�P�~O6*K

x%ef3k6j 

 

!

! 

{P
nl
("

n
)
d
2
P
n7 l
("

n7
)

d" 2"= 0

#

$ % P
n' l
("

n'
)
d
2
P
nl
("

nl
)

d"2
}d"

! 

=
1

4
(
1

n '
2
"
1

n
2
) P

nl
(#

n
)P

n' l
(#

n'
)d#

#= 0

$

%  
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! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (A5-6-6) 

! !"#(5-6-6)$%&'#($)*+,-./012#3.40567809 

! ! !

! 

[
d

d"
{P

nl
("

n
)
dP

n7l
("

n7
)

d""= 0

#

$ % P
n' l
("

n'
)
dP

nl
("

nl
)

d"
}]d"  

! ! ! ! ! ! !

! 

= P
nl
("

n
)
dP

n 'l
("

n 7
)

d"
# P

n 'l
("

n'
)
dP

nl
("

nl
)

d"

$ 

% & 
' 

( ) " = 0

" =*

= 0! ! ! ! (5-6-7) 

5:'#

! 

"# 0! .

! 

P
nl
,  P

n' l
" 0! ;2+#

! 

 "#$.<

! 

P
nl
,  P

n' l
" 06=012.4

0>?5-1)@! A+#(5-6-6)6(5-6-7)12#

! 

n'" n$B# 

! ! ! ! ! ! ! !

! 

P
nl
("

n
)P

n' l
("

n'
)d"

"= 0

#

$ = 0! ! ! ! ! ! ! ! ! ! ! ! ! (5-6-8) 

.40@

! 

P
nl

,  P
n' l
'CDE.4012#

! 

P
n' l

*

= P
n' l
.4F# 

! ! ! ! ! ! ! !

! 

P
n' l

*
("

n'
)P

nl
("

n
)d"

"= 0

#

$ = 0! ! !  

6<,-./0@

! 

"
n

= (2Z /an)r,    " = (2Z /a)r! +)FGEHI$ r+JKL# 

! ! ! ! ! ! ! !

! 

P
n' l

*
(r)P

nl
(r)dr

r= 0

"

# = 0,    (n $ n') ! ! ! ! ! ! ! ! ! ! (5-6-9) 

6=0@ 

! 

P
nl
(r)6IM$NODE

! 

R
nl
(r)6$DP' (1-4-9)+QRS)*+# 

! 

R
nl
(r) = (1/r) "P

nl
(r)! .4012#TU$)*+=09 

! ! ! ! ! ! ! !

! 

R
n' l

*
(r)R

nl
(r)r

2
dr

r= 0

"

# = 0,    (n $ n') ! ! ! ! ! ! ! ! (5-6-10) 

! V=0WXYZ[\]^$NODE7_`a056#bc# (5-6-7)7dea

056'#NODE$fghi>

! 

"# 0.

! 

P
nl
,  P

n' l
" 0j

! 

 "#$.

! 

P
nl
,  P

n' l
" 0k+

)0@5:'#Sturm-Liouvillel6Rmno;:0 2pqn"rs$t7!u+

vwxy.40@Laguerre $z{s#|z{s, Legendre $z{s#|z{s,!

Hermite $z{s=}z~$_`DE�75$���$qn"rs$t.40@

�:<�����l>Hermitek����$\]DE6�L:0@ (5-6-7)40�

'5:+��a0fghi+Da0�s7dea0567��6=�m�0@

����.��6;:0�����l�>Hermitek����>?2-5k$��.4

0@�R~', Margenau and Murphy (��� ¡! ¢#1953)?8#?11#£¤>1960k

¥ 2¦#§¨£>1988k?5@7#=}H©ª;:S�@ 

!


