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!6! "#$%&'!

! ()"#*+,$-./0"1234-56789:;<=>.?@;A;

BC2DEFGHIJ8K)L);"#M;N$OPQ<=6$RS$TUV

$WX;%&'(spin)/YZ[\TUV234K"#*-./"1/M]X;+

,$^RS./_`ab c'd23eFE8K7fL(;ghij8Nkl/gm

_nl$oZ9p-23eFE8K Na$qrM 0.6 nmstuv)fwx$y

zr?588.995nm/ 589.592nmCL:98KW${|}~��6(N$oZ9�

�r*��:J8K �E{|}~�� Cs6M;�$��r$uvM 42.2nmX

(�j8K{|}~��$�#�`M����"#�/�9jN/*6�8*;

N$��ruv$��M Schrödinger ���6M����9EK Uhlenbeck and 

Goudsmit (1925) M;"#M�985"16M9�;�TiRS2�eFE8

gspinning electronl�/��;�$TiX ¡j8^RS.�%&'(spinC^R

S.�/NJX¢Z_`ab c'd234/j8£�2¤¥);%¦§d|r

$u¨2��j8N/X©ªX«¬)fK­�; Stern and Gerlach (1921)M;®

"#/)F 1 ¯$"#234°$�#�`$±²³2_´$�2µj�¶2�

E;±²³*wxXu¨j8N/2·)fK"#$_`a²c'dM�4$¸

2¹8N/2·)FE8K"#$%&'M;�#%¦§d|r$u¨º Stern and 

Gerlach (1921)$�¶L:;�$�»*¼½IJ8oZX9ef*;_p$¾¿

67À;Á-$ÂÃ9ÄÅÆÇÈX(É�ÊË)FE8K 

 

?6-1C%&'^RS.  

! "#$ÌÍ^RS.$´ÎM;!2Ï!4 6�foZX;^RS.$wÐ/�

$Ñ«u$ÒÓ#2��f´Î;Y
l ,m
(!," )  *ÔÕ+,ÊÖ/9À;�$+,¸

M; 

! ! ! ! !  

  

ˆ l 
2
Y

l, m
(!,") = l(l +1)!

2
Y

l ,m
(!," )

ˆ l 
z
Y

l, m
(!,") = m!Y

l,m
(!,")

                        (6-1-1) 

6×�:J8KN$"#$ÌÍ^RS.L:$ØÙL:;%&'^RS.«u

(ˆ s x ,  ˆ s y,  ˆ s z )/�$wÐ? ˆ s 
2

C2��;%&'^RS.$.#Ö2 s/jJÚ; 

! ! ! %&'^RS.$wÐÒÓ#$+,¸
  
= s(s +1)!

2
 

! ! ! %&'^RS.$Ñ«u$Ö! = (2s +1)                   (6-1-2) 

67ÛZK{|}~���#$%¦§d|*�xXu¨)FE8N/M; 
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2s+1Ü2! 2ÝÞj8L:;%&'^RS.$.#Ö sÜ1/2678N/X98K 

! %&'^RS.$wÐÒÓ#$+,¸
  

= s(s +1)!
2
=
3

4
!
2
   ! ! ! (6-1-3) 

/ÙßIJ8K (6-1-1)$Y
l ,m
(!," )$ lMàÖ67À;áàÖ6M9E$6âD6

�9EK�N6; ˆ s 
z
$+,¸;ãä;%&'^RS.$Ñ«u2

  
s
z
!/j8/; 

! ! ! ! ! ! ! ! ! !
  

s
z
! = ±

1

2
 ! = m

s
!! ! ! ! ! ! ! ! ! ! ! ! (6-1-4) 

$�4$¸st2¹8N/Xåæj8K 

! ! ! ! ! ! s
z
= +1/ 2ç%&'M zèXé�6êë�$ìí 

! ! ! ! ! ! s
z
= !1/ 2ç%&'M zèXîé�6ïë�$ìí 

67À;s
z
M"#$%&'ìí2ðßj8�%&'>ñòÖ�/��8N/*6

�8K�N6;mó2%&'_`.#Ö?electron-spin quantum numberC/)F;

­"#$%&'XÊj8ôSÊÖ!
ms

(s
z
) 2,  

! ! ! ! ! ! !
ms

(s
z
) = ! +1 / 2

(s
z
) ,    !"1 / 2

(s
z
)             ! ! ! ! ! ! ! (6-1-5) 

/ßõj8KmóM;%&'ôSÊÖ!
ms

(s
z
) 2ðßj8%&'_`.#Ö67À;

"#$%&'ìí2ðßj8�%&'>ñòÖs
z
�/M­ö]Á/��8K�)

F;!
ms

(s
z
) = ! +1 / 2

(s
z
)    X÷)F; 

! !                 !+1/ 2
(+1/ 2) = 1,   ! +1/ 2

("1/ 2) = 0 ! ! ! ! ! ! ! ! (6-1-6) 

! !     !
ms
(s

z
) = ! "1 / 2 (sz )! X÷)F 

! ! ! ! ! ! !"1/ 2
(+1/ 2) = 0,   ! "1/ 2

("1/ 2) = 1            ! ! ! ! ! (6-1-7) 

/ßõj8KKronecker$ø2â�Ú;NJ:M­4Xk/�FùÇ6�8K 

! ! ! ! ! ! ! ! !
ms

(s
z
) " #

ms , s z
    ! ! ! ! ! ! ! ! ! ! ! ! ! (6-1-8) 

%&'ôSÊÖú$�ûüýþu�M;ÿï$oZ9;�%&'>ñòÖs
z
�

$�4$¸?!1/2CX4EF$"6#�$�F��8N/Xj8K 

! ! ! ! ! ! !

!
m
s

(s
z
)!

m'
s

(s
z
) " !

m
s

(s
z
) #!

m'
s

(s
z
)

s
z
= $1/ 2

s
z
= +1/ 2

%

= &
m
s
,  sz
#&

m'
s
,  sz

s
z
= $1/ 2

s
z
= +1/ 2

% = &
m
s

, m' s

! ! ! ! (6-1-9) 

©%$&�M;%&'òÖ$"2'(X)EF*8/;  

! ! ! ! ! !
ms , s z

"!
m' s ,s z  

s
z
= #1/ 2

s
z
= +1/ 2

$ = !
ms , -1/2

"!
m' s , -1/2

+ !
ms , +1/2

" !
m ' s , +1/2

 

678L:;N$"Mÿï$+4$´Î6,�IJ8K(6-1-8)$ßõL: 
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! ! ! ! !
(m

s
,m

s'
) = (+1/ 2,+1/ 2)! 1,   (m

s
,m

s'
) = (+1/ 2,"1/ 2)! 0,

(m
s
,m

s'
) = ("1 / 2,+1 / 2)! 0,  (m

s
,m

s'
) = ("1/ 2,"1/ 2)! 1

 

678KN$-.M;!(m
s
,m'

s
) = !

ms ,m' s
/k/�8N/*6�8K�4$%&'

ôSÊÖú*'û(/p234N/2ÝÞj8K%&'^RS.$.#ÖM s

ÜjÜ1/267À;N$´Î;2s+1=2j+1=2M­0^RS.$ 2ÐÒÓ#/ z«u

ÒÓ#$ÔÕ+,ÊÖ$Ö2ùjK%&'ôSÊÖM 2 ¯61EK­0^RS

./%&'^RS.$÷öÊ2MP3645j8K 

! ÿê$oZX;"#$%&'(�6j8/; 1 ���"#�$"#X÷j8

ôSÊÖM;NJk6$S7ÊÖ/^VÊÖ$þX%&'ôSÊÖ!
ms

(s
z
) 28

tf($69tJÚ9:9EK 

! ! ! ! ! ! !
n, i.m ,ms

(r," ,#,s
z
) = R

n,l
(r ) $Y

l,m
(",#) $%

ms
(s

z
)! ! ! ! ! ! (6-1-10) 

�)F�$'û(/p$þuM;P$oZX98; 

! ! ! !
!

n' ,i' .m' ,m'
s

(r,",#, s
z
)!

n, l,m,m
s

(r,",#, s
z
)

                           = $(n,n' ) %$(l,l' ) %$(m,m' ) %$(m
s
,m'

s
)
! ! ! ! (6-1-11) 

(äÛ9;�%&'>ñòÖs
z
�Xo8þuM;s

z
$�4$¸?!1/2CX4EF

$"678K%&'ÊÖ*:;efN/XoÀ;.#Ö$<*M!=n, l, m, ms>6

�?@d/98K=n, l, m, ms>/!=n’, l’, m’, m’s>234�4$ôSÊÖ$=6;

=n, n’>A!=l, l’>A!=m, m’>A!=m s, m’ s>$+4$÷$Zä;B9�/(;CJL­4

$÷*D­E67JÚ;�$�4$ôSÊÖM(/j8K!

FGÂ�#HIJ'XKt8­4$"#$ßLÆìíM;.#Ö$<=n, l, m, 

ms>6ðßj8N/X98KN$�M2"#$>ñ/÷öINJÚ;<=>ñ?@;

A;BC$WX;%&'>ñ?s
z
C2��8N/X98K­"#$%&'(O�

fÌÍÊÖM%&'ÌÍÊÖ?spin-orbital functionC/PÚJ8K+4$òÖ?@;

A;B;s
z
C2k/�FQ/)�;­0Æ9%&'ÌÍÊÖ2; 

! ! !  !
a
(") #!

n,l,m ,ms
(r,$ ,%, s

z
) = R

n,l
(r) &Y

l,m
($ ,%) &'

ms
(s

z
)  

$oZXRGj8N/(SEKïT�U�VWM;.#Ö$­<=n, l, m, ms>X

÷öj8K­4$%&'ÌÍÊÖ2 

! ! ! ! ! ! ! ! a (") #! n,l,m ,ms
(x, y, z,sz ); 

! ! ! ! ! ! !
  
!

a
(") # !

a
(
! 
r , s

z
)  

9C/)EF(1EK 
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!6-2"#$%&'()*+,-&'()  

! .2/01)234/%&'()#$5 ˆ J *6781 

! ! ! !

  

[ ˆ J x , ˆ J y ] = i! ˆ J z

[ ˆ J y,
ˆ J z ] = i! ˆ J x          or        ˆ J ! ˆ J = i! ˆ J 

[ ˆ J z ,
ˆ J x] = i! ˆ J y

! ! ! !      (2-2-15) 

9:;<=>?@AB:C*5DEF1&'() ˆ J %GH*B:*IJ7K 

L6F1&'()%MNOP2! ˆ J 
2

"*&'()OP2% Z@Q! ˆ J 
z
" 

%R8ST=U?VWB:81 

! X" ˆ J 
2

%STY0
  
J(J + 1)!

2
/1J0&'()%)2U/1 

! ! ! ! JZ011/21113/21[[[5\:K! ! ! ! ! ! ! ! ! ! ! (2-4-17) 

! M" ˆ J 
z
%STY0  m!/1mZ-J1-J+11-J+21[[[1!J-1"1J 

! ! ! ! /]^1!2J_1"`%a9:Y5\:K ! ! ! ! ! ! ! ! !  

! b"J?cd0eU/]:80 mZ0?fghij:?1 

! ! ! J?keU/]:801mZ00hij9l!

/]:C*5mn67KC%&'() ˆ J #$%GH*L%STY*)2U%=>

*%opqrB:*1+,-&'()%)2U s*+,-st)2U m s01 

! ! ! ! ! ! s! J = 1/ 2,     m
s
! m = ±1/ 2                ! ! ! (6-2-1) 

/]:K6q61(2-4-17)%STYu=B:vw01(2-2-15)%;<=>qrxq

j7D%/]:K+,-&'()@Q(ˆ s x ,  ˆ s y,  ˆ s z )%;<=>0yz9EFl:%

/]{zq| 

! +,-&'()%MN! ˆ s 
2

"1+,-&'()@Q(ˆ s x ,  ˆ s y,  ˆ s z )%}~��0�u

.2-5/��Fl:Kj=1/2%&'()?+,-&'()u��B:K  

! !

  

ˆ s 
2( ) = ˆ J 

2( ) = 1/ 2, m' ˆ J 
2
1/ 2, m = !

2
3/ 4 0

0 3/ 4

! 

" 
# $ 

% 
= !

2 1

2
& (

1

2
+ 1) & E  

! !

  

ˆ s 
z

( ) = ˆ J 
z( ) = 1/ 2,m' ˆ J 

z
1/ 2,m = !

1/ 2 0

0 !1/ 2

" 

# 
$ % 

& 
=

1

2
!

1 0

0 !1

" 

# 
$ % 

& 
=

1

2
!'

z
 

!

  

ˆ s 
x

( ) = ˆ J 
x( ) = 1/ 2, m' ˆ J 

x
1/ 2,m = !

0 1/ 2

1/ 2 0

! 

" 
# $ 

% 
=

1

2
!

0 1

1 0

! 

" 
# $ 

% 
=

1

2
!&

x
! !  (6-2-2) 

!

  

ˆ s y( ) = ˆ J y( ) = 1/ 2,m' ˆ J y 1/ 2,m = !
0 !i / 2

i / 2 0

" 

# 
$ % 

& 
=

1

2
!

0 !i

i 0

" 

# 
$ % 

& 
=

1

2
!' y  

!x ,   ! y,   !z*�l7!M}M~"}~? Pauli}~/]:KPauli spin matrix*
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!"#$%&'()*+,-. x/y/z01.23456/7. Pauli89:;

<=>?@ABC%7DEFG%& 

!

  

[ ˆ s x, ˆ s y ] = ˆ s x ˆ s y ! ˆ s y ˆ s x =
!

2

4

i 0

0 !i

" 

# 
$ % 

& 
!
!

2

4

!i 0

0 i

" 

# 
$ % 

& 
= i!

1

2
!

1 0

0 !1

" 

# 
$ % 

& 
= i!ˆ s z  

!

  

[ ˆ s y, ˆ s z ] = ˆ s y ˆ s z ! ˆ s z ˆ s y =
!

2

4

0 i

i 0

" 

# 
$ % 

& 
!
!

2

4

0 !i

!i 0

" 

# 
$ % 

& 
= i!

1

2
!

0 1

1 0

" 

# 
$ % 

& 
= i!ˆ s x ! ! ! (6-2-3) 

!

  

[ ˆ s z , ˆ s x ] = ˆ s z ˆ s x ! ˆ s x ˆ s z =
!

2

4

0 1

!1 0

" 

# 
$ % 

& 
!
!

2

4

0 !1

1 0

" 

# 
$ % 

& 
= i!

1

2
!

0 !i

i 0

" 

# 
$ % 

& 
= i!ˆ s y  

! D7HF/IJ@K<=/LMN.'()@4C%O,4P:QRSTUV& 

mW:'()XY-NPZelectron-spin quantum number[DU=/ 

! ! ! ! ! ! !
ms

(s
z
) = ! +1 / 2

(s
z
)  ,    !"1 / 2

(s
z
)             ! ! ! ! ! ! ! ! ! (6-1-5) 

.QRFF\%&mW6 ˆ s 
z
.]^_

  
m

s
!   (m

s
= ±1 / 2)@`aU=Kb/'()O,

4P!
ms
(s

z
).cd:eSC%-NPF\%&MN.'()fg:eSC%h'

()ijkPs
z
lD6mnDop%qGDrqV&sU=/(6-1-6t8)F/ 

! ! !
ms
(s

z
) = ! +1 / 2 (sz )u!+1/ 2

(+1/ 2) = 1,   ! +1/ 2
("1/ 2) = 0  ! ! ! ! ! (6-1-6) 

! ! !
ms
(s

z
) = ! "1 / 2 (sz )u !"1/ 2

(+1/ 2) = 0,   ! "1/ 2
("1/ 2) = 1 ! ! ! ! ! (6-1-7) 

DSv/ (6-1-8).!
ms

(s
z
) " #

ms , s z
FwDv=xyFG%7D:rqV&Lz@/

*+,-.{|}~NZ ˆ J 
2

[D*+,-}~N. Z 01Z ˆ J 
z
[.��]^4P

6 2J+1 ���C%&J=s=1/2 F\%��/2J+1=2 F\b/(6-1-5).QR.'(

)O,4PE ˆ J 
2

= ˆ s 
2

D ˆ J 
z
= ˆ s 

z
.��]^4P@��=<%&7$�6/U#U#/

�.��@xy�$%/ 

!

!( s
z
) " # +1/ 2

(s
z
) $   !(+1/ 2) =1,   ! (%1/ 2) = 0

& (s
z
) " #%1 / 2

(s
z
) $   & (+1 / 2) = 0,    &(%1/ 2) = 1 

! ! ! ! !  ! ! (6-2-4) 

�6h��G'()Zup-spin[l.fg/�6h��G'()Zdown-spin[l.

fg/:��xCD��&77F6'()ijkP@`U=s
z
 :;<=<%E/

'()ijkP@`U=�:;<=<%���!�<&s.��/QR.'(

)]^4P6�Z�[/�Z�[Dxy�$%&77F6�6/!
ms
(s

z
)DU=�

�6�@��C%'()]^4P.��F;<=<%& ¡U�<��@& 

¢@(A6-1-9)@K<=/!( s
z
) " # +1/ 2

(s
z
),  $( s

z
) " # %1/ 2

(s
z
) .£¤>2¥:ABU

=<%.F/Lz.O,4P! a(x, y,z,sz )6/7.QR.'()]^4P 

!( s
z
) " # +1/ 2

(s
z
),  $( s

z
) " # %1/ 2

(s
z
) :;<=¦§FG%/ 
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!
! a (x, y, z, sz ) =! a," (x, y,z ) #" (sz ) +! a,$(x,y, z) # $(sz )

                 =! a (x,y,z,sz = +1/ 2) #"( sz ) +! a (x, y,z,sz = %1/ 2) # $(sz )
! ! (6-2-5) 

!"#$%%!&'#()*+,-./01*21345#6*78(A6-1-8)*

!
ms

(s
z
) " #

ms , s z
 9:8./01!( s

z
) " #+1/ 2 (sz )*;<7 s

z
= +1/2 8./01

! (s
z
) "# $1/ 2

(s
z
) *;<7s

z
= !1/2  !=>'?=:=@$A58%':*(B3

CDEFGH>56*8 

! ! ! ! a(x,y,z,sz = +1/ 2)
2

dxdydz,           ! a(x,y,z,sz = "1/ 2)
2

dxdydz! ! (A6-2-6) 

78IJ8CDEFK38LMN+,-*OPGQ@RSTU8VMN+,-

*OPGQ@RSTUGWS$LMN!"#9VMN!"#978XYZ[!8

%':*\G]^_!D`a56*7b!"#$cd8+,-*MNGefg

^_*hi93OPGQ@RSTU7j7kb!"#$ 

! ! a(x,y,z,sz = +1/ 2)
2

""" dxdydz  +  !a (x,y, z,sz = #1 / 2)
2

""" dxdydz = 1! ! (6-2-7) 

l+,-mno1p^_mno1q!rst'#uv01G]o1!D`S'

?8+,-mno130S#D`7o1w(+1/2,-1/2)*\!xNyz#9:8 

! a(x, y,z,sz )
2

"""" dxdydzdsz

= ! a (x, y, z,sz = +1 / 2)
2

""" dxdydz + ! a (x, y, z,sz = #1 /2)
2
dxdydz = 1"""

! ! (6-2-8) 

!"#$%%!*{|*}~7(A6-2-7)���3=��@#%�3�#$%'�

! a (x, y, z, sz )*�����!"#$ 

(A6-2-5)*��3()*+,-./01G�@���!N#%�78uv01

���21G�`�S#��`�����!W&R�#%�G��a�@#$ 

! ! ! ! ! ! ! ! a (x, y, z, sz ) =
!a (x,y,z,sz = +1/ 2)

! a(x, y,z,sz = "1/ 2)

# 

$ 
% & 

' 
 ! ! ! ! ! ! !  (6-2-9) 

+,���lspinorq��?'#$+,-��v�30S#� P7l2¡ 2�q

¡�!W&t'#�8%':�+,���G�@�¢C£� G¡�%��!

N#$¤z?8uv013� P ˆ s 
z
G¥�t¦#;<8 

  

ˆ s z! a (x, y, z,sz ) =
1

2
!

1 0

0 "1

# 

$ 
% & 

' 

! a (x, y, z, sz = +1/2)

!a (x,y,z,sz = "1/ 2)

# 

$ 
% & 

' 
=

+
1

2
! (! a(x, y,z,sz = +1/ 2)

"
1

2
! (! a (x, y,z,sz = "1/ 2)

# 

$ 

% 
% 

& 

' 

) 
) 

 

!( s
z
) " # +1/ 2

(s
z
),  $( s

z
) " # %1/ 2

(s
z
) *�`38 ˆ s 

z
*./w

  
±(1/ 2)!�21�a�§

@5¨©�=#$ 


