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"diffused", f: "fundamental" /¶·\¸¹xyº»¼/º½T@¾¿NX���
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/¶·}¾¿Nb/TAÇxNX�b�2}^��c®=¯°±²³/ÂTa

bxyAsAp ow@ÈÉÂÊ\ËWXÌb�2\��yNb\A¢/ÍÎ@¾

I�o�2/ÏÐTabc�/¬­o®=¯°±²³/ÂÑAs, p, d, f, g, h, i, k, ...!

@A ÒÓ/¼Ô}^Õ�}¹�/xA The Johns Hopkins University /Ö×Ta

b Judd, B. R. (1988) @A)Ø/¬­oÄÙJÚ�X�bc 

! " The well-worn copy in the library of The Johns Hopkins University contains the 

neatly penciled mnemonic “Solar physicists don't find giraffes hiding in kitchens for the 

spectroscopic sequence s, p, d, f, g, h, i, k, ...".    

Judd, B. R. (1988) ,  Handbook on the Physics and Chemistry of Rare Earths, vol. 11. 

2�ÛTABCDE9:FGHIJKL�AjÜÝÞR/ST67m8'E

ßàD/á4~RJ��b2Ag&'9:;<=>? @PQ'R n ��TUV

bc(9-1-1)xyAPQ'R n��XâãNbQ'R/zS@A 

n=1/�Al=0 (m=0) 

n=2/�Al=0(m=0)Al=1(m=0,ä1) 

n=3/�Al=0(m=0)Al=1(m=0,ä1)Al=2(m=0,ä1,ä2) 

n=4/�Al=0(m=0)Al=1(m=0,ä1)Al=2(m=0,ä1,ä2)Al=3(m=0,ä1,ä2,!ä3) 

E 

E 

Tabcn=1T@ s/SAn=2T sApAn=3T sApAdAn=4T sApAdAfAEE

2obc(n, l)9:@APQ' n/RÅJå�}æ�A1s, 3s, 3p, 4fow2¶Úã

NbcPQ'R n T��yNbg&'9:;<=>? }çMbQ'R/zS/

èRJ g(En)2Mb2A�N@67m8'EßàD}Y�b;<=>f/01é

JêMc_g;<=>? ,-.}çMb{ob�jÜÝÞR/�,-~R/R



 166 

Tab2ëWX^¬�c�/R@A(9-1-1)xyA)/¬­}êiTìbí 

! ! ! ! ! ! g(En ) = (2l +1) = 2 l + 1
l= 0

n!1

"
l= 0

n!1

"
l= 0

n !1

" = 2 #
(n !1)n

2
+ n = n

2
! ! ! (9-1-3) 

l }��X{ob m /R@(2l+1)��abxyA�NJ l=0 xy(n-1)VTî�N

O��cPQ'R n T��yNb67m8'EßàD/9:;<=>? @ n
21

}0ï�X�bc  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

! ghA%&'(/ 0)*+ ˆ 
H 

0
/;<=>f,-.�!

n,l
�@A67m8'Eß

àD/9:;<=>? }�`X��b^//A (n, l)\{oNO!
n,l
/.@{ob

2��bcdeAl}~Mb;<=>f/01@v�XYZAm}~Mb01\

�WX�b2��b�¡ 9-2�c 

T@Aij8'Tkg&'9:;<=>? �!
n,l
�l@Aw/¬­oÂÑ}oW

X�b/�Û­xð! 678'/"#$"&'(T@AqÎ&'/;<=>?

/vñòêi\óyN�\�!A5-1�A"#$%&'(T@¢/¬­}@ôxo

�c�x�AX õ»&'º»5s Hartree-Fock htu/ SCF vxyAij8'

/kg&'9:;<=>? �!
n,l
�l/.@ö�yNX�bc! ¡ 9-3@A 

÷1 

÷2 

÷3 

E 

E 

 

÷1s 

÷2s 

÷2p 

÷3s 

÷3s 

÷3s 

1#$%&'( 0)*+ ˆ 
H 

0
/;

<=>f,-./01 

67m8'}Y�b;<=>

f,-./01 

E 

¡ 9-2c"#$%&'( 0)*+ ˆ 
H 

0
/;<=>f,-./01 



 167 

!"#$%&'()*+,-.%/012345 6!
n,l
789:;<*=>?@

#'A,B C#DEFG nl /0HIJ+,KL,M%D m #D8NOBGC

HEPHFKL,QRSM%D6msTU1/27VIWJ+,BX#C<*Y6ms

TZ1/27[\6msT5 1/27#QRS8]^.%8-_`^ab#cHdefg

h[F!"$%Hi*+,jk.%lm#"!cnHopO,@#[L,B  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

He, Ne, Ar, Kr, Xe, Rn[q:?rs#tuEFGvwQ#jk.%lmF:xy

,z{|.%lm}8N~FGvwQ#jk.%lm'EF�#tu�X#z/

0#C}H.%V����WJ+f:,B 

! �#cnH��~L:jk.%lm@F@���F�^<E�e*+,B�

.%/01234�6!
nl
7#�E�.%1234�H-�~L:<*'A,B

 

1s 

2s 

3s 

4s 

5s 

6s 

7s 

2p 

3p 

4p 

5p 

6p 

7p 

3d 

4d 

5d 

6d 

4f 

5f 

�.%/01234�6!
nl
7 

� 9-3B!"$%H��,�.%/01234�6!
nl
7#cn 

! ! ! !  

Rn 

Xe 

Kr 

Ar 

Ne 

He 



 168 

!"#$ %&'()*+,-./01234.564*78'90:;<5=>?

9@8ABC(DE(FGHEIJ&KL)MHENOPQRST /(UVW

XYHE7Z[0)\]<^_`/ab5cd^eVf *+,8gh(!
nl
(i

&abj0&8DE[k Z(lm%no8(n, l) &pq%n<^r Z7st9@

u<*i5tvfwd@8 !
2s

(Ne)=T 48.5eV %nv78 !
2s

(Ar)=T 326.3eV, 

!
2s

(Kr)=T 1,921eV, !
2s

(Xe)=T 5,453eV, !
2s

(U)=T 21,757eV%nvfx(yHzm

{Z|7}~3v0�9^NOPQRST &�,`U�3vf�<^8� A9-3

&8�(��0��3v5eV���0~.t Z>����8wd@8U{Z�

92|(DE>cdvf U(FGHEIJ&[Rn](7s)
2
6d(5f)

3%no8 6d(5f)
3(�

�&)���t/��0��3v(%�5,^cdv78[Rn](7s)
2(��(HE

0�V^&8� 9-3 0nv��t!
nl
(�(Z�%HE7�XYZ[0)\]<

^Vv/5��3vf 

����HE� 0��  ˆ 
H 

0
(PQRS¡¢£i{!

nl
|r� 9-3(��0cd

^Vv¤%nvf¥Em l0l3v¦§&�¨^Vv7 m0l3v¦§&©<

^ªo8{2l«1|g( m (stv¢£lm7pM¢£i!
nl
0¬3v5cdvf

­®¯°m]%±²v582 (2l«1)g(stv¢£lm7'(pM¢£i!
nl
0¬

,^Vv'50tvf'(��0¦§,* 0��  ˆ 
H 

0
(PQRS¡¢£i{!

nl
|

&8HE³´(µ¶>·¨v'50�<^8M�(¦§7�¨8¸�X(st

vPQRS¡i0�¹3v5cdvf'(�¹,*PQRST º»&8(!2-2)

%64*¼NO½¾¶¥¿ÀE ˆ 
L 5¼­®¯½¾¶¥¿ÀE ˆ S 0�o�ÁÂ98

LSÃ{LS term|5Ä@9vf�oÅÆ0&8 ˆ 
L 

2

¿ÀE(¢£i
  
L(L +1)!(¥E

m L58ˆ S 
2

¿ÀE(¢£i
  
S(S +1)!(¥Em S0�o�ÁÂ9vf'( LSÃP

QRS¡(i&8µ¶Ç>ÈV^É4Y9v'50tvfgh( LSÃPQRS

¡&8­®¯ÊNOËÌÍÈ(µ¶>·¨8¸�X(ÎÏR{level|PQRS

T 0�¹3vf'90rµ¶Ç7ÈVY9vf 

'(��tÐÑ>ÒÓ,*Ô%8�Õ%&8µ¶Ç0�V^cdvf¦§,

*PQRS¡¢£i>�� 0 ��  ˆ 
H 

0
7Ö(��0×oØÙ9vX7§Ú%n

vf¼NO½¾¶¥¿ÀE ˆ 
L 5¼­®¯½¾¶¥¿ÀE ˆ S tÖ0l3v½¾¶¥

(ÛÜ(ÝÞ&ß>°d^à064vf 



 169 

(9-2)! !"#  

! $%&'()* Hamiltonian+,(-8-3) ./01234, 

! ! ! ! ! !

  

ˆ H = {!
!

2

2m
" i + V (ri )}+

e2

rijj

N

#
i>

#
i=1

N

# ! ! ! ! ! ! ! !  (8-3-1) 

.567%&89:;<=>4?@AAB1CD:; ˆ 
H 

0
>()EFGHIJK

<!"L ˆ 
H 'MNO67PQ, 

! ! ! ! !

  

ˆ H 
0
= {!

!
2

2m
"

i
+V (r

i
)}

i=1

N

# ,! ! ˆ H ' =
e2

rijj

N

!
i>

! ! ! ! ! ! !  (9-2-1) 

.567!"#R@S69T4+, 

! ! ! ! ! ! ! ˆ 
H = ˆ 

H 
0
+ ˆ 

H ' = ˆ 
H 

0
+ ! ˆ 

H ' ! ! ! ! ! ! ! ! ! ! ! ! !  (9-2-2) 

>UV7WXRYZ[61\4,!"L4]^_!R`ab4cd6<e!"#

fg<hi#.567! " 0>[Bj, ˆ 
H ! ˆ 

H 
0
! .567kl5mn! ˆ 

H '>op

qr,st4! = 1>[BjuS7=Qvw,CD:; ˆ 
H 

0
<xgyz{+|}4

~dpS6=<>[67PQ, 

! ! ! ! ! ! ! ! ˆ 
H 

0
!

n

(0)
= E

n
!

n

(0 )
! ! ! ! ! ! ! ! ! ! ! ! ! ! !  (9-2-3) 

.,!
n

(0)
,   E

n
e��pS6>�m67�\60r+, 

! ! ! ! ! ! ! ! ˆ 
H ! = ( ˆ 

H 
0
+ " ˆ 

H ' )! = E! ! ! ! ! ! ! ! ! ! ! !  (9-2-4) 

<~.567!"#.+, ˆ 
H 

0
<��O~R�@op, ˆ 

H = ˆ 
H 

0
+ ! ˆ 

H '<:;~R

�\67!"#R@S69T, ˆ 
H 

0
<xgye��opS6M�3M.��e�

O67�n,xgye��opSOS9TMN/067 

 

�$7���*� ˆ 
H 

0
<xgye��opSOS9T�  

ˆ 
H 

0
<xgye��opSOS<., E

n
>!

n

(0)
+$�$<��4567��p,

! " 0R�m6>,�\60r E <�xgy+  E
n
<�BM4:cV,��4 E

<�xg�_=  E
n
4��[6!

n

(0)
4:cV�>4O67�\60r E >�B4

�[6xg�_+,0 D:; ˆ 
H 

0
<~.56  E

n
>!

n

(0)
>�B���1�p+SO

S>�m,!<��_.hi.r6>[67PQ, 

! ! ! ! ! ! E
n
= E

n

(0 )
+ !E

n

(1)
+ !

2
E
n

(2 )
+ " " "! ! ! ! ! ! ! ! ! ! ! (9-2-5) 

! ! ! ! ! ! !
n
=!

n

(0)
+ "!

n

(1)
+ "

2
!

n

(2)
+ # # #! ! ! ! ! ! ! ! ! !  (9-2-6) 

.567�BR(9-2-4)< ¡<¢a4£¤[6>, 

! ! !
( ˆ H 

0
+ ! ˆ H ' )("

n

(0 ) + !"
n

(1) + !2"
n

(2) + # # #)

          = (E
n

(0)
+ !E

n

(1)
+ !

2
E

n

(2)
+ # # #)("

n

(0 )
+ !"

n

(1)
+ !

2
"

n

(2)
+ # # #)

! !  



 170 

!"#$!%&'()*+,-*./%01(234 

! ! ! ! 0 = { ˆ 
H 

0
!

n

(0 )
" E

n

(0 )
!

n

(0)
} 

! ! ! ! ! +  !{ ˆ 
H 

0
"

n

(1)
+ ˆ 

H '"
n

(0)
# E

n

(1)
"

n

(0)
# E

n

(0)
"

n

(1)
}! ! ! ! ! ! ! ! ! (9-2-7) 

! ! ! ! !

+  !2{ ˆ H 
0
"

n

(2 ) + ˆ H '"
n

(1) # E
n

(2)"
n

(0) # E
n

(1)"
n

(1) # E
n

(0)"
n

(2)}

+

$

! ! ! ! !  

567 081 %9:%;<%!(=>$?@-3A+(BCD!%&EF7G$

HI2J6K2L2>M 

!
0

%EFNH0OC!  

! ! ! ! ! ˆ 
H 

0
!

n

(0)
= E

n
!

n

(0 )
 

! %EFNH0OC 

! ! ! ! ! ( ˆ 
H 

0
! E

n

(0)
)"

n

(1)
= (E

n

(1)
! ˆ 

H ' )"
n

(0 )
! ! ! ! ! ! ! ! ! ! ! (9-2-8) 

!
2

%EFNH0OC 

! ! ! ! ! ( ˆ 
H 

0
! E

n

(0)
)"

n

(2 )
= E

n

(2)
"

n

(0)
+ E

n

(1)
"

n

(1)
! ˆ 

H '"
n

(1)
 

P 

P 

*23M (9-2-8)%QRSBC5%TU%VWIX3(9-2-2)Y%Z%IXO[\

]^_6$>3M (9-2-8)%! %EF(=>$%Q`SabcA+(C!
n

(1)
ad

e,fgaZ=!
n

(0)
Ihi#C56a(9-2-8)%Q`S(jk-34 

! ! ! ! ! !
n

(1)
= a

n1

(1)
!
1

(0 )
+ a

n2

(1)
!
2

(0)
+ " " " = a

nm

(1)

m

# !
m

(0 )
! ! ! ! ! ! !  (9-2-9) 

(9-2-8)%Q`SBC( ˆ 
H 

0
! E

n

(0)
)( a

nm

(1)

m

" #
m

(0)
) = (E

n

(1)
! ˆ 

H ' )#
n

(0 )
! *237Ca

nm

(1)
Bhi

EFIlFIX3mLC a
nm

(1)
( ˆ 
H 

0

m

! "
m

(0)
# E

n

(0)
"

m

(0)
) = (E

n

(1)
# ˆ 

H ' )"
n

(0 )
! IX3M)AC

ˆ 
H 

0
!

m

(0 )
= E

n
!

m

(0 )
IX3mLC 

! ! ! ! ! ! ! ! a
nm

(1)
(E

m

(0)
! E

n

(0)
)

m

" #
m

(0)
= (E

n

(1)
! ˆ 

H ' )#
n

(0)
! ! ! ! ! !  (9-2-10) 

*23M5%no(pmL!
l

(0)*
aqJ$GrF(=>$st-3M-2uvw

xyzsa{3*C 

! ! a
nm

(1)
(E

m

(0)
! E

n

(0)
) "

l

(0)
"

m

(0 )

m

# = E
n

(1)
"

l

(0)
"

n

(0)
! "

l

(0) ˆ H ' "
n

(0)
! ! ! ! (9-2-11) 



 171 

!"#$(E
m

(0 )
! E

n

(0)
),  E

n

(1)
%&&'()*&+,(-./#012a

nm

(1)
!3456

789:;<'=7>?@7>AB#C2 ˆ 
H '%DEF./#0189!:;<

7GHI#$ 

HJ2(9-2-11). lKn'LMNOP#$QR' m7ST# !
l

(0 )
!

m

(0)
'U%2

VJ!
n

(0)
7ST#>'CWHIXY#012!

n

(1)
'Z[\]^012_`7"1

"Y !
l

(0 )
!

m

(0)
% m=n=l 'LM&B./#$ m 7ST#U.!

n

(0)
'a&BNb

Tc!7"#$+0+2m=n=l./#012(E
m

(0 )
! E

n

(0)
) = 0!"dQR%e./

#$fg2(9-2-11). lKn'LM%20 = E
n

(1)
!

n

(0 )
!

n

(0 )
" !

n

(0 ) ˆ 
H ' !

n

(0)
!"#$ !

n

(1)

'Z[\]^012hijklmnop % 

! ! ! ! ! ! ! ! E
n

(1)
= !

n

(0 ) ˆ H ' !
n

(0)
= !

n

(0 )* ˆ H '" !
n

(0 )
d# ! ! ! ! ! ! (9-2-12) 

./#$cIN(9-2-5)7qr+! =1!TIs2hiH.jkNtZ+*lmn

ouvwxCy1I#z 

! ! ! ! ! ! ! ! ! E
n
= E

n

(0 )
+ !

n

(0) ˆ 
H ' !

n

(0)
$! ! ! ! ! ! ! ! ! ! (9-2-13) 

h{2(9-2-11). l|n'LM%2QR' m7ST# !
l

(0 )
!

m

(0)
'U.b#'%2

mKl'}./#012 

! ! ! a
nl

(1)
(E

l

(0)
! E

n

(0 )
) "

l

(0)
"

l

(0)
= E

n

(1)
"

l

(0)
"

n

(0)
! "

l

(0) ˆ H ' "
n

(0)
 

!
l

(0 )
!

l

(0)
=1,    !

l

(0)
!

n

(0)
= 0  ( l " n)./#012~�2 

! ! ! ! ! ! ! ! ! a
nl

(1)
=
!

l

(0 ) ˆ H ' !
n

(0)

E
n

(0)
" E

l

(0)
,   (l # n)! ! ! ! ! ! ! ! ! ! (9-2-14) 

cIN2(9-2-9) 7qr+2�17(9-2-6)7�g��.! =1!TIs2hiH.

jkNtZ+*�kS(Cy1I#$*&+2 (9-2-14)% l|n./#012a
nn

(1)

%�H1"Y$+0+2!
n

(0)
'}"1J2 (9-2-6).��+*!

n
>Z[\]^N

��!OP#�./#012(9-2-6)! !
n
=!

n

(0)
+ "!

n

(1)
+ "

2
!

n

(2)
+ # # #! 2 (A9-2-9) 

!
n

(1)
= a

nm

(1)

m

" !
m

(0 )
N�YX2 !

n
!

n
= 1! N�Is2 

! ! ! ! ! ! ! ! a
nn

(1)
+ a

nn

(1)*
= 0 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (9-2-15) 

./#c!C�0#$ a
nn

(1)
%eNW���(!"#$��(%�kS('��'

}7S�T#$��'��^%��01���IXY#'.2a
nn

(1)
= 0!+X�

Y$hiH.'jk�E.��T#LM%cI.��d&C2�i� '�E

CV¡"12 !
2

'¢(Ke2�17!
3

'¢(Ke2N£YX¤¥$ 



 172 

!"#$%&' ˆ 
H 

0
()*+,$%-./0123  

4 9-3 56-789:;<=>?@A !
nl
5BC0)*DEFGEHIJ! !

!
nlmms

= (1/ r)P
nl
(r)Y

lm
(",#)$

ms
(s

z
)(KLJm = 0,±1, ±2,! ! !, ±lJ   m

s
= ±(1/ 2)  

M-7N(,OP5Q70#8R5J0 STU ˆ 
H 

0
()*+F$%-.VIJ

E
1

(0)
,E

2

(0)
,E

3

(0)
, ! ! !(KLWX8(+YZ[N(,GEH0#X8)*+FX8(\

]Y^/._CMC0MJ8[()*+ E
n

(0)
`-.GE()*DE

! n1

(0)
,! n2

(0)
, " " "",! nfn

(0)
,B-./0OM5a0#fn F)*+ E

n

(0)
($%bY_C#4

A9-3(89:;<=>?@A!
nl
5c-.dePfJ 

! ! ! ! !
nl
gE

n

(0)
J 

! ! ! ! !
nlmms
Jm = 0,±1, ±2,! ! !, ±lJ   m

s
= ±(1/ 2) ! g! ! n1

(0)
,! n2

(0)
, " " "",! nfn

(0)
 

M`hC0#! n1

(0)
,! n2

(0)
, " " "",! nfn

(0)
FijklDEWH0# 

(m4-4)WNno-7pK5JqrstDEY
lm
(!,")Fubvwx(yWH0,J

Y
lm
(!,")(m = 0,±1, ±2,! ! !, ±l5DC0z{(|S}2N~FIubvwx(yW

H0#X�5J)*+E
n

(0)
`-.GE()*DE! n1

(0)
,! n2

(0)
, " " "",! nfn

(0)
,B-./0(

WHPfJOP�()*DE(z{(|S}2N�78[()*DEWH0#

cLJ 

! ! ! ! ! ! ! ! ˆ H 
0
! nr

(0)
= En

(0 )
! nr

(0)
,   (r = 1,2," " ", fn ) ! ! ! ! ! ! ! (9-2-16) 

WH0��J�Qa�E�E brYO(��5��.Jr = 1,2,! ! !, fn(tYM0MJ

br
ˆ H 

0
!nr

(0 )

r =1

f n

" = br En

(0)
! nr

(0)

r =1

fn

" WH0#OPFJ ˆ H 
0
( br!nr

(0 )

r=1

fn

" ) = En

(0 )
( br! nr

(0)

r =1

fn

" )! cLJ 

! ! ! ! ! ( ˆ H 
0
! En

(0)
) br" n r

(0)

r =1

fn

# = br (
ˆ H 

0
! En

(0)
)" n r

(0 )

r =1

f n

# = 0 ! ! ! ! ! ! (9-2-17) 

Y{�C0# ( br! n r

(0)

r =1

f n

" )N�7 0 STU ˆ 
H 

0
(8[()*+E

n

(0)
5BC0)*D

EWH0# 

! 8R5&,��Y��7�J�()*+($%F���H0/F��5y�

0#cLJ�g�(�Jfn%5$%-./7)*+E
n

(0)
(T�5FJ��(! " fn )

()*+,��C0OM5a0#8vJ�g�(�J��()*DEF��E
n

(0)

5BC0�P�()*DE5��-. ¡F¢WH0#-�-J�P,

! n1

(0)
,! n2

(0)
, " " "",! nfn

(0)
(£(�P�5a0¤¥F�¡¦/#! n1

(0)
,! n2

(0)
, " " "",! nfn

(0)
(|S}

25��-.N§/��WH0#�O5��C0�F¨�WH0#©ª.J�

�Y��7&($%&)*DEY�(«5¬­-7�J)*+F  



 173 

! ! ! ! E
n
= E

n

(0 )
+ !E

n

(1)
+ !

2
E
n

(2 )
+ " " "! ! ! ! ! ! ! ! ! ! ! ! ! (9-2-18) 

!"#$%!&'()*+,-./0123456783 

! ! ! ! ! n = br! n r

(0 )

r =1

f n

" + #! n

(1)
+ #

2
! n

(2)
+ $ $ $! ! ! ! ! ! ! ! ! !  (9-2-19) 

!9/3:;<=;>?3 br ?@AB7!9C br! n r

(0)

r =1

f n

" !9/DEFGHIH

1JK;L2"#$%;MN!OHPJ! (9-2-18)!(9-2-19)? 

! ! ! ! ! ! ! ! ˆ 
H = ˆ 

H 
0
+ ˆ 

H ' = ˆ 
H 

0
+ ! ˆ 

H '  ! ! ! ! ! ! ! ! ! ! !   (9-2-2) 

*QRSPJ 

! ! ! ! !

( ˆ H 
0
+ ! ˆ H ' )( br" n r

(0)

r =1

f n

# +!" n

(1) + !2" n

(2 ) + $ $ $)

= (En

(0 ) + !En

(1) + ! 2En

(2 ) + $ $ $)( br" n r

(0)

r =1

fn

# + !" n

(1) + ! 2" n

(2 ) + $ $ $)

 

KT?:;U=V*WXSPJ:;<=;B7Y<(,3 

! ! ! ( ˆ H 
0
! En

(0)
) br" n r

(0)

r =1

fn

# = br (
ˆ H 

0
! En

(0)
)" n r

(0 )

r =1

f n

# = 0 ! ! ! ! ! ! !  

KT83<Z[\ ˆ 
H 

0
;#$9C45]*^9/_A9C(9-2-17)`aPJbc;

de!9/fg9/1PJ 

:; 1=;B7Y<(,3 

  ! ( ˆ H ' !En

(1)
)( br" n r

(0 )

r =1

f n

# ) + ( ˆ H 
0
! En

(0)
)" n 

(1)
= 0                     (9-2-20) 

2hITPJiK`3<Z[\ ˆ 
H 

0
;45]E

m

(0 )
*jSP4567 

! mr

(0)
,  (r =1,2, " " ", fm);k/?l1/3!

n

(1)
?Z;()*mnSPo 

! ! ! ! ! ! ! ! n

(1)
= amr! m r

(0)

r=1

fm

"
m

" ! ! ! ! ! ! ! ! ! ! ! !       (9-2-21) 

KT?(9-2-20)pq;rs>*QRSP!3 

! ! ! ( ˆ H 
0
! En

(0)
)( amr" m r

(0 )

r =1

fm

#
m

# ) = amr (
ˆ H 

0
" m r

(0)
! En

(0 )
" m r

(0)
)

r =1

f m

#
m

#  

! ! ! ! ! ! ! ! ! ! ! ! ! = amr (Em

(0)
! m r

(0)
" En

(0 )
! m r

(0 )
)

r =1

fm

#
m

#  

t./3(9-2-20)8Z;()*HPo 

! ! ! ( ˆ H ' !En

(1)
)( br" n r

(0 )

r =1

f n

# ) + amr (Em

(0)
! En

(0)
)" m r

(0)

r =1

f m

#
m

# = 0! ! !     (9-2-20’) 



 174 

(9-2-20’)!"#$%&'!
l s

(0)*
()*+,-./0123456789:/(;<

23=>?@ABC6 

! ! ! l s

(0) ˆ H ' ! n r

(0)
br

r =1

f n

" # En

(1)
! l s

(0)
! n r

(0)
br

r =1

f n

" + amr (Em

(0)
# En

(0 )
) ! l s

(0)
! m r

(0)
= 0

r =1

fm

"
m

" !  

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (9-2-22) 

.D23EE. lFn G123HIJ-!KLMNO&'6PQ>!R.S2!

C6!
n s

(0 )
!

n s

(0)
=1T*.D23PU>!R.V6lFmFn6rFs! ! !

n r

(0 )
!

n r

(0)
=1

T*WS2W6mFn .D2&'6X-(E
m

(0 )
! E

n

(0)
) = 0GYZ6PU>!R[\

C]^23_$6(9-2-22)C6 

! ! ! ! n s

(0) ˆ H ' ! n r

(0)
br

r =1

f n

" = En

(1)
bs ,        (s = 1,2, # # #, fn ) ! ! ! ! ! ! ! ! !  (9-2-23) 

GY23=>?+@`$12G6 

! ! ! {! n s

(0) ˆ H ' ! n r

(0)
" En

(1)
# sr}br

r =1

f n

$ = 0,        (s = 1,2,% % %, fn )! ! ! ! ! ! !  (9-2-23’) 

!
sr
= 1(s = r),  !

sr
= 0(s " r)(ab123Ec(KM$d*e6 

! n 1

(0) ˆ H ' !n 1

(0) " En

(1) ! n 1

(0) ˆ H ' !n 2

(0) # # ! n 1

(0) ˆ H ' ! n fn

(0)

! n 2

(0) ˆ H ' ! n 1

(0) ! n 2

(0) ˆ H ' !n 2

(0) " En

(1) # # ! n 2

(0) ˆ H ' ! n fn

(0)

# # # # #

! n fn

(0) ˆ H ' ! n 1

(0) ! n fn

(0) ˆ H ' ! n 2

(0) # # !n fn

(0) ˆ H ' ! n fn

(0) " En

(1)

$ 

% 

& 

& 

& 

' 

( 

) 

) 

) 

b
1

b
2

#

bfn

$ 

% 

& 

& 
& 

' 

( 

) 

) 
) 

=

0

0

#

0

$ 

% 

& 

& 
& 

' 

( 

) 

) 
) 

 

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (9-2-23’’) 

.D23EcC6

! 

br (r =1,2," " "", fn )(fg-G12hijklmn.6o->Wp

.D2&'qklmn.D23

! 

br = 0 (r =1,2," " ", fn )! .CYrab!D2sWt

u12v!wxy0z{C6(A9-2-23’’)!%#!X-|}!|}nFp.D23

456 

! !

! n 1

(0) ˆ H ' ! n 1

(0)
" En

(1)
! n 1

(0) ˆ H ' ! n 2

(0)
# # ! n 1

(0) ˆ H ' ! n fn

(0)

! n 2

(0) ˆ H ' ! n 1

(0) ! n 2

(0) ˆ H ' ! n 2

(0) " En

(1) # # ! n 2

(0) ˆ H ' ! n f n

(0)

# # # # #

! n f n

(0) ˆ H ' ! n 1

(0) !n fn

(0) ˆ H ' ! n 2

(0) # # ! n f n

(0) ˆ H ' !n fn

(0) " En

(1)

= 0  

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (A9-2-24) 

EcCE
n

(1)
$J12 fnk!~-lmn.DZ6�Olmn�Characteristic equation�6

G&6��lmn�Secular! equation�G&�ec23fn �!��(��3��

.D2EGC6(9-2-22)%#! !
n s

(0) ˆ H ' !
n r

(0)
W��2|}W���:�|}.D



 175 

!"#$%&'()!*  +,-./01-./0,+23!$%4

{(Z
1
Z
2
)Z

3
}
*
= (Z

1
Z
2
)
*
Z
3

*
= Z

1

*
Z
2

*
Z
3

*
45678,9:;<.,-./0=>!#4 

! ! ! ! n i

(0 ) ˆ H ' ! n j

(0 )
*

={ ! n i

(0 )* ˆ H '! n j

(0 )
d"}

*

# = ! n i

(0 ) ˆ H '
*
! n j

(0 )*
d"# !  

! ! ! ! ! ! ! ! ! = ! n j

(0)* ˆ H '! n i

(0)
d"# = ! n j

(0) ˆ H ' !n i

(0 )
 

")14 ˆ H '
*
= ˆ H '= e

2
/ rij =

j

N

!
i>

! e
2
/ rji

i

N

!
j>

! ?@!*5678,9:;<.1A,

BC<.,-./0=DEFG,?HIJ*:;KL1MNO?")=PFI

QJ!,24 !
n s

(0) ˆ H ' !
n r

(0)
RST!781UVWXY7823Z4A,[\]1

^623!* 

! :;KL?_IQ1`,a<bcdRefg!*h5678,:;<.,i1

fnj,^kEn j
(1)
,i?HIJl"#23!m 

! ! ! ! ! ! ! En j

(1)

j=1

f n

! = " n r

(0) ˆ H ' "n r

(0)

r =1

fn

! ! ! ! ! ! ! ! ! ! ! ! (9-2-25) 

hSlater ,:;inl?_og!*fnj,^kRpQqb!rs14E
n

(0)
,ta

Rup?vwQJ!rs23!*akRxy)!rs14taRup?1vw

QJbJrs23!*(9-2-25)1z),rs?GK{g!*DZ3|}4fn j,

^k1pQqb!#IQ4~�,�I=�w!* 

fnj,^k=En 1
(1)

,En 2

(1)
,! ! !,En i

(1)
,! ! !,En fn

(1)
#g)�4")%=! (9-2-18)?��IQ�

��#Cw�4�`�N=��IFU�V��]R�%)!* 

! ! ! ! ! ! ! En j = En
(0)
+ En j

(1)
,       ( j = 1,2,! ! !, fn ) ! ! ! ! ! ! ! ! (9-2-26) 

En j
(1)
,]=�,o{���(9-2-23)?��IQ4")=vw���, br ,vR�

%)!*F�I4�`���23!$%4p�?�$!561�c23Z4 

! ! ! ! ! (b
1 

( j )
=1, b

2

( j)
/ b

1 

( j )
,  b

2 

(j )
/ b

1 

( j )
,! ! !,  bfn

(j )
/ b

1 

( j )
)
T
= (c

1 

( j )
,  c

2 

( j )
,  c

3 

( j)
,! ! !,  c

fn 

( j)
)
T
 

,@�b��,v23!*T17��YV2�JFG,=8��YV?g!"#

=�g* 0`,�N_6!
n 

(0)
 14 c56 br?@!! n r

(0)
 (r = 1,2,! ! !, fn ),�`¡

s#IFR4En j
(1)
¢?�`¡s=£¤Ibw)�b%bJ*! n j

(0)
 #�T#�¥,

!
n r

(0)
 (r = 1,2,! ! !, fn )#£¤2¦bJ,24! n 

(0)
 §!n j

(0 )
 #g!*¨©4 

! ! ! ! ! ! ! ! ! ! n

(0)
= br!n r

(0 )

r=1

fn

" #$n  j
(0)
= cr

( j )
! n r

(0 )

r =1

f n

" ! ! ! ! ! ! (9-2-27) 

 



 176 

!"#$%& '()*+!n j

(0 )
 ,-./$01 

! ! ! ! ! ! ! ! ! !n j
(0 )
!n j

(0)
=1 = cr

( j ) 2

r =1

f n

" ! ! ! ! ! ! ! ! ! ! (A9-2-28) 

234567+89:E
n i

(1)
!;()5<=>?@23%ABCDEF89BCD

EG(c
1 

( j)
,  c

2  

( j)
,  c

3 

(j )
, ! ! !,  c

fn 

( j )
)
T
?HI2=%&89:En j

(1)
J fnK3%L23%MN5

fnK+!n  j

(0 )
= cr

( j)
" n r

(0)

r =1

fn

# ( j =1,2, ! ! !, fn )?ON05*0NJP0 QRS89TUVW

X10%&fnK+89FAGBCDE(c
1 

( j)
,  c

2  

( j)
,  c

3 

(j )
, ! ! !,  c

fn 

( j )
)
T
?ON0%WYZ)

[\]& 

! ^_+`a!5 ˆ 
H 

0
+89:?bc()]%deJ56Q+fgh2ijk]

WP0QRS89TUV?HI2=k]L23%&W[Ml56Qfg,mn,

(opqErsW 0QRS89TU?tuN0o&(M(56Qmn+89TU

J5v)+ 0Q89TU,w])5 

! ! ! ! ! ! ! ! ! ! n

(1)
= amr! m r

(0)

r=1

fm

"
m

" ! ! ! ! ! ! ! ! ! ! (9-2-21) 

Wxy2=%WzI(o[++5xy{U amrJh|HuN0)]k]&^}2

*0!7])ij%& 

En j
(1)
!;~$% 0QRS89TUJ5(9-2-22)2 l�n+de,ij) 

! ! ! ! ! n

(0)
= br!n r

(0 )

r=1

fn

" #$n  i
(0)
= cr

( i)
! n r

(0)

r =1

f n

" ! ! ! ! ! ! ! !  (9-2-27) 

WkZoL23%MN5*+��,�]o��+(A9-2-22) 

! ! l s

(0) ˆ H ' ! n r

(0)
br

r =1

f n

" # En

(1)
! l s

(0)
! n r

(0)
br

r =1

f n

" + amr (Em

(0)
# En

(0 )
) ! l s

(0)
! m r

(0)
= 0

r =1

fm

"
m

" !  

!;(5E
n 

(1)
�En j

(1)
5br ! cr

( j)
! +"#,�j)�l��?3%& 

 ! l s

(0) ˆ H ' ! n r

(0)
cr

( j)

r =1

f n

" # En j

(1)
! l s

(0)
! n r

(0)
cr

( j )

r =1

f n

" + amr (Em

(0)
# En

(0 )
) ! l s

(0)
! m r

(0)
= 0

r =1

fm

"
m

"  

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (9-2-22’) 

Wk%&(9-2-22)2 l�n+deJ�!ijo?5 l�n+deJh|ij)]k

]&(9-2-22’)2 l�n+de,ij%& 

! l�n23%MN���J�j%&���2J l�m�n5s�r+�+�?�4@



 177 

!"#$%&'( ! l s

(0) ˆ H ' ! n r

(0)
c

r

( j)

r =1

f n

" + al s (El

(0)
# En

(0)
) = 0 ! )*+( 

! ! ! ! ! al s =

! l s

(0) ˆ H ' ! n r

(0)
cr

( j)

r =1

f n

"

(En

(0)
# El

(0)
)

,     (n $ l)! ! ! ! ! ! ! ! (9-2-29) 

!"#$(9-2-29), als-(l.n)*#/0(E
n 

(0)
12,345678# 09:;

34<=,>9?@A=BCD#$ lEn ,F@,A= ans-GH0"IJ(K

LMN,F@!OPQRSTU,VWX,YZ[/0(ans =\!]I'^I$_

`0,A=B(9-2-21)6ab8`c^IJ((9-2-21)d ! n

(1)
"! n j

(1)
!e']/fc

"0"Ig! !  

! ! ! ! ! !  ! n

(1)
"! n j

(1)
= amr! m r

(0 )

r =1

fm

#
m

# ! !         ! ! ! !  (9-2-21’) 

_`)(E
n i

(1)
6<A8#>9hi,34<=JGH#$ 

! >j(N,34<=-((9-2-19))(! n = br! n r

(0 )

r =1

f n

" + #! n

(1)
+ #

2
! n

(2)
+ $ $!kl)

m#!nXeopq/0(>9hieo34<=-(r,stH)!&'(r

Es!8`c^I$e/e(__)dE
n 

(1)
uEn j

(1)
, 

! 

br " cr
( j )
(! n "! n j,vwx

yJz{)*#$%&'(>9|}H)hieo345!34<=-( 

        En j = En
(0)
+ En j

(1)
,       ( j = 1,2,! ! !, fn ) ! ! ! ! ! ! ! !    (A9-2-26) 

! ! ! ! ! n j = cr

( j )
! n r

(0)

r =1

f n

" +

! l s

(0) ˆ H ' ! n r

(0)
cr

( j )

r =1

fn

"

(En

(0)
# El

(0)
)

! l s

(0)

s =1

f l

"
l($ n)

" ! !     (A9-2-30) 

!"#$1~-(>9|})345,LMJ��6��oF@)*#$ 

>9|}�����6M�J�#F@-(345-WXe'I#J(�,34

56�8#34����J>��6GH0"Iq�)( ˆ 
H 

0
,345JLMe'

I#��J���6���`#6��"I$09:;34<=,��">9?@

)U�6��8#d,B ¡(�¢£8`c^I$s9¤¥)*# n ¦,��

��JCD0``c(_`B§I'�I6��8# n ¦,¨T����B©#

_!J)m#,)SSchmidt,��£ª[(_,jª)cr
( j)
6�o#s9?@A=

BG«`c^I$ 

LMN6�8#|}ª,¬­-(9-2-26) !(9-2-30))>®¯°+!8#J(>

9|},±²j³´,µ¶-(9·)(¸e>¹�"¥F/0ºD']_»$ 

 



 178 

(9-3!"#$%&'()*  

! +,-.)/0123 

! ! ! ! ! n s

(0) ˆ H ' ! n r

(0)
br

r =1

f n

" = En

(1)
bs ,        (s = 1,2, # # #, fn ) ! !          (9-2-23) 

45 

! ! ! {! n s

(0) ˆ H ' ! n r

(0)
" En

(1)
# sr}br

r =1

f n

$ = 0,        (s = 1,2,% % %, fn )! !       (9-2-23’) 

)*6789:';<=;>"#$E
n 

(1)
?':@ABCD9>0,EF"#GH)

+,IJKH)LMNb
r 
(r=1, 2,OO, fn)?;6789:'5; !

n s

(0) ˆ H ' !
n r

(0)
6P

Q'D9Rfn x fn!,S)TUVWNXYABD9"#$%&6*Z:''[\

]^9_>0 ,EF"#GH)+,IJKH)LMN?6`89'5>"#ab

NU?6`89:']^9_ 

fnc)"#$defgh9iJ5;jklmn>"#abNU?5 

! ! ! ! ! (c
1

( j)
,  c

2

( j)
,  c

3

( j )
, ! ! !,  c

 fn

( j )

 
)
T
" c

( j )
 ;Rj=o,p,OO, fn!! ! ! (9-3-1) 

)YabNU'm;:)YabNU6"#$En j
(1)
)qAhrs9_:)tuAm

f>"#abNU?vrwZr@9Rfn x fn!,S)XY6 C'xZ_(mf;

!
n s

(0) ˆ H ' !
n r

(0)
6PQ'D9Rfn x fn!,S)TUVWNXY6 H'yzD9_:

)XY H'>"#RY!abNU?c
( j)
6{|9'; (9-2-23)5;fn=3'mf; 

     

H
11

H
12

H
1 fn

H
21

H
22

H
2 f n

H f n1
Hfn 2

Hfn fn

! 

" 

# 
# 

$ 

% 

& 
& 

c
1

( j )

c
2

( j )

c fn
( j)

  

! 

" 

# 
# 

$ 

% 

& 
& 

= En j

(1)

c
1

( j )

c
2

( j )

cf n
( j)

  

! 

" 

# 
# 

$ 

% 

& 
& 
! }! Hc

( j )
= En j

(1)
c

( j )
! !   (9-3-2) 

]^9_En j
(1)
5~h9H]^9vr;:@5; 

    

H
11

H
12

H
1 fn

H
21

H
22

H
2 f n

H f n1
Hfn 2

Hfn fn

! 

" 

# 
# 

$ 

% 

& 
& 

c
1

( j )

c
2

( j )

c fn
( j)

  

! 

" 

# 
# 

$ 

% 

& 
& 

=

c
1

( j )

c
2

( j )

c fn
( j)

  

! 

" 

# 
# 

$ 

% 

& 
& 
En j

(1)
! }! Hc

( j )
= c

( j )
En j

(1)
! !    (9-3-2’) 

'x|f��|_>"#RY!abNU?c
( j)
6"#$En j

(1)
)qA�vr�sn�

)dXY C]^9vr;ci
( j)
! ci j'mf;+�Ax|fm���; 

!  

H
11

H
12

H
1 fn

H
21

H
22

H
2 f n

H f n1
Hfn 2

Hfn fn

! 

" 

# 
# 

$ 

% 

& 
& 

c
11

c
12

c
1 fn

c
21

c
22

c
2 fn

c fn1
cfn 2

c fn f n

! 

" 

# 
# 

$ 

% 

& 
& 

=

c
11
En1

(1)
c

12
En2

(1)
c

1 fn
En fn

(1)

c
21
En1

(1)
c

22
En2

(1)
c

2 f n
En f n

(1)

c fn 1
En1

(1)
cf n 2

En2

(1)
c fn fn En fn

(1)

! 

" 

# 
# 

$ 

% 

& 
& 

 



 179 

! ! ! ! ! ! ! ! ! ! ! ! ! ! =

c
11

c
12

c
1 fn

c
21

c
22

c
2 fn

cfn 1
c fn 2

cf n fn

! 

" 

# 
# 

$ 

% 

& 
& 

En 1

(1)
0 0

0 En 2

(1)
0

0 0 En fn

(1)

! 

" 

# 
# 

$ 

% 

& 
& 
!  (9-3-3) 

!"#E
n i

(1)
$%&'()*+,-%&'(./012!"#34$ E0120, 

! ! ! ! ! ! !   HC = CE! ! ! ! ! ! ! ! ! ! ! !          ! !  (9-3-3’) 

562789!":4;<=>?@c
( j)
ABCDEFGH2I 

             cr j
2

= 1,
r =1

f n

!    :j=J,K,LL, fn;! ! !             (9-2-28) 

MN,OP2!"#Q9!"<=>?@ARS12Q5:TUAV1;,34 C

AWXYZ[345627\]G,C Q^34:C
-1;A,C Q8'(Q_`a

b$c]GdefNgQ562I 

! ! ! ! ! ! ! ! ! ! ! ! C
!1
= (C

*
)
T

= Ch! ! ! ! ! ! ! ! ! ! ! !  (9-3-4) 

C Q'(ijk56Fl,C Q^34A C QmP2de345627nQop

PqA(r4-5)5sN7(9-3-3)0(9-3-3’)Qtu)vwx CQ^34:C
-1;$yz

Fl, 

c
11

c
12

c
1f n

c
21

c
22

c
2 fn

cfn 1
c fn 2

cf n fn

! 

" 

# 
# 

$ 

% 

& 
& 

'1

H
11

H
12

H
1 fn

H
21

H
22

H
2 fn

H fn 1
Hfn 2

Hfn fn

! 

" 

# 
# 

$ 

% 

& 
& 

c
11

c
12

c
1 fn

c
21

c
22

c
2 f n

c fn 1
cf n 2

cfn fn

! 

" 

# 
# 

$ 

% 

& 
& 

=

En 1

(1)
0 0

0 En 2

(1)
0

0 0 En fn
(1)

! 

" 

# 
# 

$ 

% 

& 
& 

 

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (9-3-5) 

! ! ! ! ! ! ! C
!1
HC = E! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (9-3-5’) 

0P27nQop), !
n s

(0) ˆ H ' !
n r

(0)
${`01234wx,%&'()!"#i

*|!"#34 Ei}xF279!":4;<=>?@wx~�xF2:fn x fn;

��Q34 CA,9!"<=>?34@0�lF27!"#En j
(1)
)%12 0��

����kA!n  j

(0 )
= cr

( j)
" n r

(0)

r =1

fn

# ( j =1,2, ! ! !, fn )0P]N�562wx,  

!n1

(0 ) !n 2

(0) !n fn
(0)( ) = " n1

(0) " n2

(0) " n f n

(0 )( )
c

11
c

12
c

1 fn

c
21

c
22

c
2 f n

c fn1
cfn 2

cfn fn

# 

$ 

% 
% 

& 

' 

( 
( 

= " n i

(0)ci 1
i=1

fn

) " n i

(0)ci 2

i=1

f n

) " n i

(0 )ci fn
i=1

fn

)
# 

$ 
% & 

' 
( = ci 1" n i

(0)

i=1

fn

) ci 2" n i

(0 )

i=1

fn

) ci fn" n i

(0)

i=1

fn

)
# 

$ 
% & 

' 
( 

(9-3-6) 

56279!"<=>?34@CA,��$ 

! n1

(0 )
! n2

(0)
! n fn

(0)( )" #n1

(0)
#n2

(0 )
#n fn

(0 )( ))��12WXYZ� ��345627 



 180 

!"#$%&'()*+,-./01234567 E28349:;<67=

C,>?@)ABC/01DCE>&2$%&'()*+,FBGC/0#2>

?@)HIJKLMNOPQRCSQ,TUV.WXY12!
n s

(0) ˆ H ' !
n r

(0)
Z67

#[\:IJ]^GCE_`x`2`afnbZcdMefg[h\:,67(ZI
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