Classification of involutions on Enriques surfaces

HIROKI ITO

ABsTRACT. We present the classification of involutions on Enriques surfaces. We
classify those into 18 types with the help of lattice theory due to Nikulin. We
also give all examples of the classification.

1. INTRODUCTION

The classification of surfaces was carried out by Enriques, Kodaira etc. We dis-
cuss two of the classes of surfaces, Enriques surfaces and K3 surfaces. An Enriques
surface Y is a compact complex surface satisfying the following conditions:

(1) the geometric genus and the irregularity vanish,
(2) the bi-canonical divisor on Y is linearly equivalent to 0.

Every Enriques surface Y is the quotient of a K3 surface X by a fixed point free
involution &.

Research on an automorphism group is basic and important for algebraic ge-
ometry, since the automorphism group expresses the symmetry of the object. An
automorphism of order 2 is called an involution. In this thesis, we give the classi-
fication of involutions on Enriques surfaces.

On K3 surfaces, we have Torelli type theorem, which was proven by Piatetski-
Shapiro and Shafarevich [PS] (Theorem 3.2). By virtue of this, we can study
automorphisms on K3 surface X through automorphisms on the second coho-
mology group H?*(X,Z). The cup product equips H>(X,Z) with the lattice struc-
ture. V. V. Nikulin investigated lattice theory and he got a whole lot of results.
One of them is the classification of involutions on K3 surfaces. An involution o
of a K3 surface X is called symplectic (resp. non-symplectic) if oc*(wyx) = wx
(resp. 0*(wx) = —wyx), where wy is a non-vanishing 2-form on X. In [Nikl],
Nikulin showed that finite symplectic automorphisms are determined by their or-
der. In particular, a symplectic involution is unique. Furthermore in [Nik3], he
classified non-symplectic involutions into 75 types (cf. Theorem 6.1 and Proposi-
tion 2.4).

Any involution f of a K3 surface X acts non-trivially on H>(X, Z), by Torelli type
theorem. On the other hand, this is not true for an Enriques surface. Namely there
exists an involution of an Enriques surface Y acting trivially on H 2(Y,Q). Such an
involution is called a numerically trivial involution. Mukai-Namikawa classified
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numerically trivial involutions into 3 types (In [MN], one case was overlooked, see
[Muk1], [Kon]). Recently Mukai [Muk?2] studied next class, numerically reflective
involutions. However, there has been no classification of all involutions. In this
thesis, we classify those into 18 types.

An involution ¢ on Y lifts to two involutions of X. One of them is a symplectic
involution, which we denote by g. We study the pair of involutions (g, €) to classify
t. For our purpose, we use the theory of the classification of involutions of a lattice
with condition on a sublattice, due to Nikulin [Nik4].

Let S be a lattice and 6 an involution of S. Theorem 1.3.1 in [Nik4] gives the
determining condition of a triple (L, ¢, i) with the condition (S, 6) satisfying the
following commutative diagram:

L L
(N
S S

Here L is a unimodular lattice, ¢ is an involution of L, and i: § — L is a prim-
itive embedding. To investigate (L, ¢, i), we use the following invariants: Let
L ={xeL|ex)==xxtand S. = {x € § | 8(x) = £x}. From the primitive
embedding i: § — L, we get primitive embeddings i, : S+ — L.. Hence we have
the orthogonal complements K. = (S i)i and images of the projection

H_=ps (LN(L, ®S_)®Q)/(L, ®S_)) C As_,
H =ps (LN (K, ®S)®Q)/(K, ®S_)) C H_,

where Ag_ is the discriminant group of S _.
We apply this theory as L = H*(X,Z), S = {x € H*X,Z) | g"(x) = —x} and
¢ = &*. The next theorem is our main result.
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Theorem 1.1. Involutions of Enriques surfaces are classified as follows:

Table 1: Invariants and the model

No. S+(%) S,(%) gs_lu. qs_lF Horikawa model

[1] {0} Eg u

21 {0} Eg B ew il
T

3] {0} Eg waz
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No. S+(%) S_(%) gs_lu. qs_lF Horikawa model

[5] A E; u> @ w? A !
[6] A} Do wew ( : )
[71 A7 Ds udw g:zgg
8] A3 Di®A udw E¢0E
9] A Dyo A w @
[10] Dy Dy Ve 7 @
[11] Dy Dy vezr  we @
[12] Dy Dy we @
[13] Ds D wezr 7 (See Subsection 6.2)
[14] A} A} wt %
[15] Ds@A; A w %ﬁ%
[16] D A2 w? :%%
[17] E; A w g%%
[18] Es {0} — %

In Table 1, the blank in qs |- stands for the same as qs_|u_. Further invariants
are collected in the next table.
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Table 2: Further Invariants

No. k_ K_ (r,1,0) Fixed curves
(1] u Us U(2) (18,2,0) CM +4p!
2] ? UR)e U(Q2) (18,4,0) 4P!

3] u? UQR)e U(_2) (18,4,0) 4P!

4] ue(F) UaUR)®A(2) (16,4,1) M +3p!
[51 weo(3) U)o UR)®A(2) (16,6,1) 3P!

[6] ue(F)? UaUQR)®A(2) (14,6,1) € +2p!
71 We(3)Y? UQeUQR)eA(2)? (14,8,1) 2P!

81 us(F) UsUQR)®A(2)° (12,8,1) O +p!
9] Weo(F)yY UQeUQR®A Q) (12,10,1) P!

[10] uevevd) UeUR)® Di?2) (10,6,0) C@ +P!
[11] uevevd UeUR)®Di?2) (10,8,00 ¢tV +cV
[12] Wevevd) UR)eUR2)® D) (10,8,0) cl

[13] Waevevd) UR)® UR)® Dsy2) (10,10,0) 0

[14] ue (1) UaUR)®A Q)" (10,10,1) ¢c®

[15] W e (i)} UaUQR)®Dy2)®A12) (8,8,1) C?

[16] e (1) U e UQ2) ® De(2) 6,6,1) C®

171 wel) UaUR)® E:(2) “4,4,1) @

[18] Ua U2)® E3(2) 2,2,00 €®

In Table 2, k_ is the invariant defined in Section 4, (4.2) and (r, 1, 0) is the main
invariant of the non-symplectic involution 6 = g o g, Section 6. “Fixed curves”
stands for the 1-dimensional components of the fixed locus of t on Y. We also note
that K_ corresponds generically to the transcendental lattice of the covering K3
surface X.

The Enriques surface of type [1] was constructed by Horikawa [Hor], and
studied by Dolgachev [Dol] and Barth-Peters [BP]. Type [2] was found by
Kondo [Kon] and constructed generally by Mukai [Mukl]. Type [3] was con-
structed by Lieberman (cf. [MN]). The Enriques surfaces of type [1]-[3] were
studied by Mukai-Namikawa [MN] and Mukai [Muk1] as numerically trivial invo-
lutions. Moreover type [5] was studied by Mukai [Muk2] as numerically reflective
involutions.

In Section 2 we collect some basic definitions and notation of lattice theory.
In Section 3 we show that Nikulin’s classification theory [Nik4] is useful for our
purpose and we introduce this theory in Section 4. In Section 5 we classify the
lattice structures of involutions into 18 types of the tables in Theorem 1.1. We
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determine the lattices S+, K_ and forms gs_|n_, gs_|7 , k- there. In Section 6 we
determine the other invariants, give the examples and complete Theorem 1.1.

The author wish to express his gratitude to Professor Kondo for suggestions
to this problem and many stimulating conversations. He is grateful to Professor
Tokunaga for the construction of the curve in Example No. [14].

The main theorem in this thesis is a joint work with Hisanori Ohashi [IO]. The
author would like to thank Professor Ohashi for collaboration and for allowing to
include the result in this thesis.

2. PRELIMINARIES

Our main tool is lattice theory. Here we recall some definitions and notations.

A lattice is a pair (L, (, )), where L is a free Z-module of finite rank and (, )isa
non-degenerate integral symmetric bilinear form on L. We abbreviate (L, (, )) to L.
We write sign L for the signature of L. We denote by L(m) the lattice (L, m( , )) for
a given lattice (L, (, )) and m € Q. L is called even if (x, x) € 2Z for all x € L. For
a lattice L, we have an injective homomorphism «: L — L* = Hom(L, Z) defined
by x — (x,—). L is called unimodular if « is bijective. Let U (resp. (n)) denote the
rank 2 (resp. rank 1) lattice given by the matrix

(1 o) ()

The root lattices A;, D,,, E, are considered to be negative definite.

A finite quadratic form is a triple (A, b, q), where A is a finite abelian group,
b: AX A — Q/Z is a symmetric bilinear form, and ¢ is a map g: A — Q/2Z
satisfying the following conditions:

1) g(na) = nzq(a) foralln e Z, a € A.

2) gla+da’) =q(a) + g(d') +2b(a,a’) (mod 2) for all a,a’ € A.
A finite quadratic form is called non-degenerate if b is non-degenerate. An element
x € A is called characteristic if b(x,a) = g(a) (mod 1) for all a € A. We abbreviate
(A,b,q) to (A, ga) or just g4. Similarly, we abbreviate b(a,a’) (resp. g(a)) to ad’
(resp. a*). We denote by w (resp. z) the finite quadratic form on Z/2Z whose value
is 1 (resp. 0). Note that w and z are degenerate.

A discriminant (quadratic) form for an even lattice L is a non-degenerate finite
quadratic form (Ag, by, qr), where Ap := L*/L, by (X,y) = (x,y) (mod Z), and
qr(%) = (x,x) (mod 2Z). We denote by u (resp. v, (%)) the associated discriminant
form of the lattice U(2) (resp. Dy, (n)). We often use the following discriminant
forms:

(L, q1) = (A1), (7)), (D4(2),v ® v(4)),
(D6(2), 1> & (1)), (E7(2),u” ® (1)), (Es(2),u®),

where u" denotes n copies of u and v(4) denotes
)

(Z/42)*, (

==
==
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An embedding i: S — L of lattices is called primitive if L/i(S) is free. Two
primitive embeddings i: S — L and i': S — L’ are called isomorphic if there
exists f € Isom(L, L") such that foi =i’. Let S be a sublattice of L. We define the
sublattices

St:={xeL|(x,y)=0 VyeS},
Sh = eQnNnL

of L called the orthogonal complement to S and the primitive closure of S respec-
tively. Let T be the sublattice of L orthogonal to S'. We write

Isr=SeD"/(SaT).

Lemma 2.1. The following are equivalent.

(1) The projection ps : U'st — Ag is injective.
(2) The embedding T — (S & T)" is primitive.

Proof. Assume (1). Let r € T. Suppose that %t € (S ® T)" for some n € Z. Since
ps is injective, we have %t € S & T. This gives %t € T. Hence we have (2).
Assume (2). Let x € (S @ T)". Since (S T)" c S*®T*, we write x = xg + X7,
where xg € S§* and xy € T*. Suppose that ps(x) = 0, that is, xg € S. We have
xr = x— x5 € (S ®T)". On the other hand, there exists n € Z such that nxy € T,
since x7 € T*. From (2), we have x; € T. Therefore x = xg + xp € S & T. Hence
we have (1). O

Let M and N be even lattices, and let M — N be an embedding. Then N is
called an overlattice of M if N/M is a finite abelian group. For an overlattice N of
M, we have a chain of subgroups

McNcN'cM.

Moreover N/M is an isotropic subgroup of Ay, since N is an even lattice. Here the
subgroup H of (A, qu) is called isotropic if gy |y = 0.

Lemma 2.2 ([Nik2, Proposition 1.4.1]). Let N be an overlattice of M.
(1) There is a one-to-one correspondence between overlattices of M and
isotropic subgroups of Ay.
(2) Let H=N/M. Then HjM = N*/M and qy|H*/H = gy.

Let I(A) denote the minimal number of generators of an abelian group A. Note
that

2.1 rank M 2 I(Ay), (An) 2 I(Apm) —2I(N/M)

for a lattice M and an overlattice N of M.
The next proposition is about the uniqueness of a primitive embedding into a
unimodular lattice.

Proposition 2.3 ([Nik2, Theorem 1.14.4]). Let M be an even lattice with sign M =
(t+,t_) and let L be an even unimodular lattice with sign L = (I;,1_). Suppose that
the following conditions hold:
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) te <l t- <.
2) 2+ l(A;’;)) <rank L — rank M for p # 2.
?3) Ifl(Ag&,)) =rank L —rank M, then qyy = u® q’ or gy = v ® ¢’ for some q'.

Here A;’;) denotes a p-component of Ay. Then there exists a unique primitive
embedding of M into L.

A lattice M is called 2-elementary if Ayy = M*/M is a 2-elementary group
(Z]2Z)".

Proposition 2.4 ([Nik2, Theorem 3.6.2]). The isomorphism class of an even hy-
perbolic 2-elementary lattice M is determined by the invariants (r, 1, 0), where r is
the rank of M, [ is the minimal number of generators of Ay, and ¢ is the parity of
qum, that is,

5o {o ifau(x) =0 (mod 1) for Vx € Ay,

1 otherwise.

Let L be a lattice and ¢~ an involution of L. Write
L' ={xeL|o(x) = x},
Loy = (LYY = {x e L| o(x) = —x).

Note that if L is unimodular, then L and L are 2-elementary lattices.
The next proposition is the analogue of Witt’s theorem.

Proposition 2.5 ([Nik4, Prop 1.9.2]). Let g be a finite quadratic form on a finite
2-elementary group Q whose kernel is zero, that is,

{xe Q| xL Qandq(x) =0} ={0}.

Let 0: H — H, be an isomorphism of two subgroups of Q that preserves the
restrictions q|H, and q|Hy and that maps the elements of the kernel and the char-
acteristic elements of the bilinear form q into the same sort of elements if they
belong to Hy. Then 0 extends to an automorphism of q.

3. INVOLUTIONS ON ENRIQUES SURFACES

Let Y be an Enriques surface and X its covering K3 surface with the covering
involution €. Consider an involution ¢ of Y. Then ¢ lifts to two involutions of X. One
of them acts on H’(X, Q?) trivially, which we denote by g. Then another involution
isgog=¢gog.

The second cohomology group H*(X,Z) is an even unimodular lattice with the
signature (3, 19). Let S = {x € H*(X,Z) | g*(x) = —x}, where g* is the involution
of H*(X,Z) induced by g. It is known that S is isomorphic to Eg(2) and this does
not depend on g ([Mor], [Nik1]).

Lemma 3.1. Let L be a unimodular lattice and S a 2-elementary lattice. The
following are equivalent.

(1) There exists an involution a of L such that L,y = S.

(2) There exists a primitive embedding S — L.



8 H. ITO

Proof. Assume (1). Since S = (L{®)*, it follows that the sublattice S is primitive
in L.

Assume (2). Let K = S+. Since S and K are 2-elementary lattices, there exists
an involution @ € O(L) such that a|g = 1 and a|s = —1, by [Nik2, Corollary 1.5.2].
Since § is primitive in L, it follows that § = L. O

Torelli type theorem on algebraic K3 surfaces is as follows. Note that a K3
surface which is the cover of an Enriques surface is algebraic.

Theorem 3.2 ([PS]). Let X and X’ be algebraic K3 surfaces. Suppose that there
is an isomorphism ¢: H*(X',Z) — H*(X,Z) of lattices satisfying the following:

(1) p(wx) € Cwy.
(2) ¢ maps the ample class of X' to that of X.

Then there exists a unique isomorphism f: X — X’ such that f* = ¢.

To classify ¢, it suffices to classify the pair of involutions (g, ). From Theo-
rem 3.2, this is equivalent to classifying the pair (g*,&*). By Lemma 3.1, giving
the pair (g*, &*) is equivalent to giving the primitive embedding i: § — H*(X,Z)
and the involution &* simultaneously. Therefore we will classify i: § — H*(X,Z)
with € o | = i o &*|g for each action of €* on §S'.

HA(X,Z) —> HX(X,Z)

S——S§
&'ls

Note that the action of £* on S determines “the position” of S in the following
tables. Here L = H*(X,Z) and L, = {x € L | £*(x) = +x}.

L
L, [L L,
E |

L
L_ L. | L
\ S

At~

4. INVOLUTIONS OF A LATTICE WITH CONDITION ON A SUBLATTICE

In this section, we introduce the theory of involutions of a lattice with condition
on a sublattice.

Definition 4.1 ([Nik4, Definition 1.1.1]). By a condition on an involution we un-
derstand a pair (S, 8), where S is a non-degenerate lattice and 6 is an involution of
S.

Remark 4.2. In [Nik4], a condition on an involution is defined as a triple (S, 6, G),
where S is a (possibly degenerate) lattice, 6 is an involution of S, and G C O(S, 6)
is a distinguished subgroup of the normalizer of 6 in O(S). In this paper, we assume
that G = {idg}.
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Definition 4.3 ([Nik4, Definition 1.1.2]). By a unimodular involution with the con-
dition (S, 0) we understand a triple (L, ¢, i), where L is a unimodular lattice, ¢ is an
involution of L, and i: S — L is a primitive embedding satisfying p o i =i 0 6.

Two unimodular involutions (L, ¢, i) and (L', ¢’, ") with the condition (S, 8) are
called isomorphic if there exists an isomorphism f: L — L' with¢’ o f = fogp
and foi=17.

Let Sy ={x e S | 6(x) = £x}. We write ps,: S/(S+ ®S_-) = Ag, for the
projections and I'y, = ps . (S/(S+ ® S-)) € Ag, for the images of S/(S+ & S_).
Note that S/(S+ @ S_) is the graph of y := pg_o pEl: I'y — I'_, so we write
L,=8/S;&S-).

Theorem 4.4 ([Nik4, Theorem 1.3.1]). Any unimodular involution with the condi-
tion (S, 0) is determined by the list

(41) (Hi7 qr. 4, yr’Ki’ )’Ki),

where H,. are subgroups with 'y ¢ H. C (SL N %S +)/S s, g, is a finite qua-
dratic form on the 2-elementary group (Hy ® H_)/T'y with q,|ly, = *qs.|n., q
is the isomorphism class of a non-degenerate 2-elementary finite quadratic form,
Yr: qr — qis an embedding of forms, K, are even lattices, and yg, : qx, — k. are
isomorphisms of forms. Here k. are defined by

4.2) ke = ((=gs, ® £@)IT ;) /Ty 1,

where I, |y, are the graphs of the embeddings H. — q induced by vy,.

Two lists (4.1) and (H..,q..q', v/, K;,y}ﬁ) determine isomorphic unimodular
involutions with the condition (S,0) if and only if Hy = H’,, q» = q., ¢ = ¢', and
there exist isomorphisms & € O(q) and .. € Isom(K., K.) such that £ oy, = v,
and (id, &)k, © Yk, = y}q o Y., where (id, )k, are isomorphisms between k. and

k!, induced by id € O(gs,) and &, and V. are isomorphisms between qk. and gk,
induced by ..

Proof. We prove only the assertion about the equivalence of the lists (4.1), which
is omitted in [Nik4]. Let (L,¢,i) and (L’,¢’,i’) be the unimodular involutions
with the condition (S, 8) determined by the lists (4.1) and (H,,q,. 4", v, K, y;q)
respectively. i

Assume that two lists determine isomorphic unimodular involutions. There ex-
ists f € Isom(L,L’) such that f oi = i’ and ¢’ o f = f o ¢. It follows from
¢’ o f = fogpthat finduces f. := f|, € Isom(Ly, L) with f, o i, = i,, where
iv: Sy —> Lyand i, : S, — L/, are primitive embeddings induced by 7 and i’ re-
spectively. Since f induces flr,es = (f+,1d) € Isom(L,, L)) X O(S -), so does an
isomorphism between (L, & S _)" and (L, & S_)". Hence we have

H_=ps Tr,s)=ps (Tys)=H.

and f, oy |y = vilg , where f. is an isomorphism between ¢ and ¢’ induced by

e
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Similarly f induces an isomorphism between (L_®S )" and (L’ &S ,)". Hence
we see that H, = H), and f_ o (yr,1_ o ¥/lu,) = YL © y;lH;. From f_oyp.1 =
Y12 © f+, we have f, o0y, = y,. Since (L;®S_)" = (K_)+ and (L, ®S )" = (K')%,
there exists _ with the condition, by [Nik2, Corollary 1.5.2]. Similarly, we have
¥ with the condition. It is clear that ¢ = ¢’ and ¢, = ¢,.

We show the contrary. Assume that H. = H,, g, = ¢, ¢ = q’ and there exist
& =¢&, € O(g) and ¢, € Isom(K,, K) with the conditions. Note that invariants
(Hs,vrlH,, K+, Yk, ) determine primitive embeddings iy : S+ — L. with orthogo-
nal complements K. by [Nik2, Proposition 1.15.1], where L. are the lattices with
discriminant forms +q respectively. Let T (resp. T») be any lattice which is unique
in its genus and furthermore O(T1) — O(gr,) (resp. O(T2) — O(gr,)) is surjective
and g7, = q (resp. gr, = —¢q). From g = ¢’ and K_ = K’ (resp. K, = K!), we
see that L_ and L’ (resp. L and L) are obtained as orthogonal complements of a
primitive embedding Ty — L (resp. T» — L), where L (resp. L) is a unimodular
lattice with

sign Ly = sign L_ + sign Ty = sign L’ + sign T
(resp. sign L, = sign L, + sign T, = sign L', + sign 7).

Moreover T is obtained as an orthogonal complement of a primitive embedding
T, — L3, where L is a unimodular lattice with

sign L3 = sign T} + sign 5.

Hence there exists £~ € O(—g) such that é_ o yr,1, = 1,1, © &4

Since O(T1) — O(gr,) = O(g) is surjective, there exists f; € O(T1) such that
f1 =&+ Byéioy g =vy/lg and H_ = H’ , it follows that (fi,id) € O(T1)xO(S -)
extends to an isomorphism

ay: (T @S_)A — (T EBS_)A.
Note that the former (T &S _)" is equal to (K_)iI , and the latter is equal to (K’_)t] )
From the condition of _, it follows that (@1, _) extends to an automorphism
,31 . L1 g L].

Similarly there exists an automorphism >: L, — L, such that S|y, € O(-q),
P2ls, =id and B>|g, = .. Therefore we have the following commutative diagram:

A Ar, Ar, Ap,
ml ia f-l im
A Ar, Ar, Ar,

Hence (82lr,,B1l._) extends to an isomorphism §: L — L’ with Boi = i’ and
B oy =¢ opf, which is the desired isomorphism. O

Remark 4.5. In the proof of Theorem 4.4, we see that

Bale, = (e id T s [Tk,s.. Pile = @, idMg g /Tks_.
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Moreover, if both lattices L. are indefinite, then we can take T and T, as L, and
L_ respectively. Hence we see that

(4.3) & = Wik s [Tk.s,, & =@ idg g /Tks_.

5. CLASSIFICATION

The construction of the list (4.1) from the unimodular involution with condition
is as follows (see [Nik4] for more details): Let (L, ¢, i) be a unimodular involution
with the condition (S, ). We write

L. ={xeL|p(x) = =*x}.

Define g := qr,, . The primitive embedding i: § — L defines primitive embeddings
iz: S+ — L. Hence we define 2-elementary groups

H. = ps.(Tp.s.) C (SN 1S.)/S..

Note that both projections pg, are injective, since the embeddings i, are primitive.
The group I'y g, (resp.I'z,s ) is the graph of injective homomorphism

vH,: Hy - A (resp.yg : H-. — A ).

Note that the notation of yg, is slightly different from that of [Nik4]. We define
the embedding of forms y, and the quadratic form g, on (H, & H_)/T’y as

Yr =, ovm,.yn): He®@ HJTy > g,
qr =g °%Yr,

where yr, . is an isomorphism between A7, and Ay, . The even lattices K are de-
fined by K := (S i)i. The quadratic forms —k.. in (4.2) are equal to the discrimi-
nant forms of (L= &S ;)A. Hence the sign reversing isometries give yk, : gg, — k.

From now on, we specialize to the case L = HZ(X, Z),p=¢c",andS ={xeL|
g'(x) = —x} = Eg(2). It is known that

Li=2=UQ2)®Es(2), L-=UsUQR)®E3(2)

and these do not depend on ¢ (cf. [BP]). The inclusion relation is as follows:

L U’ e Eg
L, L UQ)@E(2) [UaUR)®EsQ)
K [ S¢S | K K, | S, S | K

Lemma 5.1. Suppose that S = Eg(2) and 6 is an involution of S. Then the isomor-
phism class of (S +,S_) is determined by one of the following:

(S+(1),S_(})) = (Es, {0)), (E7,A)), (Dg,A}), (Ds ® A1, A3), (Da, Da),
(A1, AD), (A3, Dy @A), (A3, D), (A1, E7), ({0}, Eg).
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Proof. 1t suffices to prove the lemma for S(%) = Eg. Since 6 is an involution, it
follows that S . are even 2-elementary lattices. By symmetry, we can assume that
the rank of S, is at most 4. By [Nik2, Theorem 3.6.2], invariants (r, [, d) of S, is
one of the following:

(0,0,0), (1,1, 1), (2,2,1), (3,3,1), (4,4,1), (4,2,0).

We see that {0}, Ay, A%, A?, A‘lt and D4 have the invariants above respectively, and
these lattices have exactly one class in their genus (cf. [Nik2, Remark 1.14.6]).
Hence S . is one of them. It follows that S _ is obtained as orthogonal complement
to S; in §. Interchanging S ; and S _, we obtain the claimed list. O

Determining (S 4, S _) is equivalent to determining the action of £* on S. Hence
we calculate the list (4.1) for each (S 4, S ).

Lemma 5.2. Suppose that S .. is one of them in Lemma 5.1. Then there exists a
unique primitive embedding S , — L.

Proof. Since S+(%) is an even negative definite lattice of rank at most 8 and
L+(%) = U & Eg is a unimodular lattice of signature (1,9), the lemma follows
from Proposition 2.3. O

Corollary 5.3. We have K, = U(2)®S _ in all cases. In particular, I's s =Tk.s..

Proof. Recall that L, = U(2)® E3(2) and S = Eg(2). By Lemma 5.2, a primitive
embedding S+ — L, is unique. Hence K; = (S +)i+ is uniquely determined as
U(Q2) & S _. Therefore we see that

I‘K+S+ = L+/(K+ EBS+)
=U2)eS)/U)eS-oS,)=S/(S+8S-)=TIs.s5_.

O

Lemma 5.4. Suppose that (S .,S-) is one of them in Lemma 5.1. We have the
following about H.:
(DT, CcH,=1S,/S,,T_cH_c1S_/S_.

(2) gs.lg, =0 (mod 1).
(3) rank S_ — 1 Srank H_ <rank S _.

@) gs.Ir, (resp. gs_|r_) is a direct summand of qs  |g, (resp. gs | ).

Proof. Since Si(%) are even lattices, we have H, C %Si/Si. Let x € %S+. From
L+(%) = U @ Eg, we have x € L. Since L is unimodular, there exists y € L* such
that x + y € L, which implies x + y € (S & L_)". Therefore H, = %S+/S+.

Since y,: g, — ¢ is an embedding and ¢ = #’> = 0 (mod 1), ¢, also satisfies
qr =0 (mod 1). Hence gs,|n, = glg, =0 (mod 1).

ByK_ = (S_)i_, we see that rank K_ = rank L_ —rank S_ = 12—rank S_. From
(2.1), we see that

I(Ak) = A @s ) 2 (AL, @5 ) — 21T, s ) = 10 + [(As_) — 21T, 5 ).
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Obviously I(As_) = rank S _. The primitivity of L, in (L, & S_)" gives I(T'z,s_ ) =
[(H-) = rank H_. Therefore rank K_ = I(Ag_) yields

12 —rankS_ 2 10+ rank S_ — 2rank H_.

Hence we have (3).

Recall that S, is one of them in Lemma 5.1. We can write Ag, = (Z/2Z)* ©
(Z/47)" and gs, = q2®qu, where g3 (resp. g4) is a finite quadratic form on (Z/2Z)*
(resp. (Z/4Z)?). Since T’y = 2As, = {2x | x € Ag,}, we have gs . Ir, = 2qa, where
2q4 denotes the finite quadratic form whose generators are twice the size of those
of g4. Since 61S+|%5+/5+ = g2 ® 2q4, we see that gs . |r, is a direct summand of
gs.| 1§75, Hence gs. |r, is also a direct summand of ¢gs,|g,. The same proof
works for gs_|r_. O
Lemma 5.5. (1) In cases S_(%) = Eg,E7,Dg, D4 ® Ay, we have 'y, = H, =

18.4/S..
(2) In cases S_(%) = A‘I‘,A?,A%,Al, {0}, we have I'_ = H_ = %S_/S_.
Proof. We give the proof only for the case S _(%) = E7; the other cases are left to
the reader. In case S_(%) = E5, we have S+(%) = A;. Hence we see that
T, = ps.(S/(S. ©5.)) = ps.(Es(2)/(A1(2) © E+(2)))
= ps, (Es/(A1 @ E7)) = Ap, = Z/2Z.
At the same time, we see that
35415+ = 5A1(2)/A1(2) = Z/2Z.

The lemma follows from Lemma 5.4 (1). O

We consider the behavior of yg, : Hy — Aj_. Note that

r;&isi ﬁAKi = (r;&isi ﬂAKi)/(FKiSi ﬂAKi) C r;&isi/r[(isi = ALi-

Definition 5.6. Let Ax, := 'y ¢ NAx, C Ay andAx :=Tp o NAx CAL.
The subgroup H_ of H_ and H, of H, are defined by
H =y (A, Hy =75 (Ax).

We see that (I?:, Yu_lg ) and (iI:, 7H+|g;) determine (K, ®S )" and (S, ®K_)"

respectively, since (H, yp. ) determine (L. @ S+)". This is equivalent to
ps ks )=H-, ps.(Cs.x)=H;.

It follows from Corollary 5.3 that I'. = ps (I'k,s.). Therefore we have
(5.1) I_cH_ CH..

From Theorem 4.4, if two unimodular involutions with the condition (S, 6) de-
termined by the lists (4.1) and (H.,q.,q’,v., K., y}q) respectively are isomorphic,
then there exist £+ € O(xq) and . € Isom(K., K;)_with the conditions. As stated
in Remark 4.5, we have (4.3). It follows that

H_=H (resp. H, = H)),
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since (4, E)II“ILQ&/I“[QS+ (resp. (Y, E)WILL& /Tk_s_) induces an isomorphism

between Ag, and XZ (resp. KZ and XZ ). Hence we define the following equiva-
lence relation:

YH: ~ YH;

def -
é there exists £, € O(+q) such that &, o yy, = yp and Hy = H..

The existence condition of £, follows from Proposition 2.5. Thus we have a one-
to-one correspondence between {yp_}/~ and {Hz}.

Lemma 5.7. We have an equality
|H_\/\H_| = |H.|/|H.].
Proof. 1t is easy to check that
Tr.s |/lk,s | = s, |/IUs k|

Hence the primitivity shows the lemma. O

Lemma5.8. Let A€ K, ueSi, veS . IfA+pu+veL thende 1K, ne3S,,
1

AS zS_

Proof. Let T be the primitive sublattice of L spanned by K, @ S_, that is, T =

(K+®S_)". Since T is also the fixed part of the action of the involution (g o £)* on

L, it follows that L/(T&T+) is a 2-elementary group. Hence we have 2(1+v)+2u €

T & T+, in particular 2u € T+ C L. Since S, is a primitive sublattice of L, we see

that2ue S;NLc(S +)2 =S,. Wethus get u € %S+. The rest of the proof is left
to the reader. O

From this lemma, we see that
(5.2) yu(H-) C (3K+/K+ ® 354 /S /T, s,
Lemma 5.9. We have ﬁ; = H, unless S+ = D4(2).

Proof. Incases S_(}) = A}, A3, A3, A, {0}, it follows from (5.1) and Lemma 5.5
that H_ = H_. In cases S_(%) = Eg, E7, Dg, D4®A1, we have yy (I'-) = %S+/S+
(mod I'k,s,) by Lemma 5.5. From (5.2), we see that H_ = H_. It follows from
Lemma 5.7 that I-Z =H,. O

Theorem 5.10. The lists (4.1) are classified as Table 1 and Table 2 in Theorem 1.1.

Proof. By Lemmas 5.4 and 5.9, we calculate (H_, K, K_) for each (S, S _) except
the case S. = D4(2). In case S+ = D4(2), we have to calculate (H_, i, K., K).
We first calculate H_.

In case S_ = Eg(2), we see that qg_l%s_/s_ =u*. By Lemma 5.4 (3), rank H_ =
8or7. Forrank H. = 8, we have H_ = %S_/S_. For rank H_ = 7, we have
gs lg. = eoworu’ @z by Lemma 5.4 (2).

In case S_ = E5(2), we see that qS—l%S,/S, = u’ ®@w and gs.Ir, = w. By

Lemma 5.4 (3), rank H_. = 7 or 6. For rank H_ = 7, we have H_ = %S_/S_. For
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rank H_ = 6, we have gs_|g = u?> & w? by Lemma 5.4 (2) and (4) (note that we
have w @ z = w?). The same proof works for the cases S_(%) = Dg, Dy®A;. So
we omit it.

In cases S_(%) = A%, A?, A%, Ay, {0}, we see that gs_|g. = q5—|%S,/S, by
Lemma 5.5.

We next deal with the case S+ = D4(2). We see that qg_l%si/si =ve
and gs.|r, = 2. By Lemma 5.4 (3), rank H- = 4 or 3. For rank H_ = 3, we
have gs |z = w® 2 by Lemma 5.4 (2) and (4). From (5.1), we have gs_|7 =
w @ z° or z2. For rank H_ = 4, we have H_ = %S_/S_. From (5.1), a candidate for
gs_lg 1s one of v 72, w72 and z2. Here we claim that qs_lg = 2 is impossible.

Suppose that gs_|7 = z%. This yields H_ =T_. Let H. = H. & Gy_, where
Gp_ is a subgroup of H_ whose quadratic form is v. Moreover let

%K+/K+ = GK+ EBPIQ(FIQSJ’
%S+/S+ = GS+ EBPS+(FK+S+),

where G, (resp. Gs,) is a subgroup of %KJr/ K. (resp. %S+ /S +) whose quadratic
form is u @ v (resp. v). Since H_ = I'_, we have

yu (HO) = ps,(Tk,s.) = pk,(Tk,s,) (mod Tk.s.).
It follows from (5.2) that
VH_(GH_) C GK+ @G5+.

Since Gp_ stands for the difference between I'x, s and I';, s, a non-zero element
of yg (Gg_) is a sum of non-zero elements of G, and Gs,. This contradicts the
fact that the quadratic form of Gg_ is v. Now we have Table 1.

We proceed to calculate K.. By Lemma 5.2, K+(%) is uniquely determined
with the signature (1,9 — rank S ;) and the discriminant form —gg 1y By calcu-
lating (4.2) we have k_. From [Nik2, Theorem 1.14.2 and Corollary 1.9.4], K_ is
uniquely determined with the signature (2, 10 —rank S _) and the discriminant form
k_. Therefore we have k_ and K_ in Table 2. O

6. EXAMPLES

In Theorem 5.10 we have obtained the classification of the lattice structure of
involutions. From Torelli type theorem on K3 surfaces, we achieve the classifica-
tion of involutions on Enriques surfaces. In this section we construct examples of
involutions on Enriques surfaces. Additionally, we give the other invariants and
complete Theorem 1.1.

We denote by ¢ an involution on an Enriques surface Y. The K3-cover is denoted
by X with the covering transformation &. The symplectic lift of ¢ to X is denoted
by g and the other non-symplectic oneisf = goe=go0 g.

We first note that the fixed locus of 6,

X? = {xeX|06x) = x},

can be computed from Theorem 5.10 via the following theorem.
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Theorem 6.1 ([Nik3, Theorem 4.2.2]). Let 6 be a non-symplectic involution of X
and let T = H*(X,Z)". Since T is 2-elementary, the lattice T is determined by
invariants (r,1,6) by Proposition 2.4. Then, the fixed locus X? has the following
form.

C® +y* E; whereg= %andk: ’7_[
X' =1+ ifr=10,1=8,6=0
0 ifr=10,1=10,6=0

Here we denote by C'® a non-singular curve of genus g and by E; a non-singular
rational curve.

Proposition 6.2. The invariant (r, 1, 6) for each case is as in Table 2.

Proof. We see that T = H*(X,Z)?" is exactly the sublattice (K, ® S_)" = (K, &
S_)® Q)N Lof L = H*(X,Z). Therefore we get r = rank K, + rank S _.
Since T is 2-elementary, we have detT = 2!, 1t follows from ps Tk.s ) =H_

that
— / det(K, @ S_) det(K, © S_)
H|=I _ | etxe©5-) 0 jdettfy ©5-)
-1 =1ks | det(K, ® S _)" 2l

From this equation we get /.

Next we compute the invariant ¢. In cases No. [4], [5], [8], [9], [15]-[17], the
invariants (r, /) already determine ¢ uniquely by the existence condition for the 2-
elementary hyperbolic lattices, see [Nik3]. In cases No. [1]-[3], [18], we have
that the parity of K, @ S_ is zero, hence the overlattice T has parity zero, too. In
No. [6], we see from Table 1 that the length of H_ is 6, which equals the rank of
S _. By straightforward computations, we see that the discriminant group of T has
elements of non-integer square, that is, we have § = 1 in this case. In No. [7],
we see that T+ has rank 8, signature (2,6) and length 8. Therefore TL(%) is an
integral unimodular lattice, which must be odd by the signature reason. We get
T+~ A(-1)>®ASand s0 6 = 1.

The remaining five cases where rank S, = rank S_ = 4 are treated by the next
two lemmas.

Lemma 6.3. Assume that S . = A{(2)* and (r,1) = (10,10). Then T = U(2) @A?
and 6 = 1.

Proof LetK, =UQR)®AI(2Q)* =UQR)®(e1)® - - ® (e4) Where ¢; are generators
of A1(2) respectively. Similarly let
L= A = (e @@ (e,
S_=AQ)=(He @)
By ps_(Is,s_) =T- =<(e{/2)®---® (e} /2), elements of norm 1 (mod 2) in T is

’

of the form either e}’ /2 or (e;’ +e/ +e/')/2. Hence y: I'y — I'_ maps ¢//2 to either
e;.’ /2 or (e;.’ + ¢ +¢/')/2. In the former case, it contradicts the fact that § = Eg(2)
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does not contain (—2)-vector. Similarly the patching ps, (I'k,s,) = pk,.(Tk,s,)
maps e; /210 (ej + e +e;)/2. Hence I'g, s contains an element of the form of
eitejt+erte +e,+e
2

This element has norm (—6). The assumption (r,/) = (10, 10) yields that T(%) =
U@ Egor U (—1)8. Since U @ Eg does not contain (=3)-vector, we conclude
T=UQR)®A}. O

Lemma 6.4. Assume that S. = D4(2). Then the parity 6 of T = (K, & S_)" is
equal to 0.

Proof. By Corollary 5.3, we see that K, = U(2) ®@ Ds(2). Letgx, = u®v®
v(4) = u® ey, f1)®{g1,h1) where {ey, f1) and (g, k) are generators of v and v(4)
respectively. Similarly, let

gs, =vov4) = (e, fr) D(g2, h),
gs_ = vev(4) = e, f3) ® (g3, h3).

Recall that L, = U(2)®Eg(2) and § = Eg(2). Wesee thatI'x, s, = (2g1+2g2,2h+
2hyyandI's,s = (2g2+2g3,2h2+2h3). Hence I'x, s contains (2g14+2g3,2h1+2h3).
This shows that T is an overlattice of U(2) ® Eg(2). Therefore the parity of T is
equal to 0. O

This completes the proofs for all cases. O
6.1. Horikawa constructions. The general construction is as follows.

Proposition 6.5 ((BHPV, V. 23]). Let ¢ be an involution on P' x P' given by
W (u,v) = (—u, —v) where u and v are inhomogeneous coordinates of P! respec-
tively. Let B be a curve on P' x P! whose bidegree is (4,4) with at worst simple
singularities and preserved under . Assume that B does not pass through any of
fixed points of . Then the minimal resolution X of the double cover of P! x P!
branched along B is a K3 surface. Moreover, Y lifts to two involutions of X. One
of them is a fixed point free involution €. In particular, Y = X/e is an Enriques
surface.

In this construction, the other lift of ¢ gives a symplectic involution g on X
and induces an involution ¢ on Y (namely the construction always associates an
involution on Y). The covering involution # of X/P' x P! is the same as £ o g, which
is a non-symplectic involution of X. In what follows, we exhibit many choices of
branch B so that the resulting ¢ covers all involutions in Theorem 1.1 except for
No. [13]. We remark that, the condition for B to have the expected number of
components, types of singularities and not to pass through the fixed points of ¢ is
Zariski open, so that we will always assume that the coefficients (parameters) of
the exhibited equation of B are general enough to satisfy these conditions.

Note that we can get the information of the branched curve B = X? from T =
L) In fact, the components of B are determined by the invariants (r,1,6) of T
from Theorem 6.1.
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Example No. [1]. This example was constructed by Horikawa [Hor], and studied
by Dolgachev [Dol] and Barth-Peters [BP]. Here we give another construction
given by Mukai-Namikawa [MN].
Consider the following curves on P! x P! (Figure 1);
Xi: u = il, Yi: Vv = il,

E: "V —1+a®-1D)+a(*-1)=0 (g €C).

Y,

FiGure 1 FiGURE 2

Blow up P! x P! at the 4 intersection points of X, Y, and E. Let F. . be the
exceptional curves over (1, 1) respectively. Blow up again at the 12 intersection
points of F, , and the strict transforms of X, Y. and E. Let R be the blown up
surface. We denote by X}, Y, F , and E’ the strict transforms of X., Yz, Fy s
and FE respectively. The configuration of curves in R is given in Figure 2. Note that
X%, Y; and F. , are all (—4)-curves, and other rational curves are all (—1)-curves.
Let B = 2(X. + YL+ F} ,)+ E’. The K3 surface X is the double cover of R whose
branch locus is B’. Since X? = B’ consists of one elliptic curve and 8 rational
curves, we see (r,[) = (18, 2), by Theorem 6.1. This is enough to conclude that this
example belongs to No. [1] by Table 2.

Example No. [2]. This example was found by Kondo, and overlooked in [MN]
(cf. [Mukl]).
Consider the following curves on P! x P! (Figure 3);

Xi: u:il, Yi:v=il,

Ciiuv—1+ai(zu—1+a(xzv-1)=0 (aq; €C).

Blow up P! x P! at the 10 intersection points of X.., Y, and C.. Let F; and F_
be the exceptional curves over (1, 1) and (-1, —1) respectively. Blow up again at
the 6 intersection points of F and the strict transforms of X., Y. and C.. Let R
be the blown up surface. We denote by X/, Y;, C’. and F’, the strict transforms
of X4, Y., C. and F. respectively. The configuration of curves in R is given in
Figure 4. Note that X/, Y, C, and F, are all (—4)-curves, and the others are all
(=1)-curves. Let B = (X, + Y. + C. + F,). The K3 surface X is the double
cover of R whose branch locus is B’. Since X? = B’ consists of 8 rational curves,
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“__ Cy

FiGURE 3

FIGURE 5

we see (r,[) = (18,4), by Theorem 6.1. Note that the configuration of curves in X
is the same as Figure 4. We notice that there exists an E7 @ A; diagram in Figure 4
(continuous lines in Figure 5). Lete; (i = 1,...,8) denote the cohomology class
of these curves respectively. The image of this diagram by ¢ is given by dashed
lines in Figure 5. Let M be the lattice generated by e¢; — &*(e;) (i = 1,...,8). We
see that M = E7(2)® A;(2) and M C S_. For (e; — €%(¢;))/2 € %M, there exists
(ei + £"(e;))/2 € L7 such that

e; — &"(ei) Leat e(e)

2 2

e; € L.
It follows that
IM/S_c H_.

. _ 3 . .
By calculation, we have ggy o)l LEQA Q)Es@) = W O W. Therefore this is the
example of No. [2].

Example No. [3]. This example was constructed by Lieberman.
Consider the following curves on P! x P! (Figure 6);

X]i: u
Xoi:u==*ay, Yoo: v==xa, (a; €C).

Il
H

l, Yli: V= il,
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Yiy

a4
by
s
o

Vi

...........................

FiGure 8

Blow up P! x P! at the 16 intersection points of X, X:, Y1+ and Y., Let R
be the blown up surface. We denote by X/, X/, Y|, and Y], the strict transforms
of X1, Xo4, Y1+ and Yy, respectively. The configuration of curves in R is given in
Figure 7. Note that X;i, Xéi, Y Ii and Yéi are all (—4)-curves, and the others are all
(=1)-curves. Let B" = }(X{, + X), + Y], + Y],). The K3 surface X is the double
cover of R whose branch locus is B’. Since X? = B’ consists of 8 rational curves,
we see (r,]) = (18,4), by Theorem 6.1. Note that the configuration of curves in
X is the same as Figure 7. We notice that there exists a Dg diagram in Figure 7
(continuous lines in Figure 8). Lete; (i = 1,...,8) denote the cohomology class
of these curves respectively. The image of this diagram by ¢ is given by dashed
lines in Figure 8. Let M be the lattice generated by e; — €*(e;) (i = 1,...,8). We
see that M = Dg(2) and M < S_. Similarly to the Example No. [2], we have
1M/S_ c H_. By calculation, we have gg, )| LDs)/Es) = u® @ z. Therefore this

is the example of No. [3].

Example No. [4]. Consider the following curves on P! x P! (Figure 9);
Xe:iu==1, Yi:v==I,
E:urV —1+ai® - 1) +a(* - D+azuv—1)=0 (a;€C).

Blow up P! x P! at the 8 intersection points of X., Y, and E. Let F, and F_
be the exceptional curves over (1, 1) and (-1, —1) respectively. Blow up again at



CLASSIFICATION OF INVOLUTIONS ON ENRIQUES SURFACES 21

FiGURE 9 FiGure 10

the 6 intersection points of F. and the strict transforms of X, Y. and E. Let R
be the blown up surface. We denote by X/, Y., F’. and E’ the strict transforms
of X4, Y., F. and E respectively. The configuration of curves in R is given in
Figure 10. Note that X/, Y/, and F’, are all (—4)-curves, and other rational curves
are all (—1)-curves. Let B" = > (X, + Y, + F,)+ E’. The K3 surface X is the double
cover of R whose branch locus is B’. Since X? = B’ consists of one elliptic curve
and 6 rational curves, we see (r,[) = (16,4), by Theorem 6.1. Therefore this is the
example of No. [4].

Example No. [5]. This example was studied by Mukai [Muk?2] as the example of
numerically reflective involution.
Consider the following curves on P! x P! (Figure 11);

Xitu==1, Y1 v==+I,

Ci:uwwxamuxzaw+az3=0 (q;€C).

R i muilag

Ficure 11 FiGure 12

7

T

Blow up P! x P! at the 14 intersection points of X, Yy and C.. Let R be the
blown up surface. We denote by X/, Y. and C the strict transforms of X,, Y.
and C. respectively. The configuration of curves in R is given in Figure 12. Note
that X', Y. and C’, are all (—4)-curves and the others are all (—1)-curves. Let
B = Y(X, + Y.+ C,). The K3 surface X is the double cover of R whose branch
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locus is B’. Since X = B’ consists of 6 rational curves, we see (r,1) = (16,6), by

Theorem 6.1. Therefore this is the example of No. [5].

Example No. [6]. Consider the following curves on P! x P! (Figure 13);
Xiiu==+1,Y,:v==1,

E: uV* + a1u2 + a2v2 +azuv+as =0 (q; €C).

)
L

P / \yi
. 7 -

/1T
L

" ?\\\v /T

v \ / %
X_ Xy
FiGure 13 Ficure 14

Blow up P! x P! at the 12 intersection points of X., Y. and E. Let R be the
blown up surface. We denote by X/, Y| and E’ the strict transforms of X,, Y.
and E respectively. The configuration of curves in R is given in Figure 14. Note
that X/, Y, are all (—4)-curves and other rational curves are all (—1)-curves. Let
B = (X, +Y.)+ E’. The K3 surface X is the double cover of R whose branch
locus is B’. Since X? = B’ consists of one elliptic curve and 4 rational curves, we
see (r,1) = (14, 6), by Theorem 6.1. Therefore this is the example of No. [6].
Example No. [7]. Consider the following curves on P! x P! (Figure 15);
Yy:v==+1, C,: uzviuvia1u2+a2u+a3via4 =0 (a;€C).

f‘\\ N

\
\/ \/ a

FiGure 15 FIGURE 16

Blow up P! xP! at the 12 intersection points of Y. and C.. Let R be the blown up
surface. We denote by Y, and C, the strict transforms of Y. and C. respectively.
The configuration of curves in R is given in Figure 16. Note that Y, and C, are
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all (—4)-curves and the others are all (—1)-curves. Let B’ = (Y, + C%). The K3
surface X is the double cover of R whose branch locus is B’. Since X? = B’ consists
of 4 rational curves, we see (r,[) = (14, 8), by Theorem 6.1. Therefore this is the
example of No. [7].

Example No. [8]. Consider the following curves on P! x P! (Figure 17);
Yi:v==+l1 E: vz(u4 + a1u2 +a) + 2a3uv(u2 —ag) + a5(u2 - a4)2 =0 (aq €C).

Note that E has 2 nodes at (u, v) = (£ +/as, 0).
P Ll Ll Ye
NS N H—

Ficure 17 FiGure 18

Blow up P! x P! at the 8 intersection points of Y. and E, and at 2 nodes of
E. Let R be the blown up surface. We denote by Y, and E’ the strict transforms
of Y. and E respectively. The configuration of curves in R is given in Figure 18.
Note that Y, are (—4)-curves and other rational curves are all (—1)-curves. Let
B' =Y, +Y +E' The K3 surface X is the double cover of R whose branch locus
is B’. Since X’ = B’ consists of one elliptic curve and 2 rational curves, we see
(r,1) = (12, 8), by Theorem 6.1. Therefore this is the example of No. [8].

Example No. [9]. Consider the following curves on P! x P! (Figure 19);
C,y: vz(u2 +au+ ay)) +2a3v(u ¥ a4)2 +as(u a4)2 =0 (aq;€Q).

Note that C, and C_ have a node at (1, v) = (a4, 0) and (—ag4, 0) respectively.

Cy

FiGure 19 FiGure 20
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Blow up P! x P! at the 8 intersection points of C., and at 2 nodes of C,. Let R
be the blown up surface. We denote by C/, the strict transforms of C.. respectively.
The configuration of curves in R is given in Figure 20. Note that C/, are (—4)-
curves and the others are all (—1)-curves. Let B’ = C/. + C’. The K3 surface
X is the double cover of R whose branch locus is B’. Since X? = B’ consists of
2 rational curves, we see (r,1) = (12,10), by Theorem 6.1. Therefore this is the
example of No. [9].

Example No. [10]. Consider the following curves on P! x P! (Figure 21);

Yiiv==1, C: vz(u4 +u? +a1)+vu(a2u2 +a3)+a4u4 +a5u2 +a6=0 (a; €C).

<U>
[\
N AR

Ficure 21 FIGURE 22

+
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Blow up P! x P! at the 8 intersection points of Y, and C. Let R be the blown
up surface. We denote by Y and C’ the strict transforms of Y. and C respectively.
The configuration of curves in R is given in Figure 22. Note that Y, are (—4)-curves
and other rational curves are all (—1)-curves. Let B’ = Y} +Y” +C’. The K3 surface
X is the double cover of R whose branch locus is B’. Since X? = B’ consists of
a curve of genus 3 and 2 rational curves, we see (r,]) = (10, 6), by Theorem 6.1.
Therefore this is the example of No. [10].

Example No. [11]. Consider the following curves on P! x P!;

Ei: v +u? +a1v2 + ayuv +az =0,

E>: v+ + a4u2 +asuv+ag=0 (aq;€C).

Then E; are smooth elliptic curves and preserved by ¢ (Figure 23).

Blow up P! x P! at the 8 intersection points of E; and E5. Let R be the blown up
surface. We denote by E’ and E, the strict transforms of Ey and E; respectively.
Let B’ = E| + EJ. The K3 surface X is the double cover of R whose branch locus
is B’. Since X? = B’ consists of two elliptic curves, we see (r,1,0) = (10, 8,0), by
Theorem 6.1. To see to which No. this example belongs, we argue as follows.

The involution ¢ of P' x P! lifts to the rational elliptic surface R/P', which
acts on the base trivially. Hence, by choosing a zero-section, it corresponds to
a translation by a 2-torsion section o. In this case, the Horikawa construction
corresponds exactly to the quadratic twist construction discussed in [Kon, HS]: the
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free involution € is given by a lift of the translation automorphism by o. We remark
that generically the elliptic surface R has eight singular fibers 41, + 41 (Kodaira’s
notation).

Here we consider a deformation of the K3 surface X: we move the branch locus
B’ to B}, the union of one I, fiber plus one smooth fiber. We denote by X; the
smooth K3 surface obtained by the double cover branched along B/ and the mini-
mal desingularization. Since only rational double points appear in construction, X
and X; are connected by a smooth deformation. Now X has also an Enriques quo-
tient Y via the quadratic twist construction. By definition of B’, the main invariant
of 61 on X; is (12,8, 1) and the associated involution on Y| has type No. [8]. We
recall that a specialization of K3 surfaces X ~» X exists if and only if Tx, C Tx.
Hence we see that our example belongs to No. [11].

FiGure 23 FiGure 24

Example No. [12]. Consider the following curves on P! x P!;
E.: vz(u2 +aiu+ay) + v(u2 +aszu+ ag) + (u2 +asu+ag) =0 (a; €C).

Then E. are elliptic curves which are exchanged by ¢ (Figure 24).

Blow up P! x P! at the 8 intersection points of E... Let R be the blown up surface.
We denote by E’, the strict transforms of E, respectively. Let B’ = E’, + E”. The
K3 surface X is the double cover of R whose branch locus is B’. Since X = B’
consists of two elliptic curves, we see (r,[,0) = (10,8,0), by Theorem 6.1. To
check that they correspond to No. [12] in this case, we discuss as follows.

We remark that the case No. [9] is a specialization of our family: it is exactly the
case where E. acquire nodes. By simultaneous resolution, we can regard the K3
surface Xy in No. [9] as a special member of a smooth deformation with general
fiber X; from our family. Here, the two elliptic curves E. deform into the sums of
two rational curves Fy + F’,, where (F2) = ((F})?) = =2 and (F., F) = 2 (double
sign corresponds).

Moreover, since the formation of & does not change under this specialization, our
family is in fact a family of K3 surfaces with free involutions (X1, 1) and (Xo, &).
(In other words, the free involutions are preserved under the specialization.) By the
theory of period maps, we have an inclusion NS (X;) € NS (Xp). The orthogonal
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complement is generated by the (—4)-vector F; — F_, and the overlattice structure
is given by

P +F.  F,-F_
T2 T2
Hence, we can compute det NS (Xp) = det NS (X;) - 4/ 22 = det NS (X)). Recalling
that det NS is the same as det K_ in each case, we can see that our example belongs
to No. [12].

F, € NS (Xo).

Example No. [14]. We need an irreducible curve on P! x P! which has 8 nodes
and stable under i, but it seems not easy to construct them in a direct way. The
following construction is due to H. Tokunaga.

Let By be a smooth irreducible divisor of bidegree (2, 2) to which the four lines
u = 0,00; v = 0,00 are tangent. We remark that in general, if a divisor is tangent
to the branch curve (with local intersection number 2), then by pulling back to
the double cover, the divisor acquires a node at the point of tangency. Thus in
our case the following construction works: We consider the two self-morphisms
Wi (u,v) = (W%, v)and o (u,v) = (u,v%) of P! x P'. Then, the pullback Cg :=
(¥1042)*(By) has bidegree (4, 4) with eight nodes and is stable under  (Figure 25).
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We can exhibit the equation for Cy as follows, for example.
(u® + 2cbu* + BPPW* + Qeau® + du® + 200 + (Put + 2au* + 1) = 0.

Blow up P! x P! at 8 nodes of Cg. Let R be the blown up surface. We denote by
Cé the strict transforms of Cg. The K3 surface X is the double cover of R whose
branch locus is Cé. Since X? = Cg is a elliptic curve, we see (r,[,0) = (10, 10, 1),
by Theorem 6.1. Therefore this is the example of No. [14].

Example No.s [15]-[18]. Let C»; (i =0, 1,2,3) be irreducible curves on P! x P!
whose bidegree is (4,4) with 2i nodes respectively.

Blow up P! x P! at 2i nodes of Cy;. Let Ry; be the blown up surface. We denote
by Céi the strict transforms of Cy;. The K3 surface X5; is the double cover of Ry;
whose branch locus is C5.. Since Xgi = (), is a curve of genus 9 — 2i, we see
(r,) = (2i + 2,2i + 2), by Theorem 6.1. Therefore the cases i = 3, 2, 1 and 0 are
the examples of No. [15], [16], [17] and [18] respectively.
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6.2. Enriques’ sextics. The non-normal sextic surface in P3 which is singular
along the six edges of a tetrahedron is a model of an Enriques surface, the one
first considered by Enriques himself. In fact its normalization gives a smooth En-
riques surface, see [GH, p.632 ff.]. Setting the tetrahedron as xyzt = 0, the general
equation of such surfaces is given by

q(x,y, 2, Dxyzt + (2y* 22 + X202 + X222 + PP = 0,
where ¢ is a quadratic. By considering various linear actions on P3, we can get
many examples of involutions on Enriques surfaces. The most important for us
among them is the following example exhibiting No. [13].

Example No. [13]. Let us consider the involution¢: (x:y:z: ) (y:x:1:2)
on P3. The general equation of invariant Enriques’ sextic ¥ looks as

(al(x2 + yz) + az(z2 + t2) + azxy + aszt + as(xz + yt) + ae(xt + yz)) xyzt
+(AYP 2 + X2+ PP + YRR = 0,
where a; € C are general. Then the normalization Y is a smooth Enriques surface
with the induced action by «¢.

Let us show that they belong to No. [13]. Since in this case 6 is also fixed-point-
free, this is equivalent to saying that the fixed locus Y* is a finite set. Moreover
since the normalization ¥ — Y is a finite morphism, it suffices to show that Yisa
finite set. But this set is the intersection of Y with the fixed locus in P3, {x = y,2 =
t}U{x+y =0,z+1t = 0}. Since the general element does not contain these lines,
the intersection is a finite set as desired.
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