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1. Introduction

We study the finiteness of the groups acting isometrically and properly dis-
continuously on pseudo-Riemannian manifolds. We explain the background of our
research. Let us start with reminding ourselves what is called the existence problem
of a compact Clifford—Klein form. Let G be a Lie group, and H a closed subgroup
of G. If the left action of a discrete subgroup I' of G on the homogeneous space
G/H is properly discontinuous (namely, for any compact subset K C G/H, only
finitely many elements «y of T" satisfy v(K) N K # (), the quotient space T\G/H is
called a Clifford—Klein form.

PrROBLEM 1 (Existence problem of a compact Clifford-Klein form). Does a
homogeneous space G/H have compact Clifford-Klein forms?

Whether the answer to this problem is affirmative depends on the choice of the
pair (G, H). For instance, let G be a semisimple Lie group, and H a maximal com-
pact subgroup of G. Then the homogeneous space G/H carries the structure of a
Riemannian symmetric space. Borel-Harish-Chandra [6], Mostow—Tamagawa [21],
and Borel [5] proved that the Riemannian symmetric space G/H always admits
compact Clifford—Klein forms.

Non-Riemannian symmetric spaces do not necessarily admit a compact
Clifford—Klein form. Let ¢ and n be positive integers with ¢ < n. Through-
out this dissertation, we use the notation O4(n) for the indefinite orthonormal
group O(n — g, q), namely, the Lie group of linear transformations of R™ pre-
serving a non-degenerate symmetric bilinear form of index ¢. The homoge-
neous space Oq4(n + 1)/O4(n) is called a pseudo-sphere. Note that the pseudo-
sphere O4(n 4+ 1)/O4(n) has an Oy(n + 1)-invariant geodesically complete pseudo-
Riemannian metric of positive constant curvature. The following theorem implies
non-existence of a compact Clifford—Klein form for the pseudo-sphere with n > 2¢
since the pseudo-sphere is non-compact:

THEOREM 1.1 (Calabi-Markus [7](the case ¢ = 1), Wolf [26]). If n > 2g,
there exists no infinite subgroup of Oq(n+1) whose restricted left action on Oq(n+
1)/Oq4(n) is properly discontinuous.

Although the group O4(n + 1) is endowed with co-compact lattices, none of
them acts properly discontinuously on the pseudo-sphere Oy(n + 1)/O4(n) via the
left action. Kulkarni [20] and Kobayashi [15], [16] generalized Theorem 1.1 to
homogeneous spaces. Kobayashi [15] particularly gave an extension of Theorem 1.1
in the reductive case.

The pseudo-sphere is a homogeneous space, and at the same time, is a geodesi-
cally complete pseudo-Riemannian manifold of positive constant curvature. In the
paper [17], [18], Kobayashi asked if one could understand Theorem 1.1 in a geo-
metric way. Kobayashi [18] proposed the following conjecture in concrete terms:

CONJECTURE (Kobayashi [18]). Let n and q be positive integers with n >
2q. Assume that M is an n-dimensional geodesically complete pseudo-Riemannian
manifold of index q. Suppose that we have a positive lower bound on the sectional
curvature of M. Then,

(i) M is never compact;
(ii) if n > 3, the fundamental group of M is always finite.
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We should remark that the conjecture holds. In the case dim(M) = 2, the
Gauss—Bonnet formula for pseudo-Riemannian manifolds (see Avez [1], Chern [9])
leads us to non-existence of compact quotients. The following theorem implies that,
if a pseudo-Riemannian manifold M of dimension n > 3 satisfies the assumptions
of the conjecture, M has constant curvature:

THEOREM 1.2 (Kulkarni [19]). Let M be a pseudo-Riemannian manifold with
the metric indefinite of dimension n > 3. If the sectional curvature of M is either
bounded from above or below, then M is of constant curvature.

Note that, in the case dim(M) > 3, the universal covering space of a geodesi-
cally complete pseudo-Riemannian manifold of positive constant curvature is iso-
metric to a pseudo-sphere. By using Theorem 1.1, the proof is complete in the case
dim(M) > 3.

Unexpectedly we can solve Kobayashi’s conjecture. This is because we assume
the strong curvature condition in the conjecture. Since the conjecture is analogous
to the Myers theorem in Riemannian geometry, the aim of the conjecture must be
to understand the topology of pseudo-Riemannian manifolds of variable curvature.
We should probably consider the following problem instead of the conjecture:

PROBLEM 2 (cf. Kobayashi [17, Problem 2.2.6]). Let M be a non-compact
geodesically complete pseudo-Riemannian manifold. Find a curvature condition of
M which is satisfied even if we perturb the metric of M, and which leads us to the
finiteness of the fundamental group of M.

In this dissertation, we provide partial answers to Problem 2.

We investigate the properly discontinuous isometric action on a pseudo-
Riemannian manifold that is not necessarily homogeneous. Here we give the defini-
tion of the Calabi—-Markus phenomenon for pseudo-Riemannian manifolds. We say
that the Calabi-Markus phenomenon occurs in a pseudo-Riemannian manifold if no
groups but finite ones can act isometrically, effectively, and properly discontinuously
on it.

On the Lorentzian case, we obtain a general extension of Theorem 1.1. Garcia-
Rio and Kupeli [11, Definition 2.6] defined the following class of Lorentzian mani-
folds:

DEFINITION 1.1. Let F be a manifold, and {g;}+cr & smooth family of Rie-
mannian metrics of F. A parametrized Lorentzian product is a product manifold

R x F with a Lorentzian metric written as —dt2 4 g, where t is the parameter of
R.

Let us introduce our result.

THEOREM 1.3 (Mukuno [22]). Let F be a closed manifold, and {g: }+er a smooth
family of Riemannian metrics on F'. Assume that there exist positive constants tg
and ¢ such that a parametrized Lorentzian product (R x F, —dt? + g;) satisfies the
following condition (H), .-

3 agt (Xa X)
|t] ot
for any vector field X on F and any t € R with |t| > to. Then the Calabi-Markus
phenomenon occurs in (R x F, —dt® + g;).

> 2cq:(X, X)
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Note that the condition (H),, . implies that g.(X, X) grows exponentially with
|t|]. We check that Theorem 1.3 is a generalization of Theorem 1.1. We call the
pseudo-sphere O1(n+2)/O1(n+1) the de Sitter space. Let S™ be the n-dimensional
sphere, and gs» the standard metric of the sphere. Realized as the Lorentzian
warped product (R xS", —dt?+cosh?t gsn ), the de Sitter space O (n+2)/O1(n+1)
fulfills the assumption of Theorem 1.3. Therefore the Calabi-Markus phenomenon
occurs in the de Sitter space. We should remark that a parametrized Lorentzian
product satisfies the condition (H), . under the assumptions of some curvature
condition and the existence of a totally geodesic hypersurface (see the proof of
Lemma 4.7 and Remark 4.2). Then the Calabi-Markus phenomenon occurs. We
have given a partial solution to Problem 2 on parametrized Lorentzian products.

The proof of Theorem 1.3 is based upon the following observation: The de
Sitter space is realized as the hypersurface {x = (z¢, x1, T2, -+ , Tpy1) € R?T2| —
z3 +a? + 23+ +22,, = 1} in the Minkowski space. Note that a geodesic in
the de Sitter space is the intersection of a 2-dimensional linear subspace and the
de Sitter space. Theorem 1.1 follows from the fact that any spacelike geodesic in
the de Sitter space meets the closed spacelike hypersurface {0} x S™. This fact is
the key point of the proof of Theorem 1.3. We should remark that, in the proof of
Theorem 1.3, the condition (H);, . enables us to control the behavior of a spacelike
geodesic.

As an application of Theorem 1.3, we construct an inhomogeneous Lorentzian
manifold with the non-compact isometry group in which the Calabi-Markus phe-
nomenon occurs. This example leads us to that Theorem 1.3 is a new non-trivial
extension of Theorem 1.1.

A natural question is whether we extend Theorem 1.3 to pseudo-Riemannian
manifolds. We have observed the Calabi-Markus phenomenon for a certain class
of pseudo-Riemannian warped products.

Suppose that (B, gg) and (F, gr) are Riemannian manifolds. Let w be a
smooth positive function on B. We denote by (—B) x,, F' a pseudo-Riemannian
warped product (B x F, g¥ = —gg+w?gr). For example, the pseudo-sphere O, (n+
1)/Og4(n) is realized as the warped product (—HY) Xcogh(ry S"79, where S*~ is
an (n — g)-dimensional sphere with the standard metric, H? is a ¢-dimensional
hyperbolic space, and r is the distance function from a point in H?. We give the
following generalization of Theorem 1.1 to pseudo-Riemannian warped products:

THEOREM 1.4. Let (F, gr) be a closed Riemannian manifold, and (B, gg) a
complete Riemannian manifold with dim(F) > dim(B). Suppose that there exists a
positive smooth strictly convex function w on B with a minimum point by. Assume
that expy,, : Ty, B — B is a diffeomorphism. Then (—=B) x,, I is geodesically
complete, and the Calabi-Markus phenomenon occurs in (—B) x,, F.

Note that the strict convexity of w relates to some condition of the sectional
curvature of (—B) X, F. The details are found in Section 3.1.

A Lorentzian manifold (M, g) is globally hyperbolic if M contains a Cauchy
hypersurface, i.e. a subset S of M such that every inextendible timelike curve in-
tersects S at exactly one point. We investigate the fundamental group of globally
hyperbolic Lorentzian manifolds with some curvature condition. Bernal-Sénchez [4]
proved that any globally hyperbolic Lorentzian manifold is diffeomorphic to the
product manifold of the real line and a Cauchy hypersurface. To study the fun-
damental group of a globally hyperbolic Lorentzian manifold is to study one of its
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Cauchy hypersurface. A Lorentzian manifold (M, g) is lightlike geodesically com-
plete if any inextendible lightlike geodesic is defined on the real line. For a point
p € M and a timelike vector T' € T, M, we denote by L,(T') the set of lightlike
tangent vectors v of T, M with (v, T) = —1. We obtain the following result:

THEOREM 1.5. Let (M, g) be a lightlike geodesically complete globally hyperbolic
Lorentzian manifold of dimensionn > 2. Assume that there exist a positive constant
Q, a point p € M, and a timelike tangent vector T' € T, M satisfying that, for any
v € Ly(T) and any s € R, the Ricci tensor Ric(dexp(sv)/ds, dexp(sv)/ds) has a
positive lower bound (n—2)Q%. Then a Cauchy hypersurface of M is compact, and
its fundamental group is finite.

The Lorentzian product manifold (R x S", —dt? + gs») of the real line (R, dt?)
and the n-dimensional sphere (S", gsn) satisfies the assumptions of Theorem 1.5.
However the de Sitter space does not fulfill the requirements of Theorem 1.5 since
the Ricci tensor Ric(v, v) = 0 for any lightlike tangent vector v. Therefore The-
orem 1.5 is not a generalization of the result of Calabi-Markus [7]. We ask if we
can obtain a generalization of Theorem 1.5 whose assumption the de Sitter space
satisfies.

Outline of the paper. In the second section, we review the preceding results
related to Theorem 1.1. In the third section, we investigate some properties of
pseudo-Riemannian warped products, and prove Theorem 1.4. In the fourth section,
we show Theorem 1.3. Moreover we give an inhomogeneous Lorentzian manifold
where the Calabi-Markus phenomenon occurs. In the fifth section, we introduce
the fundamental results on globally hyperbolic Lorentzian manifolds, and prove
Theorem 1.5. In the sixth section, we pose two questions for our further research.
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Kanai for his invaluable suggestions and for his encouragement. Moreover I am
grateful to many professors and friends for stimulating me including: Professor
Shin Nayatani, Professor Kentaro Ito, Professor Tetsuya Tate, and Dr. Masanori
Adachi. T acknowledge the Japan Society for the Promotion of Sciences (JSPS).
This work is supported by the Grant-in-Aid for JSPS Fellows No. 24-205. 1 am
greatly indebted to my parents for their kindness and support.

2. Preceding Results on the Calabi—-Markus phenomenon

In this section, we recall the preceding results, namely, the theorems of Calabi—
Markus [7], Wolf [26], Kulkarni [20], and Kobayashi [15]. Moreover we write the
original proofs of their results.

2.1. Constant Curvature Case. Let g and n be positive integers with ¢ < n.
For any r = (Ila L2yt In-‘,—l); Yy = (y17 Yz, 0, yn-‘rl) € Rn+1) a Symmetric
bilinear form B, is defined by

By(z, y) = —x1y1 — Zoyo — - — Tq¥q + Tqs1Yqr1 + -+ Tpp1Ynt1-

The quadric {x € R""!|By(z, ) = 1} is denoted by S}'. The quadric S} carries
the structure of a pseudo-Riemannian manifold of index ¢ induced by B,. The
pseudo-Riemannian manifold Sy is the pseudo-sphere. The indefinite orthogonal
group O, (n+1) is the group consisting of the linear transformations of R"** which
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preserve the bilinear form B;. The group O,(n + 1) acts on S} as matrices isomet-
rically and transitively. In fact the isometry group of S is equal to Oy4(n +1). We
see that S} is realized as the homogeneous space Oy(n + 1)/Oq4(n). Note that the
pseudo-sphere Sy is diffeomorphic to R? x §"71.

Calabi-Markus [7] and Wolf [26] proved the following theorem:

THEOREM 1.1 (Calabi-Markus [7, Theorem 1](the case ¢ = 1), Wolf [26, The-
orem 1]). Assume that 2q¢ <n. LetT be a subgroup of the isometry group Oy(n+1)
of Sy. If the isometric action of I' on Sy is properly discontinuous, I' is finite.

PROOF. Let II be a linear subspace of codimension ¢ in R"*! such that the
restricted bilinear form Bg|mxm is positive definite. We write Sj~? for the inter-
section ITN'S}. Note that S;~7 is isometric to the (n — ¢)-dimensional sphere. For
any isometry ¢ of S, let us show that ¢(Sy~7) NS§™? # (). Here we can regard ¢
as an element of Og(n + 1). Then we have

dim(II N ¢(II)) = dim IT 4 dim ¢(IT) — dim(II + ¢(II))
>2(n—q+1)—(n+1)=n—-2¢+1>0.
It follows that the subspace II N ¢(II) is not empty. Since I N @(IT) intersects S,
we obtain ITN ¢(IT) NS} =Sy~ Ne(Sy™7) # 0.
Let T" be a discrete subgroup of the isometry group of Sy acting on Sy properly

discontinuously. It follows that {y € T'|Sy”?N~(Sy~ %) # 0} = I'. The proper-
discontinuity of the action of I' on Sy implies the finiteness of the subgroup I'. [

Kulkarni [20] proved the converse of Theorem 1.1.

THEOREM 2.1 (Kulkarni [20, Theorem 5.7]). Assume that 2q > n. Then there
exists an infinite subgroup T’ of the isometry group Oq(n+1) of Sy such that T acts
on Sy properly discontinuously.

Before beginning with the proof of Theorem 2.1, we prove the following lemma:

LEMMA 2.1. Let I be a subgroup of Oy(n+1). Assume that R" ™! decomposes
into a direct sum of I'-invariant proper linear subspaces Vi and V. Suppose that
each vector of V1 is perpendicular to each vector of Vo with respect to By, namely,
that By(v1, v2) = 0 for any v1 € Vi and any vg € Va. Set S; =V; NSy fori=1,2.
Then S; is I'-invariant. Moreover, I' acts on Sy properly discontinuously if and
only if T' acts on S; properly discontinuously for i =1, 2.

PROOF OF LEMMA 2.1. Since V; is I'-invariant, so is .S;.

Assume that I' acts on S properly discontinuously. Take any compact subset
C; of S; for i = 1, 2. It is clear that each C; is also a compact subset in Sg. The
proper-discontinuity of the action of T' on S} implies that {y € T'|C; N y(C;) # 0}
is finite. Therefore I' acts on S; properly discontinuously for ¢ = 1, 2.

Suppose that I' acts on S; properly discontinuously for ¢ = 1, 2. Take any
compact subset K of Sj. Let m; be the orthonormal projection of R™*! onto V;.
The subset K; is given by K, = {v € K|B,(m;(v), m;(v)) > 1/2} for i =1, 2. We
should remark that

By(v, v) = By(mi(v), m1(v)) + By(ma(v), ma(v)) =1,
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for v € S}. Then K = K; U Ky. Put (r(K) = {y € T|y(K)N K # 0}. By the
decomposition of R™*!, we have

(1) v =mi(v) + w2 (v)

for any v € R"*1. Replacing v by v in the equation (1), we have yv = 71 (yv) +
ma(yv) for any v € T'. When an element 7 of T' acts on the equation (1), we see
that yv = ym1(v) + yme(v). It follows that mi(yv) + ma(yv) = w1 (v) + yme(v).
For i« = 1, 2, as V; is a I'-invariant, the relation m; o v = v o m; holds. Here we
take any v € (p(K). Since K = K7 U K», for some i there exists a point = € K;,
with vx € K. The relation m;, o y = v o m;, implies that yx € K,,. It follows that
(r(K) = (r(K71) UCr(K2). Let L; be the image of K; under the projection m; for
i=1,2.

It is sufficient to prove that (r(K;) is a subset of (r(L;). This is because
¢r(L;) is finite by the proper-discontinuity of the action of I' on .S;. We show that
Cr(K;) is a subset of (r(L;). For any v € (r(K;), we have v(K;) N K; # (. As
mi(v(K;) N K;) Cy(L;) N Ly, we have y(L;) N L; # 0. O

Let us prove Theorem 2.1.

PRrROOF OF THEOREM 2.1. We decompose R"*! into the orthogonal sum W @
(@EZIQ) V;) with dim V; = 2 and dim W = 2¢g —n+1 so that there exist coordinates
(@i, yi) of Vi with By(z;, y;) = x; - yi, and that By|wxw is negative definite.
We define the linear transformation ¢ € O,(n + 1) of R™™ by V; 3 (x;, ;) —
(ex;, e~ ty;) € V; for any 4, and by the identity action on W. By Lemma 2.1, the
action of {¢™ },,ez on S is properly discontinuous. O

2.2. Homogeneous Case. We recall Kobayashi’s theorem for the Calabi-
Markus phenomenon in the reductive case. The following observation indicates
that we can study the proper-discontinuity of the action of a cocompact discrete
subgroup of a Lie group by using the theory of Lie groups:

OBSERVATION 2.1. Let L be a Lie group and I' a discrete subgroup of L such
that L/T is compact. Assume that L acts on a manifold M. Then the following
conditions are equivalent:

e L acts on M properly (that is, for any compact subset K C M, the set of
the elements g of L satisfying g(K) N K # 0 is compact);
o I' acts on M properly discontinuously.

We explain some fundamental properties of linear reductive groups. Let n, p,
and g be positive integers. The automorphism 6 of the real general linear group
GL(n,R) is given by 0(g) =tg~! for g € GL(n,R).

DEFINITION 2.1. A Lie group G is linear reductive if G is realized as a closed
subgroup of GL(n,R) such that 8(G) = G, and that the number of the connected
components of G is finite.

Here are some examples of linear reductive Lie groups: GL(n, R), GL(n, C),
SO(n, R), U(n), O4(p + q) et cetera. The automorphism of G induced from 6 is
called the Cartan involution, denoted by the same letter 6. We also use 6 for the
automorphism on the Lie algebra g of G associated with 6.

Since 62 = 1, let £ (resp. p) be the eigenspace of  with the eigenvalue 1 (resp.
—1). Then g decomposes into a direct sum of £ and p. This decomposition is called
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the Cartan decomposition. Here let K be a connected subgroup of G whose Lie
algebra is €. Note that K is a maximal compact subgroup of G. We denote by
d(QG) the dimension of p. Let a be a maximal abelian subspace in p. The dimension
of the subspace a is called the real rank of G, denoted by R-rank(G). It is known
that the real rank of G is independent of the choice of a. A subspace a in g is a
mazimally split abelian subspace if a is conjugate to a maximal abelian subspace in
p by G. Let M and M’ be the centralizer and the normalizer of a in K, respectively.
The quotient group M’/M is called the Weyl group, denoted by W. Then the Weyl
group is finite. The Weyl group acts on a maximal abelian subspace effectively. We
denote by A the connected subgroup of G whose Lie algebra is a. Then it is known
that G = KAK.

DEFINITION 2.2. Let G be a linear reductive Lie group, and H a closed subgroup
of G with finite connected components. We call H reductive in G if H is stable
under the Cartan involution 6 of G.

Note that a reductive subgroup H is also a linear reductive Lie group. It is
known that, if G is a linear reductive Lie group and H is a reductive subgroup,
the homogeneous space G/H carries a structure of a pseudo-Riemannian manifold
of index (d(G) — d(H)) such that G acts isometrically on G/H via the left action.
Moreover G/H is compact if and only if d(G) = d(H) (see [15, Theorem 4.7]).
Take a maximally split abelian subspace a’ of the Lie algebra b of H. Then there
exists g € G such that Ad(g)a’ C a. For this g, we denote by a(H) the set
{w(Ad(g)a')|w € W}.

Kobayashi [15] gave the following theorem for proper actions:

THEOREM 2.2 (Kobayashi [15, Corollary 3.1]). Let G be a linear reductive Lie
group. Suppose that H and L are reductive subgroups of G. Then the following
conditions are equivalent:

e L acts on G/H properly;
e a(L)Nna(H) = {0}.

By using Theorem 2.2, Kobayashi [15] proved the following theorem on the

Calabi-Markus phenomenon:

THEOREM 2.3 (Kobayashi [15, Corollary 4.4]). Let G be a linear reductive
group, and H a reductive subgroup of G. The following conditions are equivalent:
(i) R-rank(G) = R-rank(H);
(ii) no infinite subgroup of G acts properly discontinuously on G/H.

PROOF OF THEOREM 2.3. Let a and a’ be maximally split abelian subspaces
of g and b, respectively. We denote by K a maximal compact subgroup of G.

We show that (i) implies (ii). As R-rank H = R-rank G, we see that a’ becomes
a maximally split abelian subgroup in g. Therefore we have

G=KexpdK =KHK.

For any g € G, there exist k1, ko € K such that gko € k1 H. Namely, for any g € G,
we have g(KH/H)NKH/H # (). Let T be a discrete subgroup of G acting on the
homogeneous space G/H properly discontinuously via the left action. It follows
that {y e T|v(KH/H)NKH/H # 0} = T". Here we see that K H/H is a compact

subset in G/H as K is compact. Acting on G/H properly discontinuously, T' is
finite.



We show that (ii) implies (i). Assume that R-rank H < R-rank G. It follows
that a’ # a. Therefore there exists an element X € a which does not belong to
a(H). By Theorem 2.2, the subgroup exp(RX) acts on G/H properly. Here I'
stands for the infinite discrete subgroup exp(ZX) of G. It follows that I" acts on
G/H properly discontinuously. O

Let n and ¢ be positive integers with n > 2q. We consider the pseudo-sphere
SI = 04(n+1)/O04(n). We have

a
R-rank Oy(n + 1) — R-rank O4(n) = ¢ — ¢ = 0.

Theorem 1.1 follows from Theorem 2.3.

3. Pseudo-Riemannian warped products

In this section, we give a generalization of Theorem 1.1 to some class of pseudo-
Riemannian warped products.

In order to state our result, we set up notation and terminology. Suppose
that (B, gp) and (F, gr) are Riemannian manifolds. Let w be a smooth positive
function on B. Recall that the pseudo-Riemannian manifold (B x F, ¢¥ = —gp +
w?gr), denoted by (—B) x,, F, is called a pseudo-Riemannian warped product. B
(resp. F, w) is called the base (resp. fiber, warping function) of the warped product
(—=B) x, F. We say that w is strictly convex if, for any geodesic v(s) in (B, gg),
the function w(7y(s)) is strictly convex with respect to s. We prove the following
theorem in this section:

THEOREM 1.4. Let (F, gr) be a closed Riemannian manifold, and (B, gg) a
complete Riemannian manifold with dim(F) > dim(B). Suppose that there exists a
positive smooth strictly convez function w on B with a minimum point by. Assume
that exp,, : Ty, B — B is a diffeomorphism. Then (—B) X, I is geodesically
complete, and the Calabi-Markus phenomenon occurs in (—B) x,, F'.

3.1. Preliminaries. In this subsection, we present some preliminaries to
prove Theorem 1.4. The results and their proofs of this subsection are found in
O’Neil [23]. We write their proofs in more detail than O’Neil [23].

We introduce fundamental notions of pseudo-Riemannian geometry. Let (M, g)
be a pseudo-Riemannian manifold. A pseudo-Riemannian manifold (M, g) is often
denoted by M for short. A tangent vector v € T,M is said to be timelike, light-
like, causal, and spacelike if g(v, v) is negative, zero, non-positive, and positive,
respectively. There exists a unique Levi-Civita connection V for (M, g). Then the
Levi-Civita connection satisfies the following equation, called Koszul formula (see
for instance O’Neil [23, p. 61]):

29(VxY, Z2) =Xg(Y, 2) +Yy(X, Z) - Zg(X, Y)
for any vector field X, Y, and Z on M. Let v(s) be a smooth curve in M. Through-
out this dissertation, we denote by “(s) the tangent vector of the curve y(s) at time
5. We can define the induced linear connection on the bundle 7 : v*T'M — I. For
simplicity of notation, we use the same letter V for the induced linear connec-

tion. A curve 7(s) is a geodesic if Vy,5,¥(s) = 0. A pseudo-Riemannian manifold
(M, g) is geodesically complete if any inextendible geodesic is defined on the real
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line. For any point p of M, a subspace II in T, M is said to be degenerate, non-
degenerate, indefinite, and definite if the metric restricted to II is degenerate, non-
degenerate, indefinite, and definite, respectively. The curvature tensor R is defined
by R(X,Y)Z =VxVyZ -~ VyVxZ — V|x y)Z for any vector field X, Y, and Z
on M. Note that the curvature tensor R is a (1, 3) tensor field on M. Let II be a
non-degenerate 2-dimensional subspace in a tangent space of M. Then K(u, v) is
given by

9(R(u, v)v, u)
9(u, u)g(v, v) — g(u, v)?’
where (u, v) is a basis for II. The number K (u, v) is independent of the choice
of (u, v). We call K(u, v) = K(II) the sectional curvature. Let f be a smooth
function of a pseudo-Riemannian manifold (M, g). The Hessian Hess f of f at a
point p on M is defined by (Hess f),(u, v) = g(p)(V.V f, v) for any tangent vector
u, v € T,M. For a geodesic y(s) from p with an initial velocity v € T, M, it follows
that (Hess f),(v, v) = d®f(v(s))/ds*|s=o-

From now on, we restrict our attention to pseudo-Riemannian warped products.
The natural projection from B x F' to B (resp. F') is denoted by g (resp. 7). Let
(b, f) be a point of B x F. A tangent vector in T(, ¢ (B x {f}) (resp. T(s, 5)({b} x
F)) is said to be horizontal (resp. wvertical). We identify T(y, £ (B x {f}) (resp.
T, 5y ({b} x F')) with T, B (resp. TyF) by the differential map of 7z (resp. 7p).
The projection from Ti,, f)(B x F) to Ty, 5)(B x {f}) (vesp. Ty, 5)({b} x F)) is
denoted by H (resp. I). For a vector field X on the base B (resp. fiber F), a vector
field X on the product manifold B x F is a lift of a vector field X on B (resp. F')
if I(X)=0and H(X) =X (resp. H(X) =0 and I(X) = X). We always identify
a vector field on B or F with its lift. The set of lifts of vector fields on F (resp. B)
is denoted by L(F) (resp. L(B)).

K(u, v) =

PROPOSITION 3.1 (O’Neil [23, Chapter 7, Proposition 35]). Let V, V&, and
VE be the Levi-Civita connections of (—B)x,F, (B, gg), and (F, gr), respectively.
For X, Y € L(B) and V, W € L(F), the following equations hold:

(i) VxY = VEY;

(i) VxV =VyX = (Xw/w)V;
(iii) H(VyW) = wgp(V, W)VBuw;
(iv) I(VyW) =VEW.

PrOOF. First, we show (i). By [V, X] = [V, Y] = 0 and the Koszul formula,
2gw(vXY7 V) = _ng(Xa Y) +gw(‘/7 [X7 Y])

Since X and Y are lifts of vector fields on the base B, we have V¢“(X,Y) = 0.
Now that [X, Y] is horizontal, ¢*(V, [X, Y]) = 0. Hence ¢*(VxY, V) = 0 for any
V € L(F). Therefore VxY is horizontal. It follows that VxY = VEY as the
Levi-Civita connection is uniquely defined by the metric gp.

Second, we show (ii). By [X, V] =0, we have VxV = Vy X. Since (i) implies
g“(VxV,Y) = 0 for any Y € L(B), we see that VxV is vertical. The Koszul
formula implies that for any W € L(F'),

20°(VxV, W) = Xg“(V, W) = X (wigr(V, W))

= X (@ (V. W) =25 gy w),



Hence,

X

ViV = M

Next, we show (iii). By (ii), for any X € L£(B)
(Vv W, X) = —g*(W, Vi X) = (W, ww V)

X w
= —g“(W, V)i( Ve) _ —g" (g v, W) Vuw, X) .
w w
Therefore,
HVyWw) =922 (‘2 W gy - 02 W) (‘;’ W) G54 = wgp(V, W) V5w

Finally, we show (iv). We see that I o V is the Levi-Civita connection on
({b} x F, w(b)?gr). Hence, I(Vy W) equals VEW. O

Here we should remark that the strict convexity of w follows if some curvature
condition is satisfied. Let R and K be the curvature tensor and the sectional
curvature of (—B) X, F, respectively. For X € £(B) and V € L(F), we have

R(V, X)X =VyVxX - VxVyX — Vi, )X
(VEX)w X?w

vV — 174
w w
Hess® w(X, X

where Hess® w is the Hessian of w on B. For any 2-dimensional subspace II spanned
by X € £L(B) and V € L(F), it follows that
Hess? w(X, X)
wgp(X, X)
Therefore K (II) > 0 implies that w is a strictly convex function on B.
Now, we consider a geodesic y(s) in (—B) x,, F.

K(IT) =

PRrROPOSITION 3.2 (O’Neil [23, Chapter 7, Proposition 38]). A geodesic v(s) =
(vB(8), vr(8)) in (—B) X, F satisfies the following two conditions:
C
2 V5., vp(s) = —————VBuw s));
( ) 6/85'73( ) LU('}/B(S))S (,VB( ))
2 dw(ys(s)) .
5),
S ds )

where C' = w(vp(5))*gr(vr(s), Yr(s)). Moreover C is constant.

PRrROOF. First, we consider the case where v5(0) and v#(0) are nonzero. By
Proposition 3.1, we have

() Voo (s) =V ) + S 2 (rm(s) (s
~ 9°(¥r(s), 7r(s))
w(ys(s))
The left side is 0 since v(s) is a geodesic. Seeing a horizontal part and a vertical
part of the equation (4), we have the equations (2) and (3) in this case.

VBw + V5 p7r (5).
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Next, we consider the case where 4(0) is horizontal. By Proposition 3.1 (i),
B x{vr(0)} is totally geodesic. Hence, we obtain yr(s) = vr(0) and Vg/as’y]g(s) =
0. This completes the proof of this case.

Finally, we consider the case where %(0) is vertical and nonzero. If {y5(0)} x
F includes the geodesic v(s) on a sufficiently small open interval around 0, the
equations (2) and (3) hold by the preceding argument. Thus we consider the other
case where there exists a sequence {s;} which converges to zero such that 5(s;) is
neither horizontal nor vertical. Since vg and g are smooth, the equations (2) and
(3) hold in this case.

Now, we show that C' is constant.

dC _dw(vp(s))'gr(Vr(s), 7r(s))

ds ds
100y () PO 0 4, 7 (9)) + 2 ()" 01 (V5,7 (5), 7 (5)
= (46?2 — st () OB ) g s, () =0
The proof is complete. U

3.2. Proof of Theorem 1.4. In this subsection, we prove Theorem 1.4.

We show that the Calabi-Markus phenomenon occurs in (—B) %, F. The
following theorem gives a criterion for when the Calabi-Markus phenomenon occurs
in a general setting including that of Theorem 1.4:

THEOREM 3.1. Let (B, gg) be a complete Riemannian manifold, and F a closed
manifold such that dim F > dim B. Take a family {gr(b)}vep of Riemannian
metrics on F smoothly parametrized by elements of B, namely satisfying that, for
any tangent vector v on F, gp(b)(v, v) is a smooth function with respect to b €
B. Consider a pseudo-Riemannian manifold (B x F, g = —gp + gr), denoted by
(=B) x4, F. Suppose that there exists a point by € B such that expy,, : T, B — B
is a diffeomorphism, and that Fy = {b1} x F is a totally geodesic submanifold in
(—B) xg, F. Take any non-constant geodesic T : [0, 0c0) — B starting from b.
Assume that

%QF(T(S))(X, X) >0,

for any s > 0 and any non-zero tangent vector field X on F. Then the Calabi—
Markus phenomenon occurs in (—B) X4, F.

PROOF OF THEOREM 3.1. Suppose that F} N ¢(Fy) = @ for some isometry
¢ of (—B) x4, F. Then we see that b; does not belong to mp(¢(F1)). Since
Fy is compact, there exists a point x7 of Fy satisfying that dg(b1, mp(¢(F1))) =
dp(b1, mp(p(x1))), where dp is the distance of (B, gg). The function rp, on B is
given by 7y, (q) = dp(by, q) for ¢ € B. Then we have drp(Ty,)¢(F1)) C (Vry,)™*.
Since dim F; > dim B — 1, there exists a tangent vector v € Ty, ¢(F1) with
drp(v) = 0.

We calculate the Hessian of the function ry, o mg on (—B) X4, F at ¢(z1).
Take a geodesic v : (—¢, €) = (—B) Xg4, F satisfying that v(0) = ¢(z1), and that
4(0) = v for some ¢ > 0. Since Fj is totally geodesic, v((—e¢, €)) is included in
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@(F1). Since the point ¢(x1) is a minimum point of (1, o 75)|g(r,), We have
d2
Hess(ry, o mp) (v, v) = prei AR (rp(y(t)) > 0.

Let 75 : [0, L] — B be the minimal geodesic from b; to wp(¢d(x1)) with unit
speed in (B, ¢gp), and 7 : (—€, €) = F a curve such that 77(0) = 7p(é(z1)), and
that 77(0) = dmp(v). We should remark that (r5(s), 7r(¢(x1))) is a geodesic in
(—B) x4, F. We define a variation a : (—¢, €) x [0, L] = (—B) X4, F of the geodesic
(7(s), mr(p(x1))) by alt, s) = (tB(s), Tr(t)). Then we obtain

Hess(rp, o mp)(v, v) = g(V,V(ry, o 7p), v)

B dalt, s) Odalt, s)
-9 (Va/at ds Ot ‘(t,s):(O,L)
B da(t, s) dalt, s)
-9 (Va/as ot ot ‘(t,s):(O,L)
19 (0alt,s) Oa(t, s)
“ 207\ ot T ot Jlwe=on
1d
= —575|._ 9F(7B(s))(dmF (v), drp(v)) <O.
This is impossible. 0

We check that Theorem 3.1 implies that the Calabi-Markus phenomenon occurs
in the setting of Theorem 1.4. We write Fy instead of wgl(bo). Since by is a critical
point of w, we see that the fiber Fj is totally geodesic by using Proposition 3.1 (iii).
Take any geodesic 7 : [0, 00) — B starting from by with unit speed. Then

d2
@W(T(S)) >0

by the strict convexity of w. Since by is a critical point of w, we have

d

:0(7(s)) >0,

for s > 0. Therefore we see that the Calabi-Markus phenomenon occurs in (—B) X,
F.

We show that (—B) x,, F is geodesically complete under the assumptions of
Theorem 1.4. For a point b € B and a non-negative number r, the function w? (r)
is given by w? () = inf{w(p)|dg(p, b) = r, p € B}. We should remark that w? (r)
could take an infinite value. Romero—Sanchez [24] gave a sufficient condition of the
geodesic completeness of (—B) x,, F.

THEOREM 3.2 (Romero—Sanchez [24, Theorem 3.9]). Assume that (B, gp) is
a non-compact complete Riemannian manifold. Let w be a smooth positive function
on B. Suppose that there exists a point by € B such that

(5) / (B 4 (@l ()2 dr = oo

for any positive number E. Then (—B) X, F' is geodesically complete.

PROOF OF THEOREM 3.2. We give the original proof of Romero—Sénchez [24].
Assume that (—B) x,, F is not geodesically complete. Let v : [0, L) — (—B) X, F'
be an inextendible geodesic for some positive number L > 0. We denote by D a
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constant g(¥(s), ¥(s)). Then we have

95(v8(s), ¥8(5)) = =D + w(vs(s))2gr (Vr(s), vr(s)) = —D + %
w(vB(s))

where C' is the constant appearing in Proposition 3.2. We obtain

| pastam@) () o\
= ¥l + s dr
VC Jag (b2, v5(0)) wing ()

dp(b2,vB(s)) C —1/2
[ (e )
(b2,v5(0)) wip(1)?

inf

< / ( wf( ))2)_1/2 Van0 (), 75 w)du

for any s € [0, L). We note that there is a sequence {s,, }5 ; such that s,, approaches
to L, and that yg(s,) is not contained in any compact set of B as m increases.
Since (B, gp) is complete, lims_, 1, dg(be, v5(s)) = oco. Taking |D|/C as E in the
equation (5), we have reached a contradiction.

IN

N

O

Under the assumptions of Theorem 1.4, let us prove that the equation (5) holds.
Since w is strictly convex with the minimum point by, it is clear that wmf( r) > w(bo).
For any positive number E, we have

|l > [ b)) = o
0 0

Since we can take by as be in Theorem 3.2, the geodesic completeness of (—B) x,, F'
follows. The proof of Theorem 1.4 is complete.

4. Parametrized Lorentzian products

In this section, we present our result on the Calabi-Markus phenomenon of
parametrized Lorentzian products.

The partial derivative in the direction t is denoted by d;. For t # 0, Oy is
defined to be the “signed” partial derivative (¢/|t|)0;. For positive constants ¢y and
¢, we say that a parametrized Lorentzian product satisfies the condition (H), . if
the inequality 0y g:(X, X) > 2cg:(X, X) holds for any vector field X on F and
|t| > to. In this section, we prove the following theorem:

THEOREM 1.3 (Mukuno [22]). Let F' be a connected closed manifold, and
{gt}ter a smooth family of Riemannian metrics on F. Assume that there exist posi-
tive constants to and c such that a parametrized Lorentzian product (Rx F, —dt*+g;)
satisfies (H)y, .. Then the Calabi-Markus phenomenon occurs in (Rx F, —dt>+g;).

In Subsection 4.1, we give a proof of Theorem 1.3. Moreover we present a new
example where the Calabi-Markus phenomenon occurs. A Lorentzian manifold
(M, g) is time-oriented if there exists a non-vanishing timelike vector field on M.
We recall that a Lorentzian manifold M is globally hyperbolic if M contains a
Cauchy hypersurface. A Lorentzian manifold (M, g) is non-spacelike geodesically
complete if any inextendible causal geodesic is defined on the real line. We prove
the following proposition:
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PROPOSITION 4.1 (Mukuno [22]). Let M be a time-oriented, non-spacelike
geodesically complete, globally hyperbolic Lorentzian manifold of dimension greater
than 1. Suppose that for any p € M we have a positive lower bound d* on the
sectional curvature for any indefinite 2-dimensional subspace in T, M. Assume that
M admits a connected closed totally geodesic Cauchy hypersurface F in M. Let
Ir(p) be the set consisting of the points in F which a timelike geodesic joins to p.
We impose the following technical conditions on Ir(p) for anyp € M — F':

(i) Ir(p) is geodesically connected;
(ii) no lightlike geodesic ray from p meets Ir(p).

Then the Calabi—-Markus phenomenon occurs in M.

In Subsection 4.3, we explain that the assumptions of Proposition 4.1 imply
those of Theorem 1.3; therefore the Calabi-Markus phenomenon occurs. Further-
more, we give another short, self-contained proof of Proposition 4.1. In Subsec-
tion 4.4, we construct an inhomogeneous Lorentzian manifold where the Calabi-
Markus phenomenon occurs.

4.1. Preparation of the proof of Theorem 1.3. We denote by M'" a
parametrized Lorentzian product (R x F, hyp1,» = —dt? + g;) satisfying (H), .. We
examine spacelike geodesics in M'" to prove Theorem 1.3.

Let v(s) be a curve in M " and yr(s) the curve in F obtained by projecting
the curve v(s) onto F. We write 7 for the natural projection of M:™ = Rx F onto
R. Take a local coordinate system (z°, 2!, ..., 2™) of M1 ™ such that 2° = 7k, and
that (z!, 22, ...,2") comes from a local coordinate system of F. Set coordinate
vector fields 9; = §/0z", the i-th component of the curve v(s) = z(v(s)), the i-th
component of the velocity 7’(5) = dv'(s)/ds, and the second derivative yi(s) =
d?~'(s)/ds? for 0 < i < n. The symbols hj, h/, and T'}; stand for hppr.x (i, 8;),
the (¢, j) entry of the inverse matrix of (h;;)o<i, j<n, and the Christoffel symbols
for 0 <14, §, k < n, respectively, where hjps1.» is the Lorentzian metric of M1 ™.

In what follows, we make estimates on the lengths of spacelike geodesics of
M1t ™. Recall that o and ¢ are the constants in the condition (H) -

LEMMA 4.1. The length of a spacelike geodesic vy in mg ' ((—o00, —to] U [to, o0))
is less than 7/c.

PROOF. We require v to be parametrized by arc length. For simplicity, let the
domain of v be [0, L]. As v maintains unit speed,

(6) B (3(8), 4(5)) = =100(8)[* + gyo () (Y (), Y (5)) = 1,
for all s € (0, L). We assume that + stays in 75 ' ([tg, 00)). Here we should notice
that

1 o
gy =T =Tg; =0, TY; = iaohij (1<4,j<n).
Therefore we obtain

(M) P+ Y Th()79(5) = 72(5) + 5 (0ug)yace) (r(s), 7 (s)):
0<i,5<n
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Since 7 is a geodesic, the left-hand side is zero. By (H)y,.c, (6), and (7),
(8)
’70(3) = _i(atg)'yo(s)(’yF(S)a 'VF(S)) < —CGH0(s) (’YF(S)a ’VF(S)) = _C(]- + |’70(8)|2)'

Note that the inequality (8) makes it obvious that 4" is strictly concave for any
spacelike geodesic v whose image is in 75 ' ((—00, —to] U [tg, o0)). Putting G(s) =
cot(cs), we check at once that dG(s)/ds = —c(1 + G(s)?). There exists a positive
number sy < 7/c such that 7°(0) = G(so). Then by the comparison argument
we have 79(s) < G(s + so) as long as 7°(s) > to (see [13, Cororallies1.6.2]). It
immediately follows that

7Y(s) <4°(0) + /Os cot c(z + so) dx

whenever s satisfies 7°(s) > to. If s goes to 7/c— s¢, the right-hand side approaches
—00. Asy(s) > to, the length of v is less than 7/c—so < m/c. The same argument
applies to the case v C 7 '((—o0, —to]) as well. O

Write F; for the spacelike submanifold 75 ' ({¢}) in M"", which is isometric to
the Riemannian manifold (F, g;). Let m; be the natural projection of M>" = Rx F
onto Fj.

LEMMA 4.2. Lety: [0, L] = MY™ be a spacelike geodesic in " ((—00, —to] U
[to, 00)) such that v°(0) = 0. Then there is the constant (14 w)/c that dominates
the length of the spacelike curve Tyo(r)(7y).

PROOF. We give the proof in the case where v C g *([to, ©0)), for the same
proof works in the other case as well. We assume that - is parametrized by arc
length. Then we see that

L+ [2(8)* = gyo() (Y (), Ve (5))-
By (H)¢y,¢, for any vector field X on F' and positive numbers t1, to with to > ¢1 > 1o,
we have g, (X, X) > e2(2t)g, (X, X). We see that 1° is strictly concave from
what has already been proved in Lemma 4.1. Then ~° is strictly decreasing, as
~70(0) = 0. It follows that

- o on ()

< < 1+ |70(3)|2> e—c(r"(5)=7"(L))

< (14 ]79(s))) e e (5)=7"(L))
Integrating the above inequality, we find that

L L , .
(9) / Vo) (7(5), Vi (5)) ds < / e ()= (L) gg
0 0

L
(10) +/ 170 (s)| e~ (=L gg.
0
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As e=(0°(©=7"(L) < 1, we see that

L
/ =’ ()" (L) gg < [,
0

Due to Lemma 4.1, L is bounded above by 7/c. We estimate the second term of
the right-hand side of the inequality (9).

L L
/ 170(s)| e~ (=" (E) gg = _/ 70(s) e~ (O=°(L) gg
0 0

7(L) o

_ 7/ e—cls=" (D) gg <
7°(0)

The proof is complete. O

ol

REMARK 4.1. Fix T' > to. Let v : [0, 1] — 7 '([T, 00)) be a spacelike geodesic.

We extend ~ as long as v C wﬂgl([T, 00)). Let % be the maximal extension of ~,

and I the domain of 7. We prove that each of the endpoints of 7 reaches Fr. By

Lemma 4.1, [ is a bounded interval. Suppose that an endpoint of I does not belong

to I. For simplicity, we put I = [0, L), where L > 0. We show that, if u approaches

L, ¥(u) converges. As 7 is concave and bounded, the limit li_r>r}: 70 (u) exists. We
u

regard ¥ as a curve in (F, g¢,). By Lemma 4.2, the length of 7 is finite. Since
F' is compact, the limit limL Fp(u) lies in F. Therefore we can extend 7 until the
u—

endpoint continuously. We say that an open set U of a Lorentzian manifold M is
convez if for any point p of U there exists an open set V' of T, M such that the
restriction of exp,, to V' is a diffeomorphism onto U, and that v € V implies tv € V
for any ¢t € [0, 1]. The existence of a convex neighborhood of any point of M1
leads us to the extension of the geodesic v to the limit 1}1_r>nL (u). This contradicts

our assumption. It follows that I is closed. The maximality of 5 completes the
proof.

Let dr be the “intrinsic” distance on Fr defined by the Riemannian metric of
Frp. Combining Lemma 4.2 and Remark 4.1, we obtain

COROLLARY 4.1. Fiz a positive constant T > ty, and let v be a spacelike geo-
desic with endpoints y, z. Ify is included in mg * ([T, 00)) (resp. in g ' ((—o0, —T1),
then the distance dr(mr(y), mr(z)) (resp. d—r(m_1(y), m7—7(z)) is dominated by
2(1+m)/c.

PROOF. Tt is sufficient to show the case where v C 7' ([T, 0)). By Re-
mark 4.1, we can extend the geodesic v until each of the endpoints of the geodesic
reaches Fr. We write this extension of v as 7. The symbol L(—) stands for the
length of a spacelike curve. We have

dr(mr(y), mr(2)) < L(zr (7)) < L (7).
Let [—Lo, L1] be the domain of 7 such that 7.0(0) = 0. According to Lemma 4.2,
each of L(mr(¥|(-L,,0))) and L(7r(¥|j0,z,))) is bounded above by (1 + 7)/c. O

4.2. Proof of Theorem 1.3. This subsection is devoted to the proof of The-
orem 1.3.
We denote by diam(—) the diameter of a metric space. First we note
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LEMMA 4.3. Let (X, d) be a connected compact metric space. For any family
k

{A}F_, of connected closed subsets of X such that X = U A;, we have
i=1

k
diam(X E diam(A

ProOF. Consider two points y, z € X such that d(y, z) = diam(X). Replacing
the indices properly, we may require A; to contain y. We have only to consider
the case where z belongs to some A; with i # 1. Rearranging As, ..., Ag in
an appropriate manner allows us to assume that z € A; for some [, and that
A; N A1 # 0 for any positive integer ¢ <1 — 1. Put w; = y and w;y1 = z, and
take w;11 € A;N A1 fori=1,2, ..., 1 —1. Then we obtain

! l
diam(X) = d(y, z) < Zd(wi, Wit1) Z iam(A
i=1

1am

H'Mw

O

We return to our manifold M1 ™. Recall that Fr is the spacelike submanifold
T ({t}) in M". Next we observe

LEMMA 4.4. For any positive numbers T and €, we can cover Fr by finitely
many compact subsets Vi, Va, ..., Vi, ¢ such that any p, ¢ € V; can be joined by

a spacelike geodesic contained in 5 (T — ¢, T + €)).

PROOF. Any z € Fr admits a compact convex neighborhood W, in mp (T -
€, T+e¢)) [23, Chapter 5, Proposition 7]). For any p, ¢ € V,, := FrNW,, the geodesic
from p to g in W, is spacelike: Indeed if +y is a non-spacelike geodesic, v° is a strictly
monotonic function, and this contradicts the fact that mr(p) = 7r(q). Compactness

n(T,€)
of Fr implies that there are x1, z2, ..., Ty(1, <) such that Fr = U Va,. This
i=1
completes the proof. O

Let us prove Theorem 1.3. We denote by Isom(M?!") the isometry group of
MY We write Isom™ (M ™) for the subgroup of Isom(M*'™) consisting of those
elements that preserve time-orientation. The Calabi—-Markus phenomenon emerges
if a certain compact set K meets the image of K under any ¢ € Isom(M*'™). Since
the index of Isom™ (M ™) in Isom(M™"™) is at most two, the last claim remains
valid even when Isom(M"") is replaced by Isom™ (M ™). Therefore it suffices to
prove the following lemma:

LEMMA 4.5. For some sufficiently large To > 0, the preimage K =
T ([~ Ty, Tp)) satisfies p(K) N K # O for any ¢ € Isom™ (M5 ™).

PrROOF. Take Ty > to arbitrarily, and € > 0 so that 71 — e > tg. As (H)y,.c
implies that diam(F7r) has an at least exponential growth with respect to T > tq,
we can find Tp > Ty such that diam(Frp,) > 2n(Ty, €) (1 + m)/c, where n(Ty, €) is
the constant appearing in Lemma 4.4.

Suppose by contradiction that

¢z ([~ T2, Tol)) Ny ([~ T2, T2]) = 0
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for some isometry ¢ € ITsom™ (M ™). We have ¢(Fr,) C 75 ' ((—00, —Ta]U[Ts, o0))
as Ty € (0, Ty). We consider only the case where ¢(Fp,) C 7z ([T2, 00)), for
the same argument applies to the remaining case as well. We should remark
that, for any timelike geodesic v : R — ML ™, A0 is surjective. It follows that
mr(¢~ L (mr, " ({p}))) = R for all p € Fr,, since w7, ' ({p}) is totally geodesic.
Hence we obtain 7, (¢(Fr,)) = Fr, as ¢ is an isometry.

On the other hand, we should notice that Fr, can be covered by finitely many
compact subsets Vi, Va, ..., V(1 ¢) such that any p, ¢ € V; can be joined by a
spacelike geodesic contained in 7y 1((T1 — ¢, Ty + ¢€)). For each i, compactness of
71, (¢(Vi)) guarantees the existence of y;, z; € V; with

diam(mr, (¢(V3))) = d, (71, (¢(y:)), 71, (6(20)))-
By the choice of €, we can find a spacelike geodesic ; from y; to z; in wﬂgl((to, 00)).
We note that v; is concave from the proof of Lemma 4.1. Then we see that
the image of ; is included in 75 ' ([T, 00)). Recall that ¢(Fr,) is included in
75 ([T, 00)). As ¢ preserves time-orientation, ¢(v;) is included in 7z ' (T, 00)).
Corollary 4.1 leads us to

diam(7r, (¢(V2))) = dr, (71, (6(y:)), 71, (4(21))) < 2(1 +7)/c.
Due to Lemma 4.3, we obtain

n(Ti,€)
diam | | ) 71, (¢(Vi)) | < 2n(Ty, €) (1+ 7)/c < diam(Fr,).
i=1
n(T1,€)
This contradicts the fact that Fp, = mp, (¢(Frp,)) = U 7y (P(V)). O
i=1

4.3. Proof of Proposition 4.1. Let M be a Lorentzian manifold and ~ :
[0, L] = M a smooth curve, where L is a positive number. A vector field X (s)
along ~y(s) is parallel if Vy,9,X(s) = 0. Given a vector v € T )M, there exists a
unique parallel vector field X (s) along v(s) with X (0) = v. A variation a: (—e, €)X
[0, L] = M of v(s) is a smooth map such that a(0, s) = ~(s) for any s € [0, L],
where € is a positive number. Then a variation vector field X : [0, L] — T M along
v(s) is given by X(s) = da(t, s)/0t|1=o. Assume that y(s) is a geodesic in M. A
vector field Y (s) along the geodesic v(s) is called a Jacobi field if Y (s) satisfies the
following differential equation:

VasosVojosY (s) + R(Y(s), 7(s))7(s) = 0.
Let a(t, s) be a variation of the geodesic y(s) such that for any fixed ¢t € (—e¢, €)
the curve a(t, s) is a geodesic with respect to s. Then the variation vector field
Y (s) = da(t, s)/0t|i=o along y(s) is a Jacobi field.

We prove Proposition 4.1. Let (M, h) be a Lorentzian manifold satisfying
the assumptions of Proposition 4.1. First we prove that (M, h) is realized as a
parametrized Lorentzian product (R x F, —dt?+ g;), where {g; }+cr is some smooth
family of Riemannian metrics of . Let m : NF — F be the normal bundle
over F'. By the timelike completeness, we can define the normal exponential map
expt : NF — M. The following lemma is probably known, but we do not have a
reference:

LEMMA 4.6. The map exp~ : NF — M is a diffeomorphism.
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PRrOOF. First, we show that exp' is a local diffeomorphism. This reduces to
proving that there exists no focal point of F. Let v : [0, 00) — M be a timelike
geodesic normal to F' with v(0) € F, and Y (s) a Jacobi field along v with Y'(0) €
Ty)N. As F' is totally geodesic, we may assume that Vj,5,Y (0) = 0. Then both
Y (s) and Vy,5,Y (s) are spacelike. Set a smooth function f(s) = h(Y(s), Y (s)).
We have

d*f(s) Y

gz = 2U(VosasY (s), VayasY (s)) = M(R(Y (s), 4(s))(s), Y(s))} = 0.
Since df(0)/ds = 0, f is a monotonically increasing function. If there is a positive
number sy such that f(sg) = 0, we see that f(s) = 0 for any s > 0 by using the
property of Jacobi fields.

Next we show that exp® is a bijection. For any point of M — F, it is suffices
to find a unique geodesic from the point perpendicular to F'. Since such a geodesic
exists due to Kim-Kim [14, Proposition 3.4], all that we have to do is to prove
the uniqueness. We may assume that exp®(vy) = exp®(vi), denoted by p, for
some future-directed vectors vy, v1 € NF. Let T, IEaStM be the set of past-directed
timelike tangent vectors of T,M. Put D(p) = {v € TP*'M | exp,(v) € F}. As F
is a Cauchy hypersurface, for any v € T, }lj’aStM , there is a unique positive number a
such that av € D(p). Since the exponential maps exp,, restricted to both T;’aStM
and its boundary are transverse regular on F', the set D(p) is a hypersurface in
Tg’aStM , whose boundary is the set of the lightlike vectors v € T, M satisfying that
exp,(v) € F. The curvature condition of M implies that the map exp, |T;ast W IS a
local diffeomorphism (see [23, Chapter 10, Corollary 20]). Recall that Ir(p) is the
set of the points in F' which a timelike geodesic joins to p. We see that the restricted
map exp,, [p(p) : D(p) — Ir(p) is proper by the condition (ii) of Proposition 4.1.
It follows that the map exp, |D(p) 15 & covering map. We can take a geodesic 7
connecting m(vg) and 7(vy) in Ir(p) by using the condition (i). Let 7 be a lifting
of 7. We set 7,(s) = exp,(s7(u)) for s € [0, 1]. We define by Vi, (s) = 9uyu(s)
the variation vector field V, along the geodesic 7,. Let V;(s) be the component
of V,,(s) perpendicular to v,(s). We should notice that Vg,5V,;"(s) is spacelike.
Here R stands for the curvature tensor of M. We have

L) T ) [ HRE G ). VE)

du?
- h(Vé)/aSVuL(S), vi)/asVuL(S)) ds.

Hence L~ (vy,) is concave. Since the ends of the domain are critical points of L™ (v,),
the function L~ (,) is a constant. We have vy = v as there exists no focal point
of F. (]

There exists the normal vector field n : F — NF with h(n(p), n(p)) = —1 as
M is time-orientable. Let ¢ be the map given by ¥ : R x F' 3 (¢, p) — tn(p) €
NF. According to Gauss’s lemma, we have (exptoy)*h = —dt®> + g; where t
is the parameter of R, and {g;}+cr is a smooth family of Riemannian metrics of
F. By abuse of notation, we write h and F instead of (exp® oy)*h and {0} x F,
respectively.

Recall that mr is the natural projection of R x F' onto R. Next we prove

LEMMA 4.7. For any spacelike geodesic y in mz * ((0, 00)) (resp. g ' ((—oc, 0))),
the second derivative v9(s) is negative (resp. positive).
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PROOF. Since 10(s) = —(8i9)yo(0)(Vr(s), Vr(s))/2 as in the proof of
Lemma 4.1, we investigate the partial derivative of g; with respect to ¢. Take
a point x € F and a non-zero tangent vector w € T, F arbitrarily. Let v* be the
curve defined by ¥*(s) = (s, z) € Rx F for s € R. Then 4 is a geodesic in
(R x F, h). Put Y, (s) = 9,7 (8)|u=0, where o is a curve a : (—¢, €) — F such
that «(0) = z, and that &(0) = w. We see that Y, is a Jacobi field along the
geodesic ¥* such that h(Yy,(s), Yu(s)) = gs(w, w) and that Vj,5,Y,(s) is space-
like. We have 02h(Y,(s), Yi(s)) > d*h(Yew(s), Y (s)) by the curvature condition,
where d is the constant appearing in Proposition 4.1. Since F' is totally geodesic,
h(Y(0), Va,5:Yw(0)) = 0. We obtain

(1) 0)519s(w, w) _ O)s|h(Yu(5), Yu(s))
gs(w, w) h(Yu(s), Yu(s))
The lemma is proved. ([l

> |d tanh(d s)].

REMARK 4.2. The inequality (11) indicates that {g:}:cr satisfies (H)g, ..
Therefore we can apply Theorem 1.3 and Proposition 4.1 follows.

From now on, we give another simple proof of Proposition 4.1 without Theo-
rem 1.3. Take any isometry ¢ of M and T > 0. Suppose that ¢(F)NKr = ), where
Ky = 75" ([-T, T]). Tt suffices to consider the case where ¢(F) C 75 (T, o0)).
For any p € ¢(F), let {e;(p)}7—; be an orthonormal basis of T,¢(F). As ¢(F) is
totally geodesic, we have

(12) /¢ - Ayr)(mr|o(r) (P)) dp = /¢ - ;(Hessm)(ei(p), ei(p)) dp,

where Hess g is the Hessian of g on (R x F, h), and Ayp) is the Laplacian on
¢(F). By Lemma 4.7 the right-hand side of the equality (12) is negative. The
divergence theorem implies that the left side of the equality (12) is zero. This is a
contradiction. Hence for any isometry ¢ of M we have ¢(F) N K # (. The proof
of Proposition 4.1 is complete.

4.4. Construction of an inhomogeneous example. We present an inho-
mogeneous example by modifying the Lorentzian metric of the de Sitter space. Let
n be a positive integer. We denote by @ the hypersurface {(zg, 21, -+, Znt1) €
R™2| — 22+ 22 + .-+ 22, = 1}. The de Sitter space S}*" is the hypersurface Q
with the metric induced from the Minkowski space R = (R"*2, B,), where B;
is the bilinear form defined in Section 2. Take a basis ny, no, €1, €g, - -+, €, of the
Minkowski space such that Bi(ni, n1) = 0, Bi(ng, ng) =0, Bi(ny, ny) = —2, and
that {e;}™; is an orthonormal basis of the vector subspace {x € R""2|By(x, n;) =
Bi(x, ny) = 0}. We denote by Q the open set {z € S'|B;(z, ny) > 0} of Q.
Then the map y : R"*! — Q7 is given by

et —e~t(v2 4 -+ 4 12 ot &
X(ta U1, 7vn): ( 2 n)nl_T’nQ‘f’e thiei.
i=1
We see that x is a diffeomorphism, and that x* (gS;H—l lo+)(t, v1, -+, v,) = —dt? +

e 2 (dvi + -+ + dv?), where Gspt 1 the Lorentzian metric of the de Sitter space.

Let n : R — [0, 1] be a smooth function such that n(¢t) = 0if t > —2 , and that
n(t) = 1if t < —3. For any positive number €, we write X for the Lorentzian
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manifold (Q*, (x~1)* (e~ ") (—=dt? + e~ (dv? 4 - -- + dv?)))). The metric of X
is denoted by gy+. The Lorentzian metric g on @ is given by g(p) = Ix+ (p) if
p € QT, and by g(p) = gS,f,H(p) if pe Q — Q. Then g is a smooth Lorentzian
metric of Q. Hence X, stands for the Lorentzian manifold (Q, g).

If € > 0 is sufficiently small, the sectional curvature of X, is bounded from below
by a positive constant since the de Sitter space has positive constant curvature.
X.— X has constant curvature, but X not. It follows that X, is inhomogeneous.

From what follows, we check that X, satisfies the assumptions of Proposi-
tion 4.1. We should remark that the metric of X, is conformally equivalent to the
one of the de Sitter space. If a curve in X, is timelike, so is it in the de Sitter space.
Therefore the Cauchy hypersurfaces in the de Sitter space are the ones in X.. It
follows that X, is globally hyperbolic. For any § > 0, we define the submanifold
Ss = {(w0, z1, ++ , Tny1) € Qllzo| < 0} in X.. If § < (e2 —e72)/2, S5 is repre-
sented as a warped product (sinh ™ ((=4, §)) x S*, —dt? 4 cosh?(t)gs» ) in X, where
gsn is the standard metric of the n-dimensional sphere S™. Then it is easy to check
that {0} x S" is totally geodesic. We see that I;oyxs»(p) satisfies the conditions (i)
and (ii) of Proposition 4.1 for any p € X, — ({0} x S").

We denote by Lor(M) the set of all Lorentzian metrics on M. We can define
the C! topology on Lor(M) (see for instance [3, Section 3.2]).

THEOREM 4.1 (Beem—Ehrich [2, Corollary 3.8]). Let (M, g) be a globally hy-
perbolic time-oriented Lorentzian manifold. If (M, g) is non-spacelike geodesically
complete, there exists a C' neighborhood U(g) of g in Lor(M) such that each
g1 € U(g) is non-spacelike complete.

From Theorem 4.1, X, is non-spacelike geodesically complete if € is sufficiently
small. By using Proposition 4.1, the Calabi-Markus phenomenon occurs in X..
Finally we note that the isometry group of X, is not compact. For any v € R

and any i = 1, 2, -+ , n, the linear transformation ¢!, of R?H is defined by
¢z(n1) = ni;
#,(ng) = ng + 2ue; +ung;
ol (e5) = e; + uny;
Pulej) =e; if j#i.

We have ¢! (Q) = Q for any u € R. Since

1 ;
X O¢ZOX(t7 Vo, V1, ", U’rl) = (t7 V1, "oy Vi—1, Uy — Uy Vi1, ", Un)y

the action restricted to X, of ¢!, is isometric. Therefore {¢! },cr is a one-parameter
non-compact subgroup in the isometry group of X, for any 1.

5. Globally hyperbolic manifolds under some Ricci curvature condition

In this section, we will prove the finiteness of the fundamental group on a cer-
tain class of globally hyperbolic Lorentzian manifolds. Let (M, g) be a Lorentzian
manifold. For any point p € M, we take a tangent vector u of T, M. The curvature
operator R, : T,M — T,M is defined by R,(X) = R(X, w)u for X € T,M. The
Ricci tensor Ric(u, u) is the trace of the operator R,. For any p € M, we denote
by T, M the set of timelike tangent vectors in T, M. Put T~ M = |_|p€M T,y M. Ifa

Lorentzian manifold (M, g) is time-oriented, 7'~ M has two connected components.
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We call one connected component of T~ M the future, and the other connected
component the past. A smooth curve in M is said to be future-directed timelike
(resp. past-directed timelike) if the velocity of the curve is timelike, and belongs to
the future (resp. the past). A Lorentzian manifold (M, g) is lightlike geodesically
complete if any inextendible lightlike geodesic is defined on the real line. We prove
the following theorem in this section:

THEOREM 1.5. Let (M, g) be a lightlike geodesically complete globally hyperbolic
Lorentzian manifold of dimensionn > 2. Assume that there exist a positive constant
Q, a point p € M, and a timelike tangent vector T' € T, M satisfying that, for any
v € L,(T) and any s € R, the Ricci tensor Ric(dexp(sv)/ds, dexp(sv)/ds) has a
positive lower bound (n —2)Q?. Then a Cauchy hypersurface of M is compact, and
its fundamental group is finite.

Let us introduce the outline of our proof of Theorem 1.5. First we apply the
argument of the proof of Penrose’s singularity theorem. Namely we show that a
Cauchy hypersurface is compact by using the causal theory and the theory of Jacobi
fields. Next we consider the universal covering space M. Since M also satisfies the
assumptions of Theorfeim 1.5, its Cauchy hypersurfaces are compact. Note that the
action of m1(M) on M never destroys the causal relation of M. This leads us to
the finiteness of the fundamental group m (M).

5.1. Preliminaries. In this subsection, we recall some results to prove The-
orem 1.5. The results and their proofs of this subsection are found in O’Neil [23],
Galloway [10], or Harris [12]. We write their proofs in more detail than the above
references. In what follows, (M, g) stands for a time-oriented Lorentzian manifold
of dimension n > 2. For a smooth function f(s), we denote by f’(s) and by f”(s)
the first derivative df(s)/ds and the second derivative d? f(s)/ds?, respectively.

Here we recall the fundamental notions on Lorentzian geometry. For p, ¢ € M,
we write p < ¢ (resp. p < q) if there exists a piecewise smooth future-directed
timelike (resp. causal) curve from p to ¢. The notation p < ¢ means that p = ¢
or p < q. For p € M, the chronological future It (p), the chronological past I~ (p),
the causal future J*(p), and the causal past J~(p) are defined by I't(p) = {q €
Mlp < g}, I"(p) = {g € Mlg < p}, J'(p) = {g € M|p < q}, and J~(p) =
{q € M |q < p}. The chronological future I (S) and the causal future J*(S) of a
subset S C M are defined by I7(S) = U,ecs I (p) and by J*(S) = U,c5 /7 (D).
The chronological past I7(S) and the causal past J~(S) of S are defined as well.
Note that IT(S) is an open subset. A subset S is a future set (vesp. past set) if
IT(S) =S (resp. I~ (S)=15).

As an example, let R} be an n-dimensional Minkowski space (R”, —dx? +dz3 +
dx3 + -+ -+ dz?). Then the chronological future I (o) of the origin o is the future-
directed timelike cone {v = (v1, v, -+, v,) € R*|—v?+03 403+ +v2 <0, v1 >
0}, and the causal future J*(0) of the origin o is equal to the closure of I (0). In
general, the causal set of a subset S is included in the closure of the chronological
set of S. Moreover, under the assumption of globally hyperbolicity, the following
proposition holds:

PRrROPOSITION 5.1 (O’Neil [23, p.412], Galloway [10, Proposition 2.6]). Let
M be a globally hyperbolic Lorentzian manifold. Then J*(p) (resp. J~(p)) is the
closure of I'T(p) (resp. I~ (p)) for any point p € M.

22



Therefore, if M is globally hyperbolic, we have 87 (p) = JT(p) — I'T(p) and
oI~ (p) = J~ (p) — I~ (p) for any point p € M.

A subset A C M is achronal if p &« ¢ for any p, ¢ € A. For example a Cauchy
hypersurface is achronal. Note that an open subset U in a time-oriented Lorentzian
manifold M has time-orientation induced by M. For any subset A of U, we denote
by IT(A, U) (resp. I7(A, U)) the chronological future (resp. past) of A in U. A
point p of the closure of A is an edge point of A if for any open neighborhood U of
p, there exists a timelike curve v C U from one point of I~ (p, U) to another point
of I (p, U) such that y N A = (). The following proposition gives an answer to the
question of when an achronal set is a topological hypersurface:

PROPOSITION 5.2 (O’Neil [23, Chapter 14, Proposition 25]). Let a subset A in
M be achronal. Then A is a topological hypersurface if and only if A and the set
of the edge points of A do not intersect.

PROOF. Assume that A is a topological hypersurface. Take any point p of
A. Then there exists a connected open neighborhood U of p € A such that the
coordinate map ¢ : U — R™ satisfies that ¢(A N U) is included in a hyperplane,
and that U — A has two connected components. Since A is achronal, we see that
IT(p,U)NA =0, and that I~ (p, U) N A = (. Take a causal curve v from an
element of I (p, U) to another element of I~ (p, U). Then v meets A. Hence p is
not an edge of A.

Assume that A and the set of the edge points of A do not intersect. Take
any point p € A. Then there exists an open neighborhood U of p such that
the coordinate map ¢ : U — R™, and that 0/0x; is timelike, where we set
¢ = (w1, T2, -+, T,). There exist positive numbers a, b, §, a ball N in R*~1,
and a small neighborhood V' C U satisfying the following conditions:

(1) ¢(V)=(a—0,b+6) x NCR xR
(2) the slice zg =a in Visin I~ (p, U);
(3) the slice zp =bin V is in It (p, U).

Take any point y € N. The curve ¢, : [a, b] — M is given by ¢, (s) = ¢~ 1(s, y).
Since p is not an edge point of A, the curve ¢, and the subset A meet. The
achronality of A implies that the intersection of ¢, and A is a single point. We
denote the point by (h(y), y), where h is a function on N into (a, b).

It is sufficient to prove that h : N — (a, b) is continuous. To obtain a con-
tradiction, we suppose that there exists a sequence {yx}3>, in N converging to
y € N such that h(yr) does not tend to h(y). As [a, b] is compact, there exists
the subsequence {y, }52, such that h(yy,) approaches to a point r # h(y). Put
q = cy(h(y)) € A. Then ¢y(r) € I (q, U)UI (g, U). From the definition of A, it
follows that ¢y, (h(yk,)) is included in A. Since ¢y, (h(ys,)) converges to c,(r), we
see that ¢, (h(yx,)) is included in I (g, U)UI™ (g, U) for sufficiently large i. This
contradicts the achronality of A. O

Then the following corollary holds:

COROLLARY 5.1 (O’Neil [23, Chapter 14, Corollary 27], Galloway [10, Propo-
sition 2.20]). Fach boundary of the future set and the past set is a closed achronal
topological hypersurface.

PROOF. We give the proof for the case of a future set since the same proof
works in the case of a past set as well. We denote by F' a future set. First we prove
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that OF is achronal. Take any point p of the boundary 0F. Let ¢ be any point
of the chronological future I (p). As I~ (q) is a neighborhood of p, there exists a
point 7 € FNI~(g). Since F is a future set and r < ¢, we see that ¢ € F. Hence
I*(p) C F. Moreover the same argument implies that I~ (p) C M — F, where F is
the closure of F. Then it is clear that IT(0F) C F, and that [~ (0F) C M — F. It
follows that F'is achronal. Next we show that OF is edgeless. Assume that there
exists an edge point p of OF. As p € OF, by the above argument, we know that
It(p) C F, and that I~ (p) C M — F. Then there exists no timelike curve from
a point of F to a point of M — F without meeting the boundary OF. This is a
contradiction. Hence the corollary follows from Proposition 5.2. (I

Let S be a Cauchy hypersurface in a Lorentzian manifold M. We will check
that a Cauchy hypersurface S is a topological hypersurface. Since S is a Cauchy
hypersurface, M is the disjoint union of the open sets I (S), I~ (S), and the Cauchy
hypersurface S. Hence each boundary of I7(S) and I~ (S) are S. Corollary 5.1
implies that S is a topological hypersurface.

We investigate I (p) = J*(p) — I (p) for a point p € M. We call a curve a
pre-geodesic if the curve admits a reparametrization as a geodesic. For simplicity
of notation, (—, —) stands for a metric g(—, —). The following lemma is useful to
obtain a timelike curve:

LEMMA 5.1 (O’Neil [23, Chapter 10, Lemma 45]). Take a causal curve v(s)
in M and a vector field V(s) along the curve y(s). Let a(t, s) be the variation
of v(s) with the variation vector field V(s). Assume that (Vy9sV (s), ¥(s)) is
negative. Then for any s and any small positive number t, the velocity da(t, s)/0s
is timelike.

ProoF. Let O(—) be the Landau symbol. Then for any small ¢ > 0, by using
Taylor’s theorem, we have

<§Sa(t, 5), %a(t, s)> - <§8a(o, 5), %a(o, s)>
+ t%‘t:o <§Sa(t, 5), %a(t, s)> +O®?)

= (¥(5), 7(5)) + 2t (VosaV (5), ¥(s)) + O(#?).
We see that (Oa(t, s)/0s, Oa(t, s)/ds) < 0 for sufficiently small ¢ > 0 since
(3(s), 4(s)) < 0 and (Vaa,V (s), ¥(s)) < 0. O

We prove the following proposition:

PrROPOSITION 5.3 (O’Neil [23, Chapter 10, Proposition 46]). Let (M, g) be a
Lorentzian manifold. Take a causal curve vy from a point p to another point q which
is mot a lightlike pre-geodesic. Then there exists a timelike curve from p to q.

PRrROOF. Take a causal curve v : [0, 1] = M. We will deform the curve ~(s) to
a timelike curve with the endpoints fixed. First, we consider two cases.

Case 1: Assume that 4(0) or 4(1) is timelike. Here we treat only the case /(1)
is timelike. This is because the other case can be proved similarly. The vector field
W (s) along the curve v(s) is defined by the parallel translation of 4(1) along the
curve (s). Then we should remark that W (s) and 4(s) are in the same causal cone
in the tangent space at y(s). Since (1) is timelike, there exists § > 0 such that
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(A(s), ¥(s)) < —4d on the closed interval [1 — §, 1]. Take a smooth function f(s)
on [0, 1] satisfying that f(0) = f(1) = 0, and that the derivative f’(s) is positive
on [0, 1 — §]. We define a vector field V(s) by V(s) = f(s)W(s). Let a(t, s) be a
variation of y(s) with the variation vector field V'(s). We note that for fixed ¢, the
curve «a(t, s) connects (0) to y(1).

Take any number s in the interval [0, 1 — ¢]. As W(s) and 4(s) have the
same causal direction, (W(s), ¥(s)) is negative. Since f’(s) is positive, we have
(VosasV(s), 4(s)) = f'(s)(W(s), 4(s)) < 0. Therefore for sufficiently small ¢ > 0,
by Taylor’s theorem, there exists a positive number C such that

<ia@g7ia@@>g<wwvw»—0t

Therefore for smaller ¢ > 0, we see that <%o¢(t, s), %a(t, s)) is negative.
Take any number s in the interval [1 — §, 1]. Then we have

((s), ¥(s)) < —0.
Here we see that (Vy/a:V (s), ¥(s)) = f'(s)(W(s), ¥(s)) is bounded above by a
constant. Therefore, by Taylor’s theorem, for sufficiently small ¢ > 0, there exists
a constant D such that

0 0
— — < — .
<8Sa(t, s), agoz(t, s)> < -0+ Dt

For smaller ¢ > 0, it follows that <%O&(t, ), %a(t, s)> is negative. The proof of
Case 1 is complete.

Case 2: Assume that y(s) is a smooth lightlike curve. Since 4(s) is lightlike,
(Vasas¥(s), ¥(s)) = 0. Moreover it follows that (Vs 9s7(s), Vo asi(s)) > 0. We
note that Vy/949(s) is not always lightlike unless v(s) is a pre-geodesic.

It is sufficient to prove that there exists a vector field V'(s) along the curve y(s)
such that (Vg,95V (s), ¥(s)) < 0. Let W (s) be a parallel timelike vector field along
the curve v(s). Put V(s) = f(s)W(s) + g(5)Va as7(s), where f(s) and g(s) are
the functions defined later. Then we have

(VayasV(s), ¥(s)) =(f(s)W(s) + g'(5)Vasas7(s) + 9(s)VojasVasasi(s), ¥(s))
=f"(s)(W(s), ¥(s)) + g'(s)(Voya57(s), ¥(s))
+9(5){Vas0sVasasi(s), ¥(s))
=f"(s)(W(5), ¥(s)) — 9(s){Vos057(s), Vojas7(s))-
Here the function h(s) is given by

h(s) = (Vosas7(5), Vosasi(s))

(W(s), ¥(s))

Note that h(s) is not identically zero. Then we can define a smooth function g(s)
satisfying that

/ g(s)h(s)ds = —1.
0

Moreover the function f(s) is given by

f@zébwww+mm
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Then it follows that
» Sh(s) = 9(){(Va,as7(5), Vasasi(s))
J) = gt (W(s). 4}

Therefore we obtain (V,5,V (s), 7(s)) < 0. Applying Lemma 5.1, we complete the
proof of Case 2.

We consider the remaining cases. Assume that there exists s € (0, 1) such
that 4(sp) is timelike. We apply the argument of Case 1 on [0, so] and [sg, 1] to
this case. Then we obtain a desired piecewise timelike curve.

Assume that y(s) is a piecewise lightlike curve. Using the proof of Case 2, we
are reduced to the case where v(s) is a piecewise lightlike geodesic. Suppose that
there exists only one break point s € (0, 1) of the geodesic v(s). The tangent
vector AY(sp) at y(sp) is given by

A (so) = 811\11307(8) Sh/rgov(S)-
We define the vector field W (s) along the curve 7(s) by the parallel translation of
A4(sg) along the curve y(s). Take any point s € [0, sg). We have

(W(s), 4(s)) = (A (s0), lim 4(s))
= (Hm (s), lim 5(s))
<0.

Let s be in (sg, 1]. Then we similarly see that

(W(s). 5(s)) = ~(lim §(s), lim 5(s)) > 0.
$\ySo s,'so
We define a piecewise smooth function f(s) with the break point sy by imposing
that f(0) = f(1) =0, f'(s) > 0on s € [0, sg), and f'(s) <0on s € (s, 1]. Put
V(s) = f(s)W(s). Then we have (Vjy,5,V (s), ¥(s)) < 0 for any s € [0, 1] — {so}.
From Lemma 5.1, we can join v(0) to (1) by a piecewise timelike curve. Hence
the proof of this case follows from Case 1. Moreover, by induction, we can give a
proof for the case with many break points. We have proved Proposition 5.3. O

Next we investigate the case where the curve v(s) is a geodesic with a conjugate
point.

PROPOSITION 5.4 (O’Neil [23, Chapter 10, Proposition 48]). Let v : [0, L] —
M be a lightlike geodesic from p to q. Assume that there exists a conjugate point
of p along the geodesic v(s) strictly before q. Then, for any neighborhood U of
([0, L]), there exists a timelike curve from p to q included in U.

PRrOOF. There exists r € (0, L) such that (r) is the first conjugate point of
7(0). We will show that [(, 4] is deformed to a timelike curve with the endpoints
fixed for some ¢ > 0.

Let J(s) be a non-zero Jacobi field along the geodesic (s) with J(0) = J(r) =
0. Then there exist a vector field Y(s) on v(s) and a positive number § > 0 such that
J(s) = s(r —s)Y(s), and that Y'(s) # 0 for any s € [0, r + §]. The spacelike vector
field U(s) along the geodesic v(s) is defined by U(s) = Y (s)/+/(Y (s), Y(s)). Put
f(s) =s(r —s)y/(Y(s), Y(s)). Then it follows that J(s) = f(s)U(s) on [0, r + ¢].

26



For a smooth function g(s) to be defined later, we set
Vi(s) = (f(s) +9(s)U(s) = J(s) + g(s)U(s),
for s € [0, r + ¢]. Then we have
VasasVasasV(s) — R(V(s), ¥(s))¥(s)
= Va,0sVosas(9(s)U(s)) — g(s)R(U(s), 7(s))7(s)
= 9" (s)U(s) +29'(5)VasasU(s) + 9(s)(VosasVasasU(s) — R(U(s), ¥(s))¥(s))-

Since U(s) is a unit spacelike vector field, we have

(Vos05VoyasV (s) = R(V(s), ¥(s)3(s), V()) = (9(s) + f(5))(9" (s) + g(s)h(s)),
where h(s) = (Vg/9sVa asU(s)—R(U(s), ¥(s))¥(s), U(s)). As [0, r+0] is compact,
there exists a > 0 such that the continuous function h(s) on [0, r + d] is bounded
from below by —a?. Here we set g(s) = b(e® — 1), where b > 0 satisfies that
b(e¥"+9) —1) = — f(r+0). Then we have g”(s)+g(s)h(s) = g(s)(a*+h(s))+a?b > 0.
Furthermore (f(s) + g(s)) is positive on (0, ], and f(r +J) + g(r + ) = 0. Taking
r + 0 as the first solution after r of the equation f(s) + g(s) = 0, we can obtain
f(s)+g(s) > 0for s € (0, r+3d). We have proved that the vector field V'(s) satisfies
the following conditions:

e V(s) vanishes at 0 and r + ¢;
o (V(s), 4(s)) =0 for any s;
* (VojasVayasV(s) = R(V(s), ¥(s))¥(s), V(s)) > 0 for any s € (0, r 4 9).
Let N(s) be a parallel lightlike vector field on the geodesic (s) such that
(N(s), ¥(s)) = —1. We can construct a variation «(¢, s) such that

dalt, s)/0t|1=0 = V(s), Va/atﬁa(t, 8)/0t|i=0 = <Va/asV(s), V(s))N(s).
The function e(t, s) is defined by

ot 5) = <8a(t, s) dalt, 5)> |

ds = Os
Then we have
1 de(t, s)

20 oo = (V) Vorasd() + 2V (), 4(6))
%% o —(Va,0sVa,0:V(s) — R(V(s), ¥(s))7(s), V(s))

. d
+(VosasVaordalt, s)/Otli—o,7(s)) + —-(VasasV(s), V(s))-
As (V(s), 4(s)) = 0, we see that de(t, s)/0t|t=o = 0. We have

(VajasVasar0a(t, s)/0t]i=o, ¥(s)) = (N(s), ¥(s)) %(Va/asV(s), V(s))

= (oo (s), Vis)).

Therefore we obtain 2e(t, s)/dt*|1—o < 0. For small fixed t, the curve af(t, s) is
timelike, and connects ¥(0) to v(r + §). Since the the resulting curve a(t, s) is a
causal curve with a break point, we apply Proposition 5.3 to the curve. The proof
of Proposition 5.4 is complete. O

Now Proposition 5.3 and Proposition 5.4 give the following result:
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THEOREM 5.1 (O’Neil [23, Chapter 10, Theorem 51)). Ifp < ¢ and p ¥ gq,
then there exists a lightlike geodesic from p to q with no conjugate point of p strictly
before q.

We consider conjugate points along a lightlike geodesic. The index form I is
given by

I(X, Y)Z/O (VojosX(s), VosasY (s)) — (R(X(s), (s))¥(s), Y (s))ds,

for any vector field X (s), Y(s) along a geodesic v : [0, L] — M. The following
lemma holds:

LEMMA 5.2 (Harris [12, Null Index Lemma 2.2]). Assume that a lightlike geo-
desicy : [0, L] — M has no conjugate point to v(0). Take a smooth vector field V (s)
along the geodesic y(s) with (V(s), Y(s)) = 0. Let J(s) be a Jacobi field along the
geodesic y(8) satisfying that J(0) = 0, that J(L) = V (L), and that {J(s), ¥(s)) =0
for s > 0. Then I(V, V) > I(J, J). Moreover if the equality holds, V(s) — J(s) is
parallel to 4(s) or 0.

PRrROOF. Denote by F the space of Jacobi fields J(s) such that J(0) = 0, and
that (J(s), ¥(s)) = 0 for s > 0. Note that the Jacobi field s¥(s) belongs to E since
#(s) is lightlike. Let {J;(s)}!=}' be the basis of E such that J;(s) = s¥(s), where
n is the dimension of M. As there exists no conjugate point of v(0), we see that
{Ji(s)}=}! is linearly independent except at s = 0. Therefore there exist some
smooth functions fi(s), f2(s), -, fn—1(s) such that V(s) = E?:_ll fi(8)Ji(s).
Note that J(s) = Z?:_ll fi(L)J;(s). Then the following formula holds:

L
I(V,V)=1I(J, J)+ /0 (A(s), A(s))ds,

where A(s) = E?;ll 11(s)Ji(s). For the proof of this formula, we refer the reader to
Cheeger—Ebin [8, p. 25]. We should remark that A(s) is lightlike or spacelike since
(A(s), ¥(s)) = 0 If the equality holds, A(s) is lightlike or 0. If A(s) is lightlike,
fl(s) =0 for ¢ > 2. Hence V(s) — J(s) is parallel to (s). If A(s) = 0, the equation
V(s) = J(s) holds. O

The following theorem holds under the curvature condition:

THEOREM 5.2 (Harris [12, Proposition 2.6]). Let v : [0, L] = M be a lightlike
geodesic. Assume that Ric(y(s), ¥(s)) is bounded from below by a positive constant
(n —2)Q?%. Then ~ has a conjugate point if L > 7/Q.

PROOF. Suppose that L > 7/@Q, and that there exists no conjugate point along
v(s). Let W be the subspace of the tangent space at v(0) such that (w, ¥(0)) =0
for any w € W. We should remark that 4(0) € W since %(0) is lightlike. Take
an orthogonal basis {e; ,::11 of W such that e; = 4(0). We construct the orthog-
onal frame {F;(s)}!'-}' by the parallel transporting the tangent vector e; along
the geodesic v(s). We define a vector field V;(s) along the geodesic v(s) by
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Vi(s) = sin(ns/L)E;(s). We have

L
IV Vi) = — / (Voy0:Vos0sVi(s) + RVi(s), 4())3(s), Vis))ds

L
:/0 sin®(ms/L)((w/L)* = (R(Ei(s), 7())3(s), Ei(s)))ds.

Therefore we obtain
n—1 L
> IV Vi) = / sin®(s/L)((n — 2) (/L) — Ric(3(s), 4(s)))ds

L
< (n—2){(x/L)? Q?}/O sin?(rs/L)ds
<.

Then there exists an integer ¢ such that I(V;, V;) < 0.

Suppose that there exists no conjugate point of v(0) along the geodesic (s).
By using Lemma 5.2, we see that I(V;, V;) > 0. Hence I(V;, V;) = 0. It follows that
Vi(s) is 0 or parallel to 4(s). However this is a contradiction by the construction of
Vi(s). Therefore there exists a conjugate point of v(0). O

5.2. Proof of Theorem 1.5. In this subsection, we prove Theorem 1.5. Re-
call that L,(T') is the set of lightlike tangent vectors v of T,M with (v, T) = —1.
Since M is lightlike geodesically complete, for any point ¢ € I (p) there exists
a geodesic ray 7, with the initial velocity v € L,(T) from p through ¢ by Theo-
rem 5.1. We have a positive constant @ such that Ric(v,(s), 7,(s)) > (n — 2)Q?
for any v € Ly(T) and any s > 0. By Theorem 5.2, the length of the parameter
of a geodesic segment =, from p to ¢ is less than or equal to 7/Q. It follows that
OIT(p) is bounded. Hence &I (p) is compact. By the same argument, 91~ (p) is
also compact.

Let us prove that Cauchy hypersurfaces are compact. The following theorem
is known:

THEOREM 5.3 (Brouwer invariance of domain theorem, cf. Vick [25, Theo-
rem 1.31]). Let M and N be topological manifolds with the same dimension. Any
injective and continuous map f: M — N is an open map.

We have a natural projection onto a Cauchy hypersurface as follows:

THEOREM 5.4 (O’Neil [23, Chapter 14, Proposition 31]). Let S be a Cauchy
hypersurface in M, and X a timelike vector field on M. For anyp € M, a mazimal
integral curve of X through p meets S at a unique point p(p). Then p: M — S is
a continuous open map onto S.

PROOF OF THEOREM 5.4. We present a proof given in O’Neil [23]. Let 9 (¢, p)
be the flow of the vector field X such that the initial point ¥ (0, p) = p belongs to
S. We denote by D(S) the maximal domain of the flow (¢, p) in R x S. Then we
note that v is a continuous map on D(S).

We will prove that ¢ is injective. Suppose that 1 (to, po) = 9 (t1, p1) for some
to, t1 € R, and pg, p1 € S. Then we have pg = ¥ (t1 —to, p1). By the achronality, it
follows that tg = t1, and that pg = p;. As S is a Cauchy hypersurface, we see that
1) is surjective. Since 9 is a continuous bijective map between the same dimensional
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topological manifolds, the Brouwer invariance of domain theorem implies that v is
a homeomorphism. Define the natural projection 7g : R x S — S by wg(t, p) = p.
Then we set the map p = rgot¢~!: M — S. We check that p is a continuous open
map onto S. O

Take any Cauchy hypersurface S. We consider the map p|s;+(,) restricted to
AI*(p). Then p|s I+(p) Is injective by the achronality of 91" (p). Moreover we note
that OI™(p) and S are topological hypersurfaces. By the Brouwer invariance of
domain theorem, we see that the image p(0I"(p)) is an open subset in S. The
compactness of OI"(p) implies that the image p(OI*(p)) is closed. Since S are
connected, p(0I*(p)) = S. Therefore the Cauchy hypersurface S is compact.

We will show that the fundamental group is ﬁnite.NLet M be the universal
covering space of M with the pull-back metric, and 7 : M — M the the universal
covering map. Then M satisfies the assumptions of Theorem 1.5. Take a point
p € M with 7(p) = p. It follows that OI*(p), I~ (p), and Cauchy hypersurfaces of
M are compact. Put K = M — (I*(p) UI~(p)). We should remark that the action
of the fundamental group (M) on M as deck transformations is to satisfy that
v & x for any point z € M and any v € w1 (M). This is because there is no closed
timelike curve in M. Therefore vp € K for any v € w1 (M). It is enough to prove
that K is compact since the action of the fundamental group m (M) is properly
discontinuous. A timelike vector field gives the flow ¢ on the maximal domain D(S)
including S as in the proof of Theorem 5.4. The functions hy, h_ : S — R are
defined by hy = R0t~ o (plor+ ()t and by h_ = mrotp~ o (plor-(5) ", where
7 is the natural projection of R x S onto R. Then Ay and h_ are continuous and
satisfy that v =1(0I"(p)) = {(h4(x), ¥) € R x S|z € S}, and that =201 (p)) =
{(h_(z),x) € R x S|z € S}. It follows that " (K) = {(t,z) € R x S|z €
S, h_(x) <t < hy(z)}. Therefore K is compact. Hence the fundamental group
71 (M) is finite. The proof of Theorem 1.5 is complete.

6. Conclusions

Our results are partial solutions to Problem 2 on three cases: pseudo-
Riemannian warped products, parametrized Lorentzian products, and globally hy-
perbolic Lorentzian manifolds. Moreover we have obtained generalizations of the
result of Calabi-Markus [7] by the technique of differential geometry. We pose
questions toward further researches.

We show that the Calabi-Markus phenomenon occurs in an inhomogeneous
Lorentzian manifold with the non-compact isometry group. The first question is as
follows:

QUESTION 6.1. Can we get a non-trivial inhomogeneous pseudo-Riemannian
manifold of index q > 1 where the Calabi—-Markus occurs?

To solve Question 6.1, we need to extend the result of pseudo-Riemannian
warped products.

In the fifth section, we treat the case of globally hyperbolic Lorentzian man-
ifolds. Our result however is not applied to the de Sitter space. Therefore the
following question naturally arises:

QUESTION 6.2. Can we generalize Theorem 1.5 to a certain class of globally
hyperbolic Lorentzian manifolds including the de Sitter space?
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