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Abstract

On the basis of A.L.Carey, D.Crowley, M.K.Murray’s work, we
exhibit a cocycle in the simplicial de Rham complex which represents
the Dixmier-Douady class. We exhibit also the “Chern-Simons form”
of the Dixmier-Douady class. After that, we explain that this cocycle
coincides with a kind of transgression of the second Chern class when
we consider a central extension of the loop group and a connection
due to J.Mickelsson and J-L.Brylinski, D.McLaughlin.
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1 Introduction

In [7], Carey, Crowley, Murray proved that when a Lie group G' admits a
central U(1)-extension 1 — U(1) — G — G — 1, there exists a characteristic
class of principal G-bundle ¢ : Y — M which belongs to a cohomology
group H3(M,U(1)) & H3(M,Z). Here U(1) stands for a sheaf of continuous

U(1)-valued functions on M. This class is called the Dixmier-Douady class

associated to the central U(1)-extension G — G.

On the other hand, for any Lie group G there is a topological space BG
called the classifying space such that the characteristic classes of principal
G-bundles are in one-to-one correspondence with the cohomology classes in
H*(BG). In general BG is a very huge space so we can not use the usual
de Rham theory on it. In order to describe the cocycle of H*(BG), we will
use the following simplicial de Rham complex theory due to Segal [28], Bott,
Shulman, Stasheff [3] and Dupont [10].

For any Lie group G, we have a simplicial manifold {NG(x)}. It is a
sequence of manifolds {NG(p) = GP},—01,.. together with face maps ¢; :
NG(p) — NG(p —1) for i = 0,--- ,p satisfying the relations €,6; = ¢;_1¢;
for i < j (The standard definition also involves degeneracy maps but we
do not need them here). Then the n-th cohomology group of the classify-
ing space BG is isomorphic to the total cohomology of the double complex
{QUNG(D))}ptqen- See [3] [10] [20] for details.

There is also a simplicial manifold {PG(x)} for G which plays the role
of the total space EG of the universal bundle. Since H*(EG) is trivial if
we pull-back any cocycle on Q*(NG) to Q*(PG), it becomes a exact form so
there exist a cochain on Q*~!(P@G) such that its coboudary coincides to the
pull-back of that cocycle. Such a cochain can be called the “Chern-Simons
form” of that cocycle.

In [30], the author exhibited some cocycles on Q*(NU(n)) which repre-
sents the Chern character and the Chern-Simons form of the second Chern
class on Q*(PU(n)).

In this paper we exhibit a cocycle on Q*(NG(x)) which represents the
Dixmier-Douady class. It is described as follows. See Theorem 3.3.

Theorem A The universal Dizmier-Douady class associated to © and

a section § is represented by the sum of following cy(6) and — (_—1) §%(46):
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As a consequence of our result, we can see that if G is given a discrete
topology, the Dixmier-Douady class in H3(BG?,R) is 0. We can also see
if G is simply connected, the Dixmier-Douady class in H*(BG,R) is not 0
if G — G is not trivial as a principal U (1)-bundle. See Corollary 3.1 and
Corollary 3.2.

Such a cocycle is also studied in a general setting by Behrend, Tu, Xu and
Laurent-Gengoux [1] [2] [33] [34], and Ginot, Stiénon [12]. They described
the cocycle in another way. Our construction is more explicit so that we can
observe what kind of influence the section § of 6G = e}G ® (1G)®"! @ 3G
have on the cocycle. We can also see the relation between such a section §
and the group structure of G.

Furthermore, our construction has an advantage that we can also exhibit
the “Chern-Simons form” of the Dixmier-Douady class on Q*(PG(x)). It is
described as follows. See Theorem 3.6.

Theorem B The Chern-Simons form of the Dizmier-Douady class is a
sum of following —c1(0) and — (5) 55(5,0):

27
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—e(8) € 2(G)
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P(PG(1))

[~

—(52) 5:(5,0) € Q(PG(1))

=k =k =%
Eg—E11+E5

- —_—

2mi

Q1(PG(2))

O
As a consequence, we can see that the Dixmier-Douady class is mapped to
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the first Chern class of G — G by a kind of the transgression map in the
sense of Heitsch and Lawson [13].

One of the important examples of the Lie group which have a non-trivial
central U(1)-extension is a free loop group of a finite dimensional compact
Lie group [5][18][27]. We explain that our cocycle coincides with a kind
of transgression of the universal second Chern class when we use the central

—

extension LSU(2) — LSU(2) and the connection form due to Mickelsson [18]
and Brylinski, McLaughlin [5][6]. We consider also the case of semi-direct
product LSU(2) x S! and construct a cocycle in a certain triple complex.
Finally, as a natural development of these theory, we give a short survey of
the theory of a central U(1)-extension of a Lie groupoid. Given a surjective
submersion ¢ : Y — M, we obtain the groupoid Y = Y, where Y
is the fiber product defined as Y2 := {(y,12)|0(y1) = é(y2)}. A central
U(1)-extension of the groupoid Y2l = Y is called a bundle gerbe over M.
Bundle gerbe was invented by Murray in [21]. Murray and Stevenson showed
that there is one-to-one correspondence between the isomorphism classes of
bundle gerbes over M and the cohomology group H?*(M,Z) [22].

The outline of this paper is as follows. Section 2 is a preliminary. We
briefly recall the notion of simplicial manifold NG and the relation with the
classifying space BG. In Section 3, we recall the definition of the Dixmier-
Douady class and construct a cocycle in Q*(NG(x)) and prove the main
theorem (Theorem 3.3). We also exhibit the “Chern-Simons form” of the
Dixmier-Douady class. In Section 4, we discuss the case of central U(1)-
extension of the loop group following the idea of Brylinski, McLaughlin [6]
and Murray, Stevenson [23][24]. Section 5 is a short survey of the theory of
a central U(1)-extension of a groupoid.

2 The double complex on simplicial manifold

In this section first we recall the relation between the simplicial manifold NG
and the classifying space BG.

As a convention of this paper, a Lie group means a paracompact Lie
group modeled on a Hausdorff locally convex topological vector space. For
example, we will consider not only the case of a finite dimensional Li group,



but also the case of an infinite dimensional loop group, unitary group acting
on a Hilbert space. See Section 3.1.

For any Lie group G, we define simplicial manifolds NG, PG and a sim-
plicial G-bundle p : PG — NG as follows:

p—times

—N—
NG(p) =G x--xG> (g1, ,9p) :
face operators ¢;: NG(p) — NG(p — 1)
(927"'7.917) =0
gi(gl?”'hgp): (gla.")gigi-i-la”'?gp) Z:]-’ap_]-
(915 9p1) i=p.
p+1—times
,—/ﬁ _ _
PG(p) =G x---xG>(Go, -+, Gp) :

face operators &;: PG(p) — PG(p—1)

éi(g()v'" 7.@])) = (g()a"' 7gi—1agi+17"' 79])) Z:Oa17 » D-
We define p : PG — NG as p(go, -+ ,Jp) = (J0G1 '+ > Gp—13, )-

To any simplicial manifold X = {X.,}, we can associate a topological
space || X || called the fat realization. Since any G-bundle p : E — M can
be realized as the pull-back of the fat realization of p, || p || is the universal
bundle EG — BG [28].

Now we construct a double complex associated to a simplicial manifold.

Definition 2.1. For any simplicial manifold {X,} with face operators {e.},
we define double complex as follows:

OP9(X) ¥ QI(X,).

Derivatives are:

p+1
d = Z(—l)ie* d" := (—1)? x the exterior differential on Q*(X,).

1)
=0
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For NG and PG the following theorem holds [3][10][20].

Theorem 2.1. There exist ring isomorphisms

HYQ*(NG)) = H*(BG),  H*Q"(PQ)) = H*(EG).
Here Q*(NG) and Q*(PG) mean the total complezes. O

Remark 2.1. To prove this theorem, they used the property that G is an
ANR (absolute neighborhood retract) and the theorem of de Rham on G
holds true.

Remark 2.2. The cohomology group of the horizontal complex in the edge
(Q(NG(p)),d := 3P (—1)%?) is called the smooth cohomology of G. Note
that even when G is given a discrete topology, this complex and cohomology
still make sense. Furthermore even the coefficient is changed to U(1), we can
define the smooth cohomology. It is denoted by H*(G,U(1)).

For a principal G-bundle Y — M and an open covering {U,} of M, the

transition functions (gaga;: Jarazs > 9ap_ra,) : Uagara, — NG(p) induce
the cohomology map H*(NG) — HY_ . ... (M). The elements in the

image are the characteristic class of Y [20].

Example 2.1. In the case of special orthogonal group G = SO(2), the Euler
class e € H?(BSO(2),R) is represented by the cocycle below.

0

[ -

SL (PE(h1dh)) € Q'(SO(2))

* * *
€q—€1tES
E——

0

Here Pf is defined as:

1
Pf( @ iz ) = —(a12 — az).

21 A2 4y

When we give a discrete topology to SO(2), the cocycle above vanishes. This
means that the Euler class of a flat principal SO(2)-bundle is a torsion class.
On the other hand, in the case of special linear group SL(2), the Euler class
in H%(BSL(2),R) is represented as the sum of differential forms which belong
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to Q(SL(2)) and Q°(SL(2) x SL(2)) (See for example [4][10, Chapter 9]).
So the Euler class of a flat principal SL(2)-bundle is not necessarily a torsion
class. You can find an example of a flat principal SL(2)-bundle over a closed
oriented surface whose genus is g such that its Euler number is ¢ — 1, for
instance in [10, Chapter 9].

3 Dixmier-Douady class on the double com-
plex

3.1 Definition of the Dixmier-Douady class

To begin with, we recall the definition of a central extension of a group.

Definition 3.1. For any group G, its subgroup is called the center of G when
it consists of the element of G that is commutative with any element in G.
Given two groups N, G, if we can construct the group G such that it has the
normal subgroup N which is isomorphic to N and G /N is isomorphic to G,
then G is called a extension of G by N. R

When N is abelian and the center of G contains N, G is called a central N-
extension of G. U

Next, we recall the definition of the Dixmier-Douady class, following [7].
Let ¢ : Y — M be a principal G-bundle and {U,} a Leray covering of M.
When G has a central U(1)-extension 7 : G — G, the transition functions
9ap : Uap — G lift to G. i.e. there exist continuous maps Gag : Uag — G such
that moga3 = gap. This is because each U,z is contractible so the pull-back of
7 by gap has a global section. Now the U(1)-valued functions c,g, on Uy,g, are
defined as (gﬂw(gaﬁgﬁv)ilga/w *Capy = gﬁvgojylgaﬁ € 927G® (QZWG)Q??I ®gZﬂG'
Then it is easily seen that {c,s,} is a U(1)-valued Cech-cocycle on M and
hence defines a cohomology class in H*(M,U(1)) = H3(M,Z). This class is
called the Dixmier-Douady class of Y. -

Remark 3.1. Let 5,3, be a section of aaﬂv = 927@@) (g:w@)‘gfl ®gzﬂ@ such
that 556,57 = 81375 Q sw(s ® Sag(g ® sam
since Gmg ® G " ! @ Gag(; ® Gaﬂ'y is canonically trivial. Then we can define a

= 1. This condition makes sence

U(1)-valued Cech-cocycle Capy O0 M by the equation sag, - ¢; 4, gﬂwgCw Jag-



The cohomology class [¢54.] € H*(M,U(1)) = H*(M,Z) can be also called
the Dixmier-Douady class of Y.

Example 3.1. Recall that the complex spin group Spin®(n) is defined
as Spin®(n) = Spin(n) xz, U(1). When we consider the central U(1)-
extension 1 — U(1) — Spin®(n) — SO(n) — 1, the Dixmier-Douady class
of the Spin®(n)-bundle coincides with the third integral Stiefel-Whitney class
w3(T'M). Let B denote the Bockstein map and wq(T M) the second Stiefel-
Whitney class. Then w3(TM) = Bwy(T'M) hence ws(TM) is a 2-torsion
class.

To obtain a non-torsion class, G must be infinite dimensional (cf. for
example [5] Ch.4 p.166) and we require also G to have a partition of unity
so that we can consider a connection form on the U(1)-bundle over G. A
good example which satisfies such a condition is the loop group of a finite
dimensional compact Lie group [5] [27].

Another important example is the restricted unitary group U,.s(H) [5]
[27]. Here H is an infinite-dimensional, separable Hilbert space with an
orthogonal decomposition H = H, & H_. This group consists of the unitary
operator of H such that with block decomposition (ég), B and C are Hilbert-
Schmidt operators (We can also see that these groups are ANR and the
theorem of de Rham holds on them [17][26]).

Let U(H) denote the group of unitary operators on H endowed with
the strong operator topology and let PU(H) = U(H)/U(1) be the projec-
tive unitary group with the quotient topology. Here U(1) consists of scalar
multiples of the identity operator on H of norm equal to 1. The defini-
tion of the Dixmier-Douady class above is valid for the central extension
U(l) - U(H) — PU(H) and we obtain the Dixmier-Douady class for each
principal PU(H)-bundle. It is well-known that for any topological space
M, the cohomology group H*(M,Z) is isomorphic to [M, BPU(H)] which
is the set of homotopy classes of continuous maps from M to BPU(H). So
there is one-to-one correspondence between the set of isomorphism classes
of principal PU(H)-bundles over M and the cohomology group H?*(M,Z).
The corresponding element in H3(M, Z) is the Dixmier-Douady class of each
principal PU(H )-bundle.

For g € U(H), let Ad(g) denote the automorphism T — ¢gTg~" of K which
is the C*-algebra of compact operators on H. Ad is a continuous homo-
morphism of U(H) onto Aut(K) with kernel U(1) where Aut(K) is given
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the point-norm topology. Under this homomorphism we can identify PU(H)
with Aut(K). Since £ ® K = K, the set of isomorphism classes of locally
trivial bundles over M with fiber IC and the structure group Aut(K) forms a
group under the tensor product. The inverse is the conjugate bundle. Then
the following theorem holds.

Theorem 3.1 (Dixmier-Douady [9]). The group of isomorphism classes of
locally trivial bundles over M with fiber IC and the structure group Aut(KC) is
isomorphic to H*(M,Z). O

3.2 Construction of the cocycle

Let 7 : G — G be a central U (1)-extension of a Lie group G. Following
[6] [7], we recognize it as a U(1)-bundle. Using the face operators {e;} :
NG(2) — NG(1) = G, we can construct a U(1)-bundle over NG(2) = G x G
as 6G == £0"G ® (61*@)®_1 ®e,*G. Here we define the tensor product S ® T
of U(1)-bundles S and T over M by

ST = U (Sp x Ty/(5,t) ~ (s2,t27Y), (z € U(1)).

rzeM
Lemma 3.1. 6G — G x G is a trivial bundle.

Proof. We can construct a bundle isomorphism f : 50*@@)52*@ — 51*6 as fol-
lows. First we define f to be the map sending [((g1, g2), 92), ((91, 92), §1)] such
that 7(g2) = g2, 7(91) = g1 to ((91,92), G1g2). Then we have the inverse f~!

which sends ((g1, g2), ) such that 7(§) = g1g2 to [((91, 92), G2), ((91, 92), flﬁ;l)]
such that 7(gs) = g2 O

Remark 3.2. §(6G) is canonically isomorphic to G x G x G x U(1) because
€i€5 = €j-1&; for 7 < ]

For any connection 6 on CAJ, there is an induced connection 66 on 6G 5,
Brylinski].

Proposition 3.1. Let ¢1(0) denote the first Chern form of@ i.e. the 2-form
on G which hits (_—1) df € Q*(G) by 7*, and § any global section of §G.

211

Then the following equation holds.
-1
(5 — el +e5)ei(0) = (—) d(5°(60)) € Q*(NG(2)).

271
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Proof. Choose an open cover V = {Vy} ea of G such that there exist local
sections 1y : Vi — G of 7. Then {e5 (Vi) Ner (V) Ney ' (Var) baw e is an
open cover of G x G and we have induced local sections ein, ® (e5ny)®™! @
g5na on this covering.

If we pull back 60 by these sections, the induced form on ;' (Vy) N
et (V) Nyt (Vi) is ef(ni0) — ex(nif) + e5(nin0). We restrict (ef — et +
e3)ci(0) on eyt (Va) Ner' (V) Ney (Vi) then it is equal to (5= ) d(gj(n360) —

2
ex(n30) + 5(nx.0)), because ¢1(6) = > (2’—732) d(n3;0).
Also

d(eo(n30) — e1(myb) + e5(nanb)) = d(§*<59))’661(‘/)\)061_1(‘/)\/)062_1(V)\N)'
Since 66 is a connection form. This completes the proof. n

Proposition 3.2. We take a section s on 8G such that 63 := eps®(e18) '@
e58 @ (e58)®71 = 1 on 6(6G). Then for the face operators {&;}i=0123 :
NG(3) — NG(2), we have

(€5 — €] +¢e5—¢3)(8"(08)) = 0.

Proof. We consider the U(1)-bundle §(6G) over NG(3) = G x G x G and
the induced connection §(d6) on it. Composing {;} : NG(3) — NG(2) and
{e:} : NG(2) — G, we define maps {r;}i—01..5: NG(3) — G as follows.

To =E00E&1 =E00C&y, T1=€E00E2=€10Ep, T2=E00E3=¢E20¢

T3 =€10E2=¢€10¢&1, T4=¢E10E3=¢E20€1, T5=E20E3=¢E20C¢E9.

Then {r;*(Vi@)} is a covering of NG(3). Since each ;! (Vy») is equal
to

g (e (V) ner (V) Ney (V) Ner ' (eg (Vi) Nert (Vi) Ney ' (Vaw)

Ney ' (eg ' (Vi) Ner (Vi) Ney  (Vaw)) Nes (g (Vi) Ner (Vi ) Nes (Vi)

We have the following induced local sections on it.
en(eom ® (€7v) ™ @ e3mn) @ €1 (egm ® (€1m@) ¥ @ egmy) ¥

®e3(egny ® (E5me) ¥ @ e3me) @ e5(egmv @ (eim@)® ™" @ ebnye )®

11



From direct computations we can check that this is equal to canonical section
1 on 6(0G) and the pull-back of §(66) by this section is equal to 0. This means
that §(06) is the Maurer-Cartan connection. Hence if we pull back 6(06) by
the induced section 93, it is also equal to 0 and this pull-back is nothing but
(5 — &1 + &5 — £3)(5%(06)). &

The propositions above give the cocycle ¢1(0) — (5=) §°(660) € Q*(NG)
described in the following diagram.

* * * *
gg—€1teEs—€3
_— s

— (52) 87(59) € QG x G) 0

Then we can show:

Proposition 3.3. The cohomology class [c1(0) — (55) §*(60)] € H*(QUNG))
does not depend on 6.

Proof. Suppose 6 and 6; are two connections on G. Consider the U (1)-
bundle G x [0,1] — G x [0, 1] and the connection form tf, + (1 — ¢)6; on it.
Then we obtain the cocycle

—1
Cl(te() + (1 - t)gl) — (2—7”) §*(5(t90 + (1 - t)&l))
on Q3(NG x [0,1]). Let 49 : NG x {0} - NG x [0,1] and ¢; : NG x {1} —
NG x [0,1] be the natural inclusion map. When we identify NG x {0} with
NG x {1}, (i8)7Yit - HQ*(NG x {0})) — H(Q*(NG x {1})) is the identity
map. Hence [c1(6p) — (5) §7(860)] = [e1(6h) — (5=) $*(064)]. O

2711 271

Now we consider what happens if we change the section s. There is a
natural section §,; of 0G defined as;

$nt(915 92) = [((91, 92), G2), ((91,92)@1?}2)@_17 ((91,92),91)]-

12



Then any other section § such that s = 1 can be represented by § = §,; - ¢
where ¢ is a U(1)-valued smooth function on G x G which satisfies d¢ = 1.
If we pull back 660 by §, the equation §*(50) = 5%,(00) + dlogy holds. If there
exists a U(1)-valued smooth function ¢’ on G which satisfies ¢’ = ¢, the
cohomology class [— (5=) dlogy] is equal to 0 in H*(Q(NG)). So we have
the following proposition.

Proposition 3.4. Up to the cohomology class in the U(1)-valued smooth co-
homology H?*(G,U(1)), the cohomology class [c1(0) — (5=) §7(60)] is decided

Ux3

uniquely by the central U(1)-extension G — G. O

Next we discuss about the relation between the section § and the mul-
tiplication of GG. Using the section s, we can define another multiplication

m: G x G — G of G by:

‘§(gl7g2> = [((91792)7§2)7 ((.91792)77”(.@17.@2))@717 ((91792>7g1)]'
Since §(gl, go) is equal to 8, -, we can see that m(gy, §2) = G192(¢(g1,92)) L.
When G is given this new structure, s is of course a natural section of dG.
We say that f: G — (G m) is an isomorphism between the central U(1)-
extensions if f is a group isomorphism and 7(g) = 7(f(9)), f(9z) = f(9)z

holds for any g € Gand z €U (1). Then the theorem below holds.

Theorem 3.2. Let § be a section of 5G defined by § := Sp - @ for a U(1)-
valued smooth function on G X G which satisfies ¢ = 1. When we reconstruct
the the multiplication m of G such that § becomes a natural section of 5G

(G,m) is isomorphic to G if and only if [¢] € HX(G,U(1)) is 0.

Proof. Assume that there exists a U(1)-valued smooth function ¢’ on G which

satisfies ©(g1,92) = 0¢'(g1,92) = ¥'(g2) - (¥'(g192)) ™" - ¥'(g1). We define a
map f: G — G by f(g) := G- ¢'(g9)- Then

m(f(9), F(32)) = F(91)F(92)(e(g1.92)) " = 51" (91)G2¢' (92) (091, 92))

is equal to
f(91G2) = 192" (9192)
and w(g) = w(f(9)), f(gz) = f(g)z. Moreover f has the inverse map
F7H9) =g (¢'(9))"! hence f is an isomorphism from G to (G, m).
Conversely, assume that there exists an isomorphism f from G to (@ ,m).
Since m(g) = 7(f(g)) and f(gz) = f(g)z, we can define a U(1)-valued map

13



¢ on G by f(g) = G-¢'(g9). Now m(f(91),f(g2)) = f(g192) induces the
equation (g1, 92) = ¢'(92) - (¢'(9192)) " - ' (o).
O

Remark 3.3. Let H™ denote the separable Hilbert space L?(S'; C") of
square-summable C"-valued functions on the circle. The diffeomorphism
f: S — S acts on functions {¢ : S' — C"} € H™ by (f-€)(t) =
ECF7Y@) - [(f7Y)(1)|V2. Tt is known that the inclusion Diff*.S? < U,.,(H)
induces the discrete topology on Diff"St (See [27]). So the cohomology class
in H*(U,.s(H),U(1)) induces the cohomology class in H?(Diff*°S*, U(1)).
This fact may suggest some relationship between the Dixmier-Douady class
and the characteristic classes of flat S'-bundles.

3.3 Main results

We fix any section § of 6G which satisfies §s = 1. Since ggyé ® (9:,G)* ' ®
gzﬁé is the pull-back of 6G by (Gap, 9y) : Uapy — G X G, there is an induced

section of ggvé ® (g;"w@)®*1 ® g;ﬂ@. So we can define the Dixmier-Douady
class by using this section.

Now we are ready to state the main theorem.

Definition 3.2. We call the sum of ¢;(f) € Q*(NG(1)) and — (=) §*(06) €

271

Q'(NG(2)) the simplicial Dixmier-Douady cocycle associated to 7 and .

Theorem 3.3. The simplicial Dixmier-Douady cocycle represents the uni-
versal Dixmier-Douady class associated to ™ and a section §.

Proof. We show that the [ij + (' 2] described in the diagram below is equal
to [{(52) dlog cag,}] as a Cech-de Rham cohomology class of M = [JU,.

21

Con € [[Q*(Uap)
T—d
[0/ (Uss)  —— Ci2 € [1Q (Uagy)-
Here Cy; and C 5 are Cech-de Rham cocycles defined by
-1

Cor =A@}, Cra={= (5) anan)s69) .

14



Since g7 gc1(0) = gham*(c1(0)) = d (5) §i40, we can see

2mi
=1\ .
[02,1 + 01,2] = [5{ 2—7” gaﬂe} + 0172].

By definition (5 © (g 95,))(p) - Casr () = (35, ® G257 © Gas) (p) for amy

p € Unpy. Hence (gag, 9sy)*5*(00) + dlog copy = 5{@;50}
[

Corollary 3.1. If the principal G-bundle over M 1is flat, then its Dixmier-
Douady class is 0 in H*>(M,R).

Proof. This is because the cocycle in Theorem 3.3 vanishes when G is given
a discrete topology. O]

Corollary 3.2. If the first Chern class of 7 : G — G is not 0 in H?*(G,R),
the corresponding Dizmier-Douady class of the universal G-bundle is not 0.
Especially, of G is simply connected and 7 : G — G is not trivial as a principal
U(1)-bundle, then the corresponding Dixmier-Douady class of the universal
G-bundle is not 0.

Proof. In that situation, any differential form x € Q'(NG(1)) does not hit
c1(0) € Q2(NG(1)) by d: Q' (NG(1)) — Q*(NG(1)). O

3.4 Another description

On the other hand, there is a simplicial manifold N G and face operators &;
of it. Using this, Behrend and Xu described the cocycle which represents the
Dixmier-Douady class in another way.

Proposition 3.5 ([1][2]). Let G x G — G x G be a product (U(1) x U(1))-
bundle. Then the 1-form (5 — &} +£3)0 on G x G is horizontal and (U(1) x
U(1))-invariant, hence there exists the 1-form x on G x G which satisfies
(mx m)*x = (€5 — €1 + £5)0.

Proof. For example, see [12, G.Ginot, M.Stiénon]. O
Behrend and Xu proved the theorem below in [2].

Theorem 3.4 ([1][2]). The cohomology class [c1(0) — (5=) x] € H*(QUNG))
represents the universal Dixmier-Douady class.

15



Now we show our cocycle in Section 3.2 satisfies the required condition
in Proposition 3.5 when we choose a natural section s,; : G X G — dG.

Theorem 3.5. The equation (m x m)*s,(80) = (&5 — & + €3)0 holds.

Proof. Choose an open covering V = {Vi} ea of G such that all the in-
tersections of open sets in V are contractible and there exist local sections
P V)\ — G of m. Then {861(‘/)\) N 61_1(‘/)\/) N 52_1(V>\”)}/\,>\’,/\”6A is an open

cover of G x G and there are the induced local sections e5n,® (1 )© ™ @ebnyw
on this covering.

If we pull back 66 by these sections, the induced form on ;' (Vy) N
e (Vi) Nyt (Vi) is €5(030) — 1 (m30) + e5(m30).

We define U(1)-valued functions 7y on g5 (Va) Nert (V) Neyt (Vi)
by

(€51 @ (13) ™" @ e5ar) - Taxar = S

Then £5(n30) — €5 (n50) + €5(m50) + ToydTavar is equal to s7,00 hence
we obtain (m x m)*s,00 = (m x 7)*(ef(n30) — e5(ny0) + e5(n3n0)) + (7 x
x_—1
7T) T)\)\,X,dTA)\/)\N.
Let @y : m 1(V3) — Vi x U(1) be a local trivialization of 7. We put
oy = pryo @y : m H(Vy) — U(1). For any g € 7 1(V)) the equation § =
o m(g) - pa(g) holds so we can see

£10 = &/ (m* (30)) + &y dpx = (m x m)"€} (130) + ]y ' dipa

on & H(m7H(Va)) = (m x 7T) (e (VA))-

Therefore on (7 x )~ (g5 (Vi) Ney (V) Ney ' (Vi) there is a differential
form €50 — €76 + 539 = (m x m)*(e5(n3 ) £ (030) + e5(m3n0)) + 5o dipx —
Erox dox + Esprrdpn.

Since &; = (77)\ oo 51) ©y 0 51 = (moeg;o(m X)) pyoE&;, we can see
that &y ® 971 ® &, : G x G — 0@ is equal to

((e5m @ (efm)® " @ ebman) o (m x ) - (pa 0 €0)(ox 0 €1) (par 0 €3).

We have Ty aro(mXm) = (0r020)(0n0é1) " Hpanoéy) because s,0(mx7) =
E0RETTI®Ey, so it follows that (£5—£&7+£3)0 = (mx7)*s%,00. This completes
the proof.

O]
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3.5 “Chern-Simons form?”

As mentioned in Section 2, PG plays the role of the universal G-bundle and
NG, the classifying space BG. So, the pull-back of the cocycle in Definition
3.1 to Q*(PG) by p : PG — NG should be a coboundary of a cochain on
PG. In this section we shall exhibit an explicit form of the cochain, which
can be called Chern-Simons form for the Dixmier-Douady class.

Recall PG(1) = G x G and p: PG(1) — NG is defined as p(go, g1) = Gogy "
Then we consider the U(1)-bundle 6, G = EE‘)G ®p*G® (G over G X G

and the induced connection 5p9 on it. We can check that (5pG is a trivial
bundle by using the same argument in Lemma 3.1, and we take a section
5,0f it as

50(90, 1) == (G0 31), 91), ((G0: 1) Gogi ')+ ((Gos G1), Go)® ).
Theorem 3.6. The cochain —c;(0 ( ) ; ) € Q*(PG) is a Chern-
Simons form of ¢,(0) — (2;11) (0 ) O3 (N G) i.e. the following equation
holds.

(e(0) ~ (o) 82u00)) = (@ + &) (—er(0) — () 55,6)
pia omi ) ot B “ omi ) "o\
0
Td

—e1(8) € Q%G 02(PG(1))

-
= (z0) 5,(0,0) € Q(PG(1))

Proof. Repeating the same argument as that in Proposition 3.1, we can see
(Extp =) (((6)) = (52) d(55(5,8)) € Q2(PG(1)). Because (<0, &1, £2)0p =

2mi

(po &g, poéy,pocy), we can see that (éo*gpé) ® (8‘1*5_,;@)@’_1 ® (éggpé) is
p*(6G). Hence (&5 — &% + 3)55(6,0) = p*(55,(60)). O

By restricting the Chern-Simons form on Q*(PG) to the edge Q*(PG(0)),
we obtain a cocycle on Q*(G). So there is an induced map of the cohomol-
ogy class H*(BG) = H(Q*(NG)) — H*'(G). This map coincides with
the transgression map for the universal bundle EG — BG in the sense of

=% =%k =k
Eq—E11+E5
_—

Q1(PG(2))
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Heitsch and Lawson in [13]. Hence as a corollary of Theorem 3.6, we obtain
an alternative proof of the following proposition from [7, Theorem 4.1] [29,
Theorem 4.1].

Proposition 3.6. The transgression map of the universal bundle EG — BG
maps the Dizmier-Douady class to the negative of the first Chern class of m :

G —G. O

4 The String class

Using the idea of Brylinski, McLaughlin [6] and Murray, Stevenson [23][24],
we discuss the case of central U(1)-extension of a loop group.

4.1 1In the case of special unitary group

It is known that the second Chern class ¢, € H*(BSU(2)) of the universal
SU(2)-bundle ESU(2) — BSU(2) is represented in Q*(NSU(2)) as the sum
of following differential forms C 3 and Cy 4 (see for example [15] or [30]):

0

[~

01,3 c Qg(SU(Q))

* * *
gg—€1 €5
_—

O3(SU(2) x SU(2))

[a

0272 € QQ(SU(Z) X SU(Q))

* * * *
gp—€1tEx—¢€3
_—__)

0

271 27

Pulling back this cocycle by the evaluation map

~1\? -1 “1\?1
Crs = (_) (T, Gy = (—) Str(hs i dhudh).

ev: LSU(2) x ST — SU(2), (v, 2) — (2)

and integrating along the circle, we obtain the cocycle in Q3(NLSU(2)).
Here LSU(2) is the free loop group of SU(2) and the map [, ev* is also
called the transgression map.

18



Now we pose the following problem. Is there corresponding central exten-
sion of LSU(2) and connection form on it such that the Dixmier-Douady class
in Q*(NLSU(2)) constructed previous section coincides with [, ev*(Cy 3 +
C52)? In this section, we explain that the central extension and the connec-
tion form constructed by Mickelsson and Brylinski, McLaughlin in [5] [6] [18]
meet such a condition.

To begin with, we recall the definition of the U(1)-bundle 7 : Q(v) —
LSU(2) and the multiplication m : Q(v) x Q(v) — Q(v) in [5] [6]. We fix any
based point zy € SU(2) and denote vy € LSU(2) the constant loop at x.
For any v € LSU(2), we consider all paths o, : [0,1] — LSU(2) that satisfies
0,(0) =7 and 0,(1) = 7. Then the equivalence relation ~ on {o,} x S is
defined as follows:

(0y2) ~ (01 #) & 2= 2 - exp (/
I

2% Gl

2miF *V) :
Here F : I? x S — SU(2) is any homotopy map that satisfies

F(0,t,2) = 05(t)(2), F(1,t,2) = o, (£)(2)

and
C AN -1 (h=dh)?
V= =|— ] —tr .
1.3 ori) 6

It is well known v € Q3(SU(2)) is a closed, integral form hence this relation
is well-defined. Now the fiber 771(v) of Q(v) is defined as the quotient space
[} x 81/ ~,

We can adapt the same construction for any closed integral 3-form on SU(2).
Let n,n" be such forms and suppose there is a 2-form g with dg = ' — n.
Then the isomorphism from Q(n) to Q(n') is constructed as:

(002l = (oo ([ 2mioss )y

1y Sl

Here we regard o, as a map from [0,1] x S* to SU(2).

For the face operators {¢;} : SU(2) x SU(2) — SU(2) (we use the same
notation for the face operators LSU(2) x LSU(2) — LSU(2)), we can check
that €5Q(v) ® e;Q(1)®~ ! ® e5Q(v) is isomorphic to Q(ejr — v + ehv) =
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Q(—dCy2) over LSU(2)x LSU(2). The isomorphism from Q(0) to Q(—dCs2)
is given by

(021 0o0: 2)]o = [(Goys Tons 2 - exp ( / omilo,. w*cz,z) Vedcns

1y g1

Now we can define a section sy, of e5Q(v)®e;Q(V)* ' ®e3Q(v) over LSU(2) x
LSU(2) by:

SL(’M, ’72) = [(0717 Orq, €XD (/ 27Ti(071 ) 0-72)*02,2> )]—dC2,2'
I

1w g1

The multiplication m : Q(v) x Q(v) — Q(v) is defined by the following
equation

SL(le, '72) - ([0717 21]53y> ® ((7172)7 m([0717 Zl}w [0-"/27 ZQ]V>>®_1 ® ([O-Wv 22]€§V)'

Next we recall how Brylinski and McLaughlin constructed the connection
on Q(v). Let denote P,SU(2) the space of paths on SU(2) which starts
from based point x¢ and f : PL.SU(2) — SU(2) a map that is defined by
f(y) = v(1). It is well known that f is a fibration. Then we define the
2-form w on P,SU(2) as:

W (u,v) = /01 v (Cfl—z,u(t),v(t)) dt.

Note that dw = f*v holds. Let i = {U,} be an open covering of SU(2). Since
SU(2) is simply connected, we can take U such that each U, is contractible
and {LU,} is an open covering of LSU(2). For example, we take U = {U, :=
SU(2) —{z}|z € SU(2)}.

Now we quote the lemma from [6].

Lemma 4.1 (Brylinski, McLaughlin [6]). (1) There exists a line bundle L
over each f~1(U,) with a fiberwise connection such that its first Chern form
is equal to w|r-1,). This line bundle is called the pseudo-line bundle.

(2) There exists a connection V on each pseudo-line bundle L such that its
first Chern form R satisfies the condition that R — w|s-1(y,) is basic.

Let K be a 2-form on U, which satisfies f*K = 27i(R — w|s-1(y,)). Then
the 1-form 6, on LU, is defined by 6, := fsl ev* K. It is easy to see (_1) df, =

21
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(fs1 ev* V) L,

There is a section s, on LU, defined by s,(v) := [0y, H, (L V)] Here
H, (L, V) is the holonomy of (L, V) along the loop o, : S' — f~1(U,). We
also have the corresponding local trivialization ¢, : 7= *(U,) — U, x U(1).

Above all, we have the connection form ¢ on Q(v) defined by 0|,-1(y,) :=
70, + dlog(pry 0 ¢,). Its first Chern form ¢ (0) is f51 ev*r and ddf is equal

to
(—2ri) - / ev* (e — &1 + ) = (=2mi) - 1" (—d / 60*0272)
St g1

Hence 00+ (—2mi)- fsl ev*Cy 5 is a flat connection on 6Q(v). Since LSU(2)
is simply Connected it is a trivial connection so

s7.(00 + (—2mi) - 7 /sl ev*Cy) = 0.

So as a reformulation of the Brylinski and McLaughlin’s result in [6], we
obtain the proposition below.

Proposition 4.1. Let (Q(v),0) be a U(1)-bundle on LSU(2) with connection
and sp be a global section of 6Q(v) constructed above. Then the cocycle

c1(0) = (=) s.™(660) on Q3 (NLSU(2)) is equal to [o ev*(Cy 3+ Cay), i.e. the

map [s ev* sends the second Chern class ¢; € H*(BSU(2)) to the Dizmier-
Douady class (associated to Q(v)) in H*(BLSU(2)). O

Remark 4.1. We explain what happens if we adapt this construction to the
loop group of the unitary group. In the case of unitary group U(2), the second
Chern class is represented as the sum of following C{s and CJ, described in
the diagram below (see [30]):



~1\* -1
053:( ) Ftr(h—ldh)?)

2mi

—1\?1 21
cY, = (—) 5tlr(h;lh;ldhldh2) _ (—) §tr(h1‘1dh1)tr(h2_1dh2).

271 271

We recognize U(2) as a semi-direct group SU(2) x U(1). Let denote
by QU(1) the based loop group of U(1). Then any element v in LU(2)
is decomposed as v = (71,72,2) € LSU(2) x (QU(1) x U(1)). Each con-
nected component of LU(2) is parametrized by the mapping degree of 7s.
We write QU(1),,,LU(2), the connected component which includes a based
loop 2 whose mapping degree is n. We can see m1(LU(2)g) = m1(LSU(2)) ®
7T1(LU(1)0) = 7T1(LU(].)0) = 7T1(QU<].)0) @D 7T1(U(1)) = 7.. There is a home-
omorphism from QU (1)y to QU(1),, defined by v +— 7 - (¢* +— €™*) for any
n so m(LU(2),) is also isomorphic to Z. The generator v, of m (LU (2),) =
H,(LU(2),) is the map defined as

) X 10
wn(e t) = <€ = <O€i(ns+t)>) '

Hence any cycle a € Z;(LU(2),) can be written as ma,, +0p for some 2-chain
0.
Since LU(2) is not simply connected we need the differential character k
to construct a principal U(1)-bundle over LU (2). Differential character is a
homomorphism from Z;(LU(2)) to U(1) such that there exists a specific 2-
form w satisfying k(do) = exp( fg 27iw) for any 2-singular chains o of LU(2)
([8] see also [24]).
We set @ := [, ev*Cl5. If we define k as

k(a) := exp(/g 2miP)

this is well-defined since @ is integral and we obtain the U(1)-bundle QY over

LU(2) by using this differential character k instead of exp( [, ¢ 2miF*v) in
27ic] D)

01,02)

in general. So in this way we can not obtain a section s¥ of 6QY nor a

multiplication mY : QU x QY — QV.

Section 4.1. But unfortunately k(ajaz) is not equal to exp(f(
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4.2 In the case of semi-direct product

In this section we deal with the semi-direct LG x S* for G = SU(2).

First we define a bisimplicial manifold NLG(x) x NS*(x). A bisimplicial
manifold is a sequence of manifolds with horizontal and vertical face and
degeneracy operators which commute with each other. A bisimplicial map is
a sequence of maps commuting with horizontal and vertical face and degen-
eracy operators. We define NLG(x) x NS!(x) as follows:

p—times q—times
o\

NLG(p) x NS'(q) := LG x X LOXS X - xS

Horizontal face operators ¢f¢ : NLG(p) x NS'(q) — NLG(p—1) x NS(q)
are the same with the face operators of NLG(p).

Vertical face operators €3 : NLG(p) x NS*(q) — NLG(p) x NS*(¢—1)
are defined by

(’7,22,"',2(1) 1 =0
1, . .
E;S (77217"'7zq>: (77217 '7Zizi+17'”7zq) 2217'”7q_1
(quazlu'” 7Zq71> Z:q

Here 7 = (71, , 7).
We define a bisimplicial map p, : PLG(p) x PS'(q) — NLG(p) x NS'(q)

by
Px (f?v 1y >Zq+1) = (P(’_}”)Zq+1,p(21, U >zCI+1))'

Now we fix a semi-direct product operator -, of LG x S as (7,2) - (7, 2) :=
(7 - (7/2),22"), then LG x S' acts on PLG(p) x PS'(q) by right as (7, 2) -
(7,2) = (7 - 274(v), Z2). Since px(7,2) = px((7,2) - (7,2)), one can see that
px is a principal (LG x S')-bundle. || PLG(x) x PS'(x) || is ELG x ES*
and || NLG(*) x NS!(x) || is homeomorphic to (ELG x ES') /(LG x S'), so
| NLG(%) x NS*(*) || is a model of B(LG x S*1).

Definition 4.1. For a bisimplicial manifold NLG(x) x NS(x), we have a
triple complex as follows:

def

QPIT(NLG(¥) x NS'(x)) = Q" (NLG(p) x NS*(q)).

Derivatives are:

d = Z(—l)i(fffG)*’ d" = Z(—l)"(sfl)* X (=1)".



d" = (=1)P*9 x the exterior differential on Q*(NLG(p) x NS*(q)).
U

The following proposition can be proved by adapting the same argument in
the proof of Theorem 2.1 (See [32]).

Proposition 4.2. There exists an isomorphism
H(Q*(NLG x NS") = H*(B(LG x S%)).

Here Q*(NLG x NS') means the total complex. O

Now we want to construct the cocycle in Q3(N LG x NS') which coincides
with ¢;(0) — (5=) s.*(60) when it is restricted to Q*(NLG).

To do this, it suffices to construct the differential form 7 on Q'(LG x S*t)
such that dr = (—e5' + &% )ey(0) and (6" — eLC" 4 LG = (577 —
') (52) s17(00) and (—¢f'” + &5 — 5" )r = 0. We consider the trivial
U(1)-bundle (5" "Q)® ' @5 Q and the induced connection form 6,0 on it.
We define the section sy : LG x ST — (¢577Q)® 1 @ £57°Q as sy (v,2) :=
(%,2)7'® (52, 2) and set T := (5 55" (6x0) then we can see that T satisfies
the required conditions.

5 Appendix: A central U(l)-extension of a
groupoid

This section is a short survey of the theory of a central U(1)-extension of a
Lie groupoid.
At first we recall the definition of Lie groupoids following [19].

Definition 5.1. A Lie groupoid T'; over a manifold Ty is a pair (I';,T)
equipped with following differentiable maps:

(1) surjections s,t : I'y — I’y called the source and target maps respectively;
(ii)) m : 'y — Iy called multiplication, where T'y = {(z1,22) € I'y X
I t(z1) = s(x2)};

(iii) an injection e : Iy — T'; called identities;

(iv) ¢ : I'y — I'y called inversion.

These maps must satisfy:
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(1) (associative law) m(m(xy, z2), x3) = m(x1, m(xs, x3)) if one is defined, so
is the other;

(2) (identities) for each =z € T',(e(s(z)),z) € Tq,(x,e(t(z))) € Ty and
m(e(s(x)), x) = m(z, e(t(z))) = z;

(3) (inverses) for each = € I'y, (z,u(x)) € T, (v(x),x) € Toym(z,1(x)) =
e(s(z)), and m(u(x),z) = e(t(z)).

In this paper we denote a Lie groupoid by I'y = I'y.

Example 5.1. Suppose that G is a Lie group acting on a manifold M by
left. Then we have a groupoid I'y = G x M, I'g = M. The source map s is
defined as s(g,u) = u and the target map t is defined as t(g,u) = gu. This
groupoid M x G = M is often called an action groupoid and denoted by

M//G.

Example 5.2. Suppose that M is a manifold and {U,} is a covering of M.
Then we have a groupoid I'y = [[(U,NUp), I'o = [[ Us- The source map s is
an inclusion map into U, and the target map ¢ is an inclusion map into Up.

5.1 Double complex and central U(1)-extension

Let I'y = I'g be a Lie groupoid and denote by s,¢,m the source and tar-
get maps, and the multiplication of it respectively. Then we can define a
simplicial manifold NT" as follows:

p—times
— e '
NL(p) == {(z1, -+ zp) €Ly x - x Iy | () = s(xjs1) j=1,--- ,p—1}

face operators ¢; : NI'(p) — NI'(p— 1)

(g, ,1p) i=0
€i($1,"',l’p>: (x1,~--,m(:vi,xi+1),---,xp) 1= 7"'7p_1
(xlv'” prfl) Z:p

The double complex Q**(NT') is also defined in a similar way.

Example 5.3. In the case of an action groupoid M x G = M for a smooth
manifold M and a compact Lie group G which acts on M, H(Q*(NT)) is
isomorphic to the Borel model of the equivariant cohomology H(M) =
H*(EG x¢g M) (see for example [11]).
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Example 5.4. In the case of the groupoid [[(U, NUg) = [[ U, for a good
covering {U,} in Example 5.2, H(Q*(NT)) is isomorphic to H*(M).

Now we recall the notion of a central U(1)-extension of a groupoid in
2] [33]. A central U(1)-extension of a Lie groupoid I'y =2 I'y consists of a
morphism of Lie groupoids

Pl — Fl
TR
r, % 1,

and a right U(1)-action on Ty, making 7 : Iy — I'; a principal U(1)-bundle.
For any z1,29 € U(1) and (71,73) € NI'(2) := {(y1,92) € I'1 x ['1]t(y1) =
s(ya)}, the equation m (2 2y, Xa29) = m(2, €2)2129 holds.

Note that there is a section 4 of d1'; defined as

81, 2) = [((w1,22), B2), (w1, 2), M(d1, 22))° 7, (21, 2), 21)].

Furthermore, because of the associative law of I'y = Ty, §(6T';)) is canonically
isomorphic to the product bundle and 05, = 1 holds.

Let Ty — Iy = Ty be a central U(1)-extension of a groupoid and 6
be a connection form of the U(1)-bundle Iy — I';. Then we can use the
same argument in Section 3.2 and obtain the cocycle on Q*(NI'(x)). In
[1][2] and related papers, they call 6§ a pseudo-connection of a central U(1)-
extension of a groupoid 'y — I'; =% Ty and when — (52) 57,(66) € QY(NT(2))
vanishes they call 6 a connection of fl — I'y = I'y. If the horizontal complex

QYNT(1)) <, QYNT(2)) LN QY(NT(3)) is exact, a connection of I, =T =
I'y exists.

5.2 Bundle gerbes
5.2.1 The definition and basic properties

In this section, we recall the definition of bundle gerbes and some basic
properties of them.

26



Definition 5.2 (Murray-Stevenson, [21][22]). Given a surjective submersion
¢ :Y — M, we obtain the groupoid Y = Y where Y2 is the fiber product
defined as Y2 := {(y1,42)|0(v1) = ¢(y2)}. The source and target maps are
defined as s(y1,y2) = Yo, t(y1,y2) = y1 respectively.

A bundle gerbe over M is a palr of $: Y — M, a principal U(1)-bundle

Y[Q} over Y and a section § of 5Y[2] which satisfies 6§ = 1.

—

Remark 5.1. Without the assumption of the existence of 5, Y2 is not neces-

—_—

sarily trivial. By using §, we can construct a multiplication m : Y2 x Y2 —
Y12l such that § is a natural section of Y12, Hence we can recognize bundle
gerbe as a kind of a central U(1)-extension of a Lie groupoid.

Bundle gerbe was invented by Murray in [21]. It is often denoted by G.
Here we recall the classification theory of bundle gerbe due to Murray and
Stevenson.

Remark 5.2. In the case that the surjective submersion is given by [[U, — M
and groupoid is H(U NUs) = [[ U, for a good covering {U, } in Example 5.2,
the bundle gerbe (T'y — [[(Us NUp) = [ Ua, 3) is called Hitchin-Chatterjee
gerbe data ([14]).

Definition 5.3 ([21][22]). The bundle gerbe (Y2 — Y = V,3) is called
trivial if there exists a principal U(1)-bundle R over Y and a section v :
Y12 — §R®! @ Y12 such that dv = §. Such a pair (R,v) is called a trivial-
ization of the bundle gerbe (Y 2Lyl =y 8).

Definition 5.4 ([21][22]). Bundle gerbes (Y — Y2 =V, 3) and (?\/[2] —

vy =y g ) are stably isomorphic if there exists following date:

(i) a surjective submersion W — M;

(i) smooth maps ¢ : W — Y and ¢’ : W — Y’ which are compatible with
projections onto M;

(iii) a trivialization of (¢*(Y#)®~1 @ Qﬁ’*?\’p]

— W =W, ¢3! @ ¢/*s').

Definition 5.5 ([21]). We define the product G ® G’ of bundle gerbes G =
PO S yE Y, and g =¥ - Y37, 9) as

2]

(?[2] X {/\/ — Y[z] X () Y,[Q} =Y X () Ylv §® ‘§/)
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) eY xY'|n(y) = '(y)}.

Here Y X (7 Y’ is defined as Y X (z -1 Y := {(y
(YPE)e-1 5 yB =y, 8971,

Y
The inverse G~ of G = (Y12 = Y = y, s) is (Y
Then the following theorem holds true.

Theorem 5.1 ([21][22]). The isomorphism classes of bundle gerbes over M
are parametrized by H*(M,Z). O

Proof. We construct the characteristic class in H*(M,Z). Let {U,} be a
Leray covering of M and s, : U, — Y|y, local sections of ¢. Then there is
an induced section Yag : Uap : U NUs — (5a,55)*Y 2. Now a U(1)-valued
function gng, on U,p, is defined as ((Sa, Sg,51)*S) * Gapy = Yap ® Yy &
V1. Then it is easily seen that {gas,} is a U(1)-valued Cech-cocycle on M
and define a cohomology class in H*(M,U(1)) = H 3(M Z). This class is
called the Dixmier-Douady class of bundle gerbe G = (Y2 — Y = v, 3).
We denote it D(G). We can check that D(G ® G') = D(G) + D(G') and
if G is trivial then D(G) is the trivial class in H3(M,Z). Therefore G
D(G) is well-defined monomorphism. Finally we check the surjectivity of this
map. Given any U(1)-valued Cech-cocycle {gag,} of M, we can construct

the bundle gerbe G by ¥ := [[ U, Y2 := Y2 x U(1) and 5 := {gap,}-
0

There is a practical method to calculate the Dixmier-Douady class in
H3(M,R). To explain this, we quote the following basic proposition from
23].

Proposition 5.1 ([21]). The complex
* P * d * 2] d * 3] d
0—Q"(M) — QYY) - QYH) = Q(YH) —
18 exact.

Since the complex Q'(Y1?) LN QY8 4, Q' (Y1) is exact hence there
exists a connection 6 of principal U(1)-bundle Y2 — Y such that §*¢ =
0. We call this a connection of bundle gerbe Y2 — Y2 = Y. Let 6 €
Q'(Y?) be any connection form of bundle gerbe Y2 — Y2 = Y. Then
there exists a 2- form H on Y which satisfies priH — priH = ¢;(0) because
O2(Y) <, Q2 (YR ]) = Q*(YB)) is exact. This 2-form is called a curving of
the bundle gerbe. Furthermore, there exists a closed 3-form D on M such
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that ¢*D = dH since 0 — Q3(M) 7, Q3(Y) 4, Q3(YP)) is also exact.
The cohomology class [D] does not depend on the choice of connection and

curving, and coincides with the Dixmier-Douady class of (}7[2} — YRl =Y, 3)
in H3(M,R).

In the case of a central U(1)-extension of group GG, the Dixmier-Douady
class of a principal G-bundle is a torsion class if G is a finite dimensional Lie
group. In the case of bundle gerbe, like the bundle gerbe ([[Uns x U(1) —
[TUsp = [1Ua, 8 := {gapy}) in the proof of Theorem 5.1, there are some
bundle gerbes whose Dixmier-Douady class is not torsion class even though
their submersion has a finite dimensional fiber.

In general, the following theorem holds.

Theorem 5.2 (Murray-Stevenson, [25]). Let (Y2 — Y2 = Y, §) be a bun-
dle gerbe over a simply connected manifold M with connected, finite dimen-
sitonal fiber F' of submersion ¢ : Y — M. Then its Dixmier-Douady class is a
torsion class. U

We can check the necessity of the conditions in Theorem 5.2 by consid-
ering the examples of bundle gerbes given in the next section.

5.2.2 Examples of bundle gerbes

Example 5.5. Let 7 : M — X, be an oriented S'-bundle over a closed
oriented surface whose genus is g. It is well-known that H3(M,Z) = Z. Here
we show how to construct the bundle gerbe whose Dixmier-Douady class is
the generator of H*(M,Z).

We take an open ball D? € ¥, and a point p € D?. Then 7 !(D?) ~
D? x U(1) and 7 H(Z,\{p}) = (Z,\{p}) x U(1) because their first Chern
classes are 0. For convenience we set V; := 7 1(D?) and V5 := 7 (3, \{p}).
Let denote Y the disjoint union Vi U V5 and define a surjective submersion
¢ :Y — M as an inclusion. Then the fiber product Y is (Vi x V1) ud(V;i N
Vo) U d(Voan V) U (Vo x Va) where d(Vy N V) is the space of the diagonal
elements {(u,u)lu € ViNVy)} C (VinVa) x (Vi NVs,).

Since d(V; N V,) is homotopic to S' x S' and there is the principal
U(1)-bundle P over d(V; N V3) whose first Chern class ¢; is the generator
of H?(d(VyNV,),Z) = H*(S' x S1,7Z) = Z.

We define a principal U(1)-bundle Q over Y2 as the disjoint union of P
over d(Va NVy) and P®~! over d(V; N V3), and a product bundle on (V; x
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Vi) U (Va x V). Then 6Q over Y B is canonically isomorphic to Y x U(1)
so we take a section as § = 1.

Proposition 5.2. The Dizmier-Douady class of the bundle gerbe (QQ —
Y2 =Y, 8) is the generator of H*(M,7Z) = 7.

Proof. Let 0 be a connection of bundle gerbe (Q — Y = Y,35), ie. 0is a
connection form of the principal U(1)-bundle @ which satisfies §*(d6) = 0.
Then there is a 2-form H on Y which satisfies pry H —priH = ¢1(0). There is
also the closed 3-form D on E which satisfies ¢*D = dH. Then [D] represents
the Dixmier-Douady class of Q — Y2 = Y with R-coefficients.

Now ¢;(f) is the generator of H?(d(V; NV3),R), and the map H?(d(V; N
V2),R) 3 ¢1(0) — [D] € H*(M,R) is nothing but the connecting homomor-
phism in the Mayer-Vietoris sequence of (V4, V3) on the de Rham cohomology,
so [D] represents the generator of H3(M,R). This completes the proof. [

Example 5.6. There is an important example of bundle gerbes so-called lift-
ing bundle gerbe defined as follows. Let G — G be a central U(1)-extension
of a Lie group G and ¢ : Y — M be a principal G-bundle. We define a map
¢:YP — G as y1¢(y1,y2) = y2. Then (¢*G — Y =Y, 5,,) is a bundle
gerbe. The Dixmier-Douady class of the lifting bundle gerbe coincides with
the Dixmier-Douady class of ¢ : Y — M.

Remark 5.3. We take M as in Example 5.5 then we can construct the princi-
pal PU(H)-bundle over M whose Dixmier-Douady class is the generator of
H3(M,Z) using the bundle gerbe in Example 5.5.

First we make trivial principal PU(H )-bundles over V; and V2. We denote
them by Ry and R,. Since U(H) — PU(H) is a model of the universal U(1)-
bundle, there is a continuous map ¢15 : V1 NVo — PU(H) such that the first
Chern class of ¢%,U(H) is the generator of H*(Vy N V,,Z). We also take ¢q;
as the inverse valued map of ¢15. Now by gluing R; and Ry by ¢12, we obtain
a principal PU(H)-bundle p : Ry Uy, Ry — M.

Proposition 5.3. The Dizmier-Douady class of the principal PU(H)-bundle
Ry Uy, Ry is the generator of H*(M,Z) = 7.

Proof. For convenience we write R := Ry Uy, R2. Then there is a map
¢ : RP — PU(H) which is defined by ry - ((r1,73) = ro for (r1,75) € R,
By pulling back U(H) — PU(H) on R by ¢, we obtain the lifting bundle
gerbe (*U(H) — R? = R.
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Now we show that (*U(H) — Rl = R is stably isomorphic to Q —
Y = Y in Example 5.5. We define the surjective submersion

FiWi=(ViUW) x PUH) — M

as the projection into the first factor. There are also natural projections
fi:(ViuVy) x PU(H) — R and fy: (ViU V,) x PU(H) — (V3 U Va) which
satisfy f = po fi =io fy. Then ff(C*U(H))® ! ® f5Q is canonically trivial
since the diagram below is commutative.

w2 . g

| e

ViUV 2220 pym

The statement of the proposition follows from this.
m

We give an example of bundle gerbes whose section s is not trivial. This
construction is given by Johnson in [16] and Murray, Stevenson in [25].

Example 5.7. We can construct the bundle gerbe over the torus 7% =
St x St x S whose Dixmier-Douady class is the generator of H*(T3,Z) = Z
in the following way.

We set Y := R? and define the submersion ¢ : Y — T® by t — exp(2mit).
We write an element of Y as # = (x1, x5, 23). Then (Z,7) € Y means
T — ¢ € Z3. We take a principal U(1)-bundle @ over Y as a product U(1)-
bundle and define the section § of 0Q) by $(Z, ¥/, 2) := exp(2miy(Z, v, Z)) where
v is defined by v(Z, v, 2) := (y1 — 21)(x2 — y2)x3. Then we can check that
05 = 1.

There is a projection map (7, ¥/, 7) — ¥ and we have R3-valued differential
1-form d# on Y. Similarly dif and dZ are defined. Since ¥ — ¢ € Z* and
i — Z € Z3, the equation d¥ = dij = dZ holds. Note that each dz; are pull-
backs of 5=df; € Q' (S x S* x ST) by ¢ where db; is the volume form of i-th S*.
We define the connection 6 and the curving H as 0 := —2mi(zy — y;)xodzs,
H := —xidxy A drs. Then dH = dxy N dxs N dxs so the Dixmier-Douady
class is [gr3df1 A dfy A dfs) € H*(T?,R).
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