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Chapter 1

INTRODUCTION

1.1 Research Background

Engineering systems such as buildings, bridges, piping systems, gas treatment systems
and power distribution systems usually have a large number of components with com-
plex relationship among the components. The failure of an engineering system could
have catastrophic effects involving loss of life and property. For example, in the 2008
Wenchuan Earthquake, the collapses and damages of a large number of buildings and
bridges resulted the huge loss to the lives and properties’?.

There are a lot of uncertainties such as the uncertainty in material properties,
statistical data, mathematical analysis models, etc. in the engineering system. With
the effect of those uncertainties, the performance of engineering systems would be not
deterministic. Then, the failure of an engineering system would be probabilistic. In
the last decades, engineers have recognized the importance of the analysis of the failure
probability of engineering systems, and the related research has become one of the most
important research area in the engineering systems.

In general, a system consists of a number of interrelated and interdependent com-
ponents. Also, a system with a set of components can be considered as a component
in a large system. There could be many different types of systems such as a cell, a
bridge, a galaxy. Engineering systems considered in this research have two important
states, i.e., functional state and failure state, and the probability that a system is in

its functional state (design purpose) during a specified period of time is the reliability
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of the systems. The failure probability of a system is the complement of the reliability
of the system.

Many analysis methods have been developed to estimate system reliability; they
can generally be categorized into: either analytical methods or simulation based meth-
0ds® 19, The analytical methods such as Dunnet-sobel class correlation matrix method'?”
and product of conditional marginals'® is often based on some assumptions such as an
ideal mathematical models of the system. Even though the analytical methods present
elegant approaches of handling system reliability problems, each of them has its own

assumptions which limited its application.

Monte Carlo (MC) simulations provide an estimate of the failure probability by
simulating a large number of samples of the random variables related to the failure

19-21) Tt is a simple method which is applicable to a wide range of

of the system
systems including realistic and precise representations of engineering systems with a
large number of components. However, for practical structural systems with high-
reliability, a large number of simulations have to be performed, and thus, MC simulation

can be computationally expensive and inefficient.

Because estimation of the failure probability of a system usually is difficult or time
consuming especially when there exists a dependency among the component states and
when the number of components is large. Researchers are trying to find the upper and
lower bounds on the exact failure probability of the system, such as simple bounds and
Ditlevsen bounds®. Among those, there are some methods that use linear programming
(LP) for efficiency. Hailperin first explored LP to estimate the best possible inequalities

22) . Because the

for the probability of a logical function (Boolean function) of events
number of design variables in the LP problem increases rapidly with the number of
events, Hailperin’s method is only applicable to a small size of logical function of
events. The accuracy of some theoretical bounds has been examined by use of the
LP estimating the best possible inequalities by Kounias and Marin?¥). Song and Der
Kiureghian proposed the linear programming (LP) bounds method for computing the
bounds on the failure probability of general systems based on the information of the

joint failure probabilities of k components (when & = 1, these joint probabilities become

the individual component state probabilities, and the different k represents the different
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level of information)?"). The LP bounds method has a number of advantages such as
providing the narrowest possible result of bounds on the system failure probability for
any level of information and having a wide applicability for many systems?>27).
There exists, however, a critical drawback in the LP bounds method. The size
of the LP problem, which is usually related to the number of design variables and
the number of constraints, increases exponentially with the number of components.
For a system with n components, the number of design variables in the LP bounds
method is N; = 2". When n = 18, N; = 262144 and the problem can barely be solved
with common LP programs on a personal computer. When n = 100, this number
becomes Ny ~ 1.27x10%°, which is enormously large. The number of constraints, which
depends on the number of design variables and the level of joint failure probabilities,
also becomes enormously large in the application of the LP bounds method to a large
system. This size issue—both the number of design variables and constraints—would
be a hindrance if one wants to use the LP bounds method to estimate the bounds on

the failure probabilities of a large system.

In order to overcome the size issue of the LP bounds method, Der Kiureghian and
Song propose a multi-scale system reliability analysis, whereby the system is decom-
posed into subsystems and a hierarchy of analysis is performed by considering each

728) The decomposition facilitates solution

subsystem or set of subsystems “separately
of the system reliability by the LP bounds method, whereby the large LP problems
for the entire system is replaced by several LP problems of much smaller size. This
facility, however, comes at a cost; the system bounds computed for the decomposed
system can be wider than the bounds computed for the intact system with the same

level of probability information. Also, the best way to decompose the entire system is

difficult to find.

Although the above system reliability analysis methods have been developed to
estimate the reliability of the system, they are still limited in dealing with a system
with small number of components. Therefore, there are pressing needs for developing

efficient and accurate system reliability methods.
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1.2 Research Objective and Content

As described in the above section, researchers have paid attention to the system relia-
bility analysis, and a lot of methods evaluating the reliability of the system has been
proposed in the last decades. All of these methods faced the challenges related to com-
putation burdens in the system reliability analysis, and it also motivated this Ph.D.
research, and the goal of this research is to propose new system reliability analysis
methods that can estimate the reliability of a large system efficiently and accurately.

Among the methods of the system reliability analysis, the LP bounds method shows
some important advantages such as only depending on the information of the joint
failure probabilities of a small set of components and providing the narrowest possible
result of bounds on the system failure probability for any level of formation of the joint
failure probabilities. However, the main drawback of the LP bounds method, i.e., the
size issue of the LP problem, limits its application. Based on the LP bounds method,
this research will first propose a new method to overcome the size issue of the LP
problem for a pure series system and a pure parallel system, and then extend the new
method to the system of the combination of a series and parallel subsystems.

The organization of this thesis consists of the following chapters and the purpose

of each chapter is depicted.

Chapter 2:

Chapter 2 gives an outline of the past research on system reliability. First, the details of
the method of the reliability analysis such as the first order reliability method (FOSM)
and the MC simulation are reviewed. Second, the details of the LP bounds method
including its advantages and disadvantages has been reviewed. Finally, as an extension
of the LP bounds method, the details of the multi-scale system reliability analysis are

reviewed.
Chapter 3:

As an efficient reliability tool for a system with a large number of components, the
relaxed linear programming (RLP) bounds method is introduced in Chapter 3. First,
the universal generating function (UGF) that would be used in the RLP bounds method
has been described. Second, the details of the RLP bounds method are explained.
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Third, the RLP bounds method has been improved by its variations such as RLP2 and
RLP3. Finally, applications of the RLP bounds method to pure series systems as well
as pure parallel systems are demonstrated.

Chapter 4:

Chapter 4 will introduce the extended RLP bounds method based on failure modes as
an extension of the RLP bounds method. The new approach is developed for a general
system consisting of both series and parallel subsystems. Applications of this approach
to a general system are demonstrated.

Chapter 5:

Summaries of major findings of this study and the future research topics are provided

in this Chapter.






Chapter 2

PAST RESEARCH ON SYSTEM
RELIABILITY

2.1 Overview

Reliability of the system has shown its importance in the analysis, design, and plan-
ning of the systems especially for the engineering systems, and many researchers have
achieved a lot of achievement in the system reliability analysis in the last decades.

In order to acquire the systematic knowledge of reliability analysis, this chapter
provide a wide and fundamental introduction, from the basic definition such as compo-
nent state to estimation method of system reliability such as the linear programming
(LP) bounds method. The importance of this chapter is to review the LP bounds
method and multi-scale system reliability analysis, their advantages and disadvantages
are also summarized.

In section 2.2, some basic concepts of reliability analysis is reviewed.

In section 2.3, the linear programming (LP) bounds method is reviewed.

In section 2.4, the multi-scale system reliability analysis is reviewed.

In section 2.5, the reliability analysis of a system subjected to common source of
hazard is reviewed.

In section 2.6, the summary of this chapter is proposed.
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2.2 Reliability Analysis Method

2.2.1 Component State

In engineering, it is generally assumed that a component can be in one of two possible
states, i.e., functional or failure, and the vector of a component states can be expressed

E=(F,F) (2.1)

where F' denotes the failure state of a component and F denotes its complement (func-

tional state).

2.2.2 System Reliability State

In system reliability, it is generally assumed that each component of a system, as well
as the entire system, can be in one of two possible states, i.e., functional or failure.

The vectors of the component states can be expressed as
E;=(F,F), i=12....n (2.2)

where F; denotes the failure state of component i and F; denotes its complement
(functional state).

The failure state of a system, Fyysem, Will be expressed as
Fsystem = f(Ela E2> ceey En) (23)

where f(e) is the function of failure states of the components or their complements.
A series system fails if any of its component fails. It is typified by a chain, and also
called a “weakest link” system. An example of a simple series system is shown in Figure
2.1. The load performed at the system is denoted as S. Failure of any component,
such as the failure of the component with resistance R;, will cause the failure of the

system. Thus, the f(e) function have only union operations in a series system, i.e.

Fseriessystem = F1UF2UF3UUFn

- UR (2.4)
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Figure 2.1: An Example of Series Systems
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Figure 2.2: An Example of Parallel Systems

A parallel system is a system that fails only when all of the components fail. An
example of a simple parallel system is shown in Figure 2.2, in which the load performed
at the system is denoted as S. The failure of all components corresponding to the
resistance forces Ry, Ro, and R3 will cause the failure of the system. Thus, the f(e)

function have only intersection operations in a parallel system, i.e.

Fparallel system F1 N FQ N F3 N---N Fn

In general, a general system is a system consists of series and parallel subsystems.
Therefore, the function f(e) includes both union and intersection operations. There
are two basic formations of the general systems, i.e., a system represented by a series

of parallel subsystems and by a parallel of series subsystems. The system represented
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by a series of parallel system can be expressed in terms of “weakest link”, i.e.

Fsystom = LkJZE%k F; (26)

where (Y, is the set of component indices of which corresponding components constitute
the kth “weakest link”.

The system represented by a parallel of series subsystems can be expressed in terms
of “link sets”, i.e.

Fsystem = QZGL%/Z E (27)
where L; is the set of component indices of which corresponding components constitute
the Ith “link set”. The complementary system state Fyem consist of the combination
of all unions of the complementary component states F;, i € L;. Using De Morgan’s

rule one can obtain the formulation as the form in Equation (2.7).

2.2.3 Limit State Function

The limit state function an important function relative to the failure of a system, also is
a function connecting the variables represented the system state and the corresponding
component states that are relative to the failure of the system.

In engineering system, a system is in a “safe state” if it can fulfill the design
requirements. It is in a “failure state” if it fails to fulfill the design requirements.
If the system is on the point of failure to fulfill the design requirements, it is at the
“limit state”. In general, the state of the system can be either the “safe state” or the
“failure state”.

In order to distinguish the state of a system, the following limit state function is

often considered

>0 safe state
9(X) =9(X1, Xo,..., X)) { =0 limit state (2.8)

<0 failure state

where X = (X1, Xs,..., X,,) are the basic variables of the system such as resistances

and loads. The surface g(X) = 0 is called the limit state surface.
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2.2.4 Conventional Reliability Analysis Methods

As some of the conventional reliability analysis methods, the first order reliability
method (FORM), product of conditional marginals (PCM), Dunnet-Sobel class corre-
lation matrix method, Monte Carlo (MC) simulation, and bounds on system reliability
are outlined in the following.
1) First Order Reliability Method

The first order reliability method (FORM) is one of the most important estimation
method for the reliability of engineering systems, and researchers of the engineering
systems have paid great attention to the FORM in the last decades. The FORM has
a wide application in the practical engineering system.

The “first order” in FORM means that the limit state function g(X) is linearly
approximated by use of the first order term in its Taylor expansion. The procedure of

FOSM can be expressed as

a) Consider a limit state function as
g(‘X) :g(X17X277X’n) (29)
where X, are uncorrelated random variables.

b) The random variable X; (X space) is transformed into standard normal random

variable U; (U space) as follows
Uiy =& ' (Fx(z;)) (2.10)

where F'x(e) is the marginal cumulative distribution function of X, and ®(e) is

the cumulative distribution function of the standard normal random variable.

Then, the limit state function in X space is transformed to U space

G(U) = G(Uy,Us, ..., Uy) (2.11)

¢) Reliability index in U space

From the simple geometric meaning in U space, one can find that the smallest

distance (f) from the limit state surface G(U) = 0, u* = (u1*, us*, ..., u,*) is
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the point on the limit state surface closest to the origin, and called design point.

[ can be expressed as

=1 - _ (2.12)
ou; | .
i=1 u
Let
_ 9G(u)
ou *
o — u (2.13)
i 0G| \’
i=1 Ou; |,
Then,
ut =0y B (2.14)

f can be obtained by solving the simultaneous nonlinear Equations (2.11), (2.12),

and (2.13).

d) The failure probability can be expressed as
Py = a(-p) (2.15)
[ is called reliability index.

The details of the FORM can be found in the reference® %29,
2) Product of Conditional Marginals

Pandey M.D. proposed the product of conditional marginals (PCM), which is an ap-
proach to estimate the multinormal distribution function effectively. The PCM method
obtained the advantages of calculation by estimating the joint normal distribution of
two variables based on the conditional fractile and conditional correlation coefficient,
and could be reasonably accurate up the 20 dimensional multinormal integrals.

In PCM method, instead of conducting the multinormal integral, the integral is

estimated by a product of conditional probability as follows'®):

O,(c.R) = P [(Xm < en) "1 (X < ck)] x P {(Xm1 < enit)] ’:rj(xk < )

2
—= %
K :
B
T

(2.16)
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where X;, i = 1,2,...,m are normal random variables. cj|x—1) denotes a conditional

normal fractile, and its conditional normal variable can be obtained as®")
k=1
P(ckh-1)) = P | (Xi < ) n (X <) (2.17)

The general form of the conditional correlation between X}, and X; can be expressed

as?)l)

_ TRA)GHDI(k=1) ~ Th(k+D)| (k=) TkG+D)] (k—1) Bri(k-1)
T (k1) (1) k= \/

(2.18)

[1- Ti(k+1)|(k—1)Bk|(k—1)] [1- Ti(j+1)|(k:—1)Bk|(k—1)]

Based on the PCM method, Yuan and Pandey®? proposed an improved PCM
(IPCM) version to improve its accuracy. The details of PCM and IPCM can be found
in the reference'®32),

3) Dunnet-Sobel Class Correlation Matrix Method

Dunnett and Sobel proposed a Dunnet-Sobel (DS) class correlation matrix, which

is specified as®?)

Pij = Tilj
1 # 7, pii = 1. (2.19)
Suppose a system consisting of k£ components with reliability index 5;, 7 =1,2,... k

and correlation matrix R=[p;;]. Based on the DS class correlation matrix, Dunnett
and Sobel proposed an approach to estimate the joint probabilities of k variates by the

one-dimensional integral as follows!”)

k
Py = P<Qle‘)

= (I)k (6177/8167]‘:{’)
k
- Bi —rit
= t S| —— || dt 2.20
/_oolcb()H ( — (2:20)
where @y (uq, ..., ux; R) is the k-variate standard normal cumulative distribution func-

tion with correlation matrix R=[p;;], and ¢(e) denotes the one-dimensional standard
normal probability density function. The details can be found in reference!™3%).
4) Monte Carlo Simulation

Monte Carlo (MC) simulation is an important tool in the pricing of derivative se-

curities in financial, project management, the risk management, and other forecasting
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fields. The essence of the MC simulation is a mathematical algorithm that involves of
repeated random or pseudorandom numbers (sampling) for the solution of the forecast-
ing model. In the system reliability analysis, the MC simulation has widely application
to the estimation of the failure probability of the system, and it provides an unique
estimate of the failure probability of the system.

In engineering system, the failure probability of the system, P, can be expressed

as

Py = Pg(X)<0)
= / / fx(z)dx (2.21)
(X)<0

where g(X) = g(X1, Xo,...,X,) is the limit state function of the system, and fx(x)
is the joint probability density function of the random vectors X = (X1, Xo, ..., X,).
Obviously, the direct numerical integration of Equation (2.21) is usually impossible
when n is large.

In the application of MC simulation, a lot of repeated experiments with randomly
generated samples Z; of random vectors X = (X1, Xs,..., X,,) are performed many
times. Then the number of the samples with value of the limit state function g() less
than 0, i.e., in the failure state, are counted. Suppose N trials have been performed,

the failure probability of the system can be approximately expressed as

Py =~ W (2.22)

where n(g(2;) < 0) is the number of trails with g(2;) < 0. It is obvious that the larger
number of experiments, N, will be required when the higher accuracy of the system
failure probability is desired.

The efficiency of the MC simulation can be improved by considering the variance
reduction techniques such as the importance sampling, the details can be found in the

10,19.34)  However, for the practical high reliability structural systems, MC

reference
simulation can be computationally expensive and inefficient.
5) Bounds on System Reliability

As described in Chapter 1, the computation of the probability of the system could

be an extremely difficult task, particularly when there exists a dependency among
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the component states and when the number of components is large. Usually, the
probabilities of the intersections of all combinations of components states is necessary.
For example, for a series system with two-state components, Equation (2.4) can be

written as

P(Fseriessystem) = P(Fl)+P(F2)_P(FlﬂF2)+P(F3)_P<F1mF5)

—P(FaNF3)+P(FINFyNEy)+... (2.23)
= Y P(F)=) P(FENF)+ Y PENFNF)-...
% 1<J 1<j<k

Similarly, the expressions corresponding to Equations (2.6) and (2.7) can be obtained.

Because the computation of the system failure probability is difficult, an alterna-
tive approach is to develop upper and lower bounds on the system failure probability.
Many researchers are interesting in developing bounds on the system failure probability
that employ the individual component failure probabilities, P; = P(F;), and the joint
probabilities of a small number of component states, i.e., the joint failure probabilities
of two components, P;; = P(F;) N P(Fj), ¢ < j, the joint failure probabilities of three
components, P, = P(F;) N P(F;) N P(F), i < j <k, etc.

Based on the individual component failure probabilities, Boole developed the prob-

ability bounds on a series system as>®

P "EY < A
max P; < P(ig1 F;) < min(1, ZR) (2.24)

i=1
These bounds are called as Boole bounds, and it is the narrowest possible bounds if
the given information is limit to the individual component failure probabilities®®. Un-
fortunately, the bounds developed by Boole are usually too wide to be useless for the
realistic application. Based on the information of individual component failure prob-
abilities and the joint failure probabilities of two components, Kounias®”, Hunter?®,
and Ditlevsen®” proposed the following widely used bounds for series systems:

n i—1 n
P+ max(0,P,— > Py) < P(ig1 F)<P+)» (P- max P;) (2.25)
=2 =2

j=1
The accuracy of the bounds by Equation (2.25) depends on the ordering of the compo-

nent states, and there are n! possible ordering alternatives. The order maximizing the
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lower bound could be different from the order minimizing the upper bound*?. Since
it is practically impossible to find an ordering rule that can make sure to obtain the
narrowest bounds of Equation (2.25), one have to consider all the possible n! order-
ing alternatives in order to obtain the narrowest bounds of Equation (2.25). Also,
the bounds obtained from Equation (2.25) can not guarantee the narrowest possible
bounds. These bounds are called as “KHD bounds”.

Based on the concept of KHD bounds, Hohenbichler and Rackwitz*") and Zhang*?
proposed the formula of lower bounds and upper bounds using the joint failure prob-
abilities of three components, the joint failure probabilities of four components, etc,
for series system. These bounds are called as “Zhang bounds”. Zhang’s bounds also
have the order-dependency problem similar to KHD bounds. The formulas of lower
bounds and upper bounds of Zhang’s bounds using the information up to the joint fail-
ure probabilities of three components can be expressed in Equations (2.26) and (2.27),

respectively.

P(UF)<P +P—P P — P, + P — P 2.9
(R SP+P—Patd [P-, e o (Pt Py = Pal] - (220)

i—1

n i—1
PUGT) 2 Pt Pt Pt g maxOP= 0 Pt ) D, P (227
i= =i J=1j

For the parallel systems, based on the individual component failure probabilities,

Boole proposed the narrowest possible bounds as?®36)

max(0,> P, — (n—1)) < P(Fn1 F,) < min P, (2.28)
=1 -

However, the bounds obtained from Equation (2.28) are usually too wide and useless
for the realistic application. There does not exist the theoretical bounds for parallel
systems using the individual component failure probabilities, the joint failure prob-
abilities of two components, and the joint failure probabilities of three components.
However, the complement of a parallel system can be converted to a series system by
use of De Morgan’s rule, and then the bounds can be obtained by using Equations
(2.25), (2.26), and (2.27).

For a general system, there does not exist the theoretical bounds formulas. One can

decompose a general system into a series system of parallel sub-systems or a parallel
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system of series subsystems, and then use the combination of the Equations (2.25),
(2.26), (2.27), and (2.28) to obtain the relaxed bounds. However, these bounds usually

are too wide and unacceptable.

2.2.5 Multi-state System Reliability

Because the methods that proposed in this research is applicable to multi-state system,
the related concepts will introduce in this section.
1) Multi-state Component

In engineering system, a component could have more than two levels of performance,
i.e., two state (perfect functioning and complete failure), during a specified period of
time. A component having only two state can be called as a two-state component, and
a component having more than two state can be called a multi-state component, which

can be expressed as
E_(E\, E,y, ..., E), 1=1,2,...,1 (2.29)

where [ is the number of states of the component. The event that the component being
in the jth state can be expressed as Ej.

Similar to the reliability of the two-state component, the probability that a multi-
state component being in its functional states (design purpose) during a specified period
of time is the reliability of the component. The failure probability of the multi-state
component is the complement of its reliability.

2) Multi-state System

If the components of the system, as well as the entire system, only could be in
one of two possible states, i.e., functional or failure, this system is called the binary
system. If any of the components of the system or the entire system could have more
than two states, this system is called the multi-state system. Consider a system with
n multi-state components. The vectors of the states of the multi-state components can

be expressed as
Ei:(EilaEiQw'-aEili); i:1,2,...,n ]:1,27711 (230)

where E;; denotes the event that the component i being in the jth state.
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A particular state of the system can be denoted as Egystem, then, Eggem can be

written as
Esystem - f(EL E27 cee 7En) (231>

where the f(e) function consists of the combination of the events of each component,
i.e., the unions of the events of the components and/or the intersections of the events
of the components.

Similar to the binary system reliability, the probability that a multi-state system
being in its functional states (design purpose) during a specified period of time is the
reliability of the component. The failure probability of the multi-state system is the
complement of its reliability.

Multi-state system reliability models allow both the system and its components
to assume more than two levels of performance, and more realistic and more precise
representations of engineering systems can be obtained by use of multi-state reliability
models. Multi-state system reliability models are much more complex and present
major difficulties in system definition and performance evaluation. MC simulations is

one of the conventional reliability analysis method of the multi-state system.

2.3 Linear Programming Bounds Method

Linear Programming (LP) is the analysis of problems in which a linear function of a
number of variables is to be minimized or maximized when those variables are subject to
a number of restraints in the form of linear equalities and inequalities***). The feasible
region of the solution of the LP is a convex polyhedron, which is a set defined as the
intersection of finitely many half spaces, each of which is defined by a linear inequality.
Its objective function is real-valued affine function defined on this polyhedron. An
LP algorithm finds a point in the polyhedron where this function has the smallest (or
largest) value if such a point exists34%).

Song and Der Kiureghian proposed the linear programming (LP) bounds method

for computing the bounds on the failure probability of general systems based on the

information of the joint failure probabilities of £ components. The design variables of
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LP in the linear programming (LP) bounds method is the probabilities of the mutually

exclusive and collectively exhaustive (MECE) events of the system.

2.3.1 Mutually Exclusive and Collectively Exhaustive Events

If not any of events intersect another event in a sample space, i.e., the intersection of
two events is empty, those events are mutually exclusive. If the union of those events
cover all the events in a sample space, those events are collectively exhaustive. It is
possible that the events in a sample space are both mutually exclusive and collectively
exhaustive (MECE).

Considering a system with n two-state components, Hailperin®? divided the sam-
ple space of component states into 2" MECE events. Each MECE event consists of
a distinct intersection of the failure events F; and their complements F; (functional
events), i = 1,2,...,n. They are called the basic MECE events and denoted by e,,

r=1,2,...,2". For example, for a system with n = 3 two-state components, there are

23 = 8 basic MECE events (see Figure 2.3)

e1 = FiNFNF, ey = Fy N FyN F,
es = Fy N Fy, N F;, es = Fy N FyN F;,
es = F1 NN F, es = F1 N Fy N F3,
er = Fy N FyN F, es = F1 N FyN F. (2.32)

2.3.2 Linear Programming Bounds Method

After Dantzig developed the simplex method in 194746, the LP has became a practical
tool. Based on an LP model of the plastic analysis, Nafday et al.*”) proposed an
approach for identifying the mechanism failure modes of building frames. Corotis
and Nafday*® proposed a combined approach of the MC simulation and the LP to
estimate the system reliability of the complex structural system. The approach has
the advantage when the traditional MC simulation is inefficient for the practical high
reliability structural systems. Although the LP has been introduced for the estimation

of system reliability of the structural systems, it has not been used to estimate the
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—

g

Figure 2.3: Basic MECE event e, for a system with 3 two-state components.

system failure probability directly. Developing a linear programming (LP) bounds
method, Song and Der Kiureghian first show that the LP is useful for estimating
bounds on the system failure probability based on the MECE events?449),

Because that the basic MECE events are mutually exclusive, the probability of
any union of events can be obtained by the sum of the corresponding probabilities.
Particularly, the probability of any failure event F; can be obtained by the sum of
the probabilities of the basic MECE events that constitute the event F;. Similarly,
any joint failure probability can be obtained by the sum of the basic MECE events

that constitute the intersection events. For example, for a system with three two-state

components as shown in Figure 2.3, the component failure probability is expressed as
P(F1) = Py = pomy + Pmg + Py + Pz

P<F2) = P = Py + Pmy + Py + Dmg (2'33)

P(F?)) = P3 = puy + Py + Py + Pms
The joint failure probabilities of two components can be expressed as

P(FlmFQ) :P12:pm1 +pm4
P(Fy N F3) = P13 = pm, + Py (2.34)

P(Fy N F3) = Pag = pimy + Py
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The joint failure probability of three components can be expressed as
P(FiNF, N F3) = Piog = P, (2.35)

More generally, we write

P(F)=Fi= ) pn,

my:e,CFj
P(F,NF)) =Py = Z Drn, (2.36)
my‘le'ngiij
P(ENF;NF)=Py= Y  pm, et

mpie, CFNFNE
It should be noted that only the joint failure probability of up to k£ components
such as P(F;) and P(F;NF;),i,j =1,2,...,n,and i # j, is known, but any probability
of the basic MECE event e,, p,, = P(e,), is not known in advance.
Based on the basic axioms of probability, the above probabilities p,, = {Pm,, Pmgs

., Dmyn } have the following linear constraints:

-
> Pm =1 (2.37)

my=1

P > 0 r=1,2...2" (2.38)

The lower bound and the upper bound of the system failure probability can be
obtained as the minimum and the maximum of the objective function of the LP, re-

spectively. We can formulate the LP for this analysis as follows:

minimize (maximize) c<'po
subject  to A;p,, = b1 (2.39)
A2p,, > b2
where p,,, = {Pmy» Pmas - - - s Dmon + 18 the vector of design variables and represents the

probabilities of the basic MECE events; c is a vector that relates the system failure
event to the component failure events; c’p,, is the linear objective function; and A
and A, and b; and by are the coefficient matrices and vectors respectively, which
represent the information given in terms of joint failure probabilities of k& components.

A; and b; are obtained from Equation (2.36). As and by are also obtained from
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Equation (2.36), but when one has information of the form P(F;) > z or P(F;) < z
rather than P(F;) = z. Also, there are additional linear constraints based on the
axioms of probability (Equations (2.37) and (2.38))2%.

For the above three-component system, if one knows P(F}) = 0.01, P(F,) = 0.02,
and P(F3) = 0.03, and the objective function is P(Fy N Fy N F3) = pp,,, then Ay and
b; based on Equation (2.36) and ¢’ are expressed as
[ 10110010

Ay = 11010100 (2.40)
11101000

0.01

by = | 0.02 (2.41)
0.03
cT:1ooooooo] (2.42)

2.3.3 Size of Linear Programming Problem

The size of LP problem would increase rapidly with the increase of the number of design
variables and constraints. For a system with n two-state components, the number of

design variables (IV;) can be expressed as
Ny = 2" (2.43)

There are also one equality and 2" inequality constraints resulting from the probability
axioms (Equation (2.37) and Equation (2.38)), respectively, and there are (}) + (}) +

-+ (}) equality or inequality constraints resulting from Equation (2.36) when the
complete set of joint failure probabilities of each combination of & components, i.e., the

joint failure probabilities of all combinations up to each combination of £ component,

is available. Thus, the total number of constraints of the LP bounds method, N., can

NC:2"+1+(T>+(Z)+---+(Z) (2.44)

Note that we do not need to know the all set of joint failure probabilities of & compo-

be expressed as

nents at a particular level. Any partial set of joint failure probabilities of k£ components

can be used.
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Kiureghian and Song®® mentioned that the LP bounds method developed for two-
state systems is equally applicable to multi-state systems. For example, consider a
system with n components, and the :th component having m; states, i = 1,2,...,n.
The number of basic MECE events of the system (the number of design variables) can

be expressed as
Ny, = [[mi (2.45)
i=1

From the Equations (2.43) and (2.44), one can find that the number of design
variables, Ny, grows exponentially with the number of components, and the number of
constraints, N,., would also be enormously large when a system is large. For a system
with n two-state components and the complete set of joint failure probabilities up to
k components, k = 3, then Ny = 262144 and N, = Ny + 987 + 1 when n = 18. When
n = 100, Ny ~ 1.27 x 10*® and N, = N; + 166750 4+ 1. Also, for the same number
of components, the number of design variables, Ny , as shown in Equation (2.45) will
rapidly grow with the increasing number of component states when the LP bounds

method is extended to multi-state systems.

2.3.4 Advantages and Disadvantages of the Linear Program-

ming Bounds Method

The advantages and disadvantages of the LP bounds method are summarized as follows:
1) Advantages
The LP bounds method has a number of important advantages over other existing

41,42))

methods (e.g., Boole bounds®” or Zhang bounds . They include:

a) any “level,” i.e., the number (k) of components considered in the joint probabil-
ities of the states, of information can be used, in the form of both in equalities

and inequalities;

b) the statistical dependency among component states is easily accounted for in

terms of their joint probabilities;

¢) since the LP approach can obtain the optimal solution, the method guarantees the

narrowest possible bounds for the given information of the individual component
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probabilities and the joint probabilities of component states;

d) the method is applicable to a general system, including a system that is nei-
ther pure series nor pure parallel and a system for which no theoretical formula

exists2928,50)

There are two advantages of the LP bounds method over the MC simulation. One
is that the MC simulation can be impractical when the failure probability is very
small, whereas the LP bounds method is unaffected by the magnitude of the failure
probability. Also, the MC simulation is not applicable when the information on the
statistical characteristics of one component or on the correlation between one compo-
nent and another is missing; however, the LP bounds method is still applicable under
such circumstances.

2) Disadvantages

Obviously, the main shortcoming of the LP bounds method is that the size of
LP problem grows rapidly with the number of components as shown in Section 2.3.3.
Even though there are many advanced algorithms for solving the large size of LP
problems, e.g., the column generation method by Jaumard et al.’"), the size issue of
LP problem of the LP bounds method would still be a hindrance if one want to use
the LP bounds method to estimate the bounds on the failure probabilities of a large
system. Suppose one has an LP solver that can barely handle 2! = 262144 design
variables and all the constraints of up to the complete set of joint failure probabilities
of each combination of up to 3 components, then in theory the limitation of the number
of two-state components in the LP bounds method is 18. Clearly, the size issue of LP
problem limited the extension of the LP bounds method for the multi-state systems to

a system with a very small number of components.

2.4 Multi-scale System Reliability Analysis

In order to extend the applicability of the LP bounds method, a multi-scale approach
has been proposed by Der Kiureghian and Song to deal with a system with a larger

number of components. The system is decomposed into subsystems and a hierarchy
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Bounds of system failure probability by LLP bounds method
Figure 2.4: Diagram of the multi-scale system reliability analysis.

of analysis is performed by considering each subsystem or set of subsystems “sepa-

rately”2®).

2.4.1 Outline of Multi-scale System Reliability Analysis

In multi-scale system reliability analysis, a subset of (a group of) components of the

t752) If a system with n components

system is considered as a single “super-componen
has only 1 “super-component” consisting of k£ components, then this system can be
considered as a system with 1 “super-component” and the n—k remaining components.
The size of LP problem can be reduced by a factor of 2¥~! in this system. Similar to a
system with 1 “super-component”, the above approach can be proceeded again when
a system has more than one “super-component”, then the size of LP problem for the
entire system can be reduced.

The diagram of multi-scale system reliability analysis is shown in Figure 2.4, where

a single “super-component” denoted by the bracket number [i], 7 = 1,2, ..., ng., and ng.

is the number of “super-components”. Each “super-component” consists of a group
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of components, and of course each “super-component” is a system itself. In order
to obtain the bounds on the entire system, it is necessary to compute bounds on
each “super-component” and the joint failure probabilities of a “super-component”
with other components or “super-components”. The bounds on failure probability of
“super-component” [z] (the bounds on the failure probabilities of subsystem [i]), Py,
can be obtained by the LP bounds method. The bounds on the joint failure probability
of “super-components” such as P j; (the bounds on the joint failure probabilities of
“super-components” [i] and [j]), and the bounds on the joint failure probabilities of
“super-components” and components such as P ; (the bounds on the joint failure
probabilities of “super-component” [i| and component j) can also be obtained by the LP
bounds method. Since each “super-component” is treated as a component at the system
level, these bounds on the failure probabilities of the “super-components” and the joint
failure probabilities of “super-components” with “super-components” or components
can be treated as the constraints in solving the LP problem for the entire system. Then
the bounds on the entire system can be obtained by the LP bounds method.

Similar to the idea of the “super-components”, a subset of the “super-components”
can be considered as a “super-super-components”. Also, a subset of the “super-super-
components” can be considered as a “super-super-super-components” again. Then the
size of LP problem for the entire system can be reduced to a manageable size. In
essence, instead of solving a single large size of LP problem, the multi-scale system
reliability analysis turns to solve a number of smaller size of LP problem by using the

LP bounds method.

2.4.2 Guidelines for Effective Selection of “Super-components”

In the multi-scale system reliability analysis, the decomposition of the entire system
into subsystems would cause the loss of the information on the components for the
entire system level such as the relationship among the “super-components”. Such a
loss of information leads to the relaxation of the feasible domain that could lead to the
wider bounds of the sytem reliability.

There are two factors contribute to the relaxation of the feasible domain by us-

ing multi-scale system reliability analysis: the decomposition approach of the entire
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system (the selection of the “super-components”) and the accuracy of the bounds
on the failure probability of each “super-component”. The different decomposition
approaches will lead to the different “super-compnents” in which the number of com-
ponents and correlation coefficients among compoents are different. Then, different
decomposition approaches would cause the different relaxtion of the fesible domain
and different accuracy of the failure probability of the entire system. The bounds on
the failure probability of each “super-component” that estimated by the LP bounds
methods such as bounds on the failure probability of the “super-component” [1] as
shown in Figure 2.4, will be used as the information of the failure probabilities of the
“super-components”. Then, different accuracy of the bounds on the failure probability
of each “super-component” could cause the different relaxtion of the fesible domain
and a direct effect to the accuracy of the failure probability of the entire system.
Obviously, the selection of the “super-components” is the first step and have im-
portant effect on the the accuracy of system failure probabilities of the entire system,
thus a set of guidelines for the effective selection of the “super-components” have been

listed by Song and Der kiureghian as follows?®):

1) Ideally, no components can belong to more than one “super-component”.

2) Tt is desirable that each “super-component” has as few external states as possible,

preferably only two.

3) If the selected “super-components” have identical probabilistic characteristics,

there is a significant advantage.

4) If the failure probabilities of the selected “super-components” are statistically

independent of each other, the significant advantage can be obtained.

5) If the selected “super-components” are disjoint, i.e., the joint failure probabilities

of the “super-components” are zero, the advantage can be gained.

6) The most natural candidates for the “super-components” are series and parallel

subsystems with the physical representation of the system.

7) Since there could be a lot of decomposition schemes, the decomposition that

yields the narrowest bounds is the best scheme.
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2.4.3 Advantages and Disadvantages of Multi-scale System
Reliability Analysis

The multi-scale system reliability analysis decomposes the entire system into smaller
size of the subsystems denoted as the “super-components”, then the large size of LP
problem on the system failure probabilities can be obtained by solving a number of

smaller size of LP problem.
1) Advantages

The multi-scale system reliability analysis provides an approach that allows the
determination of the bounds on the reliability of a system with a large number of
components by using the LP bounds method. Like the LP bounds method, the wide
applicability for many systems is one of the advantages of the multi-scale system re-
liability analysis. Also like the LP bounds method, the multi-scale system reliability
analysis have the same advantages over the MC simulation as shown in Section 2.3.4.
The advantages and disadvantages of the LP bounds method are summarized as fol-

lows:
2) Disadvantages

There are three obvious disadvantages for the multi-scale system reliability analysis.
First, ideally each component of the system should belong to at most one “super-
component” for the multi-scale system reliability analysis. Since there are many cases
in which numerous components are common in different failure modes, it could be
difficult or impossible to select the “super-components” under such circumstances.
Second, the size of any “super-component” will still be limited by the restriction on
the LP bounds method, which means the limitation of the number of components in
each “super-component” is the same with the limitation of the number of components
of the LP bounds method. Finally, even though guidelines for the effective selection of
the subsystems have been enumerated, the selection might still be difficult or impossible

for a general system, rendering the multi-scale approach difficult to apply.
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2.5 Reliability Analysis of A System Subjected to
Common Source of Hazard

Consider a system subjected to a common source of hazard such as earthquake, and
assume that there are several critical failure modes. The correlation among failure
modes of the system could be strong because of the common source of hazard. When
the extended RLP bounds method based on failure modes is applied, a system with
strong correlation among failure modes usually requires values of ky and k(;) larger than
those for a system with weaker correlations in order to achieve comparable accuracy.
Such strong correlation among failure modes can be avoided by considering conditional
failure probability of the system®®.

Suppose that X is a random variable causing the statistical dependence among
failure modes, which we call a common source random variable (CSRV). Let fx(x)
be the probability density function (PDF) of X. Then, using the theorem of total
probability and applying Gaussian integration, we may estimate the system failure

probability (P(Fy)) by
PIE) = [T PIEIX =) sl (2.46)

where P(Fs|X = z) is the conditional system failure probability given that X = z.
The integration of Equation (2.46) can be conducted by using Gaussian integration

P(F,) ~ / " PRI = 1) fy(0)da (2.47)

Zmin

N
~ ZwiP<Fs|X = x)fX(xi)
i=1

where [Zpin, Tmax| is the range of = used for Gaussian integration. N is the number of
points in the Gaussian integration, the z; (i = 1,2,..., N) are abscissas, and wj is the
corresponding weight factor for z;.

The values of z,;, and z,,., can be determined based on the expected order of the
accuracy of P(Fs). Since P(Fs|X = x) is a monotonically increasing function, the
center of gravity of the product P(Fs|X = z)fx(x) shifts to the right of the mean

of X. In Equation (2.47), because the area under this product to the left of x;,



30 CHAPTER 2. PAST RESEARCH ON SYSTEM RELIABILITY

and to the right of x,.. is neglected, the range should be wide enough so that the
neglected area does not cause a significant error in the estimate. One might consider
P(X < Zpw) = 10742 and P(X > Zp.) = 107772 where the expected order of
accuracy is 1072, For example, if P (Fy) ~ 107, 2 and ., was determined so that
P(X < zpin) 2 1072 and P(X > 2pax) ~ 1075

The number N used in the Gaussian integration is considered acceptable if the
differences between the lower bounds and the upper bounds of system failure probability

by two Gaussian integration with N — 1 and N are negligible.

2.6 Summary

In this chapter, some basic concepts of reliability analysis and conventional reliability
analysis method are reviewed. The details of the LP bounds method and the multi-
scale system reliability analysis have been introduced. The advantages and disadvan-
tages of the LP bounds method have been summarized, respectively. Even though the
multi-scale system reliability analysis have extended the applicability of the LP bounds
method, the main drawback of the LP bounds method, i.e., the size of LP problem
grows rapidly with the number of components, has not been solved. Also, the multi-
scale system reliability analysis has its own disadvantages as shown in Section 2.4.3.
The challenge of solving the size of LP problem has been remained, which lead to the

new method of this research that could solve this size problem of LP.



Chapter 3

RELAXED LINEAR
PROGRAMMING BOUNDS
METHOD

3.1 Overview

This chapter will introduce a new method named the relaxed linear programming
(RLP) bounds method in order to estimate efficiently and accurately the bounds of the
reliability of the pure series systems as well as pure parallel systems. The chapter is
composed of the following sections:

In section 3.2, the concept of universal generating function (UGF) and the LP
bounds method using UGF is introduced.

In section 3.3, the relaxed linear programming (RLP) bounds method and the
details of the formulation of constraints of the RLP bounds method is introduced.

In section 3.4, the variation of the RLP bound method (reduction of constraints)
are proposed. Numerical examples have been used to demonstrate its application.

In section 3.5, the variation of the RLP bounds method (incomplete information)
are introduced. Numerical examples have been used to demonstrate its application.

In section 3.6, the advantages and disadvantages of the RLP bounds method is

summarized.

31
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3.2 Universal Generating Function and Reliability
Analysis

3.2.1 Introduction to Universal Generating Function

The universal generating function (UGF) is an important tool in discrete mathematics
fields, by which various problems can be solved in terms of an uniform program®®.
Because the failure state and safe state of the system are two discrete states in discrete
mathematics fields taking advantage of UGF is considered in this research. A brief
introduction of the UGF provided in the following; the further details of the UGF can
be found in APPENDIX.

The basic ideas of using the UGF technique in the engineering systems analysis were

55,56)

proposed by Ushakov In the last decades, Lisniaski and Levitin developed and

completed the application of the UGF technique for evaluating and optimizing relia-

15,57-59

bility indices of systems ). The UGF technique allows one to formulate the entire

system states based on the states of its components by using algebraic procedures®®.

Consider a discrete random variable X with a sampling space  and the corre-

sponding probability mass function (pmf), p;, which can be expressed as

x = (r1,%2,...,Tm)
p; = P(X =uz,); i=12,....m (3.1)
b = <p17p2;--‘;pm)

Similar to a moment generating function of X (details of moment generating function

can be found in APPENDIX), another function related to X that determines its pmf

can be expressed as

ux(z) = E(z%)

= p12" +paz® 4 pptr

= ijzmj (3.2)
j=1

in which F(2%) denotes the expectation of z¥.



3.2. UNIVERSAL GENERATING FUNCTION AND RELIABILITY ANALYSIS 33

This function is usually called the z-transform of X. The more properties and de-
tails about the generating function and z-transform is referred to the books by Grim-
mentt and Strizaker®") and Ross®?.

Consider n independent discrete random variables X7, Xs, ..., X, with respective
sample space &; = (T;1, Ti2, - - -, Tim), and the corresponding pmf p; = (pi 1, pi2, - - -,

Pim)- The z-transform of each random variable X; can be expressed as
ux,(2) = Y pijz" (3.3)
j=1

and the z-transform of the sum of X; is the product of the individual z-transform of

these variables as follows:

(2) = E(JEX))

- ()

= TTux) (3.4)

myp  ma2 Mn n
P “ e pZ] Z(xlvjl +12,j2+"'+xn,jn)
i=1

=lje=1  jan=1

U n
> X
i=1

Note that when random variables X and Y are independent of each other, E(XY) =
E(X)-E(Y).
Levitin®® defined the UGF of the function by replacing (z1j, + 2, + -+ + T, )

in Equation (3.4) with f(x1j,,%2,,-.-,%n ), which denotes an arbitrary function of

Xl,Xz,...7Xn, as

U(z) = i i . % [(ﬁ pi,ji) Zf(xml,xz,jg,...,xn,jn)] (3.5)

j1=1j2=1 Jn=1 1=1

Then, the UGF of a random variable can simply be defined by Equation (3.3).

For example, consider two random variables X; and X, with a sample space ;1 =
(1,2) and pmf p; = (0.3,0.7), and zo = (1,2,4) and p, = (0.2,0.3,0.5). In order to
obtain the pmf of the function Y = X;%2, all of the possible combinations of the values

of X; and X5 should be considered. The UGF corresponding to this pmf takes the
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form:

Uy(z) = ux,(2) @f@l%(z)

= (0.32' +0.72%) ®(0.22" +0.32% + 0.52%)
f

= 0.062""Y 4+ 0.14273D 40,092/ 4 0.21272)
+0.152/ 0 035272
= 0.0621) +0.142Y +0.092) 4 0.212® 4 0.1520) + 0.35:2)

= 0.062" 4+ 0.142* + 0.092" + 0.212" + 0.15z" + 0.352'° (3.6)

where f(X1, Xs) = X2 and ® is an operation based on the function f.
f

By collecting the like terms in Equation (3.6), one can obtain
Uy (2) = 0.302" +0.142% 4 0.212* + 0.352"° (3.7)

The sample space and pmf of the variable Y is y=(1, 2, 4, 16) and p,=(0.30, 0.14, 0.21,
0.35), respectively.

Note that all of the combinations of the values of variables Xi, Xs,..., X, are
MECE and the total number of possible combinations is

=1
3.2.2 LP Bounds Method using UGF

This section will propose an approach to introduce the UGF into the LP bounds
method. The number of design variables in the LP of this approach is still the same
with that of the LP bounds method; however, it will be extend further in the next
section.

Consider a system consisting of n statistically dependent components and suppose
that the ith component has m; possible states, © = 1,2,...,n, then the UGF of the

component can be defined as
ui(z) = Zp@jzx"ﬂ'; i=1,...,n (3.9)
j=1

where the exponent z; ; of 2%+ encodes the state that the ith component is in state j,

pi; denotes the probability corresponding to that state®®.
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For example, an UGF of a component with two states, F' and F, has two terms:
u(z) = p12° + po2” (3.10)

where the 0 of 2° encodes the state that the component fails, while the z of z* encodes
the state that this component survives; p; and p,, are the failure probability of this
component and its complement, respectively.

By extending Equation (3.5), the UGF of the system with statistically dependent

components can be expressed as

mi1  m2 Mn,
HOEDDD SIS SIS (3.11)

J1=1j2=1 Jn=1

where the exponents f(71,, 2.y, --->Tnj,) of 2125 i) encode the system
states consisting of its components states (each system state corresponds to one basic
MECE events), pj, j,....j. denote the probabilities corresponding to its system states.
Because all of the combinations of the values of X, Xs,...,X,, are MECE, the
number of possible combinations of the values of statistically dependent X7, Xs, ..., X,
is also expressed by Equation (3.8).
In the system with 3 two-state components as shown in Figure 3.1, the UGF of the

system can be expressed as

f(z1) f(z2) f(z3)

U(Z) = ]91,1,120 + P2,1,12 + P12.12 + pP1,1,2%
_|_p2’2712f(a:1,a:2) + p2,1,22f(x1’x3) + p172722f(w2,w3) (3‘12)

(x1,22,23)

+P2,2,2Zf

where the 0 of 2% encodes the state that no component survives, and p;;; is the
probability corresponding to the state encoded by the 0 of 2; the f(z;) of 27@V) | f(xy)
of 27@2) and f(x3) of 2/(®3) respectively, encodes the state that only component 1,
only component 2, and only component 3 survives, and ps 11, pi2,1, and p; 12 is the
probability corresponding to the state encoded by the f(z) of 2/ f(x5) of 2f(®2)
and f(x3) of 2/(#3) | respectively; the f(z1,z3) of 2f(*1:72) encodes the state that only
both components 1 and 2 survive, and ps2; is the probability corresponding to the

state encoded by the f(z1,xs) of 2f(@1:72): the f(x1, 29, x3) of 2f(*17273) encodes the
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—

g

Figure 3.1: Basic MECE event e, for a system with 3 two-state components.

state that all components survive, and p; 99 is the probability corresponding to the
state encoded by the f(x1,xy,x3) of 2/@17223) and so on.

The UGF of the system expressed by Equation (3.12) has 23 = 8 terms, each of
which corresponds to one of the basic MECE events of the system and its corresponding
probability as described in Section 2.3.2. Taking the definition of the probability of
basic MECE events described in the Section 2.3.2 into account, the failure probabilities
of the basic MECE events of this system can be described as

Pmy = ple1), Pmy = p(e2),
Pms = p(e3), Pma = p(ea),
Pms = D(€5), Pme = D(€6), (3.13)
Pmz = pler), Pms = ples).

Let e(z/(*)) denote the event that the system is in the state encoded by f(e) of

2/(®) Comparing f (e) with Figure 2.3, one can find the following relationships.

e(2°) = ey, e

f ftfz))

o

( (
(252 = ¢, e
e(2/ )Y — o e(z!@rma)y = ¢ (3.14)
(21" (

e(2f@2)) = ¢ e
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Then, the following probability relationships can be obtained.

P1,1,1 = Pmy, P2,1,1 = Pmas
P1,2,1 = Pms) P1,1,2 = Pmy;
P221 = Pms, D212 = Pmg) (3-15)
P1,22 = Pmy, D222 = Pmg-

Similarly, one can find that the number of terms of the UGF for a system with
n two-state components is 2", each of which corresponds to one of the basic MECE
events of the system and its corresponding probability. Obviously, the probabilities
Pm,’s serve as the design variable in LP similar to Equation (2.39). Thus, we still have
the same hindrance in the application of the UGF to a large system as the LP bounds
method. Yet, the UGF allows one to reduce considerably the computational burden

by using simple algebraic procedures as described in the following section.

3.3 Relaxed Linear Programming Bounds Method

3.3.1 Introduction to Relaxed Linear Programming Bounds

Method

1) UGF for Relaxed LP Bounds Method
Consider a system consisting of n components, and suppose that the component
i has two possible states, for i = 1,2,...,n. A conceptually simplified UGF of the

system can be expressed as

U(z) = p12°+paz™ +pgz™ + - 4 Py 27

AP 222+ Poga2® A P 22

+P2n122°" + Dony3z ™ o+ P32+ (3.16)
(n—1)zn

+p(n—2)n+2z(n71)xl + p(n—2)n+3z(n71)12 ot P(n-1)n+1%2

nx
+Dn2 —n+2%7

where the 0 of 2% encodes the subset of the state in which no component survives,

and p; is the probability corresponding to the state encoded by the 0 of 2°; the x;
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of z** encodes the subset of the state in which only component 1 survives, and ps is
the probability corresponding to the state encoded by the x; of 2*!; the 2x; of 2%%
encodes the portion of the subsets of the states in which only two components including
component 1 survive, and p, 2 is the probability corresponding to the state encoded
by the 2z, of 22*'; the union of all states encoded by the 2x; of 2%%, i =1,2,...,n, is
the subset of the states in which only two components survive, the sum of associated
probabilities is the probability corresponding to the states that only two components
survive; the nx of 2™ encodes the subset of the state in which all components survive,
and p,2_, .9 is the probability corresponding to the state encoded by the nx of 2"*,
and so on®%6%).

Note that these events, like the one encoded by 22, are not the basic MECE
events. However, the union of all events encoded by z/% for i = 1,2,....n, (E;),

"¢ and the union of all events encoded by 2** (E}),

is mutually exclusive with 2%, z
(7,k=12,...,n — 1, k # j). Note that E; is the event that exactly j component
survives. Then, clearly 2%, 2"* and E; (j = 1,2,...,n — 1) are collectively exhaustive.
2) LP Problem

Similar to the LP bounds method, the linear objective function can be obtained
by the corresponding matrix related to the system failure based on Equation (3.16).
P ={p1,p2, -, Pn2_nio} in Equation (3.16) can serve as the design variables of LP in
Equation (2.39). The component failure probabilities and the joint failure probabilities
of components are also the equality constraints or inequalities constraints but not the
same with that of the LP bounds method. The details is expressed as follows:
a) Objective Function

From Equation (3.16), one can easily find the objective function of the LP for a

series system, ¢’p,, and the vector c that relates the system failure event can be

expressed as
=11 ... 1 0 (3.17)

Also, one can easily find the objective function of the LP for a parallel system, c¢’p,.,

and the vector c that relates the system failure event can be expressed as

=100 ... 0 (3.18)
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b) Design Variables
Similar to Equation (2.39), the probabilities p,’s in the UGF of the system serve as

the design variables in the LP, and the number of design variables can be expressed as
Ny=n?*—n+2 (3.19)

Also, the given information are component failure probabilities, the joint failure proba-
bilities of components, and the probabilities of design variables is unknown in advance.
c) Constraints

Based on the basic axioms of probability, the probabilities p,’s in Equation (3.16)

have the following linear constraints:

n2—n+2
b= 1 (3.20)
r=1

pr > 0; r=1,....,n°—n+2 (3.21)

Similar to the LP bounds method, the constraints of the above approach is usually
based on the component failure probabilities and the joint failure probabilities of two
components or three components; however, the formulation of constraints in this ap-
proach is much different from that of the LP bounds method. The constraints of this
approach consisting of equalities and inequalities are based on the relaxed bounds on
the component failure probabilities and relaxed bounds on the joint failure probabilities
of components, which could cause a relaxed bounds on the failure probability of the
system. We called the above approach for bounds on the system reliability based on
Equation (3.16) as the Relaxed Linear Programming (RLP) bounds method, and the

constraints of the RLP bounds method will be introduced in the following Subsection.

3.3.2 Formulation of Constraints

The given information, i.e., the component failure probabilities and the joint failure
probabilities of two components or three components, will take the expression of the
relaxed bounds in the RLP bounds method. The details of these relaxed bounds will

be introduced step by step in this Section.
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Figure 3.2: MECE event e, for a three-event sample space.

Relaxed Bounds on Component Failure Probability

Using a system with 3 two-state components as shown in Figure 3.1, the concept of the
relaxed bounds on the component failure probabilities is introduced first. The UGF of

the 3 two-state components system can be expressed as

U(Z) = p120 + pgle +p3zx2 + p4z‘”3

+p5z2x1 + p622m2 + p722m3 + p823l3 (322)

The MECE events corresponding to the above system states are shown in Figure 3.2.

Comparing Figure 3.1 with Figure 3.2, the following relationships among the events
encoded by 2%, 2% 29% (i = 1,2,3, j = 1,2), and the basic MECE events can be

expressed as

221) C (e5 U eg), (3.23)
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The corresponding probability relationships can be expressed as

P1 = Pmys P2 = Pmas

P3 = D, P4 = Py

P8 = D) P5 < D + P (3.24)
P6 < Pms + Pma; D7 < Pmg + Pmg-

The relationships among the union of the events encoded by z/% (i = 1,2,3, j =

1,2), and the basic MECE events can be find as

(e(z")Ue(2)Ue(2")) = (ea Ueg Uey),

(e(z*) Ue(2*2) Ue(2*™)) = (es Ueg Uer). (3.25)
The corresponding probability relationships can be expressed as

D2 + D3 + D4 = Pms +pm3 +pm47

D5 + D6 + P7 = Pms + Pmg + Pmsr- (3'26)

The constraints of this system can be derived as follows:

1) The bounds of component failure probabilities can be expressed as

>p1+p3s+pa
P(Fl) - P1
<p1+Dp3+Dps+ps+pr
>p1+Dp2+ D4
P(Fg) =P (3.27)
<p1+p2+ps+ps+Dp7
>p1+p2+Dp3
P<F3)2P3

<p1+p2+p3s+ps+Ds

p1 + p3 + ps corresponds to the probabilities of states that no component survives
and only one component except component 1 survives. ps + pg + p7 corresponds
to the probabilities of states that only two components survive. One can easily
find that P; is greater than p; 4+ p3 + ps4, and smaller than p; + p3 + ps + ps +
pe + pr. Furthermore, because ps is the probability corresponding to the state

encoded by the 2z, of z?*1 i.e., the part of the states that only two components
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including component 1 survive, ps can be excluded from the inequality. The other

inequalities can be derived similarly.

2) The joint failure probabilities of two components can be expressed as

P(FiNF) = Py
= p1+pa
P(FiNF3) = P
= p1+Dp3 (3.28)
P(FoNF3) = P
= p1+p2
p1 + p4 corresponds to the probabilities of states that no component survives and

only component 3 survives. One can easily find that Pjs equals to p; 4+ p4 in this

system. The other inequalities can be derived similarly.

3) Obviously the joint failure probability of three components is the failure proba-

bility of all components in this system, and it can be expressed as
P(FlﬂFngg) — P123
= N (3.29)

4) From Equation (2.33), one can find that the sum of P(F}), P(F;), and P(F5) can

be expressed as
P(Fy) + P(Fy) + P(F3)
= P+h+D
= 3Pmy + 2(Pmy + Pmg + Pms) + Pms + P + Py

3 2 1
= <1>pm1 + <1> (pmz + Dms +pm4) + <1> (pms + Pme + Pmy) (3'30)

Comparing the relationships shown in Equations (3.24), (3.26), and (3.30), the
sum of P(F}), P(Fy), and P(F3) can also be expressed as

P(Fy) + P(F) + P(F5)
= (?)Ih + (i) (p2 + ps + pa) + G) (ps + p6 + pr) (3.31)
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Note that when one has information such as P(F;) > x or P(F;) < z rather than
P(F;) = z, the equalities (Equations (3.30) and (3.31)) will also change to the

inequalities.

From this simple example, we have shown the basic concept of the relaxed bounds on
the component failure probabilities (Equations (3.27) and (3.31)) in the RLP bounds
method. From Equations (3.28) and (3.29), one can also find that the joint failure
probabilities of two components or three components in the RLP bounds method are
still equalities in a system with three two-state components. However, when the num-
ber of components of the system is greater than 3, the joint failure probabilities of
two components will take the expression of the bounds in the RLP bounds method.
Since the bounds on system reliability based on the component failure probabilities
is often unacceptably wide, we will introduce the relaxed bounds on the joint failure

probabilities of two components in the following example.

Relaxed Bounds on Joint Failure Probability of Two Components

Second, let us consider a system with four two-state components. Then, the UGF of

the system can be expressed as

Ulz) = 120 4 Paz®t 4 P32 + Py 4 ps2
+pe2>"t + pr2®T + Pz + ozt (3.32)

+p102%7 4+ p11257 + Proz®®® + pr32®t + praz®®

This system consists of 2* = 16 basic MECE events, they can be expressed as

e1=FNENF3NFy, eo = NF,NFyNFy,
es=FNF,NFyNEy, es=FNF,NF;NEy,
es = Fy\NFy,NFyN EFy, eg = F1NFyN FyN EFy,
er=FNFNFNEy, es=FINF,NF3NEy,
eg = FLNFy,NFy3N EFy, eo=F NE,NFyNFy,
enn=FNENEFNEF, ern=F NE, N3N Fy,

eis=FNFNENE, ew=FNFHBNENE,
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eis = FiNF NN E, e =FNFNF3NE.
From the the definition of the events encoded by 2°, 24, 29% (i = 1,2,3,4, j =
1,2,3), the following relationships among the events encoded by 2°, z4% 2% (i =

1,2,3,4, 5 = 1,2,3), and the basic MECE events can be expressed as

e(2%) = e, e(2™) = ez,

e(2™) = es, e(2") = e,

e(z™) = es, e(z") = e,

e(z*"1) C (egUer Ues), e(#*7) C (es Ueg U eno) , (3.33)
e(2%") C (e UegUeny), e(2"™) C (esUew Uen),

e(z%) C (er2U ez Uery), e(2*?) C (enUezUers)

e(2°™) C (erpUeny Ueys), e(#7) C (e13Uer Uers) .

The corresponding probability relationships can be expressed as

P1 = Pmq, P2 = Pmas
P3 = Pms, P4 = Pmy,
D5 = pm57 Ds < pma +pm7 +pm87

pr < Pmg + Prmg + Pmios
Pg < Pmsg +pm1o +pm117
D11 < pm12 +pm13 +pm157

P13 < pm13 +pm14 +pm157

Ds < pm7 + pmg + pmnv
P1o < Pmiys + Pmis +pm147
D12 < pm12 + pm14 +pm157

P14 = Pmys-

(3.34)

The relationships among the union of the events encoded by 2/% (i = 1,2,3,4,

j =1,2,3), and the basic MECE events can be find as

(e(z")Ue(2"2)Ue(2™)Ue(2™)) = (ea UesUey Ues),
(e(z*") Ue(2*2) Ue(2*) Ue(2*)) = (eg Uer Ues Ueg UergUern), (3.35)

(G(ngl) U 6(23372) U 6(2313) U €<Z3w4>) = (612 U €13 Ueyy U 615) .



3.3. RELAXED LINEAR PROGRAMMING BOUNDS METHOD 45

The corresponding probability relationships can be expressed as

D2 +p3 +p4 +p5 :pm2 +pm3 +pm4 +pm5>
D6 + D7+ DPs + D9 = Dmg + Pz + Pms + Pmo + Prmgo + Prmaa s (3.36)

P1o +p11 +p12 +p13 == pmu +pm13 +pm14 +pm157

The constraints of this system can be derived as follows:

1) The bounds of component failure probabilities can be expressed as

>p1+p3+Dps+Dps
P(Fl) :P1

<p1+Dp3+ps+p5s+pr+ps+ D9+ P11+ P2+ P13

>p1+p2+Dps+Ds
P(Fg) =P

<p1+p2+ps+Dps+ s+ DPs+ Do+ Pro+ P12 + P13

>p1+p2t+p3+ps
P(F3) =P (3.37)
<p1+p2+Dp3+p5s+ D0+ Pr+ D9+ Pro+ P11+ P13

>p1+p2+p3+ps
P(F4) =P

<p1+Dp2+ D3+ P4+ D6+ pr+Ps+ Pro+ P11+ P2

Similar to the system with 3 two-state components, p; 4+ ps + p4 + p5 corresponds
to the probabilities of states that no component survives and only one component
except component 1 survives. pg+ pr + ps + pg corresponds to the probabilities of
states that only two components survive. pig+ p11 + p12 + p13 corresponds to the
probabilities of states that only three components survive. One can easily find
that P is greater than p; +p3+ps+ps, and smaller than py +ps+ps+ps5+pe+p7+
P8 + Po + Pio + P11 + pi2 + p13. Furthermore, because pg and pyg is the probability
corresponding to the state encoded by the 2x; of z?** and the 3z; of 23%1, i.e.,
the part of the states that only two components including component 1 survive
and the part of the states that only three components including component 1
survive, respectively, pg and pig can be excluded from the inequality. The other

inequalities can be derived similarly.
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2) The bounds of joint failure probabilities of two components can be expressed as

>p1+Ppatps
P(FlﬂFg):Plg

< Pp1+DPps+ D5+ Ps+ Do

>p1+p3s+ps
P(Fl N Fg) = P53

<p1+p3s+ps+pr+Dpo

< p1+p3+Dps+pr+Ds

>p1+p2+ D5

P(FQ N Fg) - P23 (338)

<p1+Dp2+ D5+ P+ Do

>p1+p2+ D4
P(F2 N F4) = Py

<p1+p2+ps+ps+Ds

>p1+p3s+pa
P(F,NF,) =Py

>p1+p2+ps
P(F3NFy) = Py

<p1+p2+Pp3s+ps+Ppr
p1 + ps+ ps corresponds to the probabilities of states that no component survives
and only components 3 or 4 survives. Since pg + p7 + ps + pg corresponds to the
probabilities of states that only two components survive, one can easily find that
Py5 is greater than p; +ps+ps, and smaller than p; +ps+ps+ ps +pe +p7+ps+po.
Furthermore, because pg and p; is the probability corresponding to the state
encoded by the 2z; of 2%*t and by the 2z, of 2272, i.e., the part of the states that
only two components including component 1 survive and the part of the states
that only two components including component 2 survive, respectively, ps and
pr can be excluded from the inequality. The other inequalities can be derived

similarly.
3) The joint failure probabilities of three components can be expressed as

P(FlszmFg) — P123

P(FiNF,NFy) = P
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P(FLNFNF) = Py (3.39)

P(FQQF30F4) = P234

p1 + ps corresponds to the probabilities of states that no component survives and
only components 4 survives. One can easily find that Pjo3 equals to p; + p5 in

this system. The other inequalities can be derived similarly.

4) Obviously the joint failure probability of three components is the failure proba-

bility of all components in this system, and it can be expressed as

P(FiNF,NF3NFy) = Py

= I (3.40)

5) From Equation (2.33), one can find that the sum of P(F}), P(Fy), P(F,), and

P(Fy) can be expressed as

P(Fy) + P(Fy) + P(Fs) + P(Fy)

= P+hBh+B+P

= Apm, + 3(Pm> + Pms + Py + Pims)
+2(Pmg + Pmr + Pms + Pmg + Prmsg + Pmay)
+(Pmz + Prmss + Pmas + D)

4 3
= 1 Pmq + 1 (pmz +pm3 +pm4 +pm5>
9
+14 (Pmg + Pmr + Pms + Pmg + Prmio + Prany) (3.41)

1
+ <1> (pmu + Py t Py T pmls)

Comparing the relationships shown in Equations (3.36), (3.46), and (3.41), the
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sum of P(F), P(Fy), P(Fy), and P(F},) can also be expressed as

P(Fy) + P(F;) + P(I%) + P(Fy)
= (?)pl + (?) (P2 + p3s + pa + ps)

+ (i) (ps + pr + s + Do) (3.42)

1
+ <1> (p10 + P11 + P12 + p13)

6) Similarly, from Equation (2.34), one can find that the sum of P(Fy3), P(Fi3),
P(F14), P(Fy3), P(Fy), and P(F34) can be expressed as
P(F12) + P(Fi3) + P(F1) + P(Fy3) + P(Fsy) + P(F3y)
= P+ P+ Pu+ P+ P+ Py
= Opm, + 3(Pmy + Py + Py + Pims)
tPmg + Pmz + Pms + Pmg + Pmyg + Py

4 3
= 9 Pmy T+ 9 (pmz +pm3 + Py +pm5)

2
+ <2) (Pmg + Pmy + Pms + Pmg + Pimio + Pray) (3.43)

Comparing the relationships shown in Equations (3.36), (3.46), and (3.43), the
sum of P(Fyy), P(Fi3), P(F14), P(Fs3), P(Fy,), and P(F34) can also be expressed

P(Fi2) + P(Fi3) + P(F1y) + P(Fy3) + P(Fay) + P(Fsy)

_ (;L)pl + (g) (py + 3 +pa+ps) + (;) (ps +p7+ps+po) (3.44)

Similar to bounds on component failure probability, one can easily find the formu-
lation of the bounds on the joint failure probabilities of two components in the RLP
bounds method Equations (3.38) and (3.43). Also, from Equations (3.39) and (3.40),
one can find that the joint failure probabilities of three components or four compo-
nents in the RLP bounds method are still equalities in a system with four two-state
components. Generally, the acceptable bounds on system reliability is based on the
given information of the joint failure probabilities of two components or three compo-
nents, we will introduce the relaxed bounds on the joint failure probabilities of three

components in the following example.
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Relaxed Bounds on Joint Failure Probability of Three Components

Third, let us consider a system with five two-state components. Then, the UGF of the

system can be expressed as

U(z) = p12° + paz®™ + p3z™ + paz™ + ps2™ + pez™
+p722$1 + p822$2 + p922a:3 + p1022x4 + p1122x5
+p122% + P13z + praz®®® + pis2P + pre2®s (3.45)

+p172% 4 P12t 4 pro2®™® 4 o2t 4 por 2*7 + pgg2®”

This system consists of 2° = 32 basic MECE events, they can be expressed as

e1=FiNF,NF;NF,NF,
es=FNFNEFyNENF;,
es = NN FyNFyN F,
er=FNFNFNENF;,
eo=F NF,NF3NFy N Fy
ey =FNENFNFNE,
e13=F NENFyNF N,
e15 =FNENFyNFy N E,
err = FINF, N F3 N Fy N F,
e9 = NFNFsNFNF,
eor = FL N Fy N F3 N FyN s,
o3 = 1N FyNEF3N Fy N F,
ey = Fi N Fy N F3 N Fy N E,
eyr = LN FaNFsNFy N,
e = NFNFsNFNF,

es1 = FiN N EF3N Fy N F,

eo=F NFNF;NENF;,
ea=FiNEBNFE;NFNE,
e = NF,NFyNEFyNF,
es=F NF,NF;NENF,
ewo = Fi N FyNF3N FyNFs,
e =F NE,NFNFNE;,
ey =FNENENFNE;,
e = NFNF3NFNF,
e1s = FNF, N F3NF N E,
e = NFNF3NF N F,
esr = 1NN F3N FyN F,
eos = F1NFy N F3N Fy N Fs,
eos = F1 N Fy N F3N Fy N Fx,
e = LN NF3N FyN T,
esp = LN FaNF3NFy N,

ez = NF,NF3NEyN Fs.

Jj = 1,2,3,4), the following relationships among the events encoded by 2°, z

From the the definition of the events encoded by 2°, 2°%, 2% (i = 1,2,3,4,5,

5:5’ Zja:i
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(1=1,2,3,4,5, j=1,2,3,4), and the basic MECE events can be expressed as

e(z") = ey,

e(2?) = es,

e(z™) = es,

e(2°") = esp,

e(2%) C (e UegUeg Uey),

e(2*) C (esUerr Ueng Uess)

e(z%%) C (eg U ez Uers Ueg)

e(2%1) C (e17 U erg U e1g U egg U g U eg),
e(2%) C (e17 Ueis Uerg U eaz U eag Uens)
e(2°") C (e17 U e U ea1 U egz U egy U egg)
e(2%") C (e1s U e U ey U eg3 U €5 U egg)
e(2%%%) C (e19 U ey U g U egq U g5 U e9g)
e(2*™1) C (e27 U €25 U eag Ueesp)

e(2*") C (e27 U eas Uezg Ues)

e(2%7) C (eag U egg U esg U esy) .

e(2"1) = eq,
e(2?) = ey,
e(z") = eg,

e(zzm) C (e;Uepn Uep Uess),

6(22$4) C (69 U €12 U €14 U 616> s

6(24x2) C (627 U €98 U €29 U 631) s
6(24$4) C (627 U €99 U €30 U 631) s

(3.46)

The corresponding probability relationships can be expressed as

P1 = Pmq,
D3 :pﬂ’L37
Ps = Pms,

P7 < Pmy + Pmg T Pmg + Pmigs

P9 < Pmg + Pmiy T Pmig T Pmugs
P11 < Pmio T Pmiz + Pmas + Pmies
P12 < Pmir + Pmas T Pmag T Pmag T Pmar T Pmass
D13 < Pmiz T Pmag T Pmig + Pmas T Pmgs T Pmas

p14 < pmn + pmzo + pm21 + png + pm24 + pmzew

P2 = Pma,
Ps = Pmy,
P6 = Pmg>»

ps < Pmy + Pm + Pmao + Pmass

P1o < pmg + pm12 +pWL14 +pm167

(3.47)
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P15 < pmlg + pmzo +pm22 +pm23 + pmzs +pm26>

p16 < pmlg +pm21 +pm22 +pm24 +pm25 +pm26>

P17 < Pmar + Pmog + Pmag + Pmso» D18 < Pmay + Pmog + Pmag + Pmgzys
P19 < Pmor + Pmog + Pmag + Pmay» P20 < Pmay + Pmag + Pmasg + Pmszys
p21 < pm27 + png + pm3o + pm317 p22 — pmgz-

The relationships among the union of the events encoded by 2/% (i = 1,2,3,4,5,

j=1,2,3,4), and the basic MECE events can be expressed as

(e(2"Y) Ue(z™) Ue(z™) Ue(2™) Ue(2™))

=(eaUezUeqsUesUeg), (3.48)
(e(22) U e(2272) U e(22%) U e(22%) U e(22%))

=(esUegUegUegUer Uep UepsUey Uers Uesg), (3.49)
(e(z*) Ue(2*2) Ue(2%%) Ue(2™) U e(2°))

= (e17 U erg Uegg Uegy U egy Uegg U ez U egy U egs Uesg), (3.50)
(e(£4) U e(2472) U e(2470) U e(2%74) U e(47))

(627 U €928 U €929 U €30 U 631) (351)

The corresponding probability relationships can be expressed as

D2 +P3+ Pa+Ps+ P

= Pmy T Pmz + Pmy & Pms + P> (3.52)
D7 + P8 + Py + Pio + P11

= Dmy + Pmg + Pmg + Pmio + Pryy T Prmre + Pmis + Prmas + Prns + Prmgg, (3.53)
D12 + P13 + P14 + P15 + P16

= Py + Pinrs + Prnsg + Prnzo + Prnay + Pings + Pinag + Pimay + Pinas + Dinag(3-54)
D17 + P18 + P19 + P20 + P21

= Pmagr T Pmag 1+ Pmag T Pmso + Prmay - (355)

The constraints of this system can be derived as follows:
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1) The bounds of component failure probabilities can be expressed as

;

>p1 + p3 + Py + Ps + Pe
P(Fy) =P <p1 + D3+ ps+ D5 + Do

+ ps + P9 + P10 + P11 + P13 + P1a + P15 + P16 + P1s + P19 + P20 + P21
4

>p1+p2+ps+ps+Dps
P(Fy) = Py { <pi + pa + ps+ ps + Do

+ p7 + P9 + P10 + P11 + P12 + P1a + P15 + Pie + P17 + P19 + P20 + P21
)

>p1+p2+Pp3s+ps5+ Ds

P(F3) = P <p1 + D2+ D3 + s + Do (3.56)

+ P7 +Pps + pio + Pi1 + Pi2 + P13 + Pis + Pie + P17 + Pig + P2o + P21
>p1+ P2+ Ps+patpe
P(Fy) = Py <p1+p2+ps + pa + s
+ P+ Pg + Pg + Pi1 + Pi2 + P13 + Pia + Pie + Pir + Pig + Pig + Pai

>p1 + p2 +p3 + Py + Ps
P(F5) = Ps q <p1 + P2+ D3 + pa+ s

+ P7 +Pg+ Py + Pro + Pi2 + P13 + Pia + Pis + Pir + Pis + Pig + P2o
Similar to the system with 3 two-state components, p; + ps + ps + p5 + ps
corresponds to the probabilities of states that no component survives and only one
component except component 1 survives. p; + ps + pg + p1o + p11 corresponds
to the probabilities of states that only two components survive. pio + p13 + puisa
+ p15 + p1e corresponds to the probabilities of states that only three components
survive. pi7 + pis + pio + poo + p21 corresponds to the probabilities of states
that only four components survive. One can easily find that P, is greater than
p1 + ps + pa + ps + pe, and smaller than py + ps + ps + ps + ps + pr + ps
+ P9 + Pio + P11 + P12 + P13 + P4+ P15 + Pie + Pir + Pig + Pig + P2 +
p21. Furthermore, because p7, p12, and py7 is the probability corresponding to the
state encoded by the 2z, of 22%1, by the 3x; of 23", and by the 4z, of 2%, i.e.,
the part of the states that only two components including component 1 survive,

the part of the states that only three components including component 1 survive,
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and the part of the states that only four components including component 1
survive, respectively, p7, pi2, and py7 can be excluded from the inequality. The

other inequalities can be derived similarly.
2) The bounds of joint failure probabilities of two components can be expressed as

>p1+ps+ps+Dpe
P(F1 N Fg) = Pis

<p1+ps+ 5+ ps+ P+ Pro+ P11+ P1a+ P15+ Pis
>p1+p3s+ps+Dpe

P(FyN F3) = Py3
<p1+Dp3s+ps+ps+ Ps+ pro+ P11+ P13+ P15+ Pis
>p1+p3s+ps+Dps

P(F1HF4) Py
< p1+ps+ps+pe+Ps+ P+ P+ P13+ Pia+t Pis
>p1+Dp3+pstps

P(FlﬁFg)) P15
<p1+Pp3+Dps+ps+ s+ Py + pio+ P13+ Pia+ P15

<p1+p2+Dps5s+ps+ pr+ Do+ P11+ P12+ P15+ Pis

>p1+p2+ps+Dps

P(FQQF4) Py
< p1+p2+ps+ps+ pr+ P+ P11+ P12+ Pra+ Pis
>p1+p2+Dps+ps

P(Fo N F5) = Pys
<p1+p2+Ds+p5s+ D07+ Py + Po+ P2+ Pia+ P15
>p1+p2+p3+Dps

P(F3ﬁF4) Psy
< p1+p2+ps+pe+Ppr+ps+ pu+ P2+ pis+ Pis

>p1+p2+p3+ps
P(F3HF5) Pss

P(FyN Fy) = Pag { SRR (3.57)

<p1+p2+Dp3+ps+pr+ps+po+ P2+ Pzt Pis

>p1+p2+ps+pa
P(F4QF5):P45

< P1+ P2+ P3+Pps+Pr+ps+ Pyt Pi2 + P13+ Pua
p1 + ps + ps + pg corresponds to the probabilities of states that no component
survives and only components 3, 4, or 5 survives. Since p; + ps + pg + pio +

p11 and p1a + pi3 + pa + pis + pig correspond to the probabilities of states



54

CHAPTER 3. RELAXED LINEAR PROGRAMMING BOUNDS METHOD

that only two components survive and the probabilities of states that only three
components survive, respectively, one can easily find that P, is greater than p;
+ pa + ps + pe, and smaller than p; + ps + ps + pe + pr + ps + Po + P10 + P11
+ p12 + P13 + pua + p1s + pis. Furthermore, because p; and pg is the probability
corresponding to the state encoded by the 2z, of z2* and by the 2z, of 2272, i.e.,
the part of the states that only two components including component 1 survive
and the part of the states that only two components including component 2
survive, respectively, p; and pg can be excluded from the inequality. Similarly,
p12 and pi3 can also be excluded from the inequality. The other inequalities can

be derived similarly.

3) The bounds of joint failure probabilities of three components can be expressed as

>p1+Dps+Dpe
P(FlﬂFngg):Plgg

<p1+Dps+ps+ P+ P

> 1+ ps+Ds
P(FlmFng4):P124

< p1+ps+Ds+ Py + P11

>p1+Dps+Ds

P(FlﬂF2ﬂF5) :P125 (358)

< p1+ps+Dps+ Do+ Do

>p1+p3s+Dps
P(F1QF3QF4) :P134

<p1+p3+pe+ps+pn

P(FlﬁFngg;) :P135
<p1+p3s+ps+ps+ P
>p1+p3s+pa

P(FlﬂF4ﬂF5) :P145
<p1+p3s+ps+ps+po

> p1 + P2+ e
P(FQQF3QF4):P234

<p1+p2+Dps+pr+ o

>p1+p2+ps
P(FQQF3QF5):P235

|
|
|
{>p1+p3+p5
|
|
|

< p1+ P2+ Dps5+Pr+ Do
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>p1+ P2+ Py
P(Fng4mF5) :P245

< p1+Dp2+Dps+Pp7+ Do

>p1+p2+Dp3
P(F3OF4QF5):P345

<p1+p2+ps+pr+ps
p1 + ps + pe corresponds to the probabilities of states that no component sur-
vives and only components 4 or 5 survives. Since p; + ps + po + pio + pu1
corresponds to the probabilities of states that only two components survive, one
can easily find that P35 is greater than p; + ps + pg, and smaller than p; +
pa + ps + ps + pr + ps + po + pio + pii. Furthermore, because p7, ps and
pg is the probability corresponding to the state encoded by the 2z, of z2%!, by
the 2x5 of 2%*2, and by the 23 of 223, i.e., the part of the states that only two
components including component 1 survive, the part of the states that only two
components including component 2 survive, and the part of the states that only
two components including component 3 survive, respectively, pr, ps, and pg can

be excluded from the inequality. The other inequalities can be derived similarly.
4) The joint failure probabilities of four components can be expressed as

P(FiNF,NEF3NFy) = Pragy

=Dp1+DPs
P(FlﬂF2ﬂF30F5):P1235

=Dp1+ps
P(FiNF,NFyNF5) = Proys (3.59)

=Pp1+DPa
P(FiNF3NFyNF5) = Prags

=p1+ D3
P(E,NF3N FyN Fy) = Pogys

=p1 + D2

p1 + pe corresponds to the probabilities of states that no component survives and

only components 5 survives. One can easily find that P34 equals to p; + pg in
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this system. The other inequalities can be derived similarly.

5) Obviously the joint failure probability of five components is the failure probability

of all components in this system, and it can be expressed as
P(FiNF,NF3sNFyNF5) = Pros
= m (3.60)
6) From Equation (2.33), one can find that the sum of P(F), P(Fy), P(F3), P(F}),
and P(F3) can be expressed as
P(Fy) + P(Fy) + P(F3) + P(Fy) + P(F5)
= Pb+P+P+ P+ Py
= 5pmy + 4Py + Py + Prng + P + Ping)
+3(Pmr + Pimg + Pmg + Pmio + Py + Pz + Prnss + Prs + Prass + Prnss)
+2(Pmir + Pras + Pmig + Pmoo T Prmay + Pimas + Pmas + Pimas + Pmas + Prag)
FPmar + Pmos + Pz T Pmso + P

5 4
= 1 Pmy T 1 (me + Pms T Pmg + Dims +pm5)

3
+ (1) (pm7 + pms + pmg + pmlo + pm11 + pm12 + pm13 + pm14 + pm15 + pmlg)

2

+ (1) (pmn + Prag t Pmag + Pmag T Pmar T Pmas T Pmog T Pmos + Pmgs + pm%)
1

| ) Prmar & Pras + Ding + Py + Py ) (3.61)

Comparing the relationships shown in Equations (3.47), (3.52), (3.53),(3.54),(3.55),
and (3.61), the sum of P(F), P(F,), P(Fs), P(Fy), and P(Fs) can also be ex-

pressed as
P(Fy) + P(Fy) + P(Fs) + P(Fy) + P(F5)

= (1)p1+ ( ) Pa + D3 + P4+ Ps + Pe)

g
g
(

w

) p7 + Ps + Py + P10 + Pi1)

DN =

) P12 + P13 + P14 + D15 + Die)

—_ =

_|_

—_

) P17 + p1s + Pio + P20 + p21) (3.62)
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7) Similarly, from Equation (2.34), one can find that the sum of P(Fi3), P(Fi3),
P<F14), P(}7115'))7 P<F23)7 P<F24), P(F25), P<F34)7 P(Fgg,), and P<F45) can be

expressed as

P(Fy3) + P(Fi3) + P(F14) + P(Fi5) + P(Fy3)
+P(Fpy) + P(Fas) + P(F34) + P(F35) + P(Fys)
= P+ Pi3+ Piy+ Pis + Pog + Pay + Pos + P3y + Pss + Pys
= 10pm, + 6(Pmy + Py + Py + Pims + D)
+3(Pmr + Ping + Pmg + Pmso + Py + P + Pinsg + Py + Prngs + Prngs)
TPmiz + Pmig T Pmig T Pmag T Pmar + Pmos + Pmag T Pmaos T Pmos + Pmos

5 4
= 9 DPmy + 9 (pmz + Pms T Pmy T Pms +pm6) (3'63)

3
+ (2) (Pms + Pmg + Pmg + Pmio + Pmas + Pmis + Prmag + Pmas + Prmas + P

2
+ (2) (Pmir + Pmss + Py T Pmso + Py + Doz & Pimas + Prmos & Pimas + Prmsg)

Comparing the relationships shown in Equations (3.47), (3.52), (3.53),(3.54),(3.55),
and (363), the sum of P(Flg), P(Flg), P(F14), P(F15), P(Fgg), P(F24), P(F25),
P(F34), P(F35), and P(Fy5) can also be expressed as

P(Fi9) + P(Fi3) + P(F14) + P(Fi5) + P(Fa3)

+P(Fy) + P(Fys) + P(F34) + P(F35) + P(Fys)

5 4 3
= <2>p1 + <2> (p2 + D3 +ps+ps+ps) + <2> (p7 + ps + po + P10 + p11)

2
+ (2) (P12 + P13 + P14 + P15 + Pi6) (3.64)

8) Similar to the bounds on the joint failure probabilities of two components, one

can easily find the formulation of the bounds on the joint failure probabilities of



o8 CHAPTER 3. RELAXED LINEAR PROGRAMMING BOUNDS METHOD

three components can be expressed as

P(Fia3) + P(Fi24) + P(Figs) + P(Fi34) + P(Fi3s)
+P(Flas) + P(Fasa) + P(Fass) + P(Fas) + P(Fys)
= Praz + Pioa + Pios + Piza + Piss + Pras + Paga + Pags + Paus + Paas
= 10pm, + 4Py + Py + Py + Prms + Ping)
+(Pimr + Prms + Py + Prmao + Prry + P & P + Prmia + Pras + P

5 4
= {g)pm*{, (Pmy + Pms + Py + Dms + Pmg) (3.65)

3
+ (3) (Pms + Pmg + Pmg + Pmio + Pmas + Pmis + Prmag + Pmry + Prmas + P

Comparing the relationships shown in Equations (3.47), (3.52), (3.53),(3.54),(3.55),
and (365), the sum of P(Flgg), P(F124), P(F125), P(F134), P(F135), P(F145),
P(F34), P(Fas5), P(Fyys5), and P(F3y5) can also be expressed as

P(Fia3) + P(Fi24) + P(Fi25) + P(Fi34) + P(Fis5)

+P(Flap) + P(Fbsa) + P(Fags) + P(Foss) + P(Fsa5) (3.66)
5 4 3
— <3)p1 + <3) (p2 + ps +pa +ps +ps) + <3) (p7 + ps + P9 + pro + p11)

Similar to the bounds on the joint failure probabilities of two components, one
can easily obtain the formulation of bounds on the joint failure probabilities of three
components in the RLP bounds method (Equations (3.59) and (3.66)). Also, from
Equations (3.59) and (3.60), one can find that the joint failure probabilities of four
components and five components in the RLP bounds method are equalities. Based on
the above examples and formulation of bounds on the component failure probabilities,
bounds on the joint failure probabilities of two components, and the bounds on the
joint failure probabilities of three components the general formulation of constraints

can be generalized as show in the following Section.
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General Formulation of Constraints

For a system with n two-state components, one can generalize the formulation of bounds

on the component failure probabilities, P(F;), i =1,2,...,n, as
( n+1
>p1+ ij — Dit+1
J=2
n+1
<p1+ ij — Dit1
=2
P(F) =P, — (3.67)
+ Z Dj = Pntit1 T - ..
j=n+2
(n—1)n+1
+ Z Pj — P(n—2)n+i+1
L =22
The sum of the component failure probabilities, P(F;), 7 = 1,2,...,n, can be expressed
as
> P(F)
i=1
n n—1
= {4 D1+ 1 (P2 +p3+ -+ Pnt1)
n—2
+ 1 (Pnv2 + Poss + -+ + Dant1) (3.68)

n—3
+ 1 (DPont2 + Ponts + -+ Pang1) + - -

1
+ <1> (p(n—2)n+2 + P(n—2)n+3 +oeee p(n—l)n+1)

The formulation of bounds on the joint failure probabilities of two components,
P(F,NEF;),i=1,2,...,n—1,j=2,3,...,n,i < j, can be expressed as

( n+1
>p1+ Zpk — Di+1 — Pj+1
k=2
n+1
<p1+ Zpk — Dit1 — Pj+1
k=2
P 2n+1
+ Z Pk — Pn+itl — Pntj+1 + - -
k=n+2
(n—2)n+1
+ Z Dk — P(n—3)n+i+1 — P(n—3)n4j+1
k=(n—3)n+2

P(E; N Fy) (3.69)
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The sum of the all combination of the joint failure probabilities of two components,

P(F,NE)),i=1,2,...,n—1,5=2,3,...,n,1 < j, can be expressed as

7
A
3

P(F.N F)

2

i=1 j

n n—1
2p1+ 9 (p2+ps+ -+ Pny1)

I
+

) Pnt2 + Puyz + 00+ Dant1) (3.70)

(\V]

[\]

2

2

n—
+< ) Pont2 + Donts + o+ D3ng1) + ..
+(

> Pn=3)n+2 T Pn=3)n+3 T+ + Dn—2)nt1)

The formulation of bounds on the joint failure probabilities of three components,
PEENF;NFE),i=1,2...,n—2,j=23,....n—1, k=3,4,...,n,i<j <k, can

be expressed as

( n+1
>p1+ Zpl = Pit+1 = Pj+1 — Ph+1
1=2
n+1
<p1+ Zpl = Pit+1 = Pj+1 — Ph+1
1=2
P(F; N Fy N Fy) = Pyy, 2n+1 (3.71)

+ Z Dl — Pn+i+1 = Pn+j+1 — Pntk+1 T - -
l=n+2
(n—3)n+1
+ Z DI — P(n—3)n+i+1 — P(n—3)n+j+1 — P(n—3)n+k+1
I=(n—4)n+2

\

The sum of the all combination of the joint failure probabilities of three components,

P(ENF;NEF),i=1,2,...,.n—2,j=23,....n—1,k=3,4,...,n,i<j <k, can
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be expressed as

n—-2n—1 n

ZZ P(F,NF;NF)

i=1 j=2 k=3
n n—
= <3)p1+< )p2+p3+"'+Pn+1)
+< 3 > (Pnt2 + Pnts + - + Pant1) (3.72)

+

n—
< > Pont2 + Dants + -+ Pang1) + - -

+ <3> (P—tynt2 + Pin—ayn+3 + -+ + Pn—3)n+1)

The formulation of bounds on the joint failure probabilities of £ components and its
sum can be derived similarly.
From Equation (3.28), one can find that the joint failure probabilities of two com-
ponents is not the bounds when n =2 + 1 = 3, and it can be expressed as
P(F; N Fy)

n+1

= pt Zpk = Di+1 — Pj+1 (3.73)
k=2

Similarly, from Equation (3.39), one can find that the joint failure probabilities of three
components is not the bounds when n =3 + 1 = 4, and it can be expressed as
P (E N F} N F, k)

n+1

= pt Zpl — Pi+1 — Pj+1 — Pr+1 (3.74)
1=2

In conclusion, the joint failure probabilities of £ components can be expressed as equal-
ities in then RLP bounds method when n = k + 1.
In general, when the complete set of joint failure probabilities of each k components

is available, the number of inequalities similar to Equations (3.67), (3.69), and (3.71)

() G) -+ () o

Also similar to Equations (3.68), (3.70), and (3.72), one can find k equalities when

18

the complete set of joint failure probabilities of each k£ component are available. Because

the number of the constraints based on the axioms of probability is n? —n+3 (Equations
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(3.20) and (3.21)), the total number of constraints of the RLP bounds method is given

b
e ()@ () o

3.4 Variation of RLP: Reduction of Constraints

3.4.1 Basic RLP

In the application of the RLP bounds method, one would simply consider the con-
straints of all equalities and inequalities (such as Equations (3.67) and (3.68)) and
those resulting from the probability axioms (Equations (3.20) and (3.21)) in the RLP
bounds method; we denoted this method as RLP1. For RLP1, the number of con-

straints is shown in Equation (3.76).

3.4.2 RLP2

When some of the joint failure probabilities of k& components are identical, the inequal-
ity constraints based on these joint failure probabilities have the same effect in the
calculation of the RLP bounds method. For such a case, one can sum up each side of
these constraints, respectively, and thereby reduce the number of constraints without
losing any accuracy. When some of the joint failure probabilities of k components are
not identical but close to each other in value, one can still sum up each side of the in-
equality constraints with only a slight loss of accuracy. Thus, we sum up the inequality
constraints related to the components whose joint failure probabilities are close to each

other, and denoted this method as RLP2.

3.4.3 RLP3

If some of the inequality constraints in the RLP bounds method are redundant, they
would have the same effect in the calculation. One can only remain one of the redundant
inequality constraints for the RLP bounds method without losing any accuracy. If all
of the constraints are redundant for the joint failure probabilities of any identical %

components, for example, each component have the same failure probability (k=1), all



3.4. VARIATION OF RLP: REDUCTION OF CONSTRAINTS 63

of inequality constraints such as Equation (3.67) can be represented by one equality
constraint such as Equation (3.68).

On the course of this research, we also found that the equality constraints such
as Equation (3.68) and the probability axioms seem to be much important than the
constraints of inequalities, and to be the “stronger” constraints in the LP algorithem.
Thus, one could delete all of the inequalities, and consider only remain the constraints
of equalities such as Equation (3.68) and those resulting from the probability axioms
(Equations (3.20) and (3.21)) as constraints of the RLP bounds method. We called

this method as RLP3, and the number of constraints can be expressed as
N.=n*—-n+k+3 (3.77)

Note the number of design variables of RLP1, RLP2, and RLP3 is the same each
other as expressed by Equation (3.19). The rule for decreasing the number of con-
straints in RLP2 will further discussed in Section 3.4.6. The accuracy of RLP1, RLP2,

and RLP3 are investigated later using numerical examples.

3.4.4 Size of Linear Programming Problem

For a system with n two-state components, the number of design variables (IV;) for
all RLP1, RLP2, and RLP3 are identical as shown in Equation (3.19). However, the
number of constraints (IV.) for RLP1, RLP2, and RLP3 are different, and then, the
relative size of LP problem are different. The size of LP problem of RLP1 is determined
by Equations (3.19) and (3.76), and that of RLP3 is determined by Equations (3.19)
and (3.77).

Suppose one has the same LP solver described in Section 2.3.3 that can solve an
LP problem with Ny = 262144 and N, = N;+ 987+ 1 in the LP bounds method when
n = 18. The theoretical limitation of the number of components in RLP1 and RLP3
that can be solved by the LP solver are shown in Table 3.1, in which £ means that the
complete set of the joint failure probabilities up to k£ components in the RLP bounds
method is available.

Note that the estimation of the joint failure probabilities of £ components requires

additional computational effort. Most of the constraints in the LP bounds method,
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Table 3.1: Theoretical limitation of the number of components.

k RLP1 RLP3

1 512 512
2 362 012
3 91 512

i.e., the part determined by 2" + 1 in Equation (2.44), is the one only based on the
basic axioms of probability (Equations (2.37) and (2.38)). Because the number of
components (n) is usually small in the LP bounds method, the computational effort
for the remaining part of the constraints ((7) + (5) + -+ (7)), i.e., the joint failure
probabilities of k component, is also small.

On the contrary, most of the constraints in the RLP bounds method, i.e., the part
determined by Equation (3.75), require additional computational effort. When the
number of components (n) is large, a lot of CPU times is required for the calculation
of the joint failure probabilities of £ components. Thus, when the estimation of the
joint failure probabilities of k& components require additional computational effort, the

RLP bounds method usually takes most of CPU times to estimate the joint failure
probabilities of £ components not for the LP.

3.4.5 Numerical Examples 1
Example 1: Truss with Seven Components as a Series System

Consider a truss as shown in Figure 3.3, which was used by Song and Der Kiureghian?*
as a series system example. One can easily find that this truss is a statically deter-
minate structure, and the failure of any component will cause the failure of the truss.
Therefore, this truss can be considered as a series system. The load performed at the
truss is denoted as S. For the sake of simplicity, we neglect the buckling failure mode.
Let X;, 1 = 1,2,...,7, denote either tensile strength for a component in tension or
compressive strength for a component in compression. From the distribution of inter-
nal forces shown in Figure 3.3, one can find that the failure states of the individual

components are F; = {X; < S/(2y/3)} for i = 1 and 2 and F; = {X; < S/+/3} for
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S

Figure 3.3: A statically determinate truss as a series system.

(t: intension, ¢: compression)

i =3,4,...,7. Suppose the intensity of the load is deterministic,i.e., S = 100, and the
component strengths, i.e., the random variables X;, 2 = 1,2,...,7, are jointly normally
distributed. Let X; and X, have the means of 100 and the standard deviations of 20,
and X3-X; have the means of 200 and the standard deviations of 40. Based on the
above conditions, the component failure probabilities are equal, and it can be expressed

as

100/2v3 — 1
B-:P(Fi):<1><00/‘£ 00):1.88><104; i=1,2

100/+/3 — 200

> =1.88 x 107 i=3,...,7 (3.78)

where ®(e) denotes the standard normal cumulative distribution function. Further, let
the X;’s have a Dunnet-Sobel (DS) class correlation matrix (See Section 2.2.4), then
the joint failure probabilities can be estimated by Equation (2.20).
1) A system with complete information

First consider the case r; = 0.90, ro = 0.96, r3 = 0.91, r4 = 0.95, r5 = 0.92,
r¢ = 0.94, and r7 = 0.93. The joint probabilities of two components F;; computed using
Equation (2.20) are Py = 5.73 x 107°, Pj3 = 4.35 x 107°, Py = 542 x 107°, Pj5 =
4.59x107°, Pig =5.13x107°, P17 = 4.85x 107", Py3 = 6.08 x 1077, Py = 7.79 x 1072,
Pos = 6.47 X 107°, Pyg = 7.42 X 107°, Pyy = 6.87 x 107, Py = 5.75 x 1077, P35 =
4.86 x 107°, Pyg = 5.43x 1072, P37 = 5.14x 1077, Pys = 6.10 x 1077, Py = 6.88 x 1077,
Py = 6.48 x 107°, Psg = 5.76 x 107>, Ps; = 5.44 x 107, and Pg; = 6.11 x 107°.



66 CHAPTER 3. RELAXED LINEAR PROGRAMMING BOUNDS METHOD

The joint probabilities of three components P;j; computed using Equation (2.20)
are Ppog = 2.81 x 1075, Ploy = 3.58 x 1075, Pos = 2.99 x 1075, Pjog = 3.37 x 1072,
Plyr = 3.17 x 107°, Pigy = 2.66 x 1075, Pias = 2.25 x 1075, Pag = 2.52 x 1077,
Plar = 2.38 x 107%, Pus = 2.82 x 107%, Pug = 3.18 x 1072, Pyr = 2.99 x 1077,
Pisg = 2.67 x 107°, P57 = 2.52 x 107, Pig7 = 2.83 x 1077, Pyyqy = 3.80 x 1075,
Py3s = 3.17 x 1075, Pazg = 3.58 x 107%, Pagy = 3.37 x 107°, Py5 = 4.04 x 1075,
Poyg = 458 X 107°, Poyr = 4.30 x 1077, Pyse = 3.80 x 1075, Pos; = 3.58 x 1077,
Posr = 4.04 x 107, Pyys = 2.99 x 1077, Py = 3.37 x 1075, P3yy = 3.18 x 1077,
Pyss = 2.83 x 107°, Pys; = 2.67 x 1075, Py = 3.00 x 1075, Pyg = 3.58 x 1072,
Pys7 = 3.37 x 107°, Pyg7 = 3.81 x 107°, and Psgr = 3.18 x 1075,

4 used the above probability information as the exact

Song and Der Kiureghian?
results which is a little different from the results estimated by Equation (2.20). For the
purpose of comparison, the above information is also used to estimate the bounds by
the LP bounds method, RLP1, and RLP3 (RLP2 is not considered in this example),
and the results are shown in Table 3.2, in which LP denotes the LP bounds method.
Note that the narrower bounds can be obtained by considering a higher level of joint
failure probability (i.e., large k).

The LP bounds method involves 27 = 128 design variables whereas RLP1 and
RLP3 involve 72 — 7 4+ 2 = 44 design variables, and 1 equality and 27 = 128 inequality
constrains in the LP bounds method and 1 equality and 72 — 7 + 2 = 44 inequality
constrains in the RLP bounds method result from the basic axioms of probability
(Equations (2.37) and (2.38), Equations (3.20) and (3.21)), respectively. The number
of equality and inequality constrains for each method resulted from Equations (2.44)

and (3.76) is shown in Table 3.3.

In Table 3.2 the bounds by the LP bounds method, RLP1, and RLP3 are found
to be identical when £k = 1. When k£ = 2 and k£ = 3, the bounds of the LP bounds
method are found to be a little narrower than the bounds of RLP1 and RLP3, and
the bounds of RLP1 are also found to be a little narrower than the bounds of RLP3,
but the difference is not notable. Note that the narrower bounds can be obtained by

considering a higher level of joint failure probability.

2) A series equireliable and equicorrelated system
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Table 3.2: Bounds on the series system failure probability with equal component failure

probabilities.
Bounds (x1073) LP RLP1 RLP3
k=1 0.188-1.316 0.188-1.316 0.188-1.316
k=2 0.477-0.912 0.469-0.934 0.469-0.966
k=3 0.631-0.796 0.613-0.796 0.576-0.796

Table 3.3: The number of constraints.

LP RLP1 RLP3

Equalities Inequalities | Equalities Inequalities | Equalities Inequalities

k=1 8 128 2 58 2 44
k=2 29 128 3 100 3 44
k=3 64 128 4 170 4 44

As another example, consider the case where r; = ,/p in the DS correlation model,
such that p;; = p for @ # j and p; = 1. This is the case of a series equireliable and
equicorrelated system. The bounds of system failure probability estimated by the LP
bounds method, RLP1, and RLP3 are shown in Table 3.4 for £k = 2 and in Table 3.5
for k£ = 3. It is assumed that p = 0.2,0.4,0.6,0.8, or 0.9. These bounds are found to
be identical for all different p and k; in fact, the difference of the bounds by the LP
bounds method, RLP1, and RLP3 is very small.

3) A system with inequality information

Finally, consider the case where the information of probabilities includes not only
equalities but also inequalities. Suppose that for the equicorrelated system with p =
0.9, the inequalities P;j; < 5 X 107, instead of equalities Py = 4.47 x 1075, (1 <
i < j <1<7), are available. The bounds for LP bounds method, RLP1, and RLP3
for this case can be obtained by simply replacing the equality constraints with the
corresponding inequality constraints. The result is shown in Table 3.6. One can easily
find that these bounds are wider than the bounds (k = 3 and p = 0.9) in Table 3.5.
The bounds of the LP bounds method, RLP1, and RLP3 are also found to be identical
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Table 3.4: Bounds on the series system failure probability with equal component failure

probabilities and correlations (k = 2).

Bounds (x1073)

p Py(l<i<j<l<T) LP RLP1 RLP3

0.2 411x1077 1.307-1.314 1.307-1.314 1.307-1.314
0.4 2.56%10~° 1.262-1.301 1.262-1.301 1.262-1.301
0.6 1.10x107 1.085-1.250 1.085-1.250 1.085-1.250
0.8 3.87x107° 0.606-1.084 0.606-1.084 0.606-1.084
0.9 7.20x107° 0.406-0.884 0.406-0.884 0.406-0.884

Table 3.5: Bounds on the series system failure probability with equal component failure

probabilities and correlations (k = 3).

Bounds (x1073)

0 Py (1<i<j<I<T) LP RLP1 RLP3

0.2 3.86x1077 1.307-1.308 1.307-1.308 1.307-1.308
0.4 1.68x107° 1.265-1.268 1.265-1.268 1.265-1.268
0.6 2.26x107° 1.119-1.163 1.119-1.163 1.119-1.163
0.8 1.72x107° 0.761-0.928 0.761-0.928 0.761-0.928
0.9 4.47x107° 0.516-0.722 0.516-0.722 0.516-0.722

Table 3.6: Bounds on the series system failure probability with equal component failure

probabilities and correlations (k = 3).

Bounds (x107?)

RLP1 RLP3

p P,(1<i<j<I<T) LP

0.9 <5x107° 0.406-0.759 0.406-0.759 0.406-0.759
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Table 3.7: Bounds on the series system failure probability with equal correlations.

Bounds (x1072)

k LP RLP1 RLP2 RLP3

0.1 2 1.275-1.281 1.275-1.285 1.275-1.286 1.275-1.287
0.5 2 1.070-1.174 1.070-1.218 1.070-1.225 1.070-1.235
0.9 2 0.641-0.707 0.621-0.847 0.621-0.878 0.403-0.927

to each other.

Example 2: General Series Systems

1) An equicorrelated series system

Consider an equicorrelated series system with n=8 components and p = 0.1, 0.5, or
0.9, B’s of the component are assumed to be 2.5, 3.0, 3.0, 3.1, 3.1, 3.2, 3.2, and 3.2. It
is assumed that the performance function of each component is normally distributed.
Then the joint failure probability of a small number of components can be estimated
by the product of conditional marginal (PCM) method,'®)3?) which is an easy and fast
method with a reasonable accuracy for the joint normal distribution function with small
dimensions. Note that the PCM method is just used to demonstrate the efficiency and
applicability of the RLP bounds method. The other reliability calculation methods can
also be used. The system failure probabilities estimated by the LP bounds method,
RLP1, RLP2, and RLP3 are shown in Table 3.7 for £k = 2 and in Table 3.8 for £ = 3.
Since the failure probability of component with §=2.5 is much different from the others,
we only consider the constraints related to this component as the important constraints
in RLP2.

As expected, the bounds of the LP bounds method are found to be narrower than
the bounds of RLP1, RLP2, and RLP3, and the bounds of RLP2 are also found to
be narrower than the bounds of RLP3. The difference between the bounds by RLP1
and those by RLP2 is not notable. The difference between the bounds by LP bounds
method and those by RLP1 will slightly increase with an increase of p, but the bounds
of RLP1 and RLP2 are still close to the bounds of the LP bounds method.
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Table 3.8: Bounds on the series system failure probability with equal correlations.

Bounds (x1072)

i LP RLP1

RLP2

RLP3

0.1 3 1.275-1.276 1.275-1.276 1.275-1.276 1.275-1.276
0.5 3 1.111-1.136 1.101-1.140 1.097-1.140 1.096-1.140
0.9 3 0.661-0.673 0.621-0.760 0.621-0.760 0.522-0.760

2) An equireliable series system

Consider an equireliable system with n = 8 components and § = 3.5. Assume that

the correlation matrix R=|p;;] has the following form:

1 09 08 08 0.7
1 09 08 08
1 09 08

sym.

0.7
0.7
0.8
0.8
0.9

0.5
0.7
0.7
0.8
0.8
0.9

0.5
0.5
0.7
0.7
0.8
0.8
0.9

The system failure probabilities estimated by the LP bounds method, RLP1, RLP2,

and RLP3 are shown in Table 3.9. In RLP2 only the constraints related to the compo-

nents having the correlation coefficient of 0.5 are considered to be important and taken

into account in the LP problem. As expected, the bounds of the LP bounds method
are found to be narrower than the bounds of RLP1, RLP2, and RLP3, and the bounds
of RLP2 are also found to be narrower than the bounds of RLP3.

3) A system with 8 components

Consider an series system with n=8 components and the correlation matrix R=[p;;]
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Table 3.9: Bounds on the series system failure probability with equal component failure

probabilities.

Bounds (x1073)

Lk LP RLP1 RLP2 RLP3

2 0.775-1.145 0.771-1.384 0.771-1.408 0.771-1.508
3 1.068-1.089 0.969-1.201 0.960-1.201 0.867-1.201

has the following form

-1 09 08 0.8 0.7 07 0.7 05
1 09 08 0.8 07 07 0.7

1 09 08 0.8 07 0.7

1 09 08 0.8 0.7

1 09 08 0.8

sym. 1 09 0.8

1 09

1

[’s of the components are assumed to be 2.5, 3.0, 3.0, 3.1, 3.1, 3.2, 3.2, and 3.2. The
system failure probabilities estimated by the LP bounds method, RLP1, RLP2, and
RLP3 are shown in Table 3.10. In RLP2(1) only the constraints related to the compo-
nent with 5=2.5 are considered as important constraints, whereas in RLP2(2) only the
constraints related to the components having a correlation coefficient of 0.5 are consid-
ered important. As expected, it is found that the bounds of the LP bounds method are
the smallest, and that the bounds of RLP2(1) and RLP2(2) are also narrower than the
bounds of RLP3. Because the system considered here is a little complex, the important
constraints are not easy to find out. The rules for decreasing the number of constraint
will be discussed in Section 3.4.6.
4) An equireliable and equicorrelated system with 15 components

Consider an equireliable and equicorrelated system with n=15 components, § = 3,
and p = 0.1, 0.5, or 0.9. It is also assumed that the performance function of each

component is normally distributed. The joint failure probability of k& components can
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Table 3.10: Bounds on the series system failure probability with equal component

failure probabilities.

Bounds (x1072)

I LP RLP1 RLP2(1)  RLP2(2) RLP3

2 0.719-0.847 0.621-0.954 0.621-0.965 0.535-1.025 0.535-1.047
3 0.772-0.806 0.717-0.876 0.691-0.876 0.667-0.876 0.650-0.876

Table 3.11: Bounds on the series system failure probability with equal component

failure probabilities and correlations.

Bounds (x107?)

LP RLP1 RLP3 MC

s
o

0.1
0.5
0.9
0.9

1.973-2.018 1.973-2.018 1.973-2.018 1.976
1.167-1.910 1.167-1.910 1.167-1.910 1.524
0.271-1.148 0.271-1.148 0.271-1.148 0.554
0.360-0.816 0.360-0.816 0.360-0.816 0.554

W NN N

be estimated by the PCM method. The failure probabilities for series systems estimated
by the LP bounds method, RLP1, RLP3, and the Monte Carlo (MC) method are
shown in Table 3.11. MC simulations are conducted with 10" samples. As expected,
the results of the LP bounds method, RLP1, and RLP3 are identical to each other; the
difference of the bounds found by the LP bounds method, RLP1, and RLP3 is usually
very smaller. The CPU time required for each analysis is shown in Table 3.12; one
can find that the RLP bounds method is much faster than other methods. Note that
RLP2 is not considered because the bounds of RLP2 will also identical to each other.
5) An equireliable and equicorrelated system with 100 components
Consider the case of an equireliable and equicorrelated system with n=100 compo-
nents, 5 = 3, and p = 0.1, 0.3, or 0.5. It is also assumed that the performance function
of each component is normally distributed. Then the joint failure probability of two or
three components can be estimated by the PCM method. The failure probabilities for
the series system estimated by RLP3 and MC method are shown in Table 3.13. MC
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Table 3.12: CPU times for the series system failure probability with equal component

failure probabilities and correlations.

CPU times (s)

ok LP RLP1 RLP3 MC

0.1 2 10617 1.265 0.406 6.748
0.5 2 10.074 1.213 0430 6.814
09 2 10117 1.173 0453 6.771
0.9 3 1647.210 4.693 0.529 6.771

Table 3.13: Bounds on the failure probability of a series system with 100 components

and equal component correlations (5 = 3).

p  k Bounds of RLP3 MC

0.1 2 0.111-0.135 0.115
0.3 2 0.051-0.133 0.086
0.5 2 0.019-0.127 0.056
05 3 0.022-0.094 0.056

simulations are conducted with 107 samples. The CPU time required for each analysis
is shown in Table 3.14.

The bounds of RLP3 is getting narrower with the increase of k; however,one can
see that when k£ = 3 the CPU time of RLP3 is much longer than the others. In
fact, the linear programming in RLP3 takes only 0.482 s to calculate the bounds of
the system failure probability, whereas the PCM method takes 115.027 s to calculate
the joint failure probability of up to k& components (k = 3). Because the number of
combinations would increase rapidly with an increase of k and n, one needs longer and
longer CPU times to calculate the joint failure probability of these combinations.

6) A series system with 100 components
Consider a series system with 100 components in which the correlation coefficient

among components is considered in a product form, p;; = r;r; for i # j, p; = 1, and

ri = /(101 —)/100, 4,5 = 1,2,...,100. The component reliability indices varied as
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Table 3.14: CPU times for a series system failure probability with 100 components and

equal component correlations (8 = 3).

CPU times (s)

p . RLP3 MC

0.1 2 1.346 57.239

0.3 2 1331 57.785

0.5 2 1.290 57.767
3

0.5 115.509 57.767

Table 3.15: Bounds on the failure probability of a series system with 100 components.

k  Bounds of RLP3 (x107%) MC

1 0.084-8.390
2 6.611-8.354 7.878
3 6.891-8.189

Bi =3.0+1.5xr,1=1,2,...,100. The failure probabilities for the series system
estimated by RLP3 and MC method are shown in Table 3.15. MC simulations are
conducted with 107 samples. The CPU time required for each analysis is shown in
Table 3.16.

As expected, the bounds of RLP3 is getting narrower with the increase of k, and one
can see that when & = 3 the CPU time of RLP3 is much longer than the others. During
the computation, the linear programming in RLP3 takes only 0.863 s to calculate the
bounds of the system failure probability, whereas the PCM method takes 115.759 s to

calculate the joint failure probability of up to 3 components (k = 3).

Example 3: A Parallel System with 6 Components

Consider a parallel system with six components, which was used by Pandey'® as a
parallel system example. The correlation coefficient is considered in a product form,

pij = rirj fori # j, p =1, and r; = /(13 — 2i)/12, 4,5 = 1,2,...,6%.

1) An equireliable parallel system
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Table 3.16: CPU times for a series system failure probability with 100 components.

CPU times (s)

; RLP3  MC

1 0.903
2 1.680  58.280
3 116.622

Table 3.17: Bounds on the parallel system failure probability with equal component

failure probabilities.

Bounds
5 tERRER LP RLP1 RLP3
3 4 0.704x1077  (0-1.035)x107" (0-1.035)x10°7  (0-3.271)x1076
2 4 0528x107*  (0-0.733)x107* (0-0.733)x107*  (0-4.372)x 1074
1 4 0.593x1072 (0.100-0.767)x1072  (0-0.767)x1072  (0-1.363)x 102
0 3 0.117 (0.171-1.778)x10""  (0.071-1.778)x10""  (0-2.113)x 10!

Assume all six components having the identical 8. The system failure probabilities
that estimated by the LP bounds method, RLP1, RLP3, and numerical integration are
reported for § ranging from 0 to 3 as shown in Table 3.17.

2) A unequireliable and unequicorrelated parallel system

Consider a second case in which the component reliability indices varied as §; = 5+
(7—2i)/5, but the correlation matrix is the same as in the first case. The system failure
probabilities estimated by the LP bounds method, RLP1, and RLP3 are presented in
Table 3.18. As expected, the bounds of the LP bounds method are found to be narrower
than the bounds of RLP1 and RLP3, and the bounds of RLP1 are also found to be
narrower than the bounds of RLP3.

In the numerical examples in this Subsection, only multivariate normal random
variables are considered in order to compare the efficiency of the proposed method
with the other methods. However, it should be noted that the RLP bounds method

can handle any kind of distribution.
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Table 3.18: Bounds on the parallel system failure probability.

Bounds
iypmerical Lp RLP1 RLP3
0.322x10°6  (0-0.950)x10~°  (0-0.950)x10~5  (0-1.905)x 10~

o R N oW |
W |

( )
0.112x1073  (0.023-0.189)x10~3  (0-0.231)x10~3  (0-0.337)x 1073
0.699x1072  (0.640-0.780)x1072  (0.106-1.023)x 1072 (0-1.365)x 102
0.990x10™  (0.946-1.043)x10™1  (0.479-1.212)x107"  (0-1.614)x 10

3.4.6 Strategy for RLP2

From examples presented in Section 3.4.5, one can find that the RLP bounds method
is more efficient and can solve problems involving larger systems than the LP bounds
method by decreasing the number of design variables and constraints. Also, one can
find that RLP2 as described in Section 3.4 would have a wide applicability. However,
the rule for decreasing the number of constraints is not quite clear; the number of
constraints may still be enormously large for a large system. In this Section, we will
improve the guideline for RLP2 by introducing a strategy to decrease the number of
constraints.

Based on observations of examples of the RLP bounds method, it is proposed to
divide the range of the joint failure probabilities of k& components (i.e., from their
minimum value to the maximum value) into ¢, - n, (in which ¢ is an arbitrary selected
natural number for each k) intervals evenly using a log scale, and to sum up the
inequality constraints of the joint failure probabilities of £ components in the same

interval. The border of the i-th interval, P, is expressed as

l

InP,, = InPun+ (In Prax — In Pyin) -
tk n

i = 1,2,... . tpn (3.79)

where P, and P,.x are the minimum of the joint failure probabilities of £ components
and maximum of them, respectively. Note that the left border of the first interval is

In Py not InP,,. By using this procedure, the maximum of the total number of
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constraints can be reduced from that given by Equation (3.76) to

k
ne=m*—n+3)+2-> ti-n+k (3.80)

i=1

Because that the probabilities are scattered, some of the internal would be empty,
i.e., no probabilities fails into those intervals, and those intervals can be easily excluded.
Note that if each probabilities for any identical k are the same as described in the
RLP3 (Section 3.9), the sum of those probabilities can represent each of them, i.e.,
only one equality remains. Comparing Equation (3.76) and (3.80), one can obtain the
controllable number of constraints by controlling the number of #.

For example, for a system with 3 two-state components as shown in Equation (3.22),
when k£ =1 and t; = 1, each of component failure probability can be expressed as two
inequalities in the RLP bounds method as shown in Equation (3.27). If P(F}) and
P(F3) are in the same interval, one of the intervals would be empty. Because that
P(F}) and P(F,) can be replaced by P(F}) 4+ P(F3), and the four constraints relative
to P(Fy) and P(F,) can be decreased to two constraints relative to P(F}) + P(Fy).
Thus, the number of inequality constraints in the RLP bounds method for £ = 1 may
be reduced from 6 to 4.

Take another example, consider a system with 20 two-state components and suppose
ty = k. Then, the number of constraints of RLP1, and the maximum of the number
of constraints of the method based on the proposed strategy can be obtained as shown
in Table 3.19. The RLP2 in Table 3.19 denotes the RLP bounds method with the
proposed strategy. Because there could exist some empty intervals, the number of
constraints of RLP2 is the maximum. Clearly, the efficiency increases rapidly with an
increase in the value of n and k.

There could be the cases that two joint failure probabilities are close to each other
but not in the same internal. To cope with such cases, we propose to consider another
set of internals whose border is given by
(1—10.5)

(tr - n)
i = 1,2, - (n—1) (3.81)

InP,, = InPun+ (In Prax — In Pyin) -

The selection of £, depends on the dispersion degree of the joint failure probabilities
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Table 3.19: The number of constraints.

RLP1 RLP2

Equalities Inequalities | Equalities Inequalities

k=1 2 422 2 422
k=2 3 802 3 462
k=3 4 2700 4 202

of k components. A large dispersion requires a correspondingly large ¢;. The accu-
racy of the RLP bounds method using this procedure is investigated in the following

numerical example.

3.4.7 Numerical Example 2

1) A Truss with 7 component

Consider the same truss as shown in Figure 3.3, to see the effect of the reduction of
the number of constraints in the RLP bounds method by considering the the proposed
strategy.

In Tables 3.20 and 3.21, LP denotes the LP bounds method, RLP1 denotes the
RLP bounds method considering all equalities and inequalities, RLP2 denotes the
RLP bounds method with the strategy proposed in Section 3.4.6 when ¢, = 1, and &
is the number of components up to which considered in the joint failure probability.
The failure probabilities and the number of equality and inequality constrains for each
method are shown in Tables 3.20 and 3.21. Note that the number of constraints of
RLP2 shown in Table 3.21 is the realistic number not the maximum shown in Equation

(3.80).

Table 3.20: Bounds on the truss system failure probability.

Bounds (x1073) LP RLP1 RLP2
k=1 0.188-1.316 0.188-1.316 0.188-1.316
k=2 0.477-0.912 0.469-0.934 0.469-0.936

k=3 0.631-0.796 0.613-0.796 0.607-0.796
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Table 3.21: The number of constraints of the truss system.

LP RLP1 RLP2

Equalities Inequalities | Equalities Inequalities | Equalities Inequalities

k=1 8 128 2 58 2 44
k=2 29 128 3 100 3 70
k=3 64 128 4 170 4 96

In Table 3.20, the bounds estimated by the LP bounds method, RLP1, and RLP2,
are identical when £k = 1. When £ = 2 and k£ = 3, the bounds of RLP1 and RLP2
are found to be somewhat wider than those of LP. The bounds of RLP2 are also
slightly wider than those of RLP1; however, the difference between RLP1 and RLP2
is negligible, and the number of constraints in RLP2 is smaller than that of RLP1.
The CPU times for all cases are found to be less than 0.5s, and the CPU times using
RLP2 is the shortest among them. Note that the CPU times for the LP algorithm are
determined by the number of design variables and constraints.

2) A series system with 20 components

Consider a series system with 20 components in which the correlation coefficient
among components is considered in a product form, p;; = r;r; for i # j, pi = 1,
and r; = \/m, 1,7 =1,2,...,20. The component reliability indices varied as
Bi=30+15xr,1=12...,20.

The failure probabilities and the CPU times estimated by RLP1 and RLP2 are
shown in Tables 3.22 and 3.23, in which RLP1 denotes the RLP bounds method con-
sidering all equalities and inequalities, RLP2 denotes the RLP bounds method with
the strategy proposed in Section 3.4.6 when t;, = k, and k is the number of components
up to which considered in the joint failure probability. The number of constraints of
RLP1, and the maximum of the number of constraints of RLP2 are shown in Table
3.19. The failure probability estimated by MC simulations conducting with 10" samples
is 1.312 x 1073, and the CPU times is 9.8 s.

In Table 3.22, the bounds of RLP2 are slightly wider than those of RLP1; however,
the difference between RLP1 and RLP2 is negligible. The number of constraints in
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Table 3.22: Bounds on the failure probability of a series system.

Bounds (x1073) RLP1 RLP2

k=1 0.426-1.366 0.426-1.366
k=2 1.295-1.357 1.295-1.358
k=3 1.308-1.338 1.307-1.338

Table 3.23: CPU times for a series system with 20 components.
CPU times (s)

. RLP1 RLP2

1 0.091 0.090
2 5.610 1.231
73.226  3.627

w

RLP2 is smaller than that of RLP1 as shown in Table 3.19, and as expected the CPU
times for RLP2 are shorter than that of RLP1.

3.5 Variation of RLP: Incomplete Information

3.5.1 LP+RLP Approach

Sometimes one can only have the joint failure probability of not all of but only some
of the k£ components, i.e., incomplete set of failure probability, still the RLP bounds
method can be applied with less accuracy. In such a case, one take the n; components
that the complete set of joint failure probabilities of each k components are available as
a subsystem, of which can be bounds on reliability by the RLP bounds method. Because
this subsystem have (n;? —n; +2) design variables in the RLP bounds method, it also
can be considered as a (n;*> — n; + 2)-state component.

Combining the subsystem with the (n — n;) remaining components having the
incomplete set of joint failure probability of & components, the system now consists of
(n —ny) two-state components and one (n;* —n; +2)-state component. The bounds on

system reliability is estimated using LP bounds method; the number of design variables
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in the LP bounds method is
Ng= (ny? —ng +2)-2"™ (3.82)

This kind of combination of the LP bounds method and RLP bounds method is denoted
here as LP+RLP. Obviously, the size of design variables will increase quickly, which
will limit its application.

Since there are three types of RLP bounds methods, i.e., RLP1, RLP2, and RLP3,
there are three combinations of the LP bounds method and RLP bounds method (de-
noted as LP+RLP1, LP+RLP2, and LP4+RLP3, respectively). For example, suppose
a system consists of seven components while only six components having the complete
set of joint failure probabilities of each k& components. Then these six components
form a subsystem formulated by the RLP bounds method with 6* — 6 + 2 = 32 design
variables, this subsystem serves as a 32-state component in the LP bounds method,
and the number of design variables is 64 in the LP+RLP approach. The accuracy of

the LP+RLP approaches is investigated later using numerical examples.

3.5.2 Numerical Examples for Variation 2

1) A Truss with 7 component

Consider the same truss as shown in Figure 3.3, to investigate the accuracy of the
LP+RLP approach based on the incomplete information. Suppose the information of
the joint failure probabilities involving component 1 are not available, i.e., Po, Pi3, P4,
Pis, Pig, Pi7, Prag, Pi2a, Pias, Piag, Pra7, Pisa;, Piss, Pise, Pis7, Pras, Pras, Par, Pise,
P57, and Pyg; are unknown. For the LP bounds method, this problem can be solved by
simply removing 6 constraints (6 joint failure probabilities of two components) for k =
2 and 15 constraints (15 joint failure probabilities of three components) for £ = 3. For
the LP4+RLP approaches, one can take components 2-7 as a subsystem, which can be
formulated by RLP1 and RLP3, respectively, and then take the subsystem as a 32-state
component in the LP bounds method. The number of design variables of the LP+RLP
approaches is 2 - (62 — 6 + 2) = 64 resulted from Equation (3.82), whereas that of the
LP bounds method is 27 = 128 resulted from Equation (2.43). For the correlation

model shown in the example, i.e., 1) A system with complete information), the result
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Table 3.24: Bounds on the series system failure probability with equal component

failure probabilities and incomplete probability information.

Bounds (x1073) LP LP+RLP1 LP+RLP3
k=2 0.443-0.970 0.443-0.982 0.443-1.007
k=3 0.585-0.877 0.579-0.879 0.553-0.879

is shown in Table 3.24. These bounds are wider than the corresponding bounds shown
in Table 3.2 because of the incomplete information. The bounds of the LP4+RLP1 and
LP+RLP3 are also found to be a little wider than that of the LP bounds method, and
the bounds of the LP4+RLP1 are also found to be narrower than that of the LP+RLP3.

2) An equireliable and equicorrelated system with 100 components

Consider the case of an equireliable and equicorrelated system with n=100 com-
ponents, # = 3, and p = 0.1, 0.3, or 0.5. It is also assumed that the performance
function of each component is normally distributed. Then the joint failure probabil-
ity of two or three components can be estimated by the PCM method. Suppose the
information of the joint failure probabilities involving one component are not avail-
able. For the LP+RLP approach, one can take 99 components which have complete
sets of information to form a subsystem formulated by the RLP bounds method with
992 — 99 + 2 = 9704 design variables resulted from Equation (3.19). This subsystem
serves as a 9704-state component in the LP bounds method, and the number of design
variables is 19408 resulted from Equation (3.82) in the LP. The failure probabilities
for the series system estimated by LP-+RLP3 are also shown in Table 3.25. The CPU

time required for each analysis is shown in Table 3.26.

The bounds of LP4+RLP3 shown in Table 3.25 are wider than that of RLP3 shown
in Table 3.13 because of the missing information. Similar to the result of RLP3, one
can see that when k = 3 the CPU time of LP4-RLP3 is much longer than the others. In
fact, the linear programming in LP+RLP3 takes only 2.064 s to calculate the bounds
of the system failure probability, whereas the PCM method takes 109.113 s to calculate
the joint failure probability of up to k& components (k = 3). Because the number of

combinations would increase rapidly with an increase of k and n, one needs longer and
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Table 3.25: Bounds on the failure probability of a series system with 100 components

and equal component correlations (5 = 3).

p  k Bounds of LP+RLP3

0.1 2 0.110-0.143
0.3 2 0.051-0.141
0.5 2 0.019-0.136
0.5 3 0.022-0.103

Table 3.26: CPU times for a series system failure probability with 100 components and

equal component correlations (8 = 3).

CPU times (s)
p k  LP+RLP3

01 2 3.197
0.3 2 3.050
0.5 2 2.879
0.5 3 111.177

longer CPU times to calculate the joint failure probability of these combinations.

3.6 Summary of Relaxed Linear Programming Bounds

Method

As an efficient reliability tool for a system with a large number of components, the
relaxed linear programming (RLP) bounds method is introduced in this chapter. The
RLP bounds method can be used to estimate the bounds for a series system as well as

a parallel system.

3.6.1 Advantages

The most important advantage of the RLP bounds method over the LP bounds method

is that the RLP bounds method can handle a system with much larger number of
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components than the LP bounds method. For example, suppose authors have the
same LP solve described in Section 2.3.4, then in theory the limitation of the number
of components for RLP3 is 512, whereas that of the LP bounds method is 18.

Similar to the LP bounds method, the RLP bounds method has a lot of advantages

41,42)) * The main

over other existing methods (e.g., Boole bounds®”) or Zhang bounds
advantages include: (a) any “level,” i.e., the number (k) of components considered in
the joint probabilities of the states, of information can be used, including equalities and
inequalities; (b) the statistical dependency among component states is easily accounted
for in terms of their joint probabilities; (c¢) the method provides the result comparable
to the LP bounds method for the given information of individual and joint component
states probabilities; (d) the method is applicable to a pure series system as well as a
pure parallel system.

Like the LP bounds method, there are also two advantages of the RLP bounds
method over the MC simulation. One is that the RLP bounds method is unaffected by
the magnitude of the failure probability, whereas the MC simulation is not. Another

advantage is that the RLP bounds method is still applicable when the information is

not incomplete, whereas MC simulation is not.

3.6.2 Disadvantages

The main drawback of the RLP bounds method is that the method is only applicable
to a pure series system and a pure parallel system, not for a general system.

In this chapter, as an efficient reliability tool, the RLP bounds method has been
developed. The RLP bounds method is applicable to a pure large series system and a
pure large parallel system. The number of design variables can be decreased from 2" to
n?—n+2 by employing the UGF, and the number of constraints has also been decreased
extremely by considering the decreasing strategy as described in Section 3.4.6. The
RLP bounds method is efficient than the LP bounds method, and it can provide a
result comparable to that of the LP bounds method. The RLP bounds method has
also a lot advantages similar to the LP bounds method. However, the RLP bounds
method is not applicable to the combination system of series subsystem and parallel

subsystem. In order to extend the RLP bounds method a general system, an new
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approach will be introduced in the next chapter.






Chapter 4

EXTENDED RLP BOUNDS
METHOD BASED ON FAILURE
MODES

4.1 Overview

Although the RLP bounds method is more efficient and can solve problems involving
larger systems than the LP bounds method, the method can still be improved to handle
a general system consisting of both series and parallel subsystem® 9. This chapter will
introduce the extended RLP bounds method based on failure modes to the reliability
analysis of the general system. The chapter is composed of the following sections:

In section 4.2, the outline of the extended RLP bounds method based on failure
modes is introduced.

In section 4.3, the procedure of the extended RLP bounds method based on failure
modes is introduced.

In section 4.4, the limitation of size of the extended RLP bounds method based on
failure modes is introduced.

In section 4.5, numerical examples have been used to prove the application of the
extended RLP bounds method based on failure modes.

In section 4.6, the advantages and disadvantages of the extended RLP bounds

method based on failure modes is summarized.

87
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4.2 Outline of Extended RLP Bounds Method Based
on Failure Modes

Since the RLP bounds method is not applicable to a general system that consists of
both series subsystems and parallel subsystems, in this section, we propose an approach
to extend the applicability of the combination of the RLP bounds method and the LP
bounds method to handle a general system by decomposing the entire system into
subsystems based on the failure modes.

A system with multi-failure modes can be modeled as a series system if it fails
whenever any of its critical failure modes occur. Many methods have been introduced

27.70) - In such a system

and used to determine the critical failure modes of a system
each critical failure mode or so called cut set can be considered as a “component”.
Each critical failure mode is also a system (subsystem) itself. The bounds on its
failure probability can be computed by the RLP bounds method if it is a series or
parallel system, and the bounds on its joint failure probability can also be computed
by the RLP bounds method. These bounds estimated by the RLP bounds method
are then used as constraints in solving the LP problem in order to estimate the failure

probability of the entire system. Since this approach is based on the failure modes of

the system, we called it as extended RLP bounds method based on failure modes.

4.3 Procedure of Extended RLP Bounds Method
Based on Failure Modes

The extended RLP bounds method based on the failure modes takes the following

procedure (see Figure 4.1).

1) The first step is to define the components which is related to the failure of the

system.

2) The critical failure modes for the system are identified. Each critical failure mode
can be considered as a “component” in the entire system. It should be noted that

unlike the multi-scale system reliability analysis, a component can belong to more
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A system

A
Cai N

Each component can belong to more than one subsystem

Comp. 1{Comp. 2|Comp. 3 | Comp. 4| Comp. 5 Comp. n
Failure mode 1 | | Failure mode 2 Failure mode n,
| Subsystem (1) | | Subsystem (2) | - | Subsystem (ng) |

’ S PR
A ' Bounds of P, b
Bounds of P, by -y
RLP bounds method
RLP bounds method
\ 4 v A 4
Bounds of P, by Bounds of P by
RLP bounds method RLP bounds method
p el
S—

Bounds of system failure probability by LP bounds method

Figure 4.1: Diagram of extended RLP bounds method based on failure modes.

than one critical failure mode. Then, the extended RLP bounds method based
on failure modes can do better than the multi-scale system reliability analysis for
maintaining the correlation among the components, i.e., provides a more realistic

model.

Since the system can be modeled as a series system based on the critical failure

modes, the failure probabilities of the system can be expressed as
where ny is the number of the critical failure modes, and Fj, i = 1,2,... ny, is

the event that th failure mode occurs.

When the number of critical failure modes is large, a group of failure modes is
treated as a subsystem. The grouping is made based on the degree of correlation;

failure modes having a strong correlation can be combined into a group. The
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Equation (4.1) can be rewritten as

Pp=P(Fa)U Fo) U F U---UFyy) (4.2)

where ng, ng < ny, is the number of the subsystems, and F(;), j = 1,2,...,ng,

is the event that jth subsystem fails.

3) Based on the component failure probabilities and the joint failure probabilities
of the components, the bounds on the subsystem failure probabilities and the
joint failure probabilities of the subsystems can be estimated by the RLP bounds
method.

The failure probabilities of the subsystem i, F;), can be expressed as

Piy = P(Fy)

i = 1,2,..,ng (4.3)

Note that (i) in P; denotes subsystem i. The bounds on failure probability of
the subsystem (i) can be estimated by the RLP bounds method if it is a series
or parallel system. In fact, the subsystem transformed from the critical failure

mode is usually a parallel system.

The joint failure probabilities of the subsystem 7 and j, F; ), can be expressed

as

Pijy = P(FuyUFy)

i = 1,2,..ms—1, j=1,2,...ng, i#j (4.4)

The bounds on the joint failure probability of the subsystem i and j can also be
estimated by the RLP bounds method because a new parallel subsystem consists

of those two subsystems.

The joint failure probabilities of the subsystem ¢, j, and k, P ), can be ex-
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pressed as

i # Ak (4.5)

4) Based on the bounds on the subsystem failure probabilities estimated by the RLP
bounds method and the joint failure probabilities of the subsystems estimated
by the RLP bounds method, the bounds on the failure probabilities of the entire

system can be estimated by the LP bounds method.

On the course of this research, we found that the equalities have an important
effect to the accuracy of the RLP bounds method. When the information for
many of the probabilities is given by inequalities, the bounds for the entire system
could be wide using the RLP bounds method. Therefore, the LP bounds method

is preferred for determining the bounds for the entire system.

When a system has a very large number of failure modes, sub-subsystems below
each subsystem are considered again, i.e., a group of sub-subsystems are grouped
together as a single subsystem. Also, if a subsystem is not a pure series system
or a pure parallel system, the diagram shown in Figure 4.1 is applied to estimate

the bounds of its failure probability.

4.4 Limitation of Size of Extended RLP Bounds
Method Based on Failure Modes

Since the bounds of the entire system and subsystems are obtained by using the LP
bounds method and the RLP bounds method, the application of the failure mode
analysis method is limited by the size of the LP problem of the entire system and of

each subsystem.
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1) Size of LP Problem for Subsystem i

The number of design variables for subsystem ¢ is
Nd(i) = n(i)Z — n(,) + 2 (46)
where n(;) denotes the number of components in subsystem i.

If the complete set of joint failure probabilities of each k(;) components is available,
the constraints for subsystem ¢ have the form of the RLP bounds method, and

the number of constraints for subsystem 7 is

Noy =2 =ne+3)+2( (") + (") + o+ (")) + ke, (47
® 1 2 k(i)

2) Size of LP Problem for Entire System

The number of design variables for the entire system is

Ny =2ms (4.8)

If the complete set of joint failure probabilities of each k¢ subsystems is available,
the constraints for the entire system have the form of the LP bounds method,

and the number of constraints for the entire system is

N.= (2" +1)+2 <<”15) + ("25) +oet (Zf)) (4.9)

Note that the failure probabilities of subsystems and the joint failure probabilities
of subsystems are usually given as the bounds on the failure probabilities, leading

to inequality constraints.

Suppose we have the same LP solver described in Section 2.3.4. Then, in theory
the bounds for the system failure probability can be obtained using the extended RLP

bounds method based on failure modes when ng < 18, ky < 3, ngy < 512, and k() < 3.

4.5 Numerical Examples

4.5.1 Example 1: Rigid-plastic Structure as a General System

As a general system example, consider an ideally elastic-plastic cantilever beam in-

cluding an ideally rigid-brittle bar as shown in Figure 4.2?%. It is assumed that the
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|l »ld »

Figure 4.2: Cantilever beam-bar system.

Table 4.1: The mean and standard deviation of normal distribution M, T, and X.

Mean Standard Deviation

M 1000 300
T 110 20
P 150 30

moment capacity of the beam, M, the tensile strength of the bar, T', and the load ap-
plied at the midspan of the beam, P, are uncorrelated normal random variables with
statistical characteristics shown in Table 4.1. For the sake of simplicity, we assume in
this example that, the length of the beam, [, is deterministic and equals 5. Ignoring
shear failure, there are three possible paths, or cut sets, for the failure of this structural

system as follows:

1) Cut set 1: The rigid-brittle bar failed first (failure event F}), then the cantilever

beam failed after forming a hinge at the fixed end of the beam (failure event F5).

2) Cut set 2: A hinge forms at the fixed end of the beam first (failure event Fj3),

then another hinge forms at the midspan of the beam (failure event Fy).

3) Cut set 3: A hinge forms at the fixed end of the beam first (failure event Fj),
then the rigid-brittle bar failed (failure event Fy).

The procedure of the extended RLP bounds method based on the failure modes

can be described by the following.

[1] Considering the sequence of the failure events within the above cut sets, there are

five different failure events, that can be considered as the failure of five virtual



94CHAPTER 4. EXTENDED RLP BOUNDS METHOD BASED ON FAILURE MODES

Table 4.2: Bounds on the failure probability of the cantilever beam-bar system.

Bounds proposed method

(X10_3) ]{Zle kf:2 LP

km =1 0-9.24 0-9.24 0-9.24
kpm =2  6.83-8.01 7.75-7.79 7.75-7.75

components forming a virtual system. Three cut sets in the structural system
correspond to three subsystems in the virtual system. The failure events of the

subsystem 4, F{;), © = 1,2, 3, can be defined as
Foy=FNNF, F=FNF, Fg=IFNF;
Then, the system failure event, Fy, can be expressed as
Fo = FayUlpU Iy
= (BN E)U(FsN EFy) U (F5N Fy) (4.10)

[2] After the structural analysis of the structural system, the failure events of the

virtual components can be expressed as follows:

a) The failure event Fi: the rigid-brittle bar failed first,

b) The failure event Fy: the cantilever beam failed as the result of forming a

hinge at the fixed end of the beam after the failure event Fi,
¢) The failure event Fj: a hinge forms at the fixed end of the beam first,

P

d) The failure event Fy: another hinge forms at the midspan of the beam after

the failure event Fj,
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e) The failure event Fj: the rigid-brittle bar failed after the failure event Fj,

Because M, T, and P are normal random variables, X;’s in Equations (4.11) -
(4.15) are jointly normally distributed. The failure probabilities of the virtual
component and the joint failure probabilities of the virtual components can be
computed from the standard normal cumulative distribution function (CDF) and

the joint normal CDF, respectively, using the PCM.

Based on the failure probabilities of the virtual component and the joint failure
probabilities of the two virtual components estimating in step [1], the bounds
on the failure probabilities of the subsystem and the joint failure probabilities of
the subsystems can be estimated by the RLP bounds method. Note that when
the information of the joint failure probabilities of the two virtual components
is available, the failure probability of each subsystem is an exact value in this

structural system.

Based on the information of the failure probabilities of the subsystem and the
joint failure probabilities of the subsystems estimated in step [3], the bounds on
the failure probability of the entire system can be estimated by the LP bounds
method.

The bounds on the failure probability of the system estimated by the extended RLP

bounds method based on failure modes and the LP bounds method are shown in Table

4.2. Their k,, denotes the number of components considered to calculate the bounds of

the subsystem failure probability. By MC simulation with 107 simulations, the system

failure probability is estimated as 7.75 x 1073.

In Table 4.2, one can find that when k,,, = 1 the bounds determined by the extended

RLP bounds method based on failure modes are rather wide, but identical to those

resulting from the LP bounds method. When k,,, = 2 and k; = 1, the bounds estimated

by the extended RLP bounds method based on failure modes are found to be acceptable.

The difference between the bounds is negligible, particularly when &, = 2 and k; = 2.
The CPU times of the extended RLP bounds method based on failure modes and the
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| Input Output |

(1~2) DS (5~8)CB (40~41) DS
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Figure 4.3: Four substation power network.

LP bounds method are both less than 1 second in this example; however, the extended
RLP bounds method based on failure modes can handle a much larger system efficiently,

while the LP bounds method cannot, as shown in the next section.

4.5.2 Example 2: Seismic reliability of a substation power

network

Consider the four substation power network system shown in Figure 4.3, which is

71,72)

designed based on the hypothetical substation example Equipment items of the

system of the substation power network are shown in Table 4.3.

Assume that the substation power network is located in an earthquake-prone re-
gion. Let A denote the bedrock peak ground acceleration (PGA) in the region of the
substations, and let .S; denote a factor representing the local site response of equipment
item 7, such that A-S; is the actual peak acceleration experienced by the #;, equipment

item. Assume that A is a lognormal random variable with mean 0.15¢ (in units of
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Table 4.3: The mean and coefficient of variation of equipment capacities.

Equipment Items Mean c.o.v.

Disconnect Switch (DS)  0.7g 0.3
Circuit Breaker (CB) 0.6g 0.3
Tie Breaker (TB) 1.0g 0.3
Power Transformer (PT) 1.5g 0.5

gravity acceleration, g) and a coefficient of variation (c.o0.v.) equal to 0.5. Assume
also that the S;, i = 1,2,...,n, are lognormal random variables independent of each
other and also independent of A, with means 1.0 and c.o.v. s 0.2. Let R; denote the
capacity of the iy, equipment item with respect to the base acceleration in units of g,
and assume that R; are lognormally distributed with statistics as shown in Table 4.3.
Assume that the tie breakers have an equal correlation coefficient of 0.5, and that the
other equipment items have an equal correlation coefficient of 0.3. The capacities of
equipment items in different categories are assumed to be statistically independent of

each other.

The ability of the substation power network to supply power from the input line
of Substation 1 (Input) to the output line of Substation 4 (Output) is assumed to be
the performance criterion. For this criterion, there are 54 components in the system of
the substation power network as shown in Figure 4.3. For example, (1 ~ 2) DS means

that there are components 1 and 2, and that they are a Disconnect Switch.

The failure events of the individual equipment items are formulated as F; = In R; —
InA—InS; <0,:=1,2,...,54. Let V, =InR;, —In A — In S;. Because R;, A, and S;

are lognormally distributed, V; is normally distributed.

The system has 22 cut sets which are expressed using component identification
numbers shown in Figure 4.3 as follows: F,,, = {1,2}, F,, = {3,4,5,6,7,8}, F,, =
{3,4,13}, F,,, = {5,6,7,8,9,10,11,12}, F,, = {9,10,11,12,13}, F,, = {14,15}, F,,.
={16,17,18,19,20,21}, F,, = {16,17,26}, F,, = {18,19,20,21,22,23,24,25}, F,,,, =
{22,23,24,25,26}, F,,, = {27,28}, F,,, = {29,30,31,32,33,34}, F,,, = {29, 30,39},
F,,, = {31,32,33,34,35,36,37,38}, F,,, = {35,36,37,38,39}, F,,, = {40,41}, F,,,. =
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Table 4.4: Bounds calculated by the extended RLP bounds method based on failure

modes.

Bounds Case 1 Case 2

(X10_3) kle kf:2 k‘le

kn, =1 2.90-37.88 2.90-37.88 2.90-43.71
kn =2 290-9.55  2.92-954 2.90-10.13
kn =3  290-7.27  3.53-7.19  2.90-7.38

{42,43,44,45,46,47}, F,,, = {42,43,52}, F,,,, = {44,45,46,47,48,49,50,51}, F,,,, =
{48,49,50,51,52}, F,,, = {53}, F,,, = {H4}. Because the number of components is
large and the relationships among the components are complex in this system, the LP

bounds method is not applicable and a multi-scale approach is also difficult to apply.

For the extended RLP bounds method based on failure mode, the failure probability
can be obtained from Equation (2.47) by replacing X by A. The failure events of the
individual equipment items are formulated as F; = {InR; —Ina —InS; < 0|4 = a},
i=1,2,...,54, where a is the value of A. Then, V; = In R; —Ina—1n.S;, and the failure
probabilities information is given by the product of the conditional marginal (PCM)
method'®3%). Since authors want to obtain an accuracy of approximately 1074, @i and
amax are determined to be 0.045¢g and 1.2g, respectively, so that P(A < apm) = 1072
and P(A > Gmax) &~ 1075, The number N in the Gaussian integration is set equal to
11. In this example, because the number of failure modes is larger than 18, the set of
failure modes is divided into 7 subsystems as follows: ( F,,, Fos, Fny, Fug, Fra), (
Fo,, Fusy Fu.), (Frnsy Fugy Frw)s ( Fuy Frsy Frs)s ( Fugss Fras, Frs)s ( Frgs Frgy Fr,s
Foo)y (Fry,).

The failure probabilities and the CPU times of the extended RLP bounds method
based on failure modes are shown in Tables 4.4 and 4.5, respectively, as Case 1. Using
MC simulations with 107 simulations, the system failure probability is estimated as

4.57 x 1073 and the corresponding CPU time is 39.7 s.

Furthermore, suppose that the information for the statistics of component 52 is

missing; in this case, the probabilities involving this equipment item are not available.
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Table 4.5: CPU times (seconds) of the extended RLP bounds method based on failure

modes.

Bounds Case 1 Case 2

(><10*3) ]{szl kuQ ]fle

km =1 8.9 8.9 7.7
kpm =2 9.0 84.2 9.9
kn, =3 208 630.7 20.8

With the extended RLP bounds method based on failure modes, the relative constraints
are removed. The failure probabilities and the CPU times of the extended RLP bounds
method based on failure modes are also shown in Tables 4.4 and 4.5, respectively, as
Case 2. Note that with incomplete probability information, MC simulations cannot be
performed.

From Tables 4.4 and 4.5, one finds that the accuracy of the extended RLP bounds
method based on failure modes is acceptable when k,, > 2 and k; > 1, and that

narrower bounds can be obtained by increasing k,, and ky.

4.6 Summary of Extended RLP Bounds Method
Based on Failure Modes

As an efficient reliability tool for a general system with a large number of components,

the extended RLP bounds method based on failure modes is introduced in this chapter.

4.6.1 Advantages

The main advantage of the extended RLP bounds method based on failure modes over
the multi-scale approach is that each component of the system can belong to more than
one subsystem in the extended RLP bounds method based on failure modes because the
subsystems are based on the failure modes. In the multi-scale approach, any component
of the system can belong to only one subsystem because it is not possible to define the

system failure event (the union of failure modes) when one component belongs to more
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than one subsystem. There are many cases in which many components are common in
different failure modes. In such cases, the multi-scale approach is difficult or impossible
to apply, while the extended RLP bounds method based on failure modes is applicable.
In addition, an advantage of the RLP bounds method over the LP bounds method is
that a subsystem with a much larger number of components can be handled, while the
limitation on the number of components in each subsystem remains the same as that
of the RLP bounds method.

Like the LP bounds method, there are also two advantages of the extended RLP
bounds method based on failure modes over the MC simulation. One is that the
extended RLP bounds method based on failure modes is unaffected by the magnitude
of the failure probability, whereas the MC simulation is not. Another advantage is that
the extended RLP bounds method based on failure modes is still applicable when the

information is not incomplete, whereas MC simulation is not.

4.6.2 Disadvantages

The system failure probability is often determined by the failure probability of some
important failure modes or components, and the extended RLP bounds method based
on failure modes shows a big advantage if only the important failure modes is consid-
ered. However, finding failure modes of the large and complex systems is difficult, and

it is a very important research topic.

4.6.3 Summary

As an efficient reliability tool for a general system with a large number of components,
the extended RLP bounds method based on failure modes is developed in this chapter.
It is based on the information of a few probabilities, and can provide the bounds of the
failure probability of the large system especially when the other method, such as the
multi-scale system reliability analysis, is not applicable. The extended RLP bounds
method based on failure modes provides a result comparable to that of the LP bounds
method when the LP bounds method is applicable. It is found to show a big advantage

if only important failure modes are considered.



Chapter 5

CONCLUSION

5.1 Summary

The present study proposed the system reliability analysis methods using linear pro-
gramming based on the individual component failure probabilities and the joint failure
probabilities of a small set of components (usually two or three). The original point of
this study is to propose new system reliability analysis methods that can estimate the
system reliability efficiently and accurately. The important findings and engineering

contributions of this research are summarized as follows.

Chapter 1

In this chapter, the background and objective of this research was introduced. The
estimation of the system reliability is difficult when the number of components of
the system is large or the system is complex. Researchers are trying to find out the
bounds on the system failure probability based on the information of the individual
component failure probabilities and the joint failure probabilities of a small set of
components. There are no theoretical bounds for the general systems. The challenges
related to computation burdens in the system reliability analysis constitutes the focus

of the present research.
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Chapter 2

This chapter reviewed the past research concerning the existing formulation of bounds
on system reliability, the LP bounds method, and the multi-scale system reliability
analysis. The LP bounds method was proposed as a general method to estimate the
system failure probability. It can provide the most narrowest possible bounds based on
the information of the individual component failure probabilities and the joint failure
probabilities of components. However, the drawback of the LP bounds method is that
the size of LP problem grows rapidly with the number of components. This is the
hindrance in the application of the LP bounds method to a system with large number
of components. In theory, the limitation of the number of components in the LP bounds
method is 18. In order to solve the above drawback, the multi-scale system reliability
analysis has been proposed, The multi-scale system reliability analysis decomposed the
entire system into smaller size of the subsystems, then the large size of LP problem
can be obtained by solving a number of smaller size of LP problem. However, the
selection of subsystem in the multi-scale system reliability analysis could difficult or
impossible in some systems. Also, the limitation of the number of components is the
same with that of the LP bounds method in each subsystem. Therefore, the more

efficient reliability methods are required.

Chapter 3

In this chapter, as an efficient reliability tool for a system with a large number of
components, the RLP bounds method has been introduced. The RLP bounds method
is still based on the information that the individual components failure probabilities
and the joint failure probabilities of components, and the information both including
equalities and inequalities can be used. Like the LP bounds method, there are also
two advantages of the RLP bounds method over the MC simulation. One is that the
RLP bounds method is unaffected by the magnitude of the failure probability, whereas
the MC simulation is not. Another advantage is that the RLP bounds method is still
applicable when the information is not incomplete, whereas MC simulation is not. The
most important contribution of the RLP bounds method is that the size of LP problem

can be well solved, e.g., the number of design variables can be decreased from 2" to
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n? —n + 2 by employing the UGF, and the number of constraints can also be reduced
by using the decreasing strategy. The RLP bounds method can provide the result
comparable to that of the LP bounds method. The main drawback of the RLP bounds

method is only applicable to a pure series system as well as a pure parallel system.

Chapter 4

In order to extend the applicability of the RLP bounds method, the extended RLP
bounds method based on failure modes has been proposed in this chapter. It is appli-
cable to a general system insisting of series subsystems and parallel subsystems. The
main advantage over the multi-scale approach is that each component of the system can
belong to more than one subsystem in the proposed approach because the subsystems
are based on the failure modes. In the multi-scale approach, because any component
of the system can belong to only one subsystem, it is not possible to define the system
failure event (the union of failure modes) when one component belongs to more than
one subsystem. In some cases, the multi-scale system reliability analysis approach
is difficult or impossible to apply, while the extended RLP bounds method based on

failure modes is applicable.
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5.2 Expectation

System Reliability Analysis with Multi-state Components

1) Reliability Analysis with Brittle Components

Because a component is usually considered as a ductile component in engineering
system, the brittle state can be considered as a special state of multi-state component.
After one component fails, the load transfers to or redistributes among the remaining
components, thus changing and, in general, increasing the demand on the remaining
components, this behavior and process of the whole system is very complex.

The ideal structure from the safety point of view is a statically indeterminate struc-
ture with nothing but ductile components. The designer will in general strive to design
his structure in that way. Yet even then the possibility that one of the components
will display brittle behavior must be taken into account. The brittle behaviors lie
in imperfections of construction, in damage that occurs during the service life of the
structure, or in fatigue phenomena. Among a structure system, one of its subsystems
may collapse when it breaks abruptly, moreover, the whole system will be disordered
and it can collapse consequently. However, the estimation of the reliability of system
with brittle components is very difficult.

Because the UGF technique can formulate the entire system states based on the
states of its components by using algebraic procedures as describe in this research,
authors have some clues to estimate the reliability of the system with brittle compo-

3) . Consequently, finding an appreciate approach by using the UGF technique

nents
and linear programming to estimate the reliability of the system with brittle compo-
nents would be an interesting research topic in the future.
2) Reliability Analysis with multi-state Components

In real world problems, a realistic model of the engineering systems usually needs to
consider a lot of system states, and the idea of multi-state systems was first introduced
by Hirsch, Meisner and Boll™. Equation (2.31) can be considered as the formulation
of the state of the multi-state system. Increasingly high requirements for accurate re-

liability evaluation of multi-state system make the calculation of system reliability is

extremely difficult or impossible by use of the classical binary reliability theory. There-
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fore, the theory and methods of multi-state system reliability is highly needed. In the
last decades, more and more people joined the research of the multi-state system reli-
ability™ ™). The early advances in multi-state system reliability theory and methods
were summarized by Lisnianski and Levitin'®.

In reality, any realistic system would be the multi-state system, then the evaluation
of the reliability of multi-state systems would be very important. However, the multi-
state system reliability analysis would be very complex. Since the UGF technique
have been used to define the states of the multi-state system and to estimate the
reliability®?), the computational burden is the crucial factor when one solves reliability
analysis. Since the methods proposed in this research have proved that the bounds on
the system reliability can be estimate efficiently and accurately by using the UGF and
the LP, it would be important research area to extend the application of methods by

use of the UGF and the LP.






APPENDIX A

UNIVERSAL GENERATING
FUNCTION AND ITS
PROPERTIES

A.1 Overview

In this appendix, the concept of universal generating function (UGF) is reviewed and
its properties is specifically described.

In section A.2, the concepts of the generating function, the moment generating
function, and the universal generating function are described.

In section A.3, the important properties of the universal generating function are

depicted.
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A.2 Concept of Universal Generating Function

A.2.1 Concept of Generating Function

59 are one of the most surprising and useful inventions in discrete

Generating functions
mathematics, and it become a bridge between discrete mathematics and continuous
analysis by transforming problems about sequences into problems about functions.
This mathematical machinery can be apply to problems about sequences, for example,
all sorts of counting problems can be solved by use of generating functions.

The concept of generating functions can be considered as a powerful tool and tech-
nique for solving discrete problems. The general idea of generating function is as fol-

lows. In counting problems, an infinite sequence a,, of real numbers can be expressed

as
apg, i, Qg, (A].)

where a,, represents different values for different n. A formal power series G(z) can be
defined as
G(z) = ap+ax+ayr® + ...

= Z a,x" (A.2)

The above G(x) is the generating function for the infinite sequence ag, a1, asg, . ... This

G(z) is also called ordinary generating function®.

Let us take a simple example. Consider a sequence as

The corresponding generating function is
Gx) = 1+ 1z+12% + 12 + 12 + 12° + 025 + 027 + . ..
= l+a+a>+2°8 o0t +2° (A.4)
For the sum of the above geometric series, we can write

G(z) = 1+z+2°+2°+2"+2°
1—af

1—=x
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A.2.2 Concept of Moment Generating Function

In probability theory and statistics, the moment generating function of a discrete ran-
dom variable is an alternative specification of its probability distribution. The moment
generating function® associated with a discrete random variable X is a function m(t)

defined by
m(t) = B(e")

k
1=0

where the vector x = (zg,x1,...,x)) consisting of the possible values of X and the
vector p = (po, p1, - - -, Px) consisting of the corresponding probabilities p; = P{X = xz;}
represent the probabilistic distribution of variable X.

The expected values E(X), E(X?), E(X?), ..., and E(X") are called moments.
Sometimes the moments are difficult to find. However, all of the moments of discrete
random variable X can be obtained by successively differentiating m(t). For this
reason, the function m(t) is called the moment generating function. For example, the

first derivative of m(t) can be expressed as
P
m'(t) = E(Z e'"p;)
=0

k
= Z zie™ip; (A.7)
=0
Then, the first moment can be obtained as
k
m'(0) = Z ZiP;
i=0
= E(X) (A.8)
The second derivative of m(t) can be expressed as
d

() = (')

gk
= %(inemipi)
i=0

k
= Z J]i26txipi (Ag)
1=0
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Then, the second moment can be obtained as

m//(o) — xﬁpi

.
Il x>
o

I
g

X?) (A.10)

The nth derivative of m(t) is equal to E(X™) at t = 0.

The one of most important property of the moment generating function is that the
moment generating function of the sum of the independent discrete random variables
can be expressed as the product of the individual moment generating functions of the
these variables. For example, consider two independent discrete random variables X

and Y, the moment generating function of X and Y can be expressed as

mx(t) = E(e%)

kg
= Zet“pmi (A.11)
i=0
where the vector x = (xg,z1,...,2x,) consisting of the possible values of X and the

vector p = (po, p1, - - -, Pk, ) consisting of the corresponding probabilities p,, = P{X =

x;} represent the probabilistic distribution of variable X.

my(t) = E(e™)

Ky
= Z etyjpy]_ <A12>
§=0
where the vector y = (yo,¥1,-..,Yk,) consisting of the possible values of Y and the

vector p = (po, p1, - - - pky) consisting of the corresponding probabilities p,, = P{Y =
y; } represent the probabilistic distribution of variable Y. Then, the moment generating

function of X + Y, mx,y(t), can be expressed as

mxiy(t) = mx(t)my(t)

e ky

= Zemipxizetyjpyg
=0 =0
ke Ky

= ZZemiety]pzlpy]
i—0 =0
ke Ky

= Z Z et(xﬁyj)pmipyj (A.13)
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Generally, the moment generating function of the sum of the independent discrete

random variables, X;, X», ..., X,,, can be expressed as
my Xi(t) = [ [ mx.(t) (A.14)
i=1

A.2.3 z-transform

The z-transform®, which can be considered as the discrete-time counterpart of the
Laplace transform, is an essential mathematical tool for the design, analysis and moni-
toring of systems. The general idea of the z-transform is as follows. Consider a simpler
expression of Equation (A.6) by replacing the function e’ by the variable z. A function
corresponding to discrete random variable X and its probability mass function (pmf)

can be obtained as
T(z) = E(z%)
k
- Z 2% p; (A.15)
i=0

The above function is called the z-transform of discrete random variable X.
Some basic properties of the moment generating function of discrete random vari-
able X are similar to that of the z-transform of discrete random variable X. For

example, the first derivative of 7(z) can be expressed as

d k
T(2) = %(Z 2" p;)

k
= Z z; 2% p; (A.16)
i=0

Then, the first moment can be obtained as

k
(1) = szpz
— E(X) (A.17)

From the above Equation, one can easily find that the first moment of discrete random
variable X is equal to the first derivative of 7(2) at z = 1.
Also, the z-transform preserves the most important property of the moment gen-

erating function, i.e., the z-transform of the sum of the independent discrete random
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variables can be expressed as the product of the individual z-transform of the these

variables. For example, consider two independent discrete random variables X and Y,

the z-transform of X and Y can be expressed as

Tx<Z)

and

Ty(Z)

= B(zY)

= Z 2P,

=0

(A.18)

= E(zY)

ky
_ Yj
= E :z " Py;
j=0

(A.19)

Then, the moment generating function of X + Y, 7x,y(t), can be expressed as

Txty(2) =

(A.20)

Generally, the z-transform of the sum of the independent discrete random variables,

Xy, Xo, ..., X, can be expressed as

TZ?:IXi(z

(A.21)

The more details of z-transform can be found at the book by Grimmett and Stirza-

ker®) and Ross®?.

A.2.4 Definition of Universal Generating Function

Consider n independent discrete random variables X, Xs, .

each variable X; has a pmf represented by the vectors z; = (20, i1, .-

(Pi0s Dids -+ Dik;). Let f( Xy, Xo, ...

.., X, and assume that

. 7$i,ki)7 Di =

, X,,) denotes the pmf of an arbitrary function of
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X1, Xo, ..., X,,. All of the combinations are mutually exclusive, and the total number
of combinations of the possible values of the function f(X;, Xs,..., X,,) is
N =]k +1) (A.22)
i=1
where k; + 1 is the number of possible values of X;. The probability of the jth possible
value of X7, Xo, ..., X, can be expressed as
g = I pis (A.23)
i=1

By introduce a general composition operator ® over z-transform, the z-transform
f

of the arbitrary function f(Xi, Xs,...,X,,) can be obtained

k1 k2 kn

ki n
FOWTERIED 95 DI 01| (FSTE VR (e T
Ji=0

Jj1=0 j2=0 Jn=0 =0
By replacing the z-transform of random variable X; by the u;(z), the above Equation

can be expressed as
U(:) = §ur(2), 1a(2). - ua2) (A.25)

The above technique using z-transform and composition operators ® is called the
f
universal z-transform or universal (moment) generating function (UGF) technique,

and U(z) represents the UGF of X7, Xs, ..., X,,.

A.3 Properties of Universal Generating Function

The main interested property of UGF is the properties of composition operator ®, and
f
the properties of the function f(Xi, Xs,...,X,,) decide the properties of composition
operator ®. There are four main properties®):
f

e Consecutive property:

It
f(X17X27 < aXn) = f(f(X17X27 < 7Xn71)7Xn> <A26)
then the corresponding UGF can be expressed as

U(z) = (?(ul(z), ug(2), ..., un(2))

= O(@(r(2),1a(2).- - 111 (), 4(2)) (A.27)
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By assuming U,;(z) = ®@(uy(2), uz(2), ..., u;(2)), the above Equation can be expressed
f

as

<n (A.28)

e Associative property:
If
f(X17X2> ce 7Xj>Xj+17 s >Xn)

= f(f(leXQa'"7Xj)7f(Xj+1v"'7Xn)) (A29)

then the corresponding UGF can be expressed as

(ur(2),uz(2), ..., uy(2))
(<>J§>(u1(z),u2(z), s ug-1(2), %?(uj(z), o Un(2))) (A.30)

=-Q =&

e Commutative property:

It

f(X17X27-"7Xj7Xj+1>"'7Xn)

= f(f(X1, Xo, o, X5, X5, oo, X)) (A.31)

then the corresponding UGF can be expressed as

(ur(2),u2(2), ..., uj(2), ujt1(2), . .., up(2))
(1

(2),u2(2), ..., ujg1(2), 4 (2),. .., up(2)) (A.32)

®
f
®
!
e Recursive property:

If a function takes the recursive form

FUh (X, X5), (X, X)X X)) (A.33)

then the corresponding UGF can be expressed as

?(%(ul(z), o uy(2)), %(uj+1(z), oo up(2)), - ,J(?i(ul(z), g (2)))
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Let us take a simple example, consider the variables X;, X5, X3 with pmf z; = (3,
6, 9), p1 =(0.4, 0.3, 0.3), zo = (6, 10), po =(0.6, 0.4), and x5 = (0, 1), p3 =(0.5, 0.5),
respectively. The UGF of X, X5, X3 can be expressed as

ui(z) = 0.42°+0.32°40.32°
uy(z) = 0.62°+0.42"

uz(z) = 0.52° 4 0.5z

The function Y = min(Xy, X5, X3) having both commutative and associative prop-

erties can be expressed as

min(X;, X, X3) = min(min(X;, X5), X3) (A.35)
then,
ug(z) = ui(2) ® ui(2)

= (0.42° +0.32° + 0.32") ® (0.62° + 0.42"°)
— 0.24Zmin(3’6) 4 0.18Zmin(6’6) + 0.182min(9’6) +
0.162min(3,10) + 0‘12Zmin(6710) + 0.12Zmin(9,10)

= 0.402° +0.482° +0.122° (A.36)

Uy(2) = wi(z) ® us(z)

min

= (0.40z° 4 0.482° + 0.122") ® (0.52° + 0.52")
— 0.202min(3,0) + 0.24211]111(6,0) + 0.062min(970) +
0.202111111(371) + 0.242111111(6,1) + 0'062111111(9,1)

= 0.502° + 0.502" (A.37)

The function Y = min(X;, X5, X3) can also be expressed as

min(X;, X, X3) = min(min(X1, X3), X») (A.38)
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then,

ug(z) = w(z) ® uz(2)

= (0.42° +0.32° + 0.32") ® (0.52° + 0.52")
= 0.20z00G0 4 (.15,006:0 4 (15,0000 4
0.202min(3,1) + 0.15Zmin(6,1) + 0.15Zmin(9’1)

= 0.502° 4 0.50z" (A.39)

Uy(2) = ua(z) rg?nuz(z)
= (0.52° +0.52") gi@n(o.(azﬁ +0.42%°)
= 0.302™(06) 4 .30zmn(0)
0.20 z™in(0,10) 4 0.20 z™in(1,10)

= 0.502° + 0.502" (A.40)
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