ZETA-FUNCTIONS OF ROOT SYSTEMS

YASUSHI KOMORI, KOHJI MATSUMOTO AND HIROFUMI TSUMURA

ABSTRACT. In this paper, we introduce multi-variable zeta-functions of roots, and prove
the analytic continuation of them. For the root systems associated with Lie algebras,
these functions are also called Witten zeta-functions associated with Lie algebras which
can be regarded as several variable generalizations of Witten zeta-functions defined by
Zagier. In the case of type A,, we have already studied some analytic properties in our
previous paper. In the present paper, we prove certain functional relations among these
functions of types A, (r = 1,2, 3) which include what is called Witten’s volume formulas.
Moreover we mention some structural background of the theory of functional relations
in terms of Weyl groups.

1. INTRODUCTION

Let N be the set of natural numbers, Ng = NU{0}, Z the ring of rational integers, Q the
field of rational numbers, R the field of real numbers, and C the field of complex numbers.

Let g be any semisimple Lie algebra. In [25], Zagier defined the Witten zeta-function
associated with g by

(1.1) Cw(s;ig) =) (dimg)™ (s€C),

©

where ¢ runs over all finite dimensional irreducible representations of g. Using Witten’s
result [24], Zagier noted that

(1.2) Cw(2k; g) € QM

for £ € N, where [ is the number of positive roots of g, which is called Witten’s volume
formula (see [25, Section 7]). In particular, (y (s;s((3)) was already studied by Tornheim
[19] and Mordell [15] in the 1950’s. The above result for (y(s;s((3)) was showed by
Mordell and its explicit formula was given by Subbarao and Sitaramachandrarao in [18].
Recently Gunnells and Sczech [3] evaluated (y (2k; g) for k£ € N by means of the generalized
higher-dimensional Dedekind sums, and gave certain evaluation formulas for (y (2k; s((3))
and (w(2k;sl(4)) for £ € N in terms of ((2j) for j € N, where ((s) is the Riemann
zeta-function.
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In [10], the second-named author defined multi-variable Witten zeta-functions by

(1.3) Goig3) (51,52, 83) = > m T2 (m 4 n) ",
m,n=1
o
(1.4) Coo(5)(51, 52, 83, 54) = Z m”*in"2(m 4 n)" % (m+ 2n) .
m,n=1

Note that (v (s;51(3)) = 2°Ca3) (s, 8, 8) and (w(s;50(5)) = 6°Coo(5)(5, 5, 8, 5). The second-
named author proved the analytic continuation of them by the method using the Mellin-
Barnes integral formula (see [7, 8, 9]) and calculated their possible singularities. The
function (43)(s1, 52, 83) is also called the Tornheim double sum or the Mordell-Tornheim
double zeta-function denoted by T'(s1, sz, s3) or (apr2(S1,52,53), because special values
Coi3) (a1, az, a3) for a; € N (j = 1,2,3) were studied by Tornheim in [19].

Recently the third-named author [23] has proved certain functional relations between
Gsi(3) (51, 52, 53) and ((s). These can be regarded as certain continuous relations including
the known formulas between Tornheim’s double sums and values of ((s) at positive integers
obtained in [15, 19]. For example, we proved that

(1.5) 2Ga1(3)(2, 5, 2) + Cai3)(2, 2, 8) = 4¢(2)C(s +2) — 6¢(s +4)

for any s € C except for singularities of each function on the both sides. In particular,
putting s = 2 in (1.5), we obtain Witten’s volume formula (3)(2,2,2) = 7%/2835 given
by Mordell (see [15]).

More recently, in [12], the second-named and the third-named authors defined multi-
variable Witten zeta-functions (y(41)(s) (r € N) associated with sl(r + 1) and proved the
analytic continuation of them. Furthermore, for r < 3, true singularities of them were
determined, certain functional relations for them were given and new evaluation formulas
for their special values were introduced. However, in that paper, we were unable to prove
functional relations which can be regarded as continuous relations including Witten’s
volume formulas (1.2).

It seems possible to generalize these results for sl(r + 1) in [12] to those for any general
semisimple Lie algebra g. Indeed, in [4], we define the Witten zeta-function associated with
g denoted by (,(s;g) or (. (s; X;) if g is of type X, (X = A,B,C,D,E,F,G), for s € C",
where n is the number of positive roots of g. For example, (2(s; A2) and (a(s; B2) coincide
with C(3)(s1, 82, 53) defined by (1.3) and (y(5)(51, 52, 83, 54) defined by (1.4), respectively,
except for the order of variables. More generally we further define zeta-functions of roots.
Considering their properties, we study the analytic continuation of (,(s;g), and certain
recursive structures among them. In [5], we prove certain functional relations among
them, in particular, of types B, and C, (r < 3), which include Witten’s volume formulas.
Furthermore, in [6], we will study (a2(s; G2) associated with the exceptional Lie algebra
of type G2. Indeed, we will construct a certain functional relation for (s(s; G2) which
includes Witten’s volume formula.

In the present paper, we give an overview of our previous result [12] and our recent
results [4, 5], and prove some related facts. In Section 2, we introduce the definition
of zeta-functions of roots which include the multi-variable Witten zeta-functions. We
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further study certain recursive relations for them. In Section 3, we study some structural
background of functional relations for these functions. As its concrete examples, in Section
4, we explicitly give certain functional relations for ¢, (s; A,) (r < 3) which can be regarded
as continuous relations including Witten’s volume formula. For example, we can give a
functional relation including

(1.6) (3(2,2,2,2,2,2; A3)

o)

B 1 2 b
= 2 Zm2n2(1 + m)2(m + n)2(I + m +n)2 _ 2554051500

l,mn=1

(see [3]) as a special value-relation. As mentioned above, we were unable to treat Witten’s
volume formulas in our previous paper ([12]), because we were only able to consider some
limited types of relations for (3(s1, s2, s3, 54,0, s5; A3) and (3(s1, s2, 3,0, S4, S5; As), that
is, the case one-variable is equal to 0. In order to remove this limitation, we will study
certain multiple polylogarithms of type As (see (4.18) and (4.19)). By making use of them,
we will be able to construct some functional relations including Witten’s volume formula.
This method can be applied to zeta-functions of root systems of other types (see [5, 6]).

2. ZETA FUNCTIONS OF ROOT SYSTEMS

In this section, we give an overview of [12] and [4]. First, following [4], we introduce the
definition of zeta-functions of root systems associated with semisimple Lie algebras, and
more generally, zeta-functions of roots.

We quote some notation and results about semisimple Lie algebras from [2, 17]. Let g be
a complex semisimple Lie algebra of rank . We denote by A = A(g) the set of all roots of
g, by Ay = A, (g) (resp. A_ = A_(g)) the set of all positive roots (resp. negative roots)
of g, and by ¥ = ¥(g) = {a1,...,a,} the fundamental system of A. For any o € A, we
denote by oV the associated coroot. Let Aq,...,\, be the fundamental weights satisfying
(), Nj) = \j(o) = 8;j (Kronecker’s delta). Then we see that any dominant weight can
be written as

(2.1) A= + -+, (n1,...,n, € Np).

In particular, the lowest strongly dominant form is p = Ay + -+ - + A,
Let d) be the dimension of the representation space corresponding to the dominant
weight A. Then Weyl’s dimension formula (see [17, Section 3.8]) gives that

g — H (@ A +p) H (¥, (n1 + DA\ + -+ (ny + 1)\)
Ve, @) @Mt

Putting m; = n; + 1, it follows from (1.1) that

) — (@ mids 4 meA) ) 7
(2.2) Cw (s 9) _;ag+ ( (@Y A+ 4+ Ap) )

= K(g)* Z Z H (av,ml)\1+"'+mr>\r>_sa

mi=1 mr=1acA4

OZEA+
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where the sum on the second member of the above runs over all dominant weights of the
form (2.1), and

(2.3) K@) = [ (@ x4+ )
aEA L

Let A* be a subset of Ay = A4 (g) which satisfies the condition that for any A\; (1 < j <),
there exists an element o € A* such that (aV¥, ;) # 0. Then we define the zeta-function
of A* by

(2.4) Z Z H aV ,MIAL + - +mr)\r> Sa

mi=1 myr=1 a€A*
where s = s(A*) = (54)aeax € C* with n* = |A*|. In particular when A* = A, (g), we
denote ¢, (s; AT (g)) by (- (s; g) or (- (s; X,) if g is of type X,., and call it the multi-variable
Witten zeta-function associated with g or X,. Namely we have

(25)  G(s59) = Go(ss Xr) Z Z IT @ madi+ -+ med) ™o,

mi1=1 mr=1a€A4
where s = (54)aca, € C" and n = [A, | is the number of positive roots of g. Note that
K(g)°¢r(s,...,s;9) coincides with the one-variable Witten zeta-function (y(s; g) defined
by (1.1). The series (2.4) and (2.5) can be continued meromorphically to the whole space
(see [10, Theorem 3]). In the case X, = A,, we see that

(2.6) G = > I it tmi),

mi=1 me=11<i<j<r+1

where s = s(A,) = (sij) € C'+D/2 (see [4, (2.3)] or [12, (1.5)]). In Section 4, we prove
some functional relations among (,(s; A,) (r < 3) which can be regarded as continuous
relations including Witten’s volume formulas for sl(4). Moreover, in [5], we give some
functional relations of types B, and C, for r < 3.

Now we consider g = sl(r +1). Let ¢; be the j-th coordinate function. It is well-known
that positive roots are

(2.7) Ay =Ay(A)=Rce—g= Y a|l<i<j<r+l
i<k<j

see the list at the end of [2]). We further define

(

(2.8) AA)={ei—ej|2<i<j<r+1)
(2.9) Ap(4r) ={e1—¢j[2<7 < hPUAY(A)
(

2 < h < r+ 1) which are subsets of A} (A,). For example, putting r = 3, we have the
relation A*(A3) C A3(Az) C A5(As) C Aj(Az) = Ay(A3z). We can see that s(A}(A3)) =
(5125 - -, 51h, 523, 524, 834) (h = 2,3,4).

We recall the Mellin-Barnes integral formula

(2.10) (1+N)°

27rf/ I'(s) -
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where s, A are complex numbers with s > 0, |argA\| < 7w, A # 0, ¢ is real with —Rs <
¢ < 0, and the path (c) of integration is the vertical line Rz = ¢. Using this formula, we
have

(2.11) C3(812, - -+, S1h, 523, 524, 5345 A} (A3))

=> > > Il mi+-dmyye

mi1=1mo=1m3=12<i<j<4

e 1 L(sin + 20)T(—2n)
X (m1++m_l) S1j
ngllh ’ 21/ =1 J(e) I'(s1n)
X (my 4+ mp_g) "R dzy

_ 1 F(Slh + Zh)r(*zh)
21v/ =1 Jien) ['(s1n)
for h = 3,4, where

C3(s™(As, 2n); A1 (As))dzy,

s*(As, z3) = (s12 + s13 + 23, S23 — 23, S24, S34);
s*(As, z4) = (12,513 + S14 + 24, 523, S24, 534 — 24).

Hence we find the recursive structure which we denote by

(2.12) G(- 5 A3) = G3(-  A%(A3)) — G3(- 1 A3(A3)) — (- 3 A3(A3z)).
Note that
(2.13) (3(s™ (A3, 23); A3 (A3z)) = (a(s23 — 23, 524, 5345 A™(A3))( (512 + 513 + 23).

Substituting (2.13) into (2.11), we have

(2.14)  (3(s; A%4(A3)) = 27T\1ﬁ N [(s13 -lt(iil;(—z:a)

X C2(s23 — 23, 524, 5343 A" (A3))( (512 + 513 + 23)d23.

Therefore we can rewrite (2.12) as
(2.15) G3(- 3 A3) = G3(- 3 A%(A3)) — G5 A5(A3)) — G- A™(A3)),

by neglecting the Riemann zeta factor. Renaming ¢; as ;-1 (2 <i <r+ 1), we find that
Ca(- 3 A*(A3)) is equal to (a(- ; A2). Consequently we can write (2.15) as

(2.16) G5 A3) — G3(- 3 A3(A3)) — G- 5 A2).

The above argument can be applied to A, and A,_; for any » > 2. Hence we can obtain
the following result which can be viewed as a refinement of [12, Theorem 2.2].

Theorem 2.1 ([4, Theorem 1]). Between (.(- ; Ay) and (—1(- ; Ar—1) (for each r > 2)
there is the recursive relation like (2.16), which can be summarizingly written as

(2.17) G5 Ar) = G5 A1) — - = Q5 A2) — (-5 A1) = C.

For zeta-functions of other types, we can also give certain recursive relations similar to
(2.17). For the details, see [4, Sections 4 and 5].
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3. STRUCTURAL BACKGROUND OF FUNCTIONAL RELATIONS

Hereafter we discuss the topic on functional relations for zeta-functions of root systems.
First, in this section, we study the structural background in a general framework. For the
details, see [5].

As we mentioned in Section 1, we have already obtained some functional relations
for (a(s1, s2,53; Aa) like (1.5) (For the details, see [23], also [13, 14]). Recently, in [16],
Nakamura gave an alternative proof of functional relations given in [23]. Inspired by
Nakamura’s method, we aim to generalize these functional relations of type As to those
for zeta-functions of general root systems.

We use the same notation as in Section 2. Let g be a complex simple Lie algebra of
type X, and V be the vector space generated by the roots of g. Let W be the Weyl group
acting on V. We denote by P and P, the lattice of weights and the set of dominant
weights, respectively. Let

(3.1) C:={veV|{a)>0forall a €A}
be a fundamental domain of W, which we call the fundamental Weyl chamber. Let
Ha =V\ U wC,
weWw
where by C we denote the interior of C , and

(3.2) S ((sa)aea: X) = > [ t@.n e

AEP\HpA a€A 4

=3 % T @Vewr+ o)

weW A6P+ a€A+

D | R

weW AePy wacAy

where s, for o € A_ is defined by s, = s_, and p is the lowest strongly dominant form.
Let Ay, = Ay Nw~! A_. Divide the product on the right-hand side of (3.2) into two parts
according to a € A, or o € A_, and in the latter part replace a by —a. Then we have

> < 11 (—1)_5”°‘> STOTT @ A+ e

weEW o€y XePL o€

— Z < H (—1)757“”’1)(7* ((swa); X7)

wWEW a€lAy

(3.3) S ((sa); Xr)

which is a ‘Weyl group symmetric’ linear combination of our zeta-function.
Now we consider the Lerch-type series

F(S+1) e?m’m:c
4 L, = — -
(3.4) €)=~ 2
m#0

for s € C with s > 1, x € R and ¢ = v/—1. Then we obtain the following general form of
functional relations for zeta-functions of root systems (for the proof, see [5]).
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Theorem 3.1.
(85 S X) = > (TT D7) ¢ (ki X0)
weEW a€Ay
- ‘A+| 27” /1 L, (ma)e—Qﬂi(aV,/\)xad:Ea
éag [(sq + 1 '
(2mi)*®
= (—1)A+'( > / / < LSQ(%))
‘11;[ Sa 1 (XEE\\I’
|A+\\Il| times
X <H L., <_ Z $a<av’)\i>)> H dzxg
i=1 aEAL\T aEAL\Y

holds for any s, in a certain region.

Remark 3.2. When s, € N, we see that L, (24) = Bs, ({za}), where {z} = x —[z] denotes
the fractional part of = and B, (-) is the Bernoulli polynomial (see [1]). When X, = As,
the idea of Theorem 3.1 is essentially included in Nakamura’s proof of certain functional
relations for (a(s1, s2, s3; A2) ([16, Theorem 1.2]) which coincide with those given by the
third-named author in [23]. For example, see (1.5).

Example 3.3. In the case of type Ba(= C2), we can verify that (2(si, s2,s3,s4; B2)
coincides with (yo(5)(52, 83, 54, 51) (see (1.4) and (2.5)). As well as in [16], direct calculations
on the right-hand side of (3.5) for g = so0(5) show that, for example,

(36) 42(17 2a S, 27 BQ) + 42(17 27 2’ S BQ) + <2(27 ]-a 2’ S BQ) - <2(27 ]-7 S, 27 BQ)
= 3C(2)0(s+3) — L (s +5);
(B7) (22,52 Bo) +((2,2,2,5 B) = 5((2)((s +4) — (s +6).

Putting s = 2 in (3.6) and (3.7), we have

(38) G(1,2,2,% Ba) = SC(2)(5) — Te¢(T):

73

3 39
(3.9) (2(2,2,2,2; By) = 2¢(2)¢(6) — 55¢(8) = 55105

Note that (3.8) has been obtained in [22] by a different method, and (3.9) is just equal to
Witten’s volume formula (1.2) for g = so(5). However it seems to be hard to calculate (3.5)

for ¢, (+; X,) directly if r is large. Hence we need another technique. In [5], we introduced
a certain technique using multiple polylogarithms (which may be called the ‘polylogathm
technique’) to prove general formulas for zeta-functions of types B2, B and Cj5 including
(3.8) and (3.9). In Section 4, using this technique, we treat (.(-; A,) and prove certain
functional relations for them.

At the end of this section, we consider a generating function of values of S((s4); X, ) at
positive integers. Let k = (ko )aca, € N(‘)A+| and t = (ta)aea, € ClA+] with |ta| < 2w for
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each . Then we define

ko
XY e (1)|A] . ta
(3.10) P = (02 S stx) [T (5%)
k OZGA+
where
ko 1 1
stax) =0 (T ) [ [ (T Buten))»
ka! 0 0 °
acAL ————— €AY
[AL\P| times
<H B, ({— Z rola, )\Z>}>> H dxe,
1=1 OAEA+\\I/ OéEA+\‘1/
(see (3.5) and Remark 3.2). For example, we can explicitly calculate that
“
(311) F(tl,tg,tg,t4;Bg) = 1_Iletj ]_ 1 (P(t)+Q(t) —R(t)),
]:

where t1 = 1o, t2 = tay, t3 = tay+an, t4 = tay+2q, and
2(et1 —-1)(1+ e(t2+t3)/2)(e(t2+t3)/2 _ et4)
(2t1 + to — t3)(ta + t3 — 2t4) ’
etz — 1)(et1tta _ pts els — 1) (efr1tt2 — ola
e b mw = )
(2t1 + i — tg)(tl —t3+ t4) (2t1 + iy — tg)(tl + to — t4)

Hence we can calculate the Taylor expansion as

P(t) =

(312) F(t17t27t37t4;B2)

1
=1+ M(thltgt?)’ + 2t1t2ti — 4t1t%t3 + tlt%t4 — 2751753753 — t1t§t4

+ 4t3tots — 23toty — 23tgty — Atotsts — Atotity — At3tsty)

+ Si1gg0 (Btitatits — Btttst] — Bitat3ts — 3it3tat + SIS + 2THH]
+ 2634587 + 8t5t515)
+ T35 + - -

9676800 '
Comparing the coefficients of t3¢3t3t3 in (3.10) and in (3.12), we can also obtain (3.9),

namely

@r)® 1 ad

2!-22 9676800 302400

However it is also hard to evaluate the zeta-function of type X, by this method when r is

C(2> 2,2,2 B2) = (_1)4

large.

4. FUNCTIONAL RELATIONS FOR (3(s; A3)

In this section, we consider zeta-functions of type As. Though we have already consid-
ered certain special cases of this type in our previous paper ([12]), we will study this type
more generally and in detail, by considering a certain multiple polylogarithm of this type.
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From (2.5), we have

o0

1
Ca(s12, 513, 5235 A2) = Z e 533

mi + ma)s13m;

mi,ma=1

(3(s12, 513, S14, 523, S24, S34; A3)
o0

> :
- m1,mz2,m3=1 miu (ml + m2)813 (ml +ma + m3)814m§23 (m2 + m3)824m§34

In our previous paper [12], we proved a closed form of functional relation for

(_1)(14.3(517 53, ba 52, 07 a; A3) + (_1)bC3(51> 53, @, 82, 07 b7 A3)

+ C3(a7 51, 83, Oa ba 523 A3) + C3(817 a, 83, Oa 52, ba A3)

in terms of (2(s1, s2, s3; Az) and (1(s; A2) = ((s), where a,b € Ny and s1, s9,s3 € C. For
example, we have

_<2<317 53, 27 52, 07 17 A3> + C2(517 53, 17 52, 07 27 A3)

+ CQ(L 51,83, Oa 27 523 A3) + C2(517 15 53, 07 52, 27 A3)
= —3C2(s1, 83 + 3, 82; A2) — C2(s1 + 1, 83,82 + 2; A2)
+2¢(2)C2(s1, 83 + 1, 59; A2)

(see [12, Theorems 5.9 and 5.10]). However our previous result does not include Witten’s
volume formula (for example, (1.6)).

Therefore we aim to construct some functional relations for (.(s; A4,) (r < 3) which
include Witten’s volume formulas as value-relations.

Let

(4.1) o) = S (o 1y g,

We recall that

2. (=1)tcos a —1)e%
= z<><> =3 v CU

=1 v=0

= lsin(16) —1)rp2r+1
(49 > -3 ot IS

forpe N, g e Npand 0 € (—m,7m) C R (see, for example, [20, Lemma 2]). Note that
$(0) = ¢(0) = —%. We see that the both sides of (4.2) and of (4.3) are continuous for
0 € [—m, 7] in the case p,q € N.

Fix pe N and s,t,u,z,y € C with Rs > 1, Rt > 1, Ru > 1, || < 1 and |y| < 1. Put

= (—1)!cos P —1)"¢>
(44)  Fo(0;2p,s,t,usz,y) =2 (Z w =2 9= ) ((12),,)9'>
=1 v=0 '

o m—&-nxmynez(m-kn)@
DI
msnt(m + n)®

m,n=1
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By (4.2), we see that

(4.5) Fo(0:2p, s, t,us,y) =0 (—m <60 <m).

By the assumptions on p, s, t,u, the right-hand side of (4.4) is absolutely convergent.

Hence, by cos = (e? + e /2, we have

0 —1)Hmtnm,n i(l+m+n)6 +ei(fl+m+n)9

46) RO turg = Y Y G )

I,m,n=1

1)y = —1)mtnpmyn i(m+n)6

_22¢2p 2V(()) (=1)mFramyte

Note that in our previous paper ([12]), we only considered the case (z,y) = (1,1). Hence

12Pmsnt(m + n)v

¢
o msnt(m + n)v

we were only able to treat some limited case of (3(-; A3). In this paper, we consider
Fy(0;2p, s,t,u;z,y) which is a certain triple polylogarithm. Considering the integration
of Fy with respect to the variable # in the numerator of each summand, we can produce a
certain factor in the denominator of each summand, which corresponds to some relevant
root. This is the ‘polylogarithm technique’ mentioned in the preceding section. We will
execute this procedure as follows.

Corresponding to Fy(60;2p, s, t, u; x,y), we define

1 0 ( 1)l+m+nxmynez(l+m+n)9
4.7 Gq(0;2 t, u; ==
( ) d( 3 4P S, ,u,:v,y) id |: Z l2pmsnt(m+n) (l+m+n)d

I,mn=1

l—i—m—&-nl,mynez( l+m+n)0
+ Z l2pmsnt (m+n)“(—l+m+n)d

l,m,n=1

l#m+n
) (p — 2) 2 (d— 142w — p\ (—if)"
a Z (2p —2v) Mz_% 2U—p !

m+n m,n 'L(m+n)9:|

z™y"e
X Z msnt m+n)u+d+2y—,u
m,n=1

for 6 € [—m, 7| and d € Ny, where

<X> B X(X—l);:!(X—a—‘rl) (CL c N),
a) |1 (a=0).

In the case d = 0, it follows from (4.5) that

(48) G0(97 2p7 $7t7 u; x,y) = FO(ev 2p7 87t7 u; x??/) + CO = CO;
where

& xmyn
(49) CO = 00(2]?, Svtau;xvy) = Z msnt(m n n)u+2p'

m,n=1
Note that the definition of G4(0;2p, s,t,u; x,y) seems to have been given abruptly. How-
ever, by using the same consideration as in our previous papers [12, 23], we can presume
the expression of G4(0;2p, s, t,u;x,y) as (4.7).
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Since we fix p,s,t,u,z,y, we regard G4(0;2p, s, t,u;x,y) as a continuous function for
0 € [—m,m]. We can show

d
(4.10) @Gd(G 2p, s, t,usx,y) = Gg—1(0;2p, s, t,u;x,y)  (d € N).

Hence, by integrating the both sides of (4.8) and multiplying by i on the both sides, we
have

ZGl(Ga 2pa Svtvu; x,y) = 00(19) + Cl

for some C = C1(2p, s,t,u; x,y). By repeating the integration, and by (4.10), we obtain
Lemma 4.1. With the above notation, for d € Ny, we have

ey
(4.11) iGq(0;2p, s, t,us 2, y) = E Cd—jT! ,
i=0

where Cy, = Cx(2p, s, t,u;z,y) (0 < k < d) are certain constants.

We can determine {C}} as follows. Putting # = £ in (4.11) with d + 1, we have

jd+1

m {Gd-l-l(ﬂ-; 2]77 S, ta u; x, y) - Gd-ﬁ-l(_ﬂ-; 2]97 S, tu u,x, y)}
[d/2]

B (271')2“
Z g )

From (4.7), we see that the left-hand side of (4.12) is equal to

p v—1 . 20

142v—20\ (im)

4.13 2 »(2p — 2v) —_
e S ()

(4.12)

m,n

X
Y
msnt(m+n)u+d+2u 20"
m,n=1

Applying [11, Lemma 2.1] to (4.13) with a = 2p and

d—1+X\ — z"y"
X)=2
9(x) < X -1 ) anl mnt(m + n)utd+X’
we have
[d/2]
Ww+d—1\ — ™y (im)2H
4.14 -
( ) ( 2p — 1 )mznjlmnt(m_{_nu+2p+d Z d2l‘2 +1)!

for d € Ng. Applying [21, Lemma 3.3] to (4.14), we have

o0

b 2p+v—1 xMy"
(4.15) Cr=2) ¢k— u))\k_,,< ) >

_ St +2p+v
=~ 2p—1 —  m*nf(m+n)*
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for k € Ny, where \; = {1+ (—1)/}/2 (j € Z). Substitute (4.15) into (4.11). Then we

have

(4.16) ide(O;Qp,s,t,u;x,y)

d d—j e L
' 2p+v—1 N )
=2 ¢(d—j —v)Ai—j— ( ) ‘
jzz:o VZO T\ 2p -1 mg:l msnt(m + n)wt2pty gl
d n . o o
2p+n—j—1 ™y (i6)7
n= J= m,n=

by putting n = v + j. Combining (4.7) and (4.16) with d = 2q for ¢ € N, we obtain

(4 17) i (_1)l+m+nxmynei(l+m+n)9 N i (_1)l+m+nxmynei(—l+m+n)9
' Zrmsnt(m + n)*(l +m + n)2 Prment(m + n)u(=1 +m +n)%

l,m,n:l ll,;n,n:
P 2v . o) ; 0
2 — 1+ 2v — p\ (—if)* (—1)mtngmyneilmEn)
—23 -2 ) e S

n=0 2= p m,n=1
- 2 (20— 1+ 20— )\ (i0)
—23 g20—2)} < o > '
v=0 u=0 K Iz
° 2Mgm
% Z msnt(m + n)u+2p+2uﬁu =0 (9 € [*ﬂ-a 7[-])
m,n=1

Now we replace y by —ye~" in (4.17). This is an important procedure to produce a factor
in the denominator of each summand, which corresponds to the root. In fact, we consider

(4.18)
Fo(0;2p, 5,t,u, 2q; 2, y)
o i (—1)l+m$myn€i(l+m)6 N i (_1)l+mxmynei(fl+m)9
e prment(met )t (b m )2 T e Prmtnl (m n) (<] 4 o n)%
l#m+n

D 2v . U i o — 1)y eiml
—2) " ¢(2p—2) Z(Qq 142 M>( 0)" T (=1)ma™y
v=0

= 2 — i /.L! e msnt(m + n)u+2q+2u—u
q 2v .
2p —1+42v — p\ (i0)H
2y ey (PP
v=0 p=0 H H

n..m,n, —ind

« f: m37§_1) rTye —0 (9€[-m 7).
m,n=1

t (m + n)u+2p+2u—u
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We can apply the same argument about Fy as mentioned above to E). In fact, for
D, q,s,t,u, x,y as fixed above and for d € Ny, we put

(4.19)  Ga(6;2p, s,t,u,2q; z,y)

1 > ( 1)l+mx y etl+m)o
T [l %: 2rmsnt(l 4+ m)d(m + n)*(l +m + n)2

( 1)l+m m nei(—l—l—m)e
* Z 2rmsnt (=1 4+ m)4(m + n)* (=l +m + n)2

lym,n=1
l;ﬁm
l#m+n
2q—1+2u— P fd=1+pu—p
-2 (2 2
> ot~ uz( W (T
—if)P o 1mmnzm9
><( i9) Z ( )"amy"e
m,n=1
q 2v “w
20— 142v —pu d—14+p—p
—2(—1)¢ 2q — 2
(172 0024 V)Z< w—p )Z( p—p
v=0 ,U,:O p:()

(16)° (—1)ngmyne—in?
- p! Z msnt+dtu—p(m 4 n)ut2p+2v—p (0 € [—m, ).

m,n=1

Let
e m,mn
CO - 00(2]97 87 t7 ua 2(]7 xa y) - mEnZI m3+2pnt+2‘I(m + n)u .

Using (d/d@)éd(G;Qp,s,t, u,2q;x,y) = éd_l(H; 2p, s, t,u,2q;z,y) (d € N) similarly to
Lemma 4.1, we can obtain the following lemma.

Lemma 4.2. With the above notation, for d € Ny, we have

d C NG

A ~  (i0)

(420) Zde(9;2p,S,t,U, 2(]71‘,?/) = E Cd—j(j!)a
J=0

where Cj, = ék(Qp, s, tyu, 2q;x,y) (0 < k < d) are certain constants.

In the third and the fourth terms on the right-hand side of (4.19), we change the running
indices pand p (0 < p <2y, 0<p<p)topand o (0<p<2u 0<o<2v-—p),by
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putting 0 = 2v — u. Then we have

(4.21)  Ga(6;2p, s,t,u,2q;x,y)

1 0 (_1)l+mxmynez(l+m)0
Tl [l mZn:_ Zrmsnt(l+m)4(m + n)*(l + m + n)2

( 1)l+mx ynez’(fler)G
+ Z 1Z2msnt(—1 +m)d(m + n)%(—l +m + n)2a

lm,n=1
l#m
l#m+n
P v e —14+0\[(d—142v—0—
) et Y (M) (1 ’)
v=0 p=0 o=0 v—o=p
y (—19)'0 i ( 1)mxmynezm9
,0! mstd+2v—o— pnt(m+n)u+2q+o
m,n=1
2u 2v—p
2p—1 d—1+2v—0—
ST ITREY) 95 S G | (R
v=0 p=0 o=0 v—o=p

n,m, n,—ind

16 > Hzmy"e
x (pg) Z msnt+d(—i-2u)a p(:IJm+n)u+2P+0:| (0 € [-m,7]).

m,n=1

For simplicity, we denote by (a(s1, 2, s3; z,y; A2) the double polylogarithm of type As
defined by

o0 mmyn
(4.22) C(s1, 82, 83;2,y; A2) = mzn; mAns3(m 4+ n)s2

By (4.20) and (4.21) with d = 2r + 1 for r € Ny, we have

2r+1 . .
) {G2r+1(77; 2p, s, t,u, 2q; z,y) — Gopy1(—m; 2p, s, t, u, 2¢; x, y)}

~

(4.23)

v—12v—-2p—1

2;: (2p — 2v) Z Z <2q—1+0>(2r—1+2v—0—2u>

2v—0—-2u—1

(im)*
mgg(s+2r+2y—a—2u,u+2q+a,t;x,y;Ag)

v—12v—-2p—1

+2Z¢ 2q —2v) Z Z <2p—1+0><2r—1+2u—0—2u>

2v—0c—-2p—-1
(i)
(2p+1)!

(27.()21/

= Z C2r—2um~

v=0

Ga(s,u+2p+o,t+2r +2v — 0 — 2u;7,y; Az)

T
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Applying [11, Lemma 2.1] to the second member of (4.23), we have

T 21t 0\ (22— —1
(4.24) —Z(q )<p )C2(8+2p+27”—0,u+2q+0,t;az7y;A2)

ot o 2p—0—-1
Tl fp—1+40\[(2q+2r —0o—1
- Z < g >< q2q—a—1 >C2(57U+2p+0,t+2q—|—27"—J;x,y;Az)

; )21/

B ~ (im

On the other hand, by (4.20) and (4.21) with d = 2r, we have

27

(4.25) % {ézr(ﬂ; 2p, s, t,u,2¢; 7, y) + Gar(—7;2p, 5, t,u, 2¢; , y)}
& xmyn
-, %}_1 2omsnt (1 + m)2 (m + n)“(l + m + n)2
xmyn
* “;1 2rmsnt (=1 +m)2"(m + n)*(—l +m + n)2a
l;éi”in
v B g—1+0\(2r —14+2v—0—2u
—2 (2p — 2v)
Y oe-w 323 (M) (T,
pn=0 o=0
(iﬂ)2
(Q,U) C(s+2r+2v—0—2u,u+2q+o0,t;x,y; Az)
v 2v—2pu
2p—140\[(2r—1+2v—0—2u
-2 2q — 2v)
Yotm-m> 3 (P,
n=0 o=0
N2 T .\ 2v
i ~ iT
X ((2,3)' C(s,u+2p+o,t+2r+2v—o0—2u;x,y; A2) :ZCQT_QV((Z))'

Applying [11, Lemma 2.1] to the third and the fourth terms on the second member of
(4.25), and applying [23, Lemma 4.4] to (4.24), (4.25), we obtain the following.

Proposition 4.3. With the above notation,

(o) m.n

™y
Z Zrmsnt(l 4+ m)?r(m + n)%(l +m + n)?

I,m,n=1

(4.26)

>

+ 2 2

g 2rmsnt (=1 +m)?r(m 4+ n)* (=l + m +n)a
l#m+n
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P 2p—2p
2q—1+o0\(2p+2r—2p—0—1
=23 cen Y ) )
prd = o 2p —2p—o
X (s +2p+2r —2p—o,u+2q+0,t;7,y; Az)

q 2q—2p
2p—140\(2q+2r—2p—0—1
2 2
+ZC(P)Z< o )( 2q—-2p—o0 )
p=0 o=0
X Ca(s,u+2q+o,t+2q+2r —2p—o;x,y; Ag)

r 2p—1
2q—1+0o\(2p+2r—2p—-0-—1
2 2
+pz:;<<p>z( S G

o=0
X Ca(s+2p+2r —2p — o,u+2q + 0, t; 2, y; Ag)
r 2q—1
2p—1+4+o0\(2q+2r—2p—0—1
2 2
+pz:;<<p>§( IR

X Ca(s,u+2q+ o,t +2q+ 2r —2p — o5 x,y; A2).
Let (z,y) = (1,1) and calculate the second term on the left-hand side. Then we obtain

the main result in this section.
Theorem 4.4. For p,q € N and r € Ny,
(4.27) (3(2p, 27, 2q, s, u, t; As) + (3(2p, s, u, 21, 2q, t; As)
+ (3(2q,2r,2p, t, u, s; As) + (3(2q,t, u, 21, 2p, s; As)
P Ry 2q—140\(2p+2r—-2p—0—1
:QPZOC(QP) ;) ( a )( 2p—2p—o0 )
X Co(s+2p+2r —2p—o,u+2q + o,t; Ag)

q 2q—2p

2p—140\(2q+2r—2p—0—1

w2 e Y ( )| )

prd = o 2q—2p—o
X Co(s,u+2q+o,t+2q+2r —2p—o0;Ag)

r 2p—1
2q—1+0o\(2p+2r—2p—0—1
2 2
w2 (M) (M2
p=0 o=0
X Co(s+2p+2r —2p —o,u+2q + o,t; Ag)

r 2q—1
2p—140\(2q+2r—2p—0—1
2 2
e 3 (7, ()
p=0 o=0

X Ca(s,u+2q+ o,t+2q+ 2r —2p — 0; Ag)
holds for all (s,t,u) € C3 except for singularities of all functions on the both sides of
(4.27).
Example 4.5. Putting (p,q,7) = (1,1,1) and (s,t,u) = (2,2,2) in (4.27), we have
(4.28) 405(2,2,2,2,2,2; A3) = 8¢(2) {(2(4,4,2; Aa) + (2(3,5,2; A2)}

—6{2¢2(6,4,2; Ag) + 2(2(5,5,2; A2) + (2(4,6,2; A2) } .
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Using the relation (2(k, m,l; A2) = Co(k,m — 1,1+ 1; Ag) — (a(k —1,m, 1+ 1; Ag) (see [19])
repeatedly, we see that

C2(4,4,2; A2) + (2(3,5,2; A2) = %'{242(4,3,35142)‘—49(3’4,3;f42)}-
From [20, Theorem 2], the right-hand side is equal to 71°/935550. Similarly we have
2(2(6,4,2; Ag) + 2¢2(5,5,2; Ag) + (2(4,6,2; As)
= 266,33 42) — G(3,6,3 A2) — £Go(4,4,4; 43).
From [20, Theorem 2] and [18, Theorem 4.1], we see that the right-hand side is equal to
887712/3831077250. Therefore we obtain Witten’s volume formula

23
4.2 2,2,2,2,2,2; A3) = ————q!2
( 9) C3( g Ly Ly Ly Ly Ly 3) 25540515007T

This implies that (4.27) can be regarded as a continuous relation including Witten’s volume
formula.

Remark 4.6. If we start from (4.3) instead of (4.2) in (4.4), then we can construct a general
functional relation for

C3(a7 ¢, bv S, U, t; A3) + (_1)a<3(a’ S, U, C, b7 t; A3)
+ (_1)a+b+cg3(b) ¢ a, ta u, s : A3) + (_1)a+6€3(b7 ta u, C, a, S; A3)

in terms of (a(s1, S2, s3; A2) and ((s), where a,b € N, ¢ € Ny and s,¢,u € C. For example,
in the case (a,b,c) = (1,3,0), we can obtain

<3(17 07 3> S, U,t7 A3) - C3(1a S, U, 07 37ta A3) + 43(37 Oa 17ta u, s; A3) - <3(3at7u7 07 17 S5 A3)
=40 (s,u+4,t; Ag) + Ca(s + 1, u, t + 3; A2) — 2¢(2)Ca(s, u + 2,t; Ag).

Remark 4.7. As described in this section, we produced relation formulas for (3(-; As) by
uniting those for (a(-;Az) and (1(-;A1). This corresponds to the fact that the funda-
mental root system of Az can be produced by adding a fundamental root to that of Ay in
the Dynkin diagram. This strategy can be applied to various other cases. For instance,
in [5], we deduced relation formulas for {a(-; B2) from those of (a(-; A2) and (i(-;A1).
Similarly, it is possible to deduce relation formulas for (3(-; Bs) and (3(-;C3) from those
of (3(-; As), or alternatively, from (a(-; Bs) and (1(-; A1). In [5], the process of the lat-
ter way was described in detail. These correspondences between functional relations for
zeta-functions and the structure of root systems seems to be fascinating.

REFERENCES

[1] T. M. Apostol, Introduction to Analytic Number Theory, Springer, 1976.

[2] N. Bourbaki, Groupes et Algebres de Lie, Chapitres 4, 5 et 6, Hermann, Paris, 1968.

[3] P. E. Gunnells and R. Sczech, Evaluation of Dedekind sums, Eisenstein cocycles, and special values
of L-functions, Duke Math. J. 118 (2003), 229-260.

[4] Y. Komori, K. Matsumoto and H. Tsumura, On Witten multiple zeta-functions associated with
semisimple Lie algebras II, preprint, submitted for publication.

[5] Y. Komori, K. Matsumoto and H. Tsumura, On Witten multiple zeta-functions associated with
semisimple Lie algebras III, preprint, submitted for publication.



18 YASUSHI KOMORI, KOHJI MATSUMOTO AND HIROFUMI TSUMURA

[6] Y. Komori, K. Matsumoto and H. Tsumura, On Witten multiple zeta-functions associated with
semisimple Lie algebras IV, in preparation.

[7] K. Matsumoto, Asymptotic expansions of double zeta-functions of Barnes, of Shintani, and Eisenstein
series, Nagoya Math J. 172 (2003), 59-102.

[8] K. Matsumoto, On the analytic continuation of various multiple zeta-functions, in ‘Number Theory
for the Millennium II, Proc. Millennial Conference on Number Theory’, M. A. Bennett et al (eds.),
A K Peters, 2002, pp. 417-440.

[9] K. Matsumoto, The analytic continuation and the asymptotic behaviour of certain multiple zeta-
functions I, J. Number Theory 101 (2003), 223-243.

[10] K. Matsumoto, On Mordell-Tornheim and other multiple zeta-functions, Proceedings of the Session in
analytic number theory and Diophantine equations (Bonn, January-June 2002), D. R. Heath-Brown
and B. Z. Moroz (eds.), Bonner Mathematische Schriften Nr. 360, Bonn 2003, n.25, 17pp.

[11] K. Matsumoto, T. Nakamura, H. Ochiai and H. Tsumura, On value-relations, functional relations
and singularities of Mordell-Tornheim and related triple zeta-functions, preprint, submitted for pub-
lication.

[12] K. Matsumoto and H. Tsumura, On Witten multiple zeta-functions associated with semisimple Lie
algebras I, Ann. Inst. Fourier (Grenoble) 56 (2006), 1457-1504.

[13] K. Matsumoto and H. Tsumura, Functional relations for various multiple zeta-functions, (‘Analytic
Number Theory’, Kyoto, 2005), RIMS Kokyuroku No. 1512 (2006), 179-190.

[14] K. Matsumoto and H. Tsumura, A new method of producing functional relations among multiple
zeta-functions, Tokyo Metropolitan University Preprint Series 2006 : No.1.

[15] L. J. Mordell, On the evaluation of some multiple series, J. London Math. Soc. 33 (1958), 368-371.

[16] T. Nakamura, A functional relation for the Tornheim double zeta function, Acta Arith., to appear.

[17] H. Samelson, Notes on Lie Algebras, Universitext, Springer-Verlag, 1990.

[18] M. V. Subbarao and R. Sitaramachandrarao, On some infinite series of L. J. Mordell and their
analogues, Pacific J. Math. 119 (1985), 245-255.

[19] L. Tornheim, Harmonic double series, Amer. J. Math. 72 (1950), 303-314.

[20] H. Tsumura, On some combinatorial relations for Tornheim’s double series, Acta Arith. 105 (2002),
239-252.

[21] H. Tsumura, Evaluation formulas for Tornheim’s type of alternating double series, Math. Comp. 73
(2004), 251-258.

[22] H. Tsumura, On Witten’s type of zeta values attached to SO(5), Arch. Math. (Basel) 84 (2004),
147-152.

[23] H. Tsumura, On functional relations between the Mordell-Tornheim double zeta functions and the
Riemann zeta function, Math. Proc. Cambridge Philos. Soc., to appear.

[24] E. Witten, On quantum gauge theories in two dimensions, Comm. Math. Phys. 141 (1991), 153-209.

[25] D. Zagier, Values of zeta functions and their applications, in Proc. First Congress of Math., Paris,
vol. II, Progress in Math., 120, Birkhauser, 1994, 497-512.

Y. Komori

Graduate School of Mathematics, Nagoya University, Chikusa-ku, Nagoya 464-8602 Japan
komori@math.nagoya-u.ac. jp

K. Matsumoto

Graduate School of Mathematics, Nagoya University, Chikusa-ku, Nagoya 464-8602 Japan
kohjimat@math.nagoya-u.ac. jp

H. Tsumura

Department of Mathematics and Information Sciences, Tokyo Metropolitan University
1-1, Minami-Ohsawa, Hachioji, Tokyo 192-0397 Japan

tsumura@comp .metro-u.ac. jp



