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Abstract. In this paper, we consider certain double polylogarithms and
the ordinary polylogarithm of complex variables, and introduce a method
of producing functional relations among them. Furthermore we consider
x-analogues of them. These functional relations can be regarded as poly-
logarithmic generalizations of the known relations between the Mordell-
Tornheim double zeta-function and the Riemann zeta-function, and their
character analogues, which were studied by the authors.
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1. Introduction

Let N be the set of natural numbers, Ng = NU{0}, Z the ring of rational
integers, Q the field of rational numbers, R the field of real numbers, and C
the field of complex numbers.

oo
The polylogarithm Li(z) = 3 2"n % and their multiple analogues play

n=1
important roles in various fields of mathematics, for example, number theo-
ry, theory of special functions, infinite analysis and related mathematical
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physics.
As fascinating formulas, it is known that (see [7], |8]), for example,

(1 1
L”@)::2
I@(ggwﬁ _ iaw+§qmbgf“;£)

e (352)] (12)

o0
where ((s) = > n~° is the Riemann zeta-function.
n=1

In this paper, we consider the polylogarithm of a complex variable and

o0
its double analogues, defined by P,(s;z) = > 2"n~® and
n=1

o n
X
Pi2(51,52,53;2) = Z o (m ) (1.3)
m,n=1
& gt
PLLI ) ) ; = ) 1'4
»2(31 $2, 83 I’) mzn:l m51n52(m+n)53 ( )

for s,s1,s2,s3 € C and z € C with |z| < 1. Note that P,(k;z) = Lig(x),
k € N, and that P,,(0,k,l;2) and P, »(0,k,;x), k,I € N, are called the
double polylogarithms which have been studied as special cases of multiple
polylogarithms in recent research (see, for example, (2], [3], [4])-

On the other hand, P;(s;x) can be viewed as a special case of Hurwitz-
Lerch zeta-functions. Furthermore Py ,(s1,52,53;1) = P, a(s1,52,53;1) is
called the Mordell-Tornheim double zeta-function denoted by Carr2(51, 52, 53)
or is called the Witten zeta-function associated with s[(3) studied by the first
named author in [9], [10] (see also [12]). He proved the meromorphic conti-
nuation of (7,2 using the Mellin-Barnes formula. The name of this function
is derived from the classical results of Tornheim and Mordell (see [14], [16]).
They studied the values of (y72 at positive integers and gave some rela-
tion formulas. Recently, their results were generalized by the second named
author in [17], [19].

The main aim of this paper is to give functional relations among P .,
P... and P, (see Theorem 2.5), for example,

2Pi(1,8,15x) — Pu,o(1,1, 532) = 2Py (s + 25 2)
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for s € C with Res > 0 and € C with |z| < 1 (see Theorem 2.1). In
particular, when x = 1, we obtain the known functional relation between
Cmr,2 and the Riemann zeta-function ((s) (see [13], [19]) which includes the
well-known sum formula for the double zeta values given by FEuler. On the
other hand, as relations among the values at positive integers, we give some
relation formulas for the double polylogarithms, which include a polyloga-
rithmic generalization of the Mordell-Zagier formula ([14], [23]) given by the
second named author in [20].

Additionally we give x-analogues of these facts for any Dirichlet character
X (see Theorem 3.1). In particular, when z = 1, we obtain functional re-
lations between double L-functions and Dirichlet L-functions (see [18]). On
the other hand, as a relation among the values at positive integers, we give,
for example,

Z X4(:1)(7(s ; T\l/)g) = §L<2§ X4) + %L(l; X4) log (2 _ \/§>

m,n=1
+4iz. {log(1 — (2 - V3)i)}?
~{log(1 + (2 - ﬁm}ﬂ,

where x4 is the unique primitive Dirichlet character of conductor 4 and ¢ =

v—1.
2. Double polylogarithms

First we recall some known results (see, for example, [17]).
Let

o) =Puls ) = 3 = o e,
m=1

From Lemma 2 of [17], we see that

- " sin(m#) (=1)79%+1
mZ:l m2k+1 jz:qb%c 27) CEE (2.1)

and

N i l o
3 (=1)™ cos(mf) _ Z B(20 — 25) HW (2.2)

m2
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for k € Ng, I € Nand 6 € (—m,m) C R. Note that ¢(0) = ((0) = —1.
We fix z € C with |z| < 1 and s € C with Res > 1. Let

nS

Glssiay = 3 E T eos00) (2.3)
n=1

Note that G(0;s;z) is uniformly convergent with respect to 6 € (—m,7),
because |z| < 1 and Res > 1. Furthermore, for § € R and k € Ny, we let

F1(0;2k + 1; 2)

B (—1)™ sin(m#) (—1)3923+1
- mzzl m? g@ k=20 i)
xG(0;s;x). (2.4)

It follows from (2.1) that F1(0;2k + 1;2) = 0 for 0 € (—m, 7).
Now we prove the following.

THEOREM 2.1. For x € C with |x| <1 and s € C with Res > 0,
2P.o(1,8,1;2) — Py 2(1,1,s52) = 2P, (s + 2; x). (2.5)
We consider (2.4) in the case k = 0, namely

Fi(0:1:2) = 2 (i (=)™ Ts’;n (m@) ) Z "™ cos nH). (2.6)

m=1

First we assume Res > 1. From Lemma 2.1 of [13], the first term in the
parentheses on the right-hand side of (2.6) is uniformly convergent on any
compact subset in (—m, 7). Hence

m+n n

= (- 0) cos(nd)
Fi0:1:0) = 2 Z (-1 x" sin(mé) cos(n QZ "z cos(nd)

mn’

m,n=1

_ i (=)™t {sin((m — n)f) + sin((m +n)6)}

mn?’
m,n=1

+QZ "y cosn@)_o

for 6 € (—m, ). This means, by integrating the both sides, that

i (—1)mtngn cos( + Z )M+ x™ cos((m + n)b)
— mns(m — mns(m +n)
m#n

m,n=1
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oo

—QZ "x"sin(nf) Z (=1)"z" cos(nb) = Cy, (2.7)

nerl ns+2

n=1
where Cjp is a constant which depends on x and s. In order to determine
this constant Cp, we further consider the indefinite integral of (2.7). By the
uniform convergence of (2.7), we can justify the term-by-term integration,
namely

i (—1)™ "z sin((m + Z 1)z sin((m + n)0)

n)2
m,:;:l mns(m el mns m + n)
2. (—1)"z" cos(nh) "x" sin(nd)
+60 E ) -2 E n5+3 = Do + Cpf (2.8)

for § € (—m,m). Letting # = 0, we see that Dy = 0. Since each side of
(2.8) is continuous with respect to 6 on [—m, 7], (2.8) holds for § = 7. Since
cos(km) = (—1)* for k € Z, we have

Co="Pi(s+2;z). (2.9)

Putting I = m —n and j = n — m in the first term on the left-hand side of
(2.7) according as m > n and m < n respectively, and using (2.9), we can
write (2.7) as

Z Vo COS(Z@) B i (—1)727t™ cos(50)
oyt lns (I+n) ol jm(j +m)*s
0 (—1)mingn cos((m +n)6 "x™ sin(nf)
* mznjl mns(m + n) -6 Z n5+1
"x™ cos(nd
—Z n3+2 ) =Pi(s+2;2). (2.10)

This also holds for # = w. Hence (2.5) holds for s € C with Res > 1.
Additionally we see that P, o(1,1,s;2) and Pi.(1,s,1;z) are convergent
absolutely for s € C with Res > 0 and |z| < 1. In fact, letting 0 = Res > 0,
we obtain |P, 5(1,1,s;2)| < 277¢(1+ $)? from the relation m +n > 2y/mn.
Next we can easily see that ab < ap + b9 for a,b > 0, where p,g > 1
with % +$ = 1. Putting (a,b) = (m%,n%) in this inequality, we have

11 141 o4l
mrns < m + n. Therefore, we have mn?(m +n) > m' " »n° 2. We can

find ¢ > 1 which satisfies o + % > 1. Hence we can see that P, ,(1,s,1;z) is
convergent absolutely for s € C with Res > 0 and |z| < 1. Thus, (2.5) holds
for s € C with Res > 0 and |z| < 1. This completes the proof.
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EXAMPLE 2.2. Letting x = 1 in (2.5), we obtain the functional relation

2CuT2(1,5,1) — Cura(1,1,8) = 2¢(s + 2),

which was given in [13], [19]. Letting s = 1 and using the relation

1 1 (1 1)
[ — —_ 4 - ,
mn m+n\m n

we obtain Euler’s well-known formula

mzn;l mm+n)? §CMT,2(1, 1,1) = ¢(3).

On the other hand, letting s = 1 in (2.5), we have

oo
2™ — m+n

SO —oLig(e), ol <1
mn(m + n)

m,n=1

which was given in [20]. Putting z = 3*2‘/5 and using (1.2), we have

& (59 - ()"}

mn(m +n)

3
- gg(g) + %c(z) log (3 _2‘/5> - % [log <3 _2\£>] : (2.11)

Now we proceed to the next step. By repeating the procedure used in
the proof of Theorem 2.1, we can inductively prove that

i (—=1)™ 2™ cos((m + Z 1)tz cos((m + n)0)
et mns(m _ n 2d+1 o mns m + n)2d+1
m#n
[oe) n o0
"™ cos( "™ sin(nd)
2d +1 Z ns+2d+2 Z ns+2d+1
n=1 n=1
d .
(~16%
= ch—jw, (2.12)
=0
and
i (—=1)™* "z sin((m + i )™z sin((m + n)0)
S~ mns(m —n) 2d+2 S~ mns(m + n)2d+2

m#n
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o0
"™ sin(nh) "™ cos(nf)
2d +2 Z s+2d+5 +0 Z s+2d+2
n=1
1)]92]-‘1-1

(2.13)

Mg

j (27 +1)!

for d € Ny and 0 € (—m,m), where {Cy,C1,...,Cq} can be determined
inductively. Note that Cjy has been determined by (2.9). Since we can let
§ — m on both sides of (2.12) and (2.13), we obtain

o0 n o0 n

z x
m#n

—(2‘”1)2 s+2d+2 ch J '_ ’ (2.14)
n=1
and
2j+1
. 2.1
”anm jz;) d] 2] 0! (2.15)

Now we recall the following lemma.

LEMMA 2.3 ([19], Lemma 4.4). Let {agd}deNo, {ﬁZd}deNO; {72d}d€No be se-
quences satisfying that

d . .
(=1)Im% (—1)im2
Qog = de_%W’ Pad = ZWQd 2] 27 + 1)
=0
for any d € Ng. Then

d
aoa = -2 Bal(2d —2v)

for any d € Ny.
Combining (2.14), (2.15) and Lemma 2.3, we obtain

o0 n o0 n

r x
m;1 mns(m — n)2d+1 * mzn:_l mns(m 4 n)2d+1
m#n =

n

[e.9]
x
—(2d+1) Z ns+2d+2

n=1



196 K. Matsumoto, H. Tsumura

d
= =2 ((2d - 2j)Pi(s +2j + 2; ). (2.16)
j=0

Putting | = m —n and j = n — m in the first term on the left-hand side of
(2.16) according as m > n and m < n respectively, we obtain the following.

THEOREM 2.4. For d € Ny, z € C with |x| <1 and s € C with Res > 0,

Pio(2d+1,s,1;2) + Pin(l,s,2d + 1;2) — Py 2(2d+ 1,1, 55x)
— (2d+ 1)Py(s +2d + 2: )
d

—2) " ¢(2d — 25)Pi(s + 2j + 2; ). (2.17)
j=0

Theorem 2.1 is a special case of this theorem.

Next we present a further generalization. Instead of (2.6), we consider
F1(0;2k + 1;z), and

x k 27+1
B(0;2k +1;2) = 2 ZM Z¢2k—2j (Gl

m=1 m2k+1 j= (2 + 1)
y i 1)71:C;LL5811r1(m9)7 (218)
n=1
L (=1)™ cos(m ! _1\ip2j
By(0;202) = 2 (Z DT eostml) 5 gar - 2j>((12>_f
m=1 m =0 _]).
" i (—1)”1‘;;(305(719) 2.19)

and

o - l .
Fi0;2l2) = 2 ZM—Z ¢(2l—2j)ﬂ

2 l
m=1 m j=0 (27)!
2. (=1)"z" sin(nh)
Xy pr (2.20)
n=1

for k,l € N. Then, by (2.1) and (2.2), we see that these are equal to 0
for § € (—m, 7). Hence, by the same argument as above, we can prove the
following.
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THEOREM 2.5. For p,q € N, x € C with |z| <1 and s € C with Res > 0,

(—4)pPﬁzO%s,q;x)4—(—Jquhzcbs,p;w)%-ﬁxﬂ(puLS;m)
—22 (2177 — 1) ¢(p — 4)

Jj= p (2)
“7r2“ 1452 ,

XZ (q - M)Pl(s—i-q—i—j—Q,u;x)

: J—2u

n=

[jgl] uﬂ-2u q

Y - 3 G S -

= p(2) #=0 v=q (2)

v—1+j-2 )
x( j—2:—1“)P1(S+V+]_2M;x)' (2.21)

Note that if |x| < 1 then (2.21) holds for all s € C.

We give the proof in the case (p,q) = (2k+1,2d+ 1) for k,d € Ny. Note
that, in the case k = 0, we have already given the proof in Theorem 2.4.

We fix a general £ € N and assume Res > 1. By (2.1), we see that
F1(6;2k + 1;2) = 0 for 8 € (—m,m). By using (2.4) and the relation
2sinacos B = sin(a — ) + sin(a + ), we have

Fi(6;2k + 1; )

L (=D)mtngngin((m —1)m " sin((m + n)6)
'rr’z#n
QZk: 62k — 2j) (—1)70%+L X (—1)"a" cos(nb) 0 (2.29)
L G e @

for § € (—m, 7). As well as in the proof of Theorem 2.1, by integrating the
both sides of (2.22) and repeating the integration by parts, we have

i (=)™t cos((m + Z 1)+ cos((m + n)0)
S~ m2k+tins(m —n) e m2k+tins(m + n)
m#n M=
k 27+1 00
, (—0)¥ (—=1)"z" cos™¥) (nf)
_QZ ¢(2k — 2j) Z ol 2 o212
)= v=0 n=1

Jj=0 =
=Co(2k + 1), (2.23)
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where Co(2k+1) is a constant which depends on (k, z, s), cos®)(z) is the vth
derivative of cosz and cos™)(a) := cos™) ($)‘x:a. Note that Cy(1) is equal
to Cp defined in (2.7). Indeed, (2.23) in the case k = 0 is equal to (2.7). B
repeating the procedure used in the proof of Theorem 2.1 and of Theorem
2.4, we can prove that

= (=1)™ "z cos((m — n)h) 2 (=1 cos((m + n)6)
> + 2

m2k+1ns(m _ n)2d+1 m2k+1ns(m + n)2d+1

m,n=1 m,n:l
m#n
k 2j+1 ,
. 2d+1+2j — v\ (=)"
_QZ ¢(2k_2‘7);)( 2 +1—v > V]
> )( 9 d ( ) 923
Ny COS n
% Z n8+2d+2]+2 v ch —i(2k + 1>T])' (2.24)
n=1 =0

and

2 (=1)™ e sin((m — n)h) 2 (=1t g sin((m 4 n)6)
> >

M2k s (m — n)2d+2 M2 ns (m + n)2d+2

m,n=1
m#n

k 2j+1 . y
Y seh-2) 3 <2df2+2g—u>(—9)

_ |
J : s 2j+1—v V!

m,n=1

ng™ cosV ) (nf)
Z ns+2d+2j+3 v

(—1)7p%+1

2k 4+ 1)~
(25 + 1)!

0 e (—mm), (2.25)

M&

7=0

by induction on d € Ny, where {Co(2k+1),C1(2k+1),...,Cq(2k+1)} can be
determined inductively. The both sides of (2.24) and (2.25) are continuous
with respect to 6 € [—m, 7). Hence we can let § — 7 on both sides of (2.24)
and (2.25). By cos(nm) = (—1)" and sin(nm) = 0 (n € Z), we obtain

e} n o n

X X
Z m2k+1ns(m_n)2d+1 + Z m2k+1ns(m+n)2d+1

7n,7;£:1 m,n:l
QZk: 6(2k — 29) i 2d +1+2j — 2\ (=Dr
S\ 2+l (2p)!
d . .
x" (—1)I 72
x Z O F i > Caj(2k+ UW (2.26)

n=1 =0
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and

k J . 0 2041
2d+1+25—-2 —1)Hgat
_22 o(2 — 2)) Z( 142 u><>7T

_ |

s 27 —2u (2u+1)!

z™ (— 1)]7r2j+1
XZW ZCd j 2k+1)ﬁ- (2.27)

7=0

Combining (2.26), (2.27) and Lemma 2.3, we obtain

o0 oo n

X x
up>
Z mZEHps (m — n)2d+1 M2+ s (m + n) 20+
m,n=1 m,n:l
m#n

/ (Qd +142j— 2u> (—1)kn2e

k
2 (2k — 2)
]Z # 7 . 25 +1— 2 (20)!

=0
"

00

XD ET
nst2d+2j+2-2p

=1

n—=
d k J : 2
20+ 1425 —2p\ (1) mH
=45 "¢2d -2 ¢(2k — 27) ( , )
;) Jgo l;) 25 —2u (2u+1)!

n

x
X Z oy (2.28)
n=1

Using ¢(s) = (2'7° — 1) ((s), and putting = m —n and j = n —m in the
first term on the left-hand side of (2.28) according as m > n and m < n
respectively, we can obtain the proof of (2.21) in the case (p,q) = (2k +
1,2d +1). Note that if |z| = 1 then the left-hand side of (2.21) is convergent
absolutely for Re s > 0 which can be shown similarly to the argument at the
end of the proof of Theorem 2.1. Hence (2.21) holds for Res > 0. On the
other hand, if |z| < 1 then we can easily see that (2.21) holds for all s € C.

By considering Fy(0;2k + 1;2), F3(0;2l;2) and Fy(0;2l;z) instead of
F1(0;2k + 1;z), we can similarly obtain the proofs of (2.21) in the cases
(p,q) = (2k + 1,2¢), (2,2¢) and (21,2d + 1) for k,d € Ny and [,e € N.

EXAMPLE 2.6. Applying (2.21) in the case (p,q) = (2,2), we obtain
2Py 2(2,8,2;x) + Py 2(2,2,852) = 4C(2)Pi (s + 2;2) — 6P, (s + 4; ). (2.29)

Letting s = 2, we obtain the formula given in Proposition 2 of [20]. Further-
more, letting = = 1, we obtain Mordell’s formula ([14])

Cura(2.2,2) = 5C(2)C(4) - 2(6).
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As a next example, put (s,z) = (2.34,0.8) in (2.29). Then we can approxi-

mately calculate that

P..»(2,2.34,2;0.8) = 0.253330048. . .,
P »(2,2,2.34;0.8) = 0.152764587 . . .,
Py (4.34;0.8) = 0.837450277 . . .,
P,(6.34;0.8) = 0.808462890 . . . .

Hence we can numerically check the validity of (2.29) for (s,x) = (2.34,0.8).
3. Character analogues of double polylogarithms

Let x be any primitive Dirichlet character of conductor f. We define

2 x(n)z"
Psan = > XU .
n=1
T x(n)z"

’P*,2(51332753aan) - Z m51n52(m+n)53’ (32)

m,n=1

m +n)x™mt"

Pu.2(s1,82,83;05x) = X ) (3-3)

G e )

In particular, when 2z = 1, these coincide with the Dirichlet L-function L(s; x)
and the Mordell-Tornheim double L-functions (see [18], [22], see also [1]).
It is well known that

f
2miab
xO)7(x)=> X(a)e 7, bEN,
a=1

1

f 2mia
where 7(x) = > x(a)e ¥ is the Gauss sum and ¥ = x~ (see [21], Lemma
a=1

4.7). Hence we see that

f
n 1 o 2mia \ M
x(n)z" = ) Zx(a) (xe f ) , neN. (3.4)

a=1

Therefore, we have

(=1)PPs2(py 5, q525x) + (—=1)TPs 2(q, 5,055 X) + Pu,2(05 45 8575 X)
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- » (27)"
= 77 2= X m%:l{(_l) mPns(m + n)t

2mia \ T 2mia \ M+N
(meT) (:L‘e T )
+(—1)1 + }

mins(m+n)?  mPni(m +n)s

/
1 2mia
= X -1 pP* ;S 4, I
(%) ;X(“){( VPualpssigize 7
(1) Pus(g s.pse 7) + Pusa(pa, S;wez?a)} (3.5)

for p,q € N. Substituting (2.21) into the right-hand side of (3.5), and using
(3.4) again, we obtain the following.

THEOREM 3.1. For p,q € N, x € C with |z| <1 and s € C with Res > 0,
(=1)PPx, z(p, 5, ;23 X) + (=1)"Ps2(q, 5,523 X) + Pu,2(p, ¢, 5325 X)
=2 Z (2'7PH —1) ¢(p — J)

E (2)

(3] ) .
—DHr2 (g —1+7§—2 ,
xz((2)<q , J “>P1(s+q+J—2u;x;x)

| _
= @) J—2u
[J ] /‘71-2!1' q

_ 1—p+j _ _
42 (2 1) ¢(p ")202%1 ZCq v)

71)(2) H= v= Q(2)

v—147—-2 .
x( j_Qlj_1“>P1<s+u+y—2u;x;x>. (3.6)

Note that if |x| < 1, then (3.6) holds for all s € C.

REMARK 3.2. The equation (3.6) in the case x = 1 has been essentially
obtained by Nakamura in [15] by a totally different method. In fact, Naka-
mura’s formulas are of more simple expressions, comparing with (3.6) in the
case z = 1.

ExXAMPLE 3.3. Applying Theorem 3.1 in the case (p,q) = (1,1), we have
_273*,2(]-a S, 17 x5 X) + Pm,?(l? 17 S;T; X)

= 2¢(0)Py(s + 2; 23 X) — 4C%(0)Pi(s + 2; ;5 x)
= 2P, (s + 2;x; ), (3.7)
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because ((0) = —3. If |z| < 1, then (3.7) holds for s = 0. Note that, for
[ <1,

2wia(m+n)
f

e’}
Pm,2(17 la 07 xZ; X) = Z

X(a) {log <1 — xe¥) }2. (3.8)

From (2.29) in [8], we have
8P1(2;2 — V3; x4) = 2L(2; x4) + L(1; xa) log(2 — V3), (3.9)

where x4 is the unique primitive Dirichlet character of conductor 4. By
putting £ = 2 — /3 and s = 0 in (3.7) and using (3.8) and (3.9), we obtain

o m(m + n)
= Py(2:2 — V3 x4) + QTXX: Yala {1og(1—(2—\/§)e%)}2
gL(2 xa) + ;L(l xa)log (2 — \/§>
tgr [ {1os (1= = V) ) = o (14 2= va) ] 30

Note that we can approximately calculate

iz [{log (1 —(2-V3)i )}2 - {log (1 +(2- \/§)i) }1 = —0.00907612... ..

The other terms in (3.10) can be easily calculated numerically, and hence we
can numerically verify that (3.10) surely holds.

REMARK 3.4. We will be able to generalize these results to more general
multiple series. In fact the authors are studying Witten’s type of multiple
zeta-functions associated with semi-simple Lie algebras (see [12]). We would
like to discuss functional relations for Witten’s type of multiple polyloga-
rithms in forthcoming papers.

NOTE ADDED IN THE REVISED VERSION. The first version of the present pa-
per had already been completed in early 2006. After that, the authors noticed
that the technique developed in the present paper is useful in the study of
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functional relations among multiple zeta-functions. In fact, under the name
of the “polylogarithm technique”, we applied the idea in the present paper
to Witten zeta-functions in [5], [6], and proved various functional relations
which are more general than those obtained in [12].

After the first version of this paper had been completed, we obtained the
following result (see [11], Lemma 2.1):

For arbitrary functions f,g : Ng — C and a € N, we have

a (2]

1) M2
@ - Cla-H)) UG- 2u)((12),
= = !
j=a(mod 2)
= ((2p)f(a—2p), (3.11)
p=0
and
a (5]
b N . (—1)1r2e
JZ_; (217 —1) ¢(a - j) Z;] g(j — QM)W
j=a (mod 2)
= —%g(a). (3.12)

Using this result, we can rewrite (2.21) and (3.6) to

(=1)PPss(p, s, q;z) + (=1

(5]
+q—2p—1
:2Z<p " p >C2p7718+p+q—2p,)
p=0

(3]

+qg-2p—1
+22<p 3_25 )c<2p>7ﬁl<s+p+q—2p;x>, (3.13)
p=0

(
)

qP*z(%S p; )+Pm,2(p7Q7S;x)

and

(=1)PPs2(p, s, q; 25 %) + (=1)*Ps2(q, 5, p; 5 X) + Pu,2(p, ¢, 5523 X)
(5]
+q—2p—1
ZQZ(p 4 2p )C(QP)P1(8+p+q—2p;x;X)

= p—2p
&l p+q—2p—1

2 (PO Do - 0. (1)
p=0

respectively.
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