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A statistical mechanical model of allosteric transitions in proteins is
developed by extending the structure-based model of protein fold-
ing to casesofmultiple native conformations. Thepartition function
is calculated exactly within the model and the free-energy surface
reflecting allostery is derived. This approach is applied to an exam-
ple protein, the receiver domain of the bacterial enhancer-binding
protein NtrC. The model predicts the large entropy associated with
a combinatorial number of preexisting transition routes. This large
entropy lowers the free-energy barrier of the allosteric transition,
which explains the large structural fluctuation observed in the
NMR data of NtrC. The global allosteric transformation of NtrC
is explained by the shift of preexisting distribution of confor-
mations upon phosphorylation, but the local structural adjustment
around thephosphorylation site is explainedby the complementary
induced-fit mechanism. Structural disordering accompanied by
fluctuating interactions specific to two allosteric conformations
underlies a large number of routes of allosteric transition.

free-energy landscape ∣ population shift ∣ statistical mechanical model

Allosteric change of protein conformation is essential for many
biological regulatory processes. As possible mechanisms of

allostery, two limiting cases have been compared (1–6): One is
the population-shift mechanism whereby a protein takes on mul-
tiple native conformations prior to the binding of the effector mo-
lecule to the protein. The binding of the effector then stabilizes
one of the preexisting metastable conformations and makes that
conformation the most populated. The other is the induced-fit
mechanism whereby the effector binds to a preferential confor-
mation of the protein and then the protein is modulated to form a
conformation that was not observed before the effector binding.

Recent experimental data have shown the existence of fluctua-
tions among multiple native conformations prior to the effector
binding in several example allosteric proteins such as NtrC
(nitrogen regulatory protein C) (7, 8), CheY (9–11), calmodulin
(12–14), and adenylate kinase (15–17), which has supported
the view that the population-shift mechanism is not exceptional
but may be ubiquitous in allosteric transitions (18–23). There still
remain, however, important questions to be elucidated: First,
the actual mechanism in each allosteric protein may reside
between two limits of population shift and induced fit, so that
the relative importance of two mechanisms should be analyzed
in each case (24). Second, when the population shift dominates
the allostery of proteins examined, we should ask how the
preexisting fluctuations among multiple native conformations
are realized. In this paper, we develop a statistical mechanical
model of allostery to analyze these two questions.

To answer these questions for NtrC, for example, several
theoretical attempts have been made by using targeted molecular
dynamics (25, 26), normal mode analysis (27), discrete path
sampling (28), self-guided Langevin dynamics (29), and struc-
ture-based and structure-prediction methods (30). However, only
the restricted space around certain selected conformations or
paths were sampled with the methods of refs. 25–29, and hence
those results should be comparedwith the results of othermethods
that can sample the more extensive conformational space.

Coarse-grained structure-based models are suitable for such
global sampling, and hence two-basin models, the structure-based
models that take account of the two low-energy reference
conformations, have been developed and applied to allosteric
transitions (30–37). Whitford et al. (36), for example, used struc-
ture-based potentials that stabilize the apo structure uniquely and
then added a perturbation representing the effects of ligand bind-
ing to lower the eneregy of the holo structure too. To examine the
relative importance of the population-shift and induced-fit
mechanisms, however, both apo and holo structures should be
treated on equal footing. Such a balanced treatment was consi-
dered by Okazaki et al. (24, 32): The interaction potentials in
their model are self-consistently switched from those stabilizing
one structure to those stabilizing the other. This switching,
however, is made uniformly through the protein, so that the
calculation beyond such mean-field-like approaches is necessary
to describe the spatially nonuniform pathway of allosteric change.
It is, therefore, strongly desired to develop a model that can take
account of two reference structures on equal footing and describe
the nonuniform change in interactions.

In this paper we develop a coarse-grained model that meets
these requirements by extending the statistical mechanical model
of protein folding first proposed by Wako and Saito (38–45).
By extending Bruscolini and Pelizzola’s transfer-matrix method
(42) and using the method in two steps, we can obtain the exact
partition function of this extended model. With the obtained
partition function, free-energy landscapes and other physical
quantities are readily calculated over the global conformational
space, which allows the detailed and transparent analyses of
allosteric transitions.

Results
Statistical Mechanical Model of Allostery.We consider a protein that
undergoes allosteric transition between two native conformations,
“active” (A) and “inactive” (I), and assume that the most stable
conformation is changed from I to A by binding the effector.
We use I and A as references to describe other conformations:
When the backbone and the side-chain structures of the kth resi-
due in the conformation examined are close to those in the A(I)
conformation, we writemk ¼ AðIÞ, and otherwise,mk ¼ D.When
both the backbone and side-chain structures of the kth residue are
close to common structures of the A and I conformations, that
residue is classified into type “common” (C). For the residue of
type C, we can write either of mk ¼ A or mk ¼ I. We use this
redundant expression for C to write down the partition function
in a compact form, as will be shown below in Eq. 4.

The present model is an extension of the model of folding in
which themany-body effects are taken into account by considering
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the contiguous segment of native-like configurations (38, 39, 41).
The present extension succeeds this feature by focusing on
segments or “stretches” of configurations. We introduce two
projection functions at the kth site, pAk ðmkÞ and pIkðmkÞ. pAk ðmkÞ
is the projection onto the A state as pAk ðAÞ ¼ 1 and pAk ðIÞ ¼
pAk ðDÞ ¼ 0, and pIkðmkÞ is the projection onto the I state as
pIkðIÞ ¼ 1 and pIkðAÞ ¼ pIkðDÞ ¼ 0. We write pNk ðmkÞ ¼ pAk ðmkÞþ
pIkðmkÞ and pDk ðmkÞ ¼ 1 − pNk ðmkÞ. A segment of

Qj
k¼i p

N
k ðmkÞ ¼ 1

is called “N-stretch (i, j),” a segment of
Qj

k¼i p
D
k ðmkÞ ¼ 1 is

called “D-stretch (i, j),” and a segment of
Qj

k¼i p
AðIÞ
k ðmkÞ ¼ 1

is called “A(I)-stretch (i, j).” When the segment is composed
of only the type C residues, we regard the segment as either
an A- or I-stretch. In this way, the protein conformation is
hierarchically described by a mosaic of D- and N-stretches
and a mosaic of A- and I-stretches in each N-stretch as shown
in Fig. 1. We use this hierarchy to calculate the partition func-
tion in two steps: At the first step, the statistical weight of each
N-stretch is calculated by solving a two-valued problem of A
and I in each N-stretch by borrowing the technique of a
two-valued problem of folding (42), and at the second step,
the partition function of the entire protein chain is calculated
by solving the two-valued problem of N and D.

We refer to a contact between residues in A or I conformation
as a native contact, and effects of nonnative contacts are ignored.
We write ΔAðIÞ

i;j ¼ 1 when the native contact is formed between ith
and jth residues of the A(I) conformation, and ΔAðIÞ

i;j ¼ 0,
otherwise. Hamiltonian of the effector-nonbinding (binding)
state, Hα¼0ð1Þ, is

HαðmÞ ¼ ∑
N−1

i¼1
∑
N

j¼iþ1

½H0
i;j þHA

i;j þHI
i;j� þVα; [1]

H0
i;j ¼ εi;jΔ0

i;j

Yj
k¼i

pNk ðmkÞ; [2]

HAðIÞ
i;j ¼ εi;j ~Δ

AðIÞ
i;j

Yj
k¼i

pAðIÞ
k ðmkÞ; [3]

wherem ¼ ðm1; m2;⋯; mNÞ, εi;j is the contact energy between ith
and jth residues, and N is the total number of residues. We can
see from Eqs. 1–3 that two conformations A and I are treated
on equal footing in Hamiltonian. H0

i;j is the energy gain due to
a contact that is common to A and I, Δ0

i;j ≡ ΔA
i;jΔI

i;j ¼ 1. This
energy is gained only when all the residues from i to j belong
to the same N-stretch. HAðIÞ

i;j is the energy gain due to a contact
that is not common to A and I with ~ΔAðIÞ

i;j ≡ ΔAðIÞ
i;j ð1 − Δ0

i;jÞ ¼ 1,
which arises when all the residues from i to j belong to the same
A(I)-stretch. V1 −V0 ¼ V is the energy change around the
binding site induced by the effector binding, and we put
V0 ¼ 0 without loss of generality. Then, V1 ≠ 0 modulates the
statistical weight of stretches, leading to the global conforma-
tional transition from I to A. We note here that ΔAðIÞ

i;j and mk
are defined by the atomistic configuration of both side-chain
and backbone structures, so that the difference in the side-chain

packing brings about difference in contacts, q0ij ¼ Δ0
i;j

Qj
k¼i p

N
k ðmkÞ

or ~qAðIÞ
ij ¼ ~ΔAðIÞ

i;j

Qj
k¼i p

AðIÞ
k ðmkÞ. Such difference in q0ij or ~q

AðIÞ
ij can

mediate changes in interactions from the effector-binding site to
the area remote from it to induce the large conformational
change there, even in the case that there is no significant
backbone conformational change in between that area and the
effector-binding site.

In the present model, the conformational transition is charac-
terized by the trade-off among the energy of attractive inter-
actions in N-stretches, entropy arising from the larger number
of nonnative configurations in D-stretches, and entropy from
the combinatorial number of arrangements of A-, I-, and
D-stretches. Such balance between energy and entropy can be
described by the partition function,

Zα ¼ ∑
fmkg

YN
k¼1

ðdkÞpNk ðmkÞ
YN
k¼1

ðgkÞpDk ðmkÞ exp½−βHαðmÞ�; [4]

which is a sum over all the configurations of fmkjmk ¼ A; I;Dg
with β ¼ 1∕kBT. Here, gk is the number of nonnative configura-
tions of the kth residue, and dk is a factor to evaluate the weight of
the structure of type C. We use dk ¼ 1∕2 when the kth residue
takes the structure of type C and dk ¼ 1 for otherwise. It is
natural to assume that contacts in the segment of type C satisfy
~ΔAðIÞ
i;j ¼ 0, so that only the termH0

i;j should contribute. Hence, the
segment of type C gives rise to the same energy gain irrespective
of whether it is regarded as an A- or I-stretch. In calculating Eq. 4,
the segment of type C is counted twice as A- and I-stretches,
respectively, but this overcounting is canceled by the factor
dk ¼ 1∕2, so that physically the residue is interpreted to have
a unique structure. In this way, we have a consistent description
of conformational states with the three-letter representation of
mk ¼ A, I, and D. With this representation, the protein confor-
mation is described in a hierarchical way as in Fig. 1, which allows
the use of the transfer-matrix method in a hierarchically decom-
posed way. Further explanation of the partition function is given
in SI Text and Fig. S1.

NtrC, an Example Allosteric Protein. We apply this method to the
allosteric transition in NtrC as an example (7, 8, 46). The receiver
domain NtrC is a single-domain α∕β protein with 124 residues,
and its I conformation (PDB ID: 1dc7) is switched to the A con-
formation (PDB ID: 1dc8) by phosphorylation (46) (Fig. 2).
Recent NMR study by Volkman (7) et al. and Gardino et al.
(8) presented the clear evidence for the population shift between
I and A conformations: They found a strong correlation between
the phosphorylation-driven activation of NtrC and the backbone
dynamics of micro- to milli-second timescale in an area remote
from the phosphorylation site in the dephosphorylated state.

We define the native contact as ΔAðIÞ
k;l ¼ 1 when a heavy atom

other than hydrogen in the kth residue and that in the lth residue
with l > kþ 2 are closer than 5Å in the A(I) conformation. For
simplicity, we assume that contact energies are εi;j ¼ ε ≤ 0 for
residues distant from the phosphorylation site Asp54. We also as-
sume εi;j ¼ ε for Δ0

i;j ¼ 1 irrespective of whether the pair ½i; j� is far
from or near Asp54. The change of the atomistic environment
around Asp54 is described by change in other Asp54-neighbor
interactions. We write a set of Asp54-neighbor pairs asP and de-
fine the pair ½i; j� to belong toPwhen i or j is Asp54 or when i or j is
the residue that contacts Asp54. See SI Text and Table S1 for more
on the native contacts and Asp54-neighbor residues. For those
Asp54-neighbor pairs, εi;j ¼ 0 for the pair of ~ΔA

i;j ¼ 1 and εi;j ¼ ε
for ~ΔI

i;j ¼ 1 in the dephosphorylated state, and εi;j ¼ γε for the pair
of ~ΔA

i;j ¼ 1 and εi;j ¼ 0 for ~ΔI
i;j ¼ 1 in the phosphorylated state. We

thus have V ¼ ∑½i;j�∈P½γε ~ΔA
i;j
Qj

k¼i p
A
k ðmkÞ − ε ~ΔI

i;j
Qj

k¼i p
I
kðmkÞ�.

For simplicity, we adopt an approximate expression of
Fig. 1. An example of protein conformation represented with D, A, and
I-stretches.
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gk∕dk ¼ 2gwhen the kth residuehas a similar native backbone con-
figuration inAand I, and gk∕dk ¼ g − 1when it has differentAand
I backbone configurations. The definition of the similarity of the
backbone structure is explained in SI Text. When the PDB data for
A and I conformations are available, ΔAðIÞ

k;l and the residues to be
gk∕dk ¼ 2g are determined.Then, the remaining parameters of the
model are γ, ε∕kBT, and g.

Population Shift vs. Induced Fit in NtrC. In Fig. 3 the free-energy
surfaces Fαðx; nÞ are shown in the two-dimensional space of n
and x for the dephosphorylated (α ¼ 0) and phosphorylated
(α ¼ 1) cases. Here, n is the order parameter of the folding transi-
tion defined by the ratio of the number of residues that take the A
or I structure to N. x ¼ MA∕M is the order parameter of the
allosteric transition with MA being the number of residues that
take the backbone structure specific to the A configuration and
M being the total number of residues that can take the backbone
structure specific to the A configuration. ðx; nÞ ¼ ð0; 1Þ for the I
conformation and (1,1) for the A conformation. The free-energy
minimum at ðx; nÞ ≈ ð0.2; 0.4Þ in Fig. 3 A and B is the unfolded
state. There are free-energy basins corresponding to folding
intermediates at ðx; nÞ ≈ ð0.3; 0.75Þ in Fig. 3A and at ðx; nÞ≈
ð0.3; 0.65Þ in Fig. 3B. Although these intermediates can kinetically
trap the folding trajectories, Fig. 3 A and B and Fig. S2 A–D show

that the folding transition is thermodynamically a two-state
transition from the unfolded state to the I or A conformation.

In Fig. 3 A and B, we can find the valley of low free energy at
n ≈ 1. This feature shows that the allosteric transition observed by
the variation of x can take place without significant decrease of n.
In other words, the unfolding fluctuation monitored by n is not
significant in the allosteric transition, but as will be explained later
in Discussion, the partial disordering defined by the decrease of
contacts plays an important role in the allosteric transition ofNtrC.

Closeups of regions of n ≈ 1 of Fig. 3A and B are given in Fig. 3
C and D, respectively. In Fig. 3C, in addition to a free-energy
minimum corresponding to I, there are three local minima at
ðx; nÞ ≈ ð0.2; 0.97Þ, (0.55,0.97), and (0.75,0.97) corresponding to
intermediates of the allosteric transition, which are mutually
connected by low free-energy barriers, forming a large basin of
intermediates. The conformation of NtrC in the dephosphory-
lated state can, therefore, thermally fluctuate within this basin.
As shown in Fig. 3 C and D, the shallow minimum at ðx; nÞ≈
ð0.75; 0.97Þ in the dephosphorylated state becomes a distinct
minimum upon phosphorylation, and the population of confor-
mations residing at this minimum substantially increases due
to this development of the minimum in the phosphorylated state.
This result supports the interpretation of the NMR data for the
population-shift mechanism in NtrC (7).

In Fig. 3D, the lowest free-energy minimum is at the A con-
formation of ðx; nÞ ≈ ð0.95; 0.97Þ. This minimum does not exist
before phosphorylation as shown in Fig. 3C. The population of
conformations at this minimum is small in the dephosphorylated
state, so that the last step of allosteric transition, transition from
the intermediate at ðx; nÞ ≈ ð0.75; 0.97Þ to the A conformation
should be regarded as an induced-fit process. In this intermediate
at x ≈ 0.75, residues around Asp54 locally take the I structure, so
that this last step corresponds to the local structural adjustment at
around Asp54. In this way, the present calculation shows that
the population-shift mechanism dominates the allosteric transi-
tion of NtrC as suggested by experiment (7), but the local adjust-
ment complements the population shift at the last step. This last
step is an induced transition to the state newly created by phos-
phorylation, so that we may call this step the complementary
induced fit.

Dependence of the results on parameters γ, ε∕kBT, and g is
explained below. The complementary induced fit is sensitive to
the change in the value of γ that represents the extent to which
the phosphorylation reaction proceeds. The A conformation of
x ≈ 1 becomes lowest in free energy for γ > γc, but the intermedi-
ate at x ≈ 0.75 is lowest for γ < γc. For −0.95 ≤ ε∕kBT ≤ −0.65,
γc can be approximately fitted by γc ≈ 6.0ε∕kBT þ 6.5. Increase in
γ from γ < γc to γ > γc thus induces the transition of the local
configuration adjustment around the phosphorylated site.

As shown in Fig. S2, a decrease in jεj∕kBT destabilizes both I
and A conformations and stabilizes the unfolded state. With a
smaller decrease in jεj∕kBT, however, intermediates of the allos-
teric transition at n ≈ 1 are also stabilized. Stabilization of inter-
mediates in dephosphorylated NtrC can be shown by the ratio of
the equilibrium population of intermediates to that in the basin of
I, which is calculated at n ¼ 1 asK ≡∑x>x‡Z0ðx; 1Þ∕∑x<x‡Z0ðx; 1Þ,
where x‡ ≈ 0.1 is the transition state between I and one of inter-
mediates. As shown in Fig. 4A, 10−3 < K < 1 for −0.9 ≤
ε∕kBT ≤ −0.75, for which I is stable. In this condition the barrier
height of excitation from I to intermediates is about 5.3 to
10.3kBT as shown in Fig. 4B. By assuming the Arrhenius law with
the prefactor k0 ≈ 108 s−1 (41), the rate of the conformational
exchange between I and intermediates is estimated to be
5.0 × 103 to 6.7 × 105 s−1, and hence the upper limit of the rate
is∼106 s−1, which is consistent with the observed NMR relaxation
in micro- to milli-second timescale (7).

As shown in Fig. S3, a change of g induces the similar effect to
that caused by the change of jεj∕kBT. With the fixed ε∕kBT, the

Fig. 2. Conformations of NtrC. NtrC undergoes the allosteric transition
between inactive (dephosphorylated, I) and active (phosphorylated, A)
conformations. Red colored are residues in “3445 face” (the surface region
composed of helices and strands, α3, β4, α4, and β5) (46) and the blue colored
is Asp54.
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Fig. 3. Free energy of the allosteric transition of NtrC. The calculated free-
energy surfaces in the dephosphorylated (A) and phosphorylated (B) states
are shown in the two-dimensional space of reaction coordinates n and x,
where n is the order parameter of folding and x is the variable representing
the degree of formation of the active structure. Closeups of regions of n ≈ 1

of the free energy are shown in the dephosphorylated (C) and phosphory-
lated (D) states. Contour is drawn in every 2kBT. ε∕kBT ¼ −0.8, γ ¼ 2.0,
and g ¼ 4.5.
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global minimum is at n ≈ 1 for g < gc, whereas it is at the un-
folded state for g > gc. When ε∕kBT ≤ −0.75, gc > 5.25. The en-
tropic factor for taking nonnative structures should be ln g ≈ 1.5
to properly describe the free-energy surface of folding/unfolding
(47), so that we use g ¼ 4.5 in the following, but the results of the
transition between I and A are insensitive to g as far as g < gc.

Large Conformational Fluctuations.As shown in Fig. 3 C and D, the
free-energy landscape has a distinct valley of n ≈ 0.97 both in the
dephosphorylated and phosphorylated states, which allows large
conformational fluctuations along this valley. These fluctuations
can be further analyzed by imposing the approximate constraint
of n ¼ 1. Indeed, 3–4 residues at the N- and C-terminal edges,
which have no contacts with other residues, take denatured
structures in this valley, and hence a good approximation for
the partition function is obtained by Zα ≈ const: × Zαðn ¼ 1Þ to
describe the conformational fluctuation between I and A.

The NMR data showed the presence of large conformational
exchange at the C-terminal half before phosphorylation (preexist-
ing fluctuation) and at the N-terminal half after phosphorylation
(7). To compare the calculated results with these experimental
data, we show in Fig. 4 C andD free-energy surfaces of n ¼ 1 with
the two-dimensional coordinates of xN and xC, where xNðCÞ ¼
MANðCÞ∕MNðCÞ with MANðCÞ being the number of residues whose
backbone structure takes theA configuration in theN(C) terminal
half and MNðCÞ being the number of residues that have different
backbone structures in the N(C)-terminal half of A and I:
ðxN; xCÞ ¼ ð0; 0Þ for the I conformation and (1,1) for the A
conformation.

In the dephosphorylated state the free-energy surface has a
valley in the region xN ≈ 0 and 0 < xC < 0.8. By surmounting
the barrier from I, fluctuation along this valley is induced,
through which I and A structures are exchanged at the C-terminal
half. In addition to this valley, the free energy of the dephos-
phorylated NtrC has a shallow basin at around 0.2 < xN < 0.8
and 0.2 < xC < 0.8, which lowers the free-energy barrier of the
allosteric transition and allows large fluctuations in the depho-
sphorylated state. The complex free-energy surface with multiple
basins of the dephosphorylated NtrC shows that the allosteric
transition from I to A states has multiple pathways. In the
phosphorylated state, the free-energy surface has a basin at
around 0.5 < xN < 0.8 and 0.75 < xC < 0.95 and shows that
the N-terminal half of NtrC fluctuates more than the C-terminal
half, as has been observed in the NMR data (7).

As demonstrated in the Φ-value analyses of protein folding
(48), structural features along the transition pathway can be
analyzed by the response to the local modulation of interaction.
When εi;j of the contact with ~ΔA

i;j ¼ 1 is modulated to εi;j þ δε with
jδεj∕kBT ≪ 1, for example, the free energy constrained at x ¼ x
or x ¼ ðxN; xCÞ should change from Fαðx; 1Þ to Fαðx; 1Þ þ ΔFA

αijðxÞ.
This response of Fαðx; 1Þ is quantified by ξAαijðxÞ≡ ΔFA

αijðxÞ∕δε,
which represents the statistical average of the contact formation
~qAij and satisfies 0 ≤ ξAαijðxÞ ≤ 1 by definition. The average of

ξAαijðxÞ at the jth site, 0 ≤ ξAαjðxÞ ≤ 1, is the order parameter of
how well the A structure is developed at the jth site with a given
x. All neighbors of the jth residue are in the same A stretch with
the jth residue when ξAαjðxÞ ¼ 1. In a similar way, ξIαijðxÞ is defined
for contacts with ~ΔI

i;j ¼ 1, and the order parameter of the I
structure development, ξIαjðxÞ, can be defined.

By focusing on the preexisting fluctuations, the order parameter
ξAαjðxÞ along the one-dimensional coordinate x in the dephosphory-
lated state (α ¼ 0) is shown in Fig. 5. We can see that as x is
increased, the A structure is formed from the C-terminal half as
suggested by the free-energy landscape of Fig. 4C. TheA structure
first develops in residues 91–95 (α4) at x ≈ 0.2, and corresponding
to the shallow basin in Fig. 4C, the A structure develops at
x ≈ 0.55 in residues 89–101 (α4 and β5) and at x ≈ 0.75 in residues
61–101 (α3, β4,α4, and β5) that constitute the surface region called
“3445 face” of NtrC (46). Compared in Fig. 5 is the experimental
data of Rex taken from (7). The experimental data shows
the large preexisting conformational exchange at around Asp54
and at the 3445 face, which is consistent with the calculated
data of Fig. 5.

Further refined structural information is obtained from
ξAðIÞ
αij ðxÞ, which can be interpreted as the order parameter of
how well the contact specific to the A(I) conformation develops.
As shown in Fig. S4A, major differences between A and I con-
formations are denser distributions of contacts at around
Asp54 in the I conformation and at the 3445 face in the A
conformation. Shown in Fig. S4 B–D are ξAαijðxÞ and ξIαijðxÞ in
the dephosphorylated state (α ¼ 0) at various x. At small x,
contacts of the A conformation in the 3445 face begin to develop
but the Asp54-neighbor contacts around i ¼ 15, 54, 62, and 63
remain as those in the I conformation. As x increases, the
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tion ratio and (B) the barrier height between inactive
and intermediate states as functions of ε∕kBT .
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shown with coordinates xN and xC, which represent
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Even in conformations near to the inactive conformation (x ≈ 0), the active
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Asp54-neighbor contacts in the I-conformation are lost and the
structure around Asp54 gradually turns into that of the A-confor-
mation. The Asp54-neighbor contacts in the A-conformation
around i ¼ 9–12, however, scarcely develop even at x ≈ 0.75 and
are formed only at the last step to approach the A conformation.

The structural change in the dephosphorylated state is shown
with ξAαjðxN; xCÞ and ξIαjðxN; xCÞ in Fig. S5. In the phosphorylated
state, on the other hand, the approach to the A conformation is
shown on a three-dimensional conformation in Fig. 6. Starting
from the state near the I conformation, phosphorylation triggers
the destabilization of the I structure-like feature around Asp54
and in the C-terminal region (Fig. 6A), and as the transition
proceeds along the free-energy slope of Fig. 4D, the A structure
begins to develop in the C-terminal region (Fig. 6B) and spreads
over the 3445 face (Fig. 6C). The A structure develops around
Asp54 and in the N-terminal region at the last step to approach
the A conformation. See Fig. S6 for further details. These
detailed features of conformation change could be quantitatively
tested further by mutagenesis studies as in theΦ-value analyses of
folding (48).

Entropic Mechanism of Preexisting Fluctuation. A remaining impor-
tant question is the mechanism of how such large preexisting
fluctuation is realized. To analyze the mechanism, we decompose
free energy FαðxÞ at n ¼ 1 and x ¼ ðxN; xCÞ into energy
EαðxÞ ¼ hHαiαx , where h⋯iαx is the average taken with Hα under
the constraint of x in the phosphoform α (see SI Text), and
entropy SαðxÞ as FαðxÞ ¼ EαðxÞ − TSαðxÞ. SαðxÞ can be further
decomposed into the energy-dependent part SeαðxÞ and the
energy-independent part as

SαðxÞ ¼ SeαðxÞ þ kB ln½Ω0ΩbðxÞ�; [5]

SeαðxÞ ¼ kB lnfhexp½βðHα − EαðxÞÞ�iαxg−1; [6]

where Ω0 ¼
Q

N
k¼1 dk and ΩbðxÞ ¼ MN

MNxN

� �
MC
MCxC

� �
2N−MN−MC

andΩ0Ωb is the combinatorial number of configurations of A and
I at x. SeαðxÞ is negative and represents the entropic cost due to
the effective reduction of the number of available contact pat-
terns (47). Energy dependence of SeαðxÞ reflects cooperativity
of forming nonlocal correlation of interactions in Hα. Reduction
of the number of possible side-chain configurations due to the
constraint of fixed x is represented in this term.

Energy Eα¼0ðxÞ and entropy Sα¼0ðxÞ of the dephosphorylated
state are shown in Fig. 7 A and B. In the shallow basin of inter-
mediates shown in Fig. 4C at around 0.2 < xN < 0.8 and
0.2 < xC < 0.8, Eα¼0ðxÞ significantly increases due to the loss
of contacts of ~ΔI

i;j with insufficient formation of ~ΔA
i;j as shown

in Fig. S4. The targeted molecular dynamics simulation suggested
that the transiently formed nonnative interactions play roles to
compensate this increase in energy (8, 26). Though nonnative
interactions should affect the transition kinetics, further careful
examination is necessary to see whether they match the large
increase in energy of Fig. 7A. In the present model, this increase
in energy is compensated by increase in entropy Sα¼0ðxÞ as shown
in Fig. 7B, leading to the small free-energy barrier. This large
entropy comes from a combinatorially large number of mosaic
configurations of A and I stretches along the protein chain. In
other words, there are combinatorially many possible routes from
I to A conformations that lower the free-energy barrier and
induce the large preexisting conformational fluctuation. This me-
chanism of entropic lowering is intrinsically nonlinear associated
with the backbone and side-chain conformational fluctuations
ranging over the entire protein. This mechanism in NtrC is dif-
ferent from the cracking mechanism proposed by Miyashita et al.
(49) in which the free-energy lowering is due to the entropic gain
in nonnative backbone configurations that are different from
either A or I structure: In our expression the entropic gain asso-
ciated with cracking should be kB ln gk in D-stretches, whereas the
entropic gain proposed here is represented by Eq. 5. We should
note that the free-energy valley of intermediates in the region
xN ≈ 0 and 0 < xC < 0.8 is energetically stabilized due to the
balance of loss of ~ΔI

i;j and acquisition of ~ΔA
i;j along this valley.

As shown in Fig. 7C, Seα ¼ 0ðxÞ is less negative in the region
of xC ≈ 0, 0.6, and 0.9, which gives rise to the free-energy basins
of xC ≈ 0.1, 0.7, and 0.9 in Fig. 4C, so that Seα ¼ 0ðxÞ explains
the detailed mechanism of the preexisting conformational fluc-
tuations.

Discussion
An interesting problem is the possibility of partial unfolding
during the allosteric transition (49). As shown in Results, the
allosteric transition and preexisting fluctuations take place
without significant decrease of n. When analyzing breakage
and formation of contacts, however, we can see the importance
of disordered configurations that are not expressed by the change
in n. Shown in Fig. S7 A and B are free-energy surfaces repre-
sented on the two-dimensional space of QA and QI, where
QAðIÞ is the number of contacts formed between pairs with
~ΔAðIÞ
i;j ¼ 1. Because n is fixed to be n ¼ 1 in Fig. S7, the number

of contacts formed between pairs with Δ0
i;j ¼ 1 is kept its maximal

value. Especially in the dephosphorylated state of Fig. S7A, we
can see that there are broad areas of low free energy in between
A and I conformations, so that QA and QI fluctuate largely in the
dephosphorylated state, which is consistent with the results that
there are a combinatorially large number of routes. With a similar
two-dimensional representation of free-energy surface, existence
of multiple routes was reported also with the full-atom simulation
for a small protein (50). With fluctuations of QA and QI, contacts
are broken and formed multiple times. Breakage and formation

Fig. 6. Change of structural features of the phosphorylated NtrC. Starting
from the state at ðxN; xCÞ ¼ ð0.025;0.2Þ near the I conformation (A), the
structure changes along the free-energy slope of Fig. 4D from ðxN; xCÞ ¼
ð0.025; 0.78Þ (B) to ðxN; xCÞ ¼ ð0.68;0.87Þ (C). In A, green represents residues
at which the I structure-like feature is decreased upon phosphorylation as
ξI1jðxN; xCÞ − ξI0jðxN; xCÞ < −0.2. Red colored residues having the A structure-

like feature with ξA1jðxN; xCÞ > 0.2 and ξI1jðxN; xCÞ < 0.2 appear in B and spread

over the 3445 face in C. Blue and orange colored are Asp54 and Asp54-
neighbor residues, respectively.

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

xN

xC

-100 -50A |ε|+

xN

B

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

-20 0 20 40
kB

+

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

xN

-40 -20
kB

+C

Fig. 7. Free energy of the dephosphorylated NtrC in Fig. 4C is decomposed
into energy and entropy. (A) Energy, (B) entropy, and (C) the Hamiltonian
dependent part of entropy Seα ¼ 0 are represented in the two-dimensional
space of xN and xC. In B the constant term kB lnΩ0 is omitted from the values
exhibited.

Itoh and Sasai PNAS ∣ April 27, 2010 ∣ vol. 107 ∣ no. 17 ∣ 7779

BI
O
PH

YS
IC
S
A
N
D

CO
M
PU

TA
TI
O
N
A
L
BI
O
LO

G
Y

http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.0912978107/-/DCSupplemental/pnas.0912978107_SI.pdf?targetid=SF5
http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.0912978107/-/DCSupplemental/pnas.0912978107_SI.pdf?targetid=SF5
http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.0912978107/-/DCSupplemental/pnas.0912978107_SI.pdf?targetid=SF6
http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.0912978107/-/DCSupplemental/pnas.0912978107_SI.pdf?targetid=STXT
http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.0912978107/-/DCSupplemental/pnas.0912978107_SI.pdf?targetid=SF4
http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.0912978107/-/DCSupplemental/pnas.0912978107_SI.pdf?targetid=SF4
http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.0912978107/-/DCSupplemental/pnas.0912978107_SI.pdf?targetid=SF7
http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.0912978107/-/DCSupplemental/pnas.0912978107_SI.pdf?targetid=SF7
http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.0912978107/-/DCSupplemental/pnas.0912978107_SI.pdf?targetid=SF7
http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.0912978107/-/DCSupplemental/pnas.0912978107_SI.pdf?targetid=SF7


of contacts and associated disordering and ordering in side-chain
packing are necessary condition to allow the large number
of transition routes. Such disordering may correspond to the
“partial unfolding” reported in simulations of NtrC (28, 29) and
resembles the simulated fluctuations in protein kinase A (37).

Also interesting is the result showing that intermediates of the
allosteric transition at n ≈ 1 shown in Fig. 3 can be the on-path-
way intermediates of the folding/unfolding transition. In these
intermediates, the native contacts with ~ΔAðIÞ

i;j ¼ 1 are partially lost
but the contacts with Δ0

i;j ¼ 1 are maintained. This sharing of
the intermediates in allosteric and folding/unfolding transitions
suggests that information about the allosteric transition can be
obtained from unfolding experiments of adding denaturant or
changing pH. The statistical mechanical model proposed here
can be applied to allosteric transitions that do not exhibit the
backbone conformational changes but show changes in the
side-chain packing (22, 23). Such an allosteric transition can
be analyzed by using, for example, QA and QI, which are defined
by both the side-chain and backbone configurations.

In summary the statistical mechanical model reproduced the
observed fluctuations in the exemplified allosteric transition

and suggested the intrinsically nonlinear mechanism of entropic
lowering of the transition barrier. The population of conforma-
tions shifts through the large fluctuations over this barrier, but the
complementary induced-fit also works to locally adjust the con-
formation. We showed the importance of a combinatorially large
number of preexisting routes, which underlie the extensively large
entropy of the preexisting fluctuation. By projecting these many
routes on two-dimensional reaction coordinates as in Fig. 4C, we
still found a variety of preexisting pathways connecting multiple
basins of intermediates as their importance has been suggested in
(21). The proposed method opens wide applications for various
types of allosteric transition of single- and multidomain proteins
(22, 23, http://protein3d.ncifcrf.gov/tsai/allostery/, http://graylab.
jhu.edu/allostery/), and further kinetic analyses should be possi-
ble by extending the local equilibrium approach of Zamparo et al.
(51) for the present model.
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