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Abstract

Ray space (light ﬁeld in other literatures) has been regarded as one of the
most exciting medias in image representation and computer vision. Ray space
records the whole information of lights that pass through one real space, and
the applications of ray space have become more popular and more attractive,
which include free viewpoint image (FVI) generation for watching diﬀerent
perspective images, all-in-focus images generation for image refocusing, and
compressive display. However, the data amount of a ray space is quite huge,
and this problem is enhanced by the requirement of higher image resolution
and denser sampling rate of ray space. Therefore, in this thesis, we investigate
the compressive acquisition and computational reconstruction of ray space by
adopting the conception of compressed sensing, which states that signal can be
exactly reconstructed from incomplete measurements obtained by incoherent
projection if the signal is sparse by itself or sparse in other domain. The basic
target of our work is to simulate the compressive acquisition process of ray
space, and evaluate the relation between the reconstruction quality and the
number of sensed measurements. The simulation results can provide a good
reference in the design of optical acquisition system. Based on this target, we
also attempt to attain better reconstruction quality at a ﬁxed sensing ratio by
proposing new methods, which are regarded as the main contributions of this
thesis.
The ﬁrst contribution relates to the combination of sparse coding and reconstruction of the ray space. After establishing the acquisition model and
obtaining the compressively sampled measurements of a ray space, in the reconstruction procedure, we propose to reconstruct the ray space from compressively
sampled measurements by exploring sparsity of the ray space, where epipolar
plane image (EPI) is adopted as the processing unit. In order to obtain sparser
representation of EPI, two types of dictionaries are proposed. Normally, Gabor functions can be used to encode the motion compensated frames in video
processing, and similarly EPI actually reﬂected the disparity information between each free viewpoint image (FVI). Therefore, the dictionary is carefully
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designed using Gabor function by tuning diﬀerent parameters, so that the generated atoms in 2D Gabor dictionary can match the features of EPI. As a result,
sparser representation of EPI can be obtained. In the experiments, we also take
two other orthogonal bases to make comparison of the reconstruction quality.
The results show that better reconstruction quality is achieved by 2D Gabor
dictionary. The success of adopting overcomplete dictionary (whose number of
atoms exceeds the dimension of the dictionary space) in representation and reconstruction of ray space promotes us to continuing exploring better dictionary
by more sophisticated method.
Therefore, another dictionary is proposed by adopting dictionary learning
method, and the dictionary can be adaptively amended from a set of training
data, thus the atoms obtained from dictionary learning can be shaped to grasp
features of EPI. In the experiments, we compare the 2D Gabor dictionary,
the learned dictionary, and another orthogonal basis. The best reconstruction
quality of ray space is achieved by the learned dictionary, followed by the 2D
Gabor dictionary, and the orthogonal basis gets the worst result.
However, the two dictionaries mentioned above sacriﬁce reconstruction speed
to gain high reconstruction quality, and the slow reconstruction speed becomes
an obstacle for real time applications. Therefore, in order to get a faster reconstruction speed while preserving the good reconstruction quality, we propose
a statistically weighted model and integrate the model into optimization for
sparse solution, which is regarded as the second contribution.
The second contribution attempts to handle the trade-oﬀ between reconstruction quality and speed. We ﬁnd that the amplitude structure of coeﬃcients of ray space in DCT domain also provides another piece of priori information in the reconstruction, and we propose designing a weighted matrix to
reﬂect the structure and to integrate the structure in the reconstruction process, which is operated by l1 norm optimization. In addition, we provide a
solution for the new optimization problem so that the previous optimization
solver can be reused. The experimental results show that the weighted modelbased method achieves better reconstruction quality and faster reconstruction
speed than the conventional method, plain l1 norm optimization. Furthermore,
the weighed model-based method and dictionary learning-based method achieve
similar performance (much better than the conventional method) in the aspect
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of reconstruction quality. However, the weighed model-based method has great
advantage in reconstruction speed. Therefore, the second contribution obtains
faster reconstruction speed while preserving high reconstruction quality.
Based on the contributions mentioned above, the compressively sampled ray
space can be well reconstructed by computational methods. Even at quite low
sensing ratio, such as 10% of the total pixels in one ray space, the main part of
ray space can still be recovered. As the sensing ratio increases to around 50%,
the reconstruction quality of ray space is quite promising. In addition, considering the reconstruction time, the second contribution can greatly accelerate the
reconstruction speed, because the addition of weight promotes the convergence
in the iteration for estimation of sparse solution. Therefore, the huge data
problem of ray space in acquisition stage is resolved, and the ray space can also
re constructed well by the proposed computational reconstruction methods.
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Chapter 1. Introduction

Chapter 1
Introduction
In this chapter, we start with the motivation and goal of this work. The
high demand from academic and practical areas of ray space acquisition
have convinced ourselves that all the work we are doing is necessary and
imperative. Following the explicit target, our contributions in this thesis
are clariﬁed and they will compose the main body of this thesis. In the
ﬁnal part of this chapter, the whole structure of the thesis is given out,
and the relationship between each chapter is also visualized.

1.1

Motivations and Goals

“Let there be light,” God said. Then, there was light. In ancient time,
light was solely from the sun. Later, it could also be from ﬁre. As Thomas
Edison claimed that the ﬁrst commercially practical incandescent bulb had
been invented [1]1 , light could be created artiﬁcially and applied on a large
scale commercially. However, can we capture light?
Light capturing has always been regarded as a dream of human beings.
As early as in 1826, the ﬁrst camera was invented by Joseph Nicéphore
Niépce to record the light information permanently [2]. From that moment, visual information acquisition became realistic. Particularly, since
the middle of the last century, the development of computer technology
and advance in LSI technologies take us into the digitalized era. Following
1

Edison did not invent the ﬁrst electric light bulb, but instead invented the ﬁrst
commercially practical incandescent light.
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the trend of digital explosion, digital camera has attained a signiﬁcant advancement; from ﬁlm to digital sensor, from monochrome to color, from a
large machine for professional photographers to a compact toy for a large
number of consumers. Camera is becoming smarter and more powerful,
however, the basic principle of photography remains almost unchanged.
What we have captured is still only a projection of light on sensor, named
as image rather than whole light (ray space). 2
Actually, independently from the development of image acquisition by
traditional camera, the earliest work trying to capture ray space can be
dated back to the beginning of the last century. Ives invented parallax
barriers [3] and Lippmann proposed lenslet arrays [4] based on the technique of integral photography, which were initially dedicated to glass-free
stereoscopic perception. Since then, however, this conception and the
dream of ray space acquisition have been sealed over half a century.
Until the last decade of the 20th century, people in the ﬁeld of computer vision started to reconsider ray space acquisition by utilizing computational methods. Thus, “computational photography” was born, and
grew quickly. Computational photography appeared around the blurred
boundary among optical light design, signal processing, and computer vision, etc., and it is regarded as a general conception to integrate computing, capturing, modulating, analyzing, processing the visual information
for various applications [5]. The key of computational photography is the
conception of plenoptic function [6, 7], which is a fundamental tool in the
description and analysis of ray space. Therefore, ray space can be parameterized and become more achievable for us, resulting in a number of
research results and academic publications. Figure 1.1 shows the publication number when the “computational photography”, “light ﬁeld” or
“ray space” are input as key words in Google scholar searching engine.
Along with the research on computational photograph, the appearance
of numerous applications of ray space served as catalyst to promote the
2

Ray space has the same meaning as light ﬁeld in other literatures. Both of ray
space and light ﬁeld represent same parameterization for a real space where a bunch of
lights penetrate through. Thus, in the rest part of this thesis, we prefer adopting ray
space as the name of whole information of light.

–2–
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Figure 1.1: The number of publications relating to computational photography and light ﬁeld
researches on ray space and its acquisition. For instance, depth information can be abstracted from ray space, which is of great signiﬁcance in
3D video reproduction and processing [8–11]. In addition, free viewpoint
image (FVI) [12–15] can be rendered from acquired ray space by imagebased rendering [16–19] since all the geometric information is included
in ray space. Besides, all-in-focus images generation [20–23] enables consumers to take photograph ﬁrstly and adjust the focus point arbitrarily
in the post processing, which might seem to be a revolution for camera
photograph.
However, due to the highly dense sampling requirement of ray space
[24] and the increasing demand for high resolution of photograph, another
–3–
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challenge is brought in ray space acquisition, which is huge data problem.
Not only does the problem exist in data storage and transmission, but the
problem happens at the capturing stage. It is not aﬀordable to have such
huge amount of data in acquisition, even worse, it is impossible to capture
all the data in a certain condition.
Therefore, compressive acquisition is not only a practical method in
capturing ray space, but also sometimes is a must in sensing ray space.
In the other side of this whole chain, reconstruction is also of great signiﬁcance. We are motivated to conduct compressive acquisition, and in
addition we are required to recover the whole ray space from the compressively acquired measurements by computational method. This work is also
motivated and inspired by the appearance of compressed sensing. [25–28].
Actually, compressed sensing is rather a principle than a methodology, and it has gained a great popularity in signal processing area due
to its surprising and interesting theoretical nature and wide area of applications. It is stated in compressed sensing theory that a signal can be
reconstructed quite accurately from a relatively smaller number of measurements than the total number required by traditional methods, such as
Nyquist Sampling principle, as long as that the signal is sparse (compressible) in certain transform basis or dictionaries. [29,30] Besides, compressed
sensing also requires the incoherence between sensing process and sparsely
representing process. In fact, compressed sensing is still quite young and
it was born just in 2006. However, there was an explosive beginning for
compressed sensing with steady growth. Figure 1.2 shows the publication number when the “compressed sensing” or “compressive sensing” is
input as a key word in Google scholar searching engine. In addition, the
scope of application of compressed sensing is still expanding. Therefore,
it is interesting, necessary, and natural to have a handshake between ray
space acquisition in computational photography and compressed sensing
in signal processing.
In fact, the theory of compressed sensing only deals with the reconstruction possibility and necessary conditions, leaving an open and wide
space for method and algorithm development in the stage of acquisition
and reconstruction.
–4–
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Figure 1.2: The number of publications relating to compressed sensing or
compressive sensing
The basic target of this work is to analyze how compressively the ray
space can be acquired and to provide the simulation results on how well
the compressively acquired ray space can be reconstructed. Therefore, in
this thesis, the main work is focused on the reconstruction from highly incomplete samples that are obtained by compressive sensing method. First
of all, this work provides a simulation procedure, which means the ray
space data have already obtained. Thus, we started from reconstruction
part, and tried to improve the reconstruction quality given certain compressive ratio in acquisition. The work in this thesis is diﬀerent from data
compression although both of them seem to share the similar target. The
largest diﬀerence is that total data acquisition is a must for data com–5–
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pression while we try to reduce the data amount from the acquisition,
and this point is also the great superiority of our work. In the second
place, the simulation has to be dedicated to the practical implementation.
Thus, both of the reconstruction quality and speed have to be improved
simultaneously. Based on those speciﬁc targets, our main contributions
are developed.

1.2

Contributions

In this thesis, the main contribution is that compressive acquisition of
ray space is proposed and the quantitative relationship between the compressive sensing ratio and reconstruction quality is explored as well. In
addition, two computational reconstruction methods are proposed to enhance the reconstruction quality of ray space.
Generally, the contribution of this thesis relates to several ﬁelds including image processing, sparse coding, optimization problem, computational
photography and application of compressed sensing. To be speciﬁc, these
contributions can be attributed to the following two parts.
First of all, sparse representation is one of the necessary conditions
for attaining high quality reconstruction from incompletely sampled ray
space. Since a ray space is neither sparse in spatial domain nor in angular domain, but quite redundant in both domains, we made eﬀort to ﬁnd
sparse representation of ray space in other domain. Thus, several orthogonal bases were chosen for sparse representation as the benchmarks of the
research. Moreover, we realized that the reconstruction quality could be
greatly enhanced if ray space could be more sparsely represented. Therefore, we proposed to design one dictionary to grasp the feature of ray space,
and demonstrated sparser representation of ray space by the designed dictionary. Furthermore, we proposed to integrate dictionary learning into
ray space reconstruction, because a well-learned dictionary could provide
much sparser representation of ray space than a carefully-designed dictionary. The illustrated results showed that learned dictionary enjoyed
the best performance in terms of reconstruction quality. Therefore, this
contribution can be viewed as novel and important combination of sparse
–6–
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representation of dictionary and reconstruction of ray space.
Secondly, although it has been shown that the extension from an orthogonal basis, such as a discrete cosine transform (DCT) domain, to
overcomplete dictionary can bring sparser representation, this point is
only based on the priori information of signal sparsity. Actually, however,
there are other priors of ray space representation, and if the additional
prior can be exploited, better reconstruction quality can also be expected.
Therefore, in the second contribution, we found that the distribution of
non-zero elements showed the structure in the orthogonal basis rather
than the learned dictionary, and this kind of structure was utilized in
optimization process by the proposed model to estimate more accurate
sparse solution, so that better reconstruction quality was achieved. Besides, the computation time was greatly reduced since this method was
based on the orthogonal basis. Thus, this contribution can be viewed as
combination of image processing and optimization problem.
All in all, the two contributions mentioned above illustrated that the
ray space could be compressively acquired and computationally reconstructed. In addition, we also evaluated the quantitative relation between
reconstruction quality and the necessary numbers of acquisition. Therefore, these contributions could provide good support and reference for the
future optical design, which is regarded as one of the next targets of our
research.

1.3

Outline of Thesis

The rest of this thesis is organized as follows.
Chapter 2 Background and Related Works. In this chapter,
we ﬁrstly present the background of this work, which is regarded as a
merge among several ﬁelds. Based on the background, we also present an
overview of the related works.
Chapter 3 Compressive Acquisition and Reconstruction of
Ray Space by Sparse Representation of Dictionary. In this chapter, we adopt sparse coding to obtain sparser representation of ray space,
and propose two types of dictionaries developed with parameter tuning
–7–
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and dictionary learning, respectively. The experimental results show that
the reconstruction quality is greatly improved by adopting overcomplete
dictionaries.
Chapter 4 Reconstruction of Ray Space by Statistically Weighted
Model. In this chapter, we consider the amplitude structure of coeﬃcients
of ray space in DCT transform domain, and design one weighted model
statistically from a large training data set. This model is integrated in the
estimation of sparse solution. Thus, the reconstruction quality is greatly
improved and reconstruction time is reduced.
Chapter 5 Conclusion and Future Works. In this chapter, we
conclude the whole work in this thesis, and discuss the limitations of the
current work. Based on these limitations, several future perspectives are
presented.
The organization diagram of the thesis is illustrated in Figure 1.3.

–8–
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Figure 1.3: The relationship between each chapter in the thesis
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Chapter 2
Background and Related
Works
In this section, the background in where this research is rooted, and the
basic knowledge are illustrated ﬁrstly. The background of this work is
basically composed of three parts, which are description of ray space, application of ray space, and theoretical support for compressive acquisition
of ray space.
The related works in acquisition and reconstruction of ray space are
divided into three parts, consisting of lp norm optimization (p ≤ 1), acquisition systems and mathematical model for acquisition. The proposals and
contributions in the following chapters are mostly based on these related
works. Next, we describe the background and related works in detail.

2.1

Background

The description and parameterization of ray space enable readers to have
a vivid impression of ray space. The feasible applications of ray space
illustrate the signiﬁcance of our research. In addition, the theoretical
support of the research, compressed sensing, is also brieﬂy introduced as
the background, so that it will be much easier for readers to understand
the rest contents and our contributions.
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2.1.1

Plenoptic Function and Ray Space Parameterization

The study of light acquisition started from several centuries ago, however,
there was few speciﬁc descriptions of light or ray space until the appearance of plenoptic function, 1 which was ﬁrstly proposed by Adelson and
Bergen in 1991. [6]. In general, a ray space is described as the radiance
density function on the ﬁnal image sensor under the assumption that the
scene is Lambertian or intensity invariant from any directions. Parameterized by plenoptic function, the whole information of lights in the ray
space is recorded. To be speciﬁc, there are basically seven parameters in
plenoptic function for the description of the radiant energy, written as
P = P (x, y, z, θ, ϕ, λ, t).

(2.1)

The intensity of P denotes the value of energy that is perceived at any
3D viewing point (x, y, z), from the direction (θ, ϕ) for the light with
wavelength λ at the time t. If we only discuss the visible lights, the
parameter λ is ﬁxed. Besides, if we only take static photograph into
consideration, the parameter t becomes a constant. Thus, the rest ﬁve
parameters, P (x, y, z, θ, ϕ), where −π ≤ θ ≤ π, and −π/2 ≤ ϕ ≤ π/2,
can fully describe the information of light of a real scene, as shown in
Figure 2.1.
Moreover, if the reference plane (or we name it camera plane) is ﬁxed
during the image acquisition, the parameter z can be further omitted, as
shown in Figure 2.2(a). Thus, what we can capture is the spatial information, (x, y) and the angular information (θ, ϕ). This representation can
be equivalent to a two-plane data parameterization, as shown in Figure
2.2(b). The two planes include one camera plane (sensor plane) parameterized by (u, v) and a reference plane parameterized by (s, t) with the
distance f . If we set
u = x,

(2.2)

1

The “plenoptic” was named by Adelson and Bergen by using the latin root plenus
with the meaning of complete or full and optic with the meaning of vision.
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Figure 2.1: 5D parameterization for a ray space
v = y,

(2.3)

s = x + f tanθ,

(2.4)

t = y + f tanϕ/cosθ,

(2.5)

the parametrization of 4D ray space is transfered to the parameterization
of two-plane data, which completely describes the spatio-angular light
variation in a space without considering occlusion. If we deﬁne (u, v) ∈ Γ
and (s, t) ∈ Π, there is
L : Γ × Π → R,

(u, v, s, t) 7→ L(u, v, s, t)

(2.6)

There are several names for this kind of parameterization, such as
light ﬁeld, [31], Lumigraph, [32] or ray space, [33] and we prefer adopting ray space through the whole thesis. The two-plane parameterization
L(u, v, s, t) will be employed in the rest contents of this thesis as the description of a ray space.
In the next place, we introduce another image format, named as epipolar plane image (EPI) [34], which is of great signiﬁcance in analysis of ray
–13–
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(a)4D ray space

(b) two-plane ray space

Figure 2.2: The equivalence of 4D ray space and two-plane ray space

Figure 2.3: The illustration of EPI generation from ray space
space and structure description of scene, and EPI is also the basic processing unit for reconstruction in the next chapter.
Since a ray space can be parameterized as L(u, v, s, t), we ﬁx a horizontal line of constant t0 in focal plane and a constant v 0 in camera plane, thus
the ray space is restricted to a sliced plane Σt0 ,v0 , or represented as (u, s).
This sliced image is named as epipolar plane image (EPI), represented as
(u, s) 7→ Σt0 ,v0 (u, s) := L(u, v 0 , s, t0 ),

(2.7)

since it includes the geometric information of ray space. The illustration
of EPI is shown in Figure 2.3.
Let us consider a much simpler case as shown in Figure 2.4 for analysis. Assume there are two points, A and B, inside of the ray space
L(u, v 0 , s, t0 ), and the distance between two planes are f . Besides, the
–14–
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Figure 2.4: The analysis of EPI
distance from each point to st-plane is d1 and d2 respectively. Then, we
have
4s =

d
4 u,
f

(2.8)

where fd is the slope of each line in EPI illustration. It can be found that
the point that is closer to st plane has smaller slope in EPI while the
point that is farther from st plane gets larger slope in EPI. In addition,
the line with smaller slope covers ahead of the line with larger slope,
because objects with smaller depth occludes objects with larger depth.
Therefore, EPI actually represent depth information of scene and occlusion
relation can also be inferred from EPI. More signiﬁcantly, EPI owns certain
structure that it is composed of straight lines with diﬀerent slopes. Thus,
it provides us an opportunity to grasp this structure in certain domain
and obtain sparser representation of EPI. The detail will be mentioned
and discussed in the following chapter.
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2.1.2

Computational Photography and Applications

Our work mainly focuses on acquisition and reconstruction of ray space,
which relates closely to the conception of computational photography
(CP) [35, 36]. Actually, computational photography is a large conception that integrates computation, digital sensor, optics, signal processing,
reconstruction, and etc., together. It tries to obtain richer visual perception, captures more information that is far beyond just simple pixel
level, and makes the recorded scene more ﬂexible for varied applications.
In general, computational photography diﬀers from traditional ﬁlm-like
photography in several aspects. [37, 38]
(i) Generalized Optics: There is a classical optic system for traditional
photography to capture the information of position and color. However, in
computational photography, it enables to capture information of diﬀerent
wavelength, such as spectral imaging [39, 40], or gamma-ray and X-ray
astronomy by coded aperture imaging. [41, 42]
(ii) Generalized Sensing: As we mentioned in previous chapter, traditional photography can only capture the 2D projection of ray space.
However, computational photography attempts to get more, and obtaining a 3D or 4D ray space is the target. For instance, the Plenoptic Camera [43, 44] subdivides the integrated rays into separate measurements, so
that image refocus and perspective navigation become possible.
(iii) Generalized Reconstruction: For traditional photography, demosaicking process is performed, perhaps followed by low-pass ﬁltering, and
then the captured image can be reconstructed. However, computational
photography can do more, and the captured measurements can be any
other data by considering camera intrinsic parameters and particular applications. The reconstruction is also complicated, and sometimes is
quite time consuming if optimization is required. The general reconstruction property convinces us that it is possible and feasible to reconstruct
the entire ray space from fewer sampled measurements by computational
method. [45–48]
The appearance of computational photography is also partly resulted
from our requirement of light information and acquisition motivated by
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diﬀerent applications. We do not plan go deeper in computational photography, but we would like to point out several practical applications of ray
space. For one thing, it shows that our work does not seem to be meaningless, and for another thing, readers can have more vivid impression to
our work in the following chapters.
One of the most popular applications of ray space is the generation
of free viewpoint image (FVI), [12–15] and FVI is one of the most distinguished representatives of the next generation of multimedia and is also
one of the hottest topics in the ﬁeld of image processing and multimedia
application. For the generation of FVI, ‘cutting’ a ray space is a simple
and straightforward method, as illustrated in Figure 2.5, and it is not
necessary to obtain the geometric information of objects and scenes. In
the acquisition procedure, the rays which pass through the real space are
densely sampled by multiple camera system or other sophisticated optical
devices. In the display stage, the ray-space data are extracted perpendicular to the x − u plane and displayed on the screen of television or mobile
devices. This elegant characteristic favors us to synthesize arbitrary viewpoint images fast without any complicated models or rendering process,
so that the real-time implementation becomes possible. For instance, as
shown in Fig.2.5, section 1 and section 2 corresponding to diﬀerent viewpoints are generated by simply cutting the ray space.
Next, another important application of ray space is the generation of
all-in-focus image [20–23]. As the aperture of lens becomes larger, we can
capture more lights to enhance the signal to noise ratio (SNR) in image
sensor. However, larger aperture can also result in blurring eﬀect out of focus areas. From the viewpoint of art, creamy and smooth bokeh is good for
photography, however it will be a disaster for object recognition because
several areas are no longer recognizable. For instance, in printed circuit
board (PCB) detection, a small blurring area will miss an signiﬁcant circuit part. In addition, all-in-focus image enables image refocusing, which
is impossible for traditional ﬁlm-like photography. As shown in Figure
2.6, the focus point of left image is in background and we can see the
Japanese characters clearly, while the right image is focused at the nose
of the yellow bear and hence the face of bear becomes quite sharp. Please
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Figure 2.5: The generation of free viewpoint image (FVI) by ‘cutting’ ray
space
note that these two images are generated from all-in-focus image, rather
than taking twice shots with diﬀerent focusing points. Furthermore, allin-focus images also enable free perspective navigation, which means free
viewpoint image can also be synthesized from all-in-focus images.
The last but not the least application of ray space is the compressive
display [49, 50]. Diﬀerent from FVI that sends the whole ray space to display, compressive display makes use of perceptual limitations of the human
visual system to produce the approximation that is almost indistinguishable from the ground truth at much lower hardware complexity and cost.
In addition, since the hardware for compressive display has insuﬃcient
degrees of freedom to precisely represent the whole content, it relies on
an optimization procedure to determine parameters for the perceptually
acceptable approximation. Recent proposals in this area include but not
limited in low-rank light ﬁeld displays [51], tomographic multilayer displays [52], tensor displays [53], and adaptively compressive display [54].
One illustration of compressive display is shown in Figure 2.7, and we
can feel diﬀerent viewpoints by switching diﬀerent positions in front of
display.
In fact, compressive display and compressive acquisition of ray space
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Figure 2.6: Image refocusing by all-in-focus image

Figure 2.7: The illustration of compressive display by switching diﬀerent
viewing positions
are a pair of dual problem. For compressive acquisition of ray space,
we start from nothing, trying to capture the whole information of a ray
space. In contrast, for compressive display, we start from an entire ray
space, and try to abstract certain parts and parameters that are necessary
in synthesizing all information of the ray space. Then, the parameters are
sent to the display for generating the entire ray space, and autostereoscopic
3D perception from any positions can be achieved.
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2.1.3

Theoretical Support - Compressed Sensing

After mentioning the descriptions and applications of ray space, it is necessary to introduce the theoretical support of our research, compressed
sensing, which provides the guarantee for compressive acquisition and reconstruction of ray space. Before the birth of compressed sensing, the
theoretical foundation of signal acquisition is based on so-called ShannonNyquist Sampling Principle, [55] which demonstrated that signals, images,
videos and other data could be exactly recovered from a group of uniformly
spaced samples at the rate of twice highest frequency of the interested signals. Due to the sampling principle, digitalization has been enabled and
much of signal processing has moved from the analog to the digital domain.
However, sampling theory is a double-edge sword. In many signiﬁcant applications, the required Nyquist rate is so high that we need to capture
too many samples. More importantly, such high sampling rate may be
too costly, or even physically impossible at certain circumstances to build
the devices that have the capability of collecting data at the necessary
rate. Furthermore, even if the data can be sampled and obtained, they
are quite redundant and compression is necessary before transmission and
storage. In other words, it costs a lot to sample so many points, but most
of them will be thrown away in compression stage.
Compressed Sensing (CS) is an exciting, swiftly growing researching
ﬁeld which has obtained great attentions, achievements, and applications
in signal processing, applied mathematics, statistics and computer science
[25–28]. CS oﬀers a novel framework for sampling and compressing ﬁnite
dimensional data simultaneously. In addition, surprisingly, it is pointed
out and proved that the high dimensional data can be recovered from
incompletely sampled low dimensional measurements with overwhelming
high probability as long as certain conditions are satisﬁed.
One necessary condition is named sparsity [56], while the other one is
named the restricted isometry property (RIP) [57] or coherence. Before
mentioning the two necessary conditions, we deﬁne the vector space for
signals, which means any ﬁnite dimensional signal can be represented as
one vector in corresponding vector space. Therefore, any signal y is written
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as y ∈ RN , and it can also be interpreted as there are N elements in signal
y.
Sparsity: Normally, one natural signal can be well approximated as
a linear combination of several elements from a given basis or dictionary.
Mathematically, the representation is written as
y=

k
∑

ai ϕi ,

(2.9)

n=1

where ai are the coeﬃcients and ϕi are elements in basis or dictionary, ϕi ∈
RN . Besides, k ≤ N , which means the number of elements is supposed to
be no larger than the dimension of element in y. If k < N , we say that
the signal y is sparse signal or k−sparse signal. However, an important
point in practice is that few natural signals are truly sparse signals, rather
they are compressible, which means those signal can be well approximated
by sparse signal with a relatively small distortion. Mathematically, the
representation is written as
yc = y + ε,

(2.10)

where y is sparse signal and ε is an extremely small non-zero value.
To be general, we deﬁne one matrix Φ as compressed matrix, where
Φ = [ϕ1 , ϕ2 , ..., ϕM ]. Besides, A = [a1 , a2 , ..., aM ]T , which corresponds
to coeﬃcient vector. In comparison to Eq. (2.9), k represents the number of elements in Φ for representing y, while M is the total number of
elements in Φ. Clearly, M is supposed to be no smaller than N . If the
compressed matrix Φ indicates a basis or dictionary, as M = N , Φ is basis
while as M > N , Φ is an overcomplete dictionary. Therefore, the sparse
representation of yc can be formulated by matrix multiplication, written
as
yc = AΦ + ε.

(2.11)

We say that signal yc is compressible signal. Therefore, one necessary
condition for compressed sensing is that the signal is supposed to be either
sparse or compressible.
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Restricted isometry property (RIP): Next, we deﬁne another signiﬁcant matrix Ψ, named as sensing matrix. 2 Thus, the combination of
sensing matrix and compressed matrix, written as D = ΨΦ, has to satisfy
RIP. In [57], authors stated the following isometry condition on matrix D
and established its signiﬁcance in compressed sensing theory.
A matrix D satisﬁes the restricted isometry property (RIP) of order k
if there is a δk ∈ (0, 1) such that
(1 − δk ) k θ k22 ≤ k Dθ k22 ≤ (1 + δk ) k θ k22

(2.12)

holds for all θ ∈ Σk , where k • k represents l2 norm.
In other words, if a matrix D satisﬁes the RIP of order 2k, formula
Eq. (2.12) can be explained as saying that D approximately holds the
distance between any pair of k-sparse vectors. Therefore, we say that a
signal y can be recovered from incompletely sampled measurements with
high probability as long as the signal enjoys k-sparse representation in
compressed matrix Φ and the sensing matrix Ψ is well designed so that
ΨΦ can satisfy the RIP of order 2k.
Next we consider how many measurements are suﬃcient to get good
recovery with RIP as the criteria, and it means we need to consider how
many sampled measurements are necessary to achieve the RIP. If we only
focus on the dimensions of the problem (N is the dimension of signal, M
is the number of measurements, and k is sparsity of signal), we have [57]
M ≥ Ck log(

N
),
k

(2.13)

where C is a small constant. Therefore, as the number of measurements
is beyond the bound, original data can be recovered exactly in ideal condition.
Although RIP provides guarantees for the recovery of k−sparse signals, the veriﬁcation that a general matrix D satisﬁes the property always
( )
demands a combinatorial search over all Nk submatrices. In many cases,
2

The name of sensing matrix and compressed matrix are not formal deﬁnitions in
literature, the deﬁnition is just used for corresponding to the conception of compressed
sensing.
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we would like to verify the property of matrix D straightforwardly and easily for providing more concrete recovery guarantees. Thus, we introduce
another criteria for evaluation, µ(D), named as coherence. [56] Coherence
can be adopted to necessarily testify whether there is the sparsest solution
from current acquired measurements.
The coherence of a matrix D, µ(D), is deﬁned as the largest absolute
value of inner product between any pair of columns di , dj in D, written
as
µ(D) = max

1≤i<j≤N

| (di , dj ) |
.
k di k2 k dj k2

(2.14)

In √
addition, the lower bound of µ(D) is Welch bound [58], which achieves
N −m
at m(N
as each inner product between any pair is same. Please note
−1)
√
that as N À m, the lower bound is roughly µ(D) ≥ 1/ m.
Next, we give the relation between µ and sparsity k so that the exact recovery of signal y is guaranteed. Actually, the core of recovery in
compressed sensing is the pursuit of unique sparse solution θ from the
measurements Ψy. From [59], it is stated if
{
}
1
1
k<
1+
,
(2.15)
2
µ(D)
then for each measurement z ∈ Rm , there exists at most one solution
θ ∈ Σk such that z = Dθ, and θ is the sparsest solution. Therefore,
the coherence µ(D) ensures that the unique sparse solution is found, and
hence the exact recovery is obtained.
So far, we have basically introduced the background of this research,
and next the related works are presented.

2.2

Related Works

The whole framework of the system is illustrated in Figure 2.8, which is
basically composed of compressively acquisition, sparse solution estimation and computational reconstruction.
Thus, based on the framework, the related works in this section are
discussed in aspects of reconstruction and acquisition. We ﬁrstly mention
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Figure 2.8: The whole framework of application of compressed sensing in
ray space
the computational reconstruction of original signal from incompletely sampled measurements. Secondly, the related works on system for ray space
acquisition are discussed.

2.2.1

lp Norm Reconstruction

The estimation of sparse solution θ is the essential part of reconstruction,
and it relates to lp norm optimization. In fact, lp norm is deﬁned as
N
∑
1
k X kl p = (
xpi ) p , p > 0.

(2.16)

i=1

Particularly, as p = 0, k X kl0 norm is deﬁned as number of non-zero elements in X. The geometric property of lp norm minimization is illustrated
in Figure 2.9 as p = 2, p = 1, and p = 0.5. As we can see, as p ≤ 1, the
optimization promotes sparse solution. Therefore, the reconstruction approaches are focused on lp optimization as p ≤ 1, and they can be roughly
categorized into three parts including greedy algorithm, l1 minimization,
and iterative-shrinkage algorithm.
Greedy Pursuit: This type of method is usually dedicated to solving
l0 norm optimization, and the optimization formulation is written as
θ̂ = arg min k θ kl0 , subject to y = ΨΦθ,
θ

(2.17)

Greedy pursuit method, such as Matching Pursuits (MP) [60] and Orthogonal Matching Pursuit (OMP) [61], can provide a great ﬂexible pro–24–
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Figure 2.9: The geometric properties of lp norm optimization
cess in estimating spares solution. Initially, greedy pursuit algorithm was
adopted in signal decomposition. Similarly, ΨΦ is assumed as one given
dictionary and y is assumed as the given signal, thus the sparse solution
is obtained if the measurement y is represented as linear combination of
elements in ΨΦ with the corresponding coeﬃcients. Besides, the energy of
signal can also be concentrated on the smallest number of elements since
the largest inner product between residual and elements in dictionary is
chosen in each iteration.
The basic procedure of greedy pursuit is illustrated as follow. If the
signal is deﬁned as f , decomposition space is named as space H , and the
element in the overcomplete dictionary D is called atom, named as di .
Besides, the di is a unitary vector with the l2 norm of 1. Thus, the ﬁrst
decomposition of f can be represented as
f = hf, d0 id0 + R0 f,

(2.18)

where, d0 is the optimal vector which can obtain the largest inner product
with signal f , and R0 f is the residual of signal f . Clearly, if the iteration
continues, it can obtain
Rn f = hRn f, dn idn + Rn+1 f.

(2.19)

Thus, another representation can be obtained after N iterations that
f=

N
−1
∑

hRi f, di idi + RN f.

(2.20)

i=0
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Besides, considering the energy, we have
kf k =
2

N
−1
∑

| hRi f, di i |2 + k RN f k2

(2.21)

i=0

to guarantee the energy conservation.
Among the family of greedy pursuit algorithms, MP is one of the simplest methods. By using this method, the ﬁnal residual signal will converge
to certain predeﬁned threshold ε. However, if the convergent speed is quite
slow, it will lose the advantage of sparse representation. In contrast, OMP
(Orthogonal Matching Pursuit) is an optimal approximation with respect
to the selected subset of dictionary, because it ensures that the residual
of signal is orthogonal to all the previous selected atoms in each iteration.
The main diﬀerence between MP and OMP is that there is an update
of coeﬃcients in order to always keep the least error, rather than only
choosing the largest inner product as the coeﬃcient. The speciﬁc procedure of orthogonal matching pursuit is illustrated in Algorithm-1, and this
algorithm will be frequently adopted in following chapters.
Furthermore, there are also other brothers for matching pursuit (MP)
algorithms, such as CoSaMP [62], weak MP [63], Kernel MP [64], Adaptive
MP [65], and etc. We will not go further in this direction which has been
another hot topic in machine learning and sparse coding.
l1 Minimization: Since l0 norm optimization is not a convex optimization, it is always relaxed as l1 norm optimization. Thus, the problem can be transferred to linear programming problem [66], which can be
solved eﬀectively and eﬃciently. The optimization process is modiﬁed as,
θ̂ = arg min k θ kl1 , subject to y = ΨΦθ.
θ

(2.22)

Assume that the unknown solution θ is written as θ = u − v, where
u, v ∈ Rn are both non-negative vectors such that u takes all the positive
entries in θ and leaves the rest as zero. Similarly, v takes all the negative
entries in θ while the rest are null. Due to this replacement, there is a concatenated vector, represented as z = [uT , vT ]T ∈ R2n , and it is easy to see
that k θ kl1 = 1T (u + v) = 1T z, and ΨΦθ = ΨΦ(u − v) = [ΨΦ, −ΨΦ]z.
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Algorithm-1 OMP
Input: frec = 0, R0 f = f, A = {∅}, n = 0,
Itenum = K, D= {all the candidate atoms}
Repeat:
1: Compute inner product between candidate atoms and residual
signal {hRn f, di i; di ∈ D} ;
2: Find the largest inner product with the corresponding atom dn ,
| hRn f, dn i |≥ α supi hRn f, di i, 0 < α < 1;
3: Record the atom and inner product in the set of A and C respectively; ∪
∪
An+1 = An dn , Cn+1 = Cn hRn f, dn i,
4: Find the optimal solution Ĉn+1 for arg minĈn+1 k f − AĈn+1 kl2 ,
update the coeﬃcient set Cn+1 → Ĉn+1 and residual signal Rn+1 f =
f − AĈn+1 ,
Until: n > K or Rn+1 f ≤ ε
Output: Ĉ, A
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Thus, the l1 optimization problem is re-written as
θ̂ = arg min 1T z, subject to y = [ΨΦ, −ΨΦ]z, and z ≥ 0.
z

(2.23)

In order to keep the equivalence between l1 norm optimization and linear
programming, the supports of u and v can not be overlapped. If there is
one solution, and the k-th entry in both u and v are non-zero. Without
loss of generality, if we assume uk > vk , and take the replacement as
0
0
u k = uk −vk and v k = 0, we can satisfy both the positivity and the linear
constraints and also eliminate the penalty by uk − vk > 0. Thus, there is
no overlap between u and v, and the problem in Eq. (2.23) is equivalent
to a classical linear programming problem. There are numerous eﬃcient
methods for solving linear programming, such as Simplex algorithm [67],
Interior point method [68], or Column generation [69], and fortunately,
there are also several eﬀective toolboxes available for solving the problem
such as l1 -magic [70], CVX and L1-LS [71], SparseLab [72], GPSR [73],
SparCo [74], and etc.
Iterative-Shrinkage Algorithms: The drawback of l1 norm optimization is that it is only semi-convex. Besides, there is no close-form
solution by adopting methods mentioned above. Alternatively, another
simple strategy to attack the l1 or lp norm optimization is the IterativeReweighted-Least-Squares (IRLS) algorithm [75]. Diﬀerent from the previous objective function, we would like to eliminate constraint in optimization and add a parameter λ to balance the penalty and constraint.
The unconstrained objective function of Eq. (2.22) is written as
θ̂ = arg min k y − ΨΦθ k2l2 +λ k θ kl1 .
θ

(2.24)

Then, we set Θ = diag(| θ |), thus we have k θ kl1 ≡ θT Θ−1 θ. By
rewriting l1 norm of θ, we may regard the l1 norm as an (adaptivelyweighted) version of the squared l2 norm. Providing the estimated solution
in current iteration is θk−1 , we set Θk−1 = diag(| θk−1 |) and attempt to
solve
θ̂ = arg min k y − ΨΦθ k2l2 +λθT Θ−1
k−1 θ.
θ
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After getting the approximated solution θk , the diagonal matrix Θk is
generated and the iteration continues.
However, it is found that the IRLS algorithm is ineﬃcient to get the
ﬁnal solution, and it either requires too many iterations or shows no tendency of convergence. This is especially the case for high dimensional
problems, such as image processing or ray space processing. In recent
years, a new family of numerical algorithms has been gradually built,
addressing the optimization problem above eﬃciently, and the family is
named as Iterative-Shrinkage Algorithms. Roughly speaking, a shrinkage factor is constructed by slightly modifying the optimization process
so that the convergence is guaranteed. We will stop discussing speciﬁc
algorithms because it has beyond the scope of the thesis. Please refer [59]
to ﬁnd other reviews and details.

2.2.2

Acquisition Systems of Ray Space

Next, let us go back to the ﬁeld of ray space to discuss the acquisition
system. In fact, ray space acquisition has always been a hot researching
topic, and there are numerous of related works that have paved a great
way for our research. Roughly, the acquisition systems can be divided into
several types as follows.
Lenslet (Microlens): This method was initially proposed by Lippmann [4] and it was quite straightforward. Lenslet arrays or pinholes are
placed in front of a ﬁlm sensor, so that the angular images can be diverted
to avoid integration on the ﬁnal sensor. In recent years, this lenslet-based
system was integrated into digital camera [43], and corresponding consumer product is now widely available. One example for this system is
illustrated in Figure 2.10. However, an obvious drawback for this design
is the low spatial resolution of each angular image. In other words, the
total resolution of image sensor is ﬁxed and shared by both of spatial resolution and angular resolution, thus a permanent trade-oﬀ of resolution
has to be made before the acquisition.
Camera array: In order to enhance the spatial resolution while preserve the angular resolution. The method of camera array is an alternative.
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Figure 2.10: The illustration of ray space acquisition by lenslet system
Besides, another similar system is to resort a movable camera that travels
back and forth to capture a group of images from diﬀerent perspectives. In
paper [76], the author presented a camera array with 128 cameras, named
as Stanford multi-camera array. Besides, paper [77] has established a distributed light ﬁeld camera by using 64 cameras. 100-camera system has
also been developed in paper [78]. One example for this design is shown in
Figure 2.11. However, the huge system requires high cost in equipment,
computation, storage, etc. Besides, the calibration and rectiﬁcation have
also to be carefully conducted.
Multi-focus images: Besides camera array, recently, a single camera
can also be adopted in ray space acquisition with high resolution. For
instance, multi-focus images obtained by a single camera can be used to
regenerate all-in-focus images for ray space synthesis. In paper [79], a
method based on linear ﬁlters was proposed to reconstruct all-in-focus
images for dense ray space synthesis. The all-in-focus images were reconstructed through shifted pinhole images which were obtained by the
linear combination of multi-focus images. Although the method can avoid
suﬀering from limitation of resolution of ray space, the data amount is
still a problem for transmission or storage. The paper [80] attempted
to compress the enormous data and developed one scheme for 4D ray
space compression. The method ﬁrstly demonstrated synthesis and reconstruction between 4D ray space and multi-focus images, and then con–30–
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Figure 2.11: The illustration of ray space acquisition by camera array
system
ventional methods were adopted to compress multi-focus images because
multi-focus images that contained mostly low frequency components were
easily compressed. Although this method is eﬀective in compression, the
huge amount of data still have to be obtained in the ﬁrst place, thus the
data problem in acquisition has not been solved.
Coded aperture/mask: Coded aperture imaging is proposed in order to collect more light in the situations that camera array system is too
expensive to aﬀord. This technique is based on the principle of pinhole
imaging. The aperture plane is assumed as a combination of several “pinholes”, and each “pinhole” corresponds to one angular image, but each
angular image suﬀers from low signal noise ratio (SNR) as only one pinhole is open. Instead, a specially designed array of pinholes is adopted.
The speciﬁcally designed mask (multiplexing pattern) attenuates several
“pinholes” and opens the remaining “pinholes”, so that angular images are
linearly combined and the signal noise ratio (SNR) is also enhanced. If
the multiplexing patterns are well designed, it provides a possibility to re–31–
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Figure 2.12: The illustration of ray space acquisition by coded aperture
design
construct all of the angular images, and this technique is named as coded
aperture. [81] One example of coded aperture is illustrated in Figure
2.12, and there are 16 “pinholes” in aperture plane, where the diﬀerent
gray levels represent the varied transmittances of each “pinhole”.
After the coded aperture, all angular images will be integrated as one
image in sensor. Therefore, the coded aperture pattern can be viewed
as a multiplexing function. If this function is well designed, it can be
equivalent to frequency analysis of ray space. More important thing is if
a clear arrangement of optical elements is adopted, it is possible to re-bin
the 4D rays and capture it using a 2D sensor [43, 82]. However, optical
re-binning of rays is still based on microlens array system, and it requires
a ﬁxed and permanent tradeoﬀ between spatial and angular resolution.
Thus, the authors in [83] proposed another patterned mask to exploit
the fact that light rays can be linearly combined together. Rather than
sensing each 4D ray on the own pixel sensor, the design allowed sensing
linearly independent weighted sums of rays. This method of mapping 4D
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ray space to a 2D sensor array exploited heterodyning methods that were
best described in the frequency domain. Besides, the designed mask was
not limited in aperture plane, but it was placed in the optical path between aperture and sensor, to achieve Fourier domain remapping. Next,
the authors in [84] took the extension, and interpreted “heterodyning” as
a general theory (both of microlens-based and mask-based systems were
applicable) of multiplexing the radiance in the frequency domain. By
using the interpretation, the authors derived a mathematical theory of reconstructing the 4D spatial and angular information from the multiplexed
2D frequency representation. Authors in [85] developed a mathematical
framework that generalized multiplexed imaging to all dimensions of the
plenoptic function. This framework uniﬁed a wide variety of existing approaches to analyze and reconstruct multiplexed data in either spatial or
frequency domain. Furthermore, other people in [86] tried to take 4D
frequency analysis of ray space for the extension of depth of ﬁeld by deconvolution, and the also showed an upper bound on the maximal power
spectrum that could be achieved.
However, all the methods and proposals above require the equivalent
acquisitions as the number of angular images in order to solve the inverse
linear problem (deconvolution). Therefore, coded aperture solves the resolution and SNR problem and it provides an opportunity for frequency
analysis as well. However, it shows no eﬃciency in the acquisition, and
there is still distance to the compressive acquisition and analysis of ray
space.
Compressive acquisition by coded aperture/mask: Next, we
discuss the compressive acquisition of ray space. Actually, compressed
sensing has been applied to video acquisition [87, 88], and image sensing [89]. Since a sequence of frames in video is similar as a group of
angular images in ray space. Thus, compressive acquisition of a ray space
is also possible by adopting the conception of compressed sensing. The
authors in [90] simulated a compressive camera array for ray space acquisition. Furthermore, the light ﬁeld super-resolution could be also regarded
as a kind of compressive acquisition, because high resolution light ﬁeld
was expected to be recovered from low resolution measurements obtained
–33–
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by mircolens-based lytro camera. [91] Moreover, view synthesis based on
depth image [92] can also be viewed as a particular kind of compressive
acquisition and reconstruction. 3
Recently, researchers have started to explore compressive light ﬁeld acquisition by employing only one sensor, and there have been several optical
designs. In paper [93,94], the authors proposed to employ coded aperture
method in acquisition, however, the number of coded pattens are fewer
than the pixel number of image patches. The computational reconstruction method was also developed for reconstruction. In addition, authors
in [95] proposed and simulated a combination of coded masks (one was
placed in aperture and the other one was mounted along the optical path)
so that better reconstruction was obtained. However, the combination of
two masks have reduced the light transmittance, resulting low SNR. In
paper [96], the authors proposed to put an optimized mask between aperture and image sensor. For one thing, it increased the light eﬃciency, and
for another thing, this kind of design also enhanced the randomness in
acquisition, which was of signiﬁcance in compressed sensing. In addition,
it was reported from [96] that the reconstruction quality was acceptable
only using single snapshot.
Therefore, all of the related works above provide us strong motivation
and great foundation to proceed in this area for compressive acquisition
and computational reconstruction of a ray space. In the following chapters,
based on these related works, several novel approaches are proposed to
achieve our targets.

2.3

Summary

In this section, we mainly discussed the background and related works of
our research in this thesis. The background includes three parts, plenoptic
function parameterization, computational photography and the applications, and the compressed sensing theory. We believe that it will be useful
for readers to better understand the conception, methodology and appli3

Only several images and corresponding depth maps are required, and the rest
images can be synthesized by using geometric information
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cation of our research.
The related works in this thesis are composed of reconstruction by lp
norm optimization, and system for acquisition of ray space. Rooted in
the background mentioned above, our work is based on the accumulation
of previous contributions from other researchers. Thus, it is necessary
to have a review of related works. For one thing, it is better to distinguish our contributions from the previous technologies. For another thing,
we give great appreciations and respects to the past contributors in this
researching area, and it is their great and valuable works that gave us
motivations, suggestions and inspirations. In the following chapters, we
will discuss speciﬁc problems in the acquisition and reconstruction of a
ray space.
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Chapter 3
Compressive Acquisition and
Reconstruction of Ray Space
by Sparse Representation of
Dictionary
In this chapter, since the general purpose of our work is to obtaining one
ray space by compressive acquisition and computational reconstruction,
we aim to conduct compressive acquisition of a ray space at ﬁrst and
develop two diﬀerent types of dictionaries for enhancing the reconstruction
quality of ray space.
We ﬁrstly establish the compressive acquisition model for ray space,
and assume that the ray space has been compressively sampled. Next, we
consider the methods to enhance the sparsity of ray space in dictionary
domain, so that better reconstruction quality is expected. Since sparsity
k is deﬁned as the number of atoms in the representation of signal under
the same level of distortion ε, we seek smaller k in diﬀerent dictionaries.
The similarity between the two types of dictionaries is that both of them
are overcomplete so that we have more chance to select better atoms in
sparse representation of signal. However, the diﬀerence of both dictionaries are also quite large. For designed dictionary, it has implicit structure
and the dictionary is generated by tuning several parameters, thus the
redundancy of this dictionary is large. While for learned dictionary, it has
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no structure and it is obtained by learning method from other training
data. In addition, it has to be presented by explicit matrix form.
The rest parts in this section are organized as follows, after the description of acquisition model, the sparsity analysis of ray space in orthogonal
bases are discussed, and the sparseland model [59] is also introduced.
Next, based on the sparseland model, we design one overcomplete dictionary whose number of atoms exceeds the dimension of dictionary for
sparser representation of ray space so that the reconstruction quality of
ray space is enhanced by adopting the carefully designed dictionary. In
addition, we adopt dictionary learning to shape one overcomplete dictionary adaptively, so that the features of ray space can be represented
more accurately and properly by the learned dictionary, resulting better
reconstruction quality. Furthermore, we also present the relation between
reconstruction quality and the number of acquired measurements.

3.1

Mathematical Model of Ray Space Acquisition

In this section, we mention the mathematical model for compressive acquisition of a ray space, and particularly the coded aperture is adopted as the
example for description. In order to establish the model for compressive
acquisition, we recheck the parameterization of a ray space, as illustrated
in Figure 3.1. Plane (s, t) and (u, v) are image plane and sensor plane
respectively, and a ray space is written as L(u, v, s, t). Thus, a traditional
photograph i(u, v) is the projection of the ray space L(u, v, s, t) along the
image plane (angular dimension) (s, t), written as
∫ ∫
i(u, v) =
L(u, v, s, t)dsdt.
(3.1)
s,t

To be simple, we consider that both of 2D spatial and angular parameterizations are vectorized as one dimension, and the acquisition is rewritten
as
∫
i(~u) = R(~s, ~u)d~s,
(3.2)
~s
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Figure 3.1: The 4D parameterization of ray space
where ~u = (u, v) and ~s = (s, t).
Assume that there is a coded attenuation mask m(~u, ~s) inserted into
the camera, and we discuss two cases for placing the coded mask at different positions. Firstly, as the mask is mounted at the sensor plane as
shown in Figure 3.2 (a), m(~u, ~s) = (const, ~s) which means all the angular images are averaged and only several pixels in the ﬁnal integrated 2D
spatial image are blocked. In other words, all the angular information has
been lost. Secondly, as the mask is mounted in the opposite side, aperture plane (or named coded aperture) as shown in Figure 3.2 (b), those
angular images are linearly combined with various weights, represented
∫∫
as i(~s) =
m(~u, const) · R(~u, ~s)d~u. Thus, it provides an opportunity
~
u
to reconstruct all of angular images. The basic principle for this model
comes that diﬀerent regions of aperture can acquire the angular images
from diﬀerent perspectives. As shown in Figure 3.3, the parallax of
diﬀerent angular images can be perceived clearly from the bricks in the
background.1
Next, we assume the aperture is divided into N blocks, and each block
corresponds to one angular image. In other words, N angular images
will be multiplexed together. Besides, the transmittance of each block is
assumed as mj , then the ﬁnal acquisition on the sensor can be represented
∑
j
j
as Z j = N
j=1 mj X . Assume that XK×1 is one vectorized angular image,
and K is the resolution of angular image X j . Therefore, one acquisition of
ray space RN K×1 by matrix multiplication can be formulated as ZK×1 =
1

The data set comes from other data base, and we will mention it in next chapter.
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(a) mask at sensor

(b) mask at aperture

Figure 3.2: Diﬀerent position for mounting a coded attenuation mask
MK×N K RN K×1 , where RN K×1 is a long concatenated vector, and RN K×1 =
T
T
1
2
N T T
[XK×1
, XK×1
, ..., XK×1
] . If [m1 , m2 , ..., mN ] is one vector, the matrix
MK×N K , also named as sensing matrix, can be generated by Kronecker
product as MK×N K = [m1 , m2 , ..., mN ] ⊗ IK×K , where IK×K is an identity
matrix, and [m1 , m2 , ..., mN ] corresponds to the design of coded aperture.
The illustration of one acquisition is shown in Figure 3.4. Clearly we
can see, the pixels which are located in the same position of diﬀerent
angular images are multiplexed together by coded pattern, which means
the relation of ray space is exploited. Thus, if the number of multiplex is
smaller than the number of total pixel in angular image, the compressive
acquisition is achieved and reconstruction by computational method is
also possible.
So far, we assume one ray space has been compressively acquired.
In the following part, we mainly discuss the reconstruction of ray space,
and we start from the sparse representation of ray space, which plays an
important role in the reconstruction of ray space.

3.2

Sparse Representation of Ray Space

Traditionally, an orthogonal transform, such as Discrete Fourier Transform
(DFT) or Discrete Cosine Transform (DCT) is always employed as signal
analysis model to obtain eﬃcient decomposition and representation of
signal, and it can be modeled as Y = Φn×n X, where Φn×n is an orthogonal
basis, Y is signal and X represents the analysis coeﬃcients. Normally, due
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Figure 3.3: Diﬀerent perspectives from diﬀerent angular images
to the feature of natural signal, the coeﬃcients in transformed domain
shows the property that a few coeﬃcients have quite large values while
the rest coeﬃcients have only small values. Thus, if there is a threshold
τ for the coeﬃcients X, where X(i) = 0 if X(i) ≤ τ , the signal can
be approximately represented by a few coeﬃcients with relatively small
approximation error. This is traditional signal approximation, which plays
key function in compression, pattern recognition, and etc.
In contrast, sparseland model [59] employs an overcomplete dictionary
for signal approximation. Thus, the orthogonal basis Dn×n is extended
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Figure 3.4: Acquisition of ray space by coded aperture
to be Dm×n , di ∈ Rn , m > n, and each column in D is called an atom.2
Therefore, the sparseland model can be described as S(D, X, k0 , ε). Given
a signal Y as input, there will output the k0 −sparse representation X of Y
under certain dictionary D with error ε. Therefore, in the following part,
the task is to ﬁnd a proper D that enables signal Y to be more sparsely
represented.
Considering the target signal Y , we adopt epipolar plane image (EPI)
as the processing unit. Since EPI shows clear structure as mentioned in
last chapter, it is possible to have sparse representation. One epipolar
plane image is illustrated in Figure 3.5 as an example, and the EPI is
generated by horizontally ‘cutting’ ray space “Fuzzy”. 3 We can ﬁnd
easily that the EPI is composed of several straight lines with diﬀerent
slopes and intersections. In order to save the computation burden, the
analysis and computation will be conducted based in terms of each patch
of EPI. In the following content, we discuss the sparsity of EPI in several
transform domains.
Fourier transform is regarded as the foundation of signal analysis and it
is believed that most of natural signals in spatial domain can be analyzed
2

In the rest of this chapter, we use D to represent an overcomplete dictionary
“Fuzzy” ray space is from our own data base, the resolution of “Fuzzy” is 640 ×
480 × 64.
3
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Figure 3.5: One exampling EPI in “Fuzzy” ray space
into a few coeﬃcients in frequency domain. These kinds of analysis models
are mainly attributed to the fast decay rate of k-term approximation,
which means that it is possible to represent signal by the best k non-zeros
elements from the transform coeﬃcients.
Thus, we explore sparsity of EPI in frequency domain. The example
of EPI is adopted and its spectrum in 2D-DCT domain is illustrated in
Figure.3.6(a). Obviously, most parts of energy is concentrated in a small
area (The red area in spectrum). To have a more explicit illustration, the
histogram of DCT coeﬃcient is also plotted in Figure.3.6(b), and the
distribution of coeﬃcient shows that EPI is sparse in frequency domain.
Besides, we also have a sparsity analysis of EPI in Welsh Transform
domain, and Hadamard Matrix is employed for transform. Similar as frequency sparsity analysis, the spectrum and histogram of Discrete Hadamard
Transform (DHT) coeﬃcients, as shown in Figure.3.7, also imply that
EPI is sparse in Welsh Transform domain as well. Even if the sparsity is
only analyzed for one patch of EPI, it is believed that most of patches of
EPI share the similar feature. Thus, we believe EPI is relatively sparse in
transform domain, either by DCT or DHT, which implies that compressed
sensing can be applied to EPI by using common orthonormal basis.
However, so far, the EPI is only treated as a normal signal, but the
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Figure 3.6: The sparsity analysis of EPI in DCT domain.

Statistical frequency of coefficients

350
300
250
200
150
100
50
0

(a) Spectrum in logarithm

0

2

4

6

8

10

Amplitude value of coefficient in logarithm

12

(b) Histogram of coeﬃcient

Figure 3.7: The sparsity analysis of EPI in DHT domain.
special structure of EPI has not been taken into consideration. More
suitable dictionary is supposed to be explored for sparser representation
of EPI. Feature analysis is believed to obtain sparser representation, as
long as another proper dictionary includes similar features of EPI.
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3.3

Gabor Dictionary Design for Representation and Reconstruction of Ray Space

3.3.1

Gabor Dictionary Design

Since separable Gabor functions can be used to encode the motion compensated frames in video processing [97] due to the fact that Gabor function can grasp the feature of disparities in video sequence. Similarly, EPI
actually reﬂected the disparity information between each FVI. Therefore,
it is believed that the dictionary expanded by Gabor function will be an
excellent candidate for providing the features of EPI. In addition, diﬀerent
from DCT or DHT whose transform matrix is an orthogonal square matrix, the transform matrix of Gabor dictionary is an overcomplete matrix.
In other words, we extend the number of atoms in dictionary, and try to
achieve sparser representation of EPI.
Normally, Gabor function is written as
g(x, y) = s(x, y)w(x, y),

(3.3)

where s(x, y) is a complex sinusoid, named as carrier, and w(x, y) is a 2D
Gaussian-shaped function, named as envelope. To be speciﬁc, the carrier
function is represented as
s(x, y) = exp(j(2π(f x + hy)) + ϕ),
and the envelope function is written as
{
{
}}
(x − u)2rθ
(y − v)2rθ
w(x, y) = K exp −π
+
,
σ1
σ2

(3.4)

(3.5)

where (u, v) is the peak of the function, σ1 and σ2 are scaling parameters
of the Gaussian function. Besides, the rθ represents a rotation operation
on x and y. From the structure analysis of EPI, it is clear that EPI is
ﬂuctuated in one direction and almost smooth in the other one. Therefore,
in Gabor function, x is activated for varying while y is kept as constant.
Besides, only the real part of carrier s(x, y) is used. Then, 2D Gabor
function can be simpliﬁed as
g(x, y) = exp(−x2 − y 2 ) cos(2π(f x + hy) + ϕ).
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Table 3.1: Parameter set of 2D Gabor dictionary.
σ = 2j , 0 ≤ j ≤ log2 N
u = [0, N − 1]
π
θ = − 6π
, − 5π
, − 4π
, − 3π
, − 2π
, − 12
,0
12
12
12
12
12

f = 0, 0.1, 0.2, ..., 1.0
ϕ = 0, π

In addition, the Γ operator on x is given by
Γg = g(σ −1 (x − u)rθ ),

(3.7)

and also the parameters f and ϕ are tunable. The parameter set can be
represented as P = {σ, u, θ, f, ϕ}, and numerous of atoms can be generated by tuning these parameters. The scope of parameters is given in
Table 3.1, and N is the size of EPI patch.
Diﬀerent from orthonormal basis, the sparsity exploration of EPI in
Gabor dictionary is a non-linear transform. OMP is quite helpful in sparsity exploration since the output of OMP is exactly the selected atom
and corresponding coeﬃcient. Besides, the number of iteration in OMP
corresponds to the sparsity. Thus, given the sparsity s = 5, for instance,
one patch of EPI can be represented by 5 atoms with corresponding coeﬃcients, as shown in Figure.3.8. Therefore, it is illustrated that Gabor
dictionary is quite suitable for sparser representation of EPI.
Next, the sparsity comparison of EPI between common orthogonal basis and Gabor dictionary is conducted. In the comparison, EPI is divided
into non-overlapped patches in size 8 × 8 4 . The desired sparsity is arranged from {s = i|i = 1, 2, 3, ..., 10}. As for common orthogonal basis,
4

Actually, each patch of EPI is unfolded as a column vector and transform is conducted by multiplying the transform matrix
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(a) EPI block

(b) Representation by Gabor atoms

Figure 3.8: Sparsity comparisons between basis and Gabor dictionary.
DCT and DHT are selected and the largest s coeﬃcients will be preserved
for the reconstruction of EPI patch. While for Gabor dictionary, sparsity
s is the iteration of OMP. Root Mean Square Error (RMSE) was adopted
as the evaluation of approximation error and it was written as
√
e=

1
H ×V

∑

(Ii,j − Iˆi,j )2 ,

(3.8)

1≤i≤H,1≤j≤V

where I and Iˆ are original EPI and sparsely represented EPI respectively
with the resolution of H × V . The testing images are EPI from “Fuzzy”
and “Kuma” ray spaces, illustrated in Figure.3.9. The approximation
error is compared by given the same sparsity and results are shown in
Figure.3.10. From both of the graphs, Gabor dictionary could obtain
less approximation error in the same sparsity and it directly shows EPI
enjoys sparser representation in Gabor dictionary compared to common
orthonormal basis. In addition, as for “Fuzzy” EPI, DHT performs better
since the disparity of “Fuzzy” EPI is larger and DHT is more likely to represent this feature than DCT. While for “Kuma” EPI, both of orthonormal
bases get almost same performance.

3.3.2

Experimental Results

In this part, we present experimental results for reconstructing the compressively sampled ray space. Our work focuses on the study how eﬃcient
ray space can be sensed, thus the experiments are based on synthesized
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(a) EPI of “Fuzzy” ray space

(b) EPI of “Kuma” ray space
Figure 3.9: The examples of EPI in two ray spaces.
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Figure 3.10: Sparsity comparisons between basis and Gabor dictionary.
data, which means we have captured all the data at ﬁrst as the ground
truth. The framework of this experiment is illustrated in Figure.3.11.
The ground truth of ray space and EPI are ﬁrstly obtained, and compressed sensing procedure is simulated. In the simulation, the measurements of EPI are obtained by adopting random sensing matrix. Next, the
EPI and ray space are recovered by sparsity promotion algorithm. Finally,
comparisons are conducted between the reconstructed ray space and the
ground truth of ray space.
Before the experiment, it is necessary to conduct parameter conﬁguration. Two testing ray spaces, named as “Fuzzy” and “Kuma” were em-
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Figure 3.11: The whole framework of experiment.
ployed for this experiments. 64 cameras were equipped in linear arrangement for capturing images to generate “Fuzzy” and “Kuma” ray space,
and each camera output one image with the resolution of 640 × 480. The
images from one viewpoint for both ray spaces are shown in Figure.3.12.
The content in “Fuzzy” ray space is more complex than the content in
“Kuma” ray space. All the 64 images were combined together to establish
the ray space with the resolution of 640 × 480 × 64. Next, EPI was generated by cutting the ray space horizontally, and the resolution of EPI was
640 × 64, indicating that there were 480 EPI in the captured ray space.
Two EPI samples from two ray spaces are shown in Figure.3.9. In the
simulation, EPI was divided into non-overlapped 8 × 8 patches to avoid
large computation and each patch is unfolded to be a column vector with
64 elements. Two random sensing matrices were adopted respectively.
One was Bernoulli sensing matrix (The elements are 1 or -1) and the
other was Gaussian sensing matrix. The sensing ratio R is deﬁned as the
fraction between the number of measurements and the total pixel num–49–
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(a) FVI in “Fuzzy” ray space

(b) FVI in “Kuma” ray space

Figure 3.12: FVIs in two ray spaces.
ber of ray space. For the recovery method, Orthogonal Matching Pursuit
(OMP) was adopted for the estimation of sparse solution. Since sparsity
of EPI was not available, we tested several desired sparsities as s = 4,
s = 6, s = 8, and s = 10. Furthermore, in the selection of sensing ratio R,
several sensing ratios were also tested, which were from 20% to 60% with
the increment of 10%. It is true that reconstruction quality will be higher
as the sensing ratio increases. However, if the sensing ratio is too high,
closing to 100%, there is no meaning by adopting compressed sensing in
acquisition.
In the ﬁrst place, we test the eﬀect of sparsity of EPI on the ﬁnal
recover quality by using a group of desired sparsities of EPI. In this test,
the sensing ratio is ﬁxed as R = 50%. Besides, Bernoulli sensing matrix
and Gaussian sensing matrix are adopted for “Fuzzy” and “Kuma” EPIs,
respectively. Each test is repeated for 10 times and the averaged values
are obtained and are illustrated in Figure.3.13. From the graphs, as
the desired sparsity of EPI increases, especially over s = 6, the quality of
recovery almost remains constant. Therefore, in the rest testing, we choose
the desired sparsity of EPI as s = 6 for simplicity. In addition, Gabor
dictionary achieves better results than the rest two at the same sparsity,
which also means Gabor dictionary can exploit sparser representation of
EPI than the rest two orthogonal bases.
Next, we check the reconstruction performance of compressed sensing
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(a)“Fuzzy” EPI (Bernoulli matrix)(b)“Kuma” EPI (Gaussian matrix)
Figure 3.13: The recovery performance by using diﬀerent desired sparsities
(Sensing ratio R = 50%).

and the associated artifacts with diﬀerent sensing ratios R. The experiment is conducted based on EPI, and diﬀerent numbers of measurement
are provided for testing the performances. The orthogonal bases, including DCT and DHT, and the designed 2D Gabor dictionary are used in
experiment. As for 2D Gabor dictionary, since it is a redundant dictionary, in order to reduce the size of dictionary, statistics is also conducted
in advance for removing the atoms which have never been used in sparse
representation. Then it outputs a carefully designed dictionary as shown
in Figure.3.14. Since the experiment is conducted in terms of EPI patch
and matrix unfold is also conducted, the size of DCT and DHT is 64 × 64.
Similar as the previous test, two random sensing matrices, Bernoulli and
Gaussian, are selected. The testing EPI is randomly chosen from each ray
space and each test is repeated for 10 times individually. The averaged
performances (PSNR value) of “Fuzzy” EPI and “Kuma” EPI are shown
in Figure.3.15. From the graphs, clearly the construction artifact is reduced (or PSNR value is increased) as the sensing ratio increases for both
orthogonal bases and Gabor dictionary. In addition, since both of orthogonal bases are quite general, the structure of EPI can not be grasped well
by either of them. Conversely, Gabor dictionary could grasp the feature
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(a) Gabor dictionary for “Fuzzy” (b) Gabor dictionary for “Kuma”
Figure 3.14: The designed Gabor dictionaries for two ray spaces.
of EPI for eﬀective sparse representation. Thus, 2D Gabor dictionary can
achieve about 4 − 6 dB increase compared to the other candidates. In the
comparison between two bases, DHT performs a little better than DCT
which corresponds to the result in sparsity comparison in Figure.3.10.
What has to be mentioned is that if the sensing ratio continues increasing, better performance can be achieved. Furthermore, if more advanced
optimization tool is adopted instead of OMP, the performance can be also
enhanced.
Moreover, for subjective test, recovered EPI from measurements by
three compressed matrices are presented in Figure.3.16. The sensing ratio is set as R = 50%, and Gaussian random sensing matrix is adopted as
sensing matrix. The left column shows recovered “Fuzzy” EPI by using
diﬀerent compressed matrices in compressed sensing, while the right column shows the performance of “Kuma” EPI. Subjective test gives a clear
comparison to show that Gabor dictionary achieves the best reconstruction result.
Finally, as all the EPIs are recovered, the whole ray space can be reconstructed. In this simulation, Gabor dictionary is adopted as compressed
matrix and Gaussian matrix is adopted as sensing matrix respectively.
The desired sparsity is set as s = 6. Since the reconstructed ray space
could produce 64 viewpoint images, we selected No.26 as a virtual view–52–
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Figure 3.15: Performances of recover among two sensing matrices by given
diﬀerent sensing ratios (Desired sparsity s = 6).

point. The generated FVIs from reconstructed ray space by using diﬀerent
numbers of measurement are illustrated in Figure.3.17 and Figure.3.18,
respectively. The statistical properties of each generated FVI are also presented in Table 3.2. Clearly, as sensing ratio increases, both of the mean
and standard deviation of pixel error are reduced. In addition, the PSNR
values of each generated FVI are also illustrated. Please note that the
content of “Fuzzy” ray space is very complex, and hence the quality of
generated FVI is relatively low. In contrast, for “Kuma” ray space, the
quality of generated FVI is much better. Furthermore, the subjective eval-
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(a) original EPI

(b) original EPI

(c) Recovered EPI by DCT

(d) Recovered EPI by DCT

(e) Recovered EPI by DHT

(f) Recovered EPI by DHT

(g) Recovered EPI by Gabor

(h) Recovered EPI by Gabor

Figure 3.16: Recovered EPI by using diﬀerent compressed matrices (R =
50% and Gaussian matrix is used for random sensing)

Table 3.2: Statistical property of generated FVI from diﬀerent numbers
of measurement
Sensing ratio PSNR (dB) Mean of error Std of error
Fuzzy (1/4)
21.3517
14.2477
16.5329
Fuzzy (3/8)
23.7167
10.6972
12.7236
Fuzzy (1/2)
25.2532
9.1273
10.5201
Kuma (1/4)
26.4284
5.8540
10.6641
Kuma (3/8)
28.2430
4.7058
8.6778
Kuma (1/2)
30.0319
3.7144
7.1241

uation of generated FVI shows that the recovered result is quite acceptable
by sensing a quarter of measurement. As the number of measurement increases to a half, the quality of FVI is improved greatly.
In conclusion, by taking speciﬁc analysis of sparsity of EPI and taking
advantage of special feature of EPI, we explored a dictionary generated
by Gabor function so that the special feature of EPI was grasped in this
dictionary and sparser representation was achieved. It was shown in experimental results that compressed sensing method was applicable in the
reconstruction of EPI and ray space, which led us to further design speciﬁc
device for capturing natural ray space. Besides, it was also proved that
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(a) original FVI

(b) Generated FVI(R = 1/4)

(c) Generated FVI (R = 3/8)

(d) Generated FVI (R = 1/2)

Figure 3.17: “Fuzzy” FVI from reconstructed ray space by using diﬀerent
number of measurements.
the dictionary provided by Gabor function outperformed orthogonal basis, which also indicated us to explore other more powerful dictionary for
achieving better reconstruction results. Therefore, in the next section, we
will introduce dictionary learning method and integrate the well-learned
dictionary in the compressive acquisition and reconstruction of ray space
to expect better performance.

3.4

Dictionary Learning for Representation
and Reconstruction of Ray Space

In this section, we extend the dictionary generation from designing to
learning. The success of the designed Gabor dictionary in last section
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(a) original FVI

(b) Generated FVI (R = 1/4)

(c) Generated FVI (R = 3/8)

(d) Generated FVI (R = 1/2)

Figure 3.18: “Kuma” FVI from reconstructed ray space by using diﬀerent
number of measurements.
is attributed to a number of atoms for representing diﬀerent features of
EPI. However, huge dictionary size also brings great burden in the estimation of sparse solution, especially by greedy methods. In addition, the
similarity between the feature of EPI and the feature in 2D Gabor dictionary determines good performance of dictionary. Therefore, if there is
a dictionary that can be adaptively learned from a set of training data,
the feature of data can be grasped eﬀectively and, more importantly, the
size of dictionary can also be controlled in a small number for eﬃcient
computation.
In the following parts of this section, we ﬁrstly discuss dictionary learning procedure for sparse representation. Next, we apply the learned dictionary to the reconstruction of ray space. Finally, the experimental results
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show that the learned dictionary is better than orthogonal basis and designed 2D Gabor dictionary.

3.4.1

Dictionary Learning

The essence of sparse representation by dictionary learning [98–100] is
that an observation of signal YN ×L = [y1 , y2 , ..., yL ], where each column
yi ∈ RN is a signal, can be sparsely represented by a few of elements
from a dictionary DN ×M = [d1 , d2 , ..., dM ], di ∈ RN , M > N which can
be adaptively learned from a set of training data. Each column di in
dictionary DN ×M is one atom, and XM ×L is composed of the corresponding
coeﬃcients of atoms in dictionary, resulting
YN ×L = DN ×M XM ×L ,

(3.9)

where XM ×L is the matrix whose column vectors are sparse.
The whole procedure of overcomplete dictionary learning consists of
two parts. One is sparse coding and the other is dictionary update. In the
sparse coding stage, the dictionary DN ×M is assumed to be known and
the sparse representation XM ×L is obtained by adopting greedy pursuit
algorithm, such as Orthogonal Matching Pursuit (OMP) [61], or other
optimization methods with sparsity promotion. In the part of the dictionary update, the obtained sparse representation XM ×L is employed with
the signal YN ×L for updating the dictionary DN ×M . Thus, dictionary is
updated gradually by each iteration k. In the following, we will take EPI
as an example to illustrate dictionary learning for sparse representation of
ray space.

3.4.2

Sparse Representation of Ray Space by Learned
Dictionary

It is assumed that one EPI is partitioned into L non-overlapped patches in
√
√
size N × N and each patch is unfolded to one vector yN ×1 to be stacked
in a signal matrix YN ×L = [y1 , y2 , ...yL ], where L is the number of signal.
Thus, we would like to shape one dictionary, DN ×M = [d1 , d2 , ..., dM ], di ∈
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RN , where M is the number of atoms. Since the dictionary is overcomplete, we set M > N . To enforce sparsity, YN ×L is supposed to be approximated by only few combinations of atoms in DN ×M with corresponding
coeﬃcients in XM ×L = [x1 , x2 , ..., xL ]. It can be speciﬁcally formulated as
arg

min

DN ×M ,XM ×L

kYN ×L − DN ×M XM ×L k2F ,
(3.10)

subject to kxi kl0 ≤ s, xi ∈ R , 1 ≤ i ≤ L
M

where k • kF is frobenius norm and k • kl0 is the l0 quasi norm. In
addition, s represents the number of non-zero elements in xi and s << M .
Since there are two unknowns, DN ×M and XM ×L , in Eq. (3.10), an
alternate projection method is adopted. Firstly, DN ×M is ﬁxed to obtain
sparse representation XM ×L , and it can be formulated as
arg min k yi − DN ×M xi kl2 ,
xi ,1≤i≤L

(3.11)

subject to k xi kl0 < s.

It is a NP-hard problem to ﬁnd the globally optimal solution for this
problem with l0 regularization. Thus, we adopt OMP to ﬁnd the suboptimal solution XM ×L . Next, in the stage of dictionary update, the
optimization problem is written as
arg min f (DN ×M ) =k YN ×L − DN ×M XM ×L k2l2 ,
DN ×M

(3.12)

subject to dTi di = 1, 1 ≤ i ≤ M.
Next, we take the derivative of f with respect to DN ×M and set it to
be zero, and it is easy to obtain
∂f
T
= −2(YN ×L − DN ×M XM ×L )XM
×L = 0.
∂DN ×M

(3.13)

Thus, ﬁnally we have
−1

T
T
DN ×M = YN ×L XM
×L (XM ×L XM ×L ) .

(3.14)

At the end of one iteration, each column of the dictionary is l2 normalized.
Therefore, after several iterations, the dictionary DN ×M is expected to be
well shaped for sparse representation of YN ×L .
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Obviously, the main purpose of dictionary learning is to shape the
dictionary so that the approximation error of given signal is minimized,
thus the dictionary can fully represent the feature of EPI. In addition,
the size of dictionary, M , can be preset before learning, we can keep the
dictionary size compact to reduce the computation cost.
The speciﬁc procedure of learning a dictionary D for sparse representation of EPI is illustrated in Algorithm-2.
Algorithm-2 Dictionary learning for sparse representation
Input: Training EPI YN ×L , Initial dictionary DN ×M
Set:
Desired sparsity in sparse coding: k,
Iterations in learning: J,
Starting j: j = 0
Repeat: j ≤ J
1: Compute sparse solution X of EPI Y in current given dictionary
D by using OMP method and there are only k elements in each
row of X.
2: Based on the obtained sparse solution X, the updated dictionary
T
T −1
can be calculated by D(j+1) = Y X(j)
(X(j) X(j)
) .
3: Normalize each column of D to keep dTi di = 1.
Until: j > J
Output: dictionary D, sparse solution X

3.4.3

Reconstruction of Ray Space by Learned Dictionary

Next, the overcomplete dictionary mentioned in previous part is adopted
in compressed sensing framework.
In the sensing process, an EPI YN ×L is measured after it is projected
by a sensing matrix, ΨP ×N = [ψ1 , ψ2 , ...ψp ]T , where ψi ∈ RN , 1 ≤ i ≤ P .
The projected measurements ZP ×L = [z1 , z2 , ...zL ], where P < N , can be
formulated as ZP ×L = ΨP ×N YN ×L . Thus, the number of samples that are
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actually measured is reduced from N L to P L. Please note that L was the
number of training data in the previous learning procedure, but here we
refer to it as the number of EPI patches in the whole ray space which we
want to obtain.
Next, in the recovery stage, we consider to recover yi from zi , and
ﬁnally YN ×L . However, yi is not directly recovered, but the sparse representation xi is recovered in the ﬁrst place. The approximated sparse
representation x̂i is explored from zi and the merged matrix (ΨD)P ×M by
optimization with sparsity promotion as follows:
x̂i = arg min k zi − (ΨD)P ×M xi kl2 , subject to k xi kl0 ≤ ² (3.15)
xi ,1≤i≤L

Similarly, in order to ﬁnd the globally optimal solution for this problem
with l0 regularization, the exhaustive sweep has to be conducted through
( )
all the possible supports, Ns and it is also a NP-hard problem. Thus,
OMP is employed to search the sub-optimal solution. Then, from the
recovered x̂i , the EPI ŷi can be obtained from
ŷi = DN ×M x̂i .

(3.16)

Therefore, the learned dictionary has been integrated into the reconstruction of compressively sampled ray space. In the next subsection, we
will illustrate the experimental results.

3.4.4

Experimental Results

We ﬁrstly checked whether the proposed dictionary can have a sparser
representation of EPIs. Secondly, we simulated the sensed measurements
by using random sensing matrix, and then obtained the recovered EPIs by
adopting OMP method. The recovered results by the proposed dictionary
and other dictionary or basis were compared to show the advantage of the
proposed dictionary.
Two data sets, named as “Fuzzy” and “Kuma” were employed throughout the experiments. There were 64 viewpoints closely arranged and the
resolution of each viewpoint image was 640 × 480. One viewpoint images
(No.25) from both data sets are shown in Figure 3.19. All the 64 images
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(a) FVI in “Fuzzy”

(b) FVI in “Kuma”

Figure 3.19: FVIs in two ray spaces

(a) EPI in “Fuzzy” ray space

(b) EPI in “Kuma” ray space
Figure 3.20: EPIs in two ray spaces
were aligned together for each data set to construct the ray space with the
resolution of 640×480×64. Next, EPIs were generated by ‘cutting’ the ray
space horizontally, and the resolution of an EPI was 640 × 64, indicating
that there were 480 EPIs in the constructed ray space. EPIs from both
ray spaces are shown in Figure 3.20. It can be observed that the EPI
from ’Fuzzy’, which included more objects with diﬀerent depth, is more
complex than the EPI from “Kuma”. Each EPI was divided into 8 × 8
patches and each patch was unfolded to be a 64 × 1 vector yi . In addition,
the learned dictionary by the method of optimal direction (MOD) [98] is
illustrated in Figure.3.21.
Three candidates, orthogonal basis (DHT), 2D Gabor dictionary in
[101], and the learned dictionary are compared in terms of sparsity. The
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Figure 3.21: The illustration of dictionary by learning method
size of orthogonal basis is 64 × 64, and only the largest s coeﬃcients in
X are used for the approximation. The structured dictionary is highly
redundant with the size of 64 × 740 for “Fuzzy”and 64 × 610 for “Kuma”
ray spaces respectively. 5 The size of the proposed dictionary is only
64 × 128, which is much smaller than the structured dictionary, and it
is learned from 7200 random-chosen EPI patches in 20 iterations. In
Figure 3.22, the horizontal axis represents the desired sparsity s in sparse
representation, while the vertical axis corresponds to the error which is
evaluated by root mean square error (RMSE). Clearly, from the graphs,
the learned dictionary gets the best performance for both ray spaces and
achieves the least error for the same sparsity.
Next, the three candidates mentioned above are compared in the framework of reconstruction of ray space from compressive sampled measurements. A Gaussian random matrix is adopted as the sensing matrix for all
5

The original size of structure dictionary was huge, beyond 3000, due to the large
parameter space. To keep the dictionary size acceptable, we analyzed a statistics in
sparse coding and kicked out the atoms which were rarely used in representation.
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(a) Result for “Fuzzy” EPI

(b) Result for “Kuma” EPI

Figure 3.22: Sparse representation of EPI in orthogonal basis, 2D Gabor
dictionary and learned dictionary
the cases, and the sensing ratio R, which is the fraction between the number of sensed data and the number of original pixels, is set to 1/4, 3/8 and
1/2 respectively. The desired sparsity was set to s = 6 in the recovery of a
randomly selected EPI, and the reconstruction errors (PSNR values) are
compared among the three candidates. Since the sensing procedure was
random, we repeat the sensing and recovery for 10 times and the averaged
reconstruction errors are presented in Figure 3.23. From the graph, the
learned dictionary can achieve 3-5 dB improvement in average compared
to the 2D Gabor dictionary, and is much better than other orthogonal
bases.
Since the dictionary adopted above is learned from parts of “Fuzzy”
and “Kuma” ray spaces, it is better to adopt another dictionary that is
learned from other ray spaces. Thus, we adopt other ray spaces from
Stanford archives as training data set for dictionary learning. The comparison between the two dictionaries is illustrated in Figure 3.24. From
the graph, we can see the dictionary learned from other data set performs
worse than the dictionary learned from the same data, but it still has
advantage over other candidate method, such as Gabor dictionary and orthogonal basis (DHT). Thus we claim that the dictionary learning method
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(a) Result for “Fuzzy” EPI

(b) Result for “Kuma” EPI

Figure 3.23: Recovery results of two EPIs by using diﬀerent sensing ratios
is robust to the natural ray spaces, and the generally learned dictionary
is still valid to enhance the reconstruction quality of ray space. In the remaining comparison, we only adopt the dictionary learned from “Fuzzy”
and “Kuma” ray spaces for performance illustration.
All the recovered EPIs are stacked together to reconstruct the whole
ray space. Figures 3.25 and 3.26 present the generated FVIs from the
ray spaces that are reconstructed by using diﬀerent compressed matrices.
The sensing ratio was set as R = 50%. It is shown that the generated FVIs
by the learned dictionary have better subjective quality with higher PSNR
values than the other two candidates, which is consistent with the result
of sparsity comparison in Figure 3.22. Furthermore, the reconstruction
qualities of the two ray spaces are diﬀerent; “Kuma” is reconstructed
better than “Fuzzy” in the same condition. This is due to the complexity
diﬀerence between the two ray spaces; “Fuzzy” has more objects with
diﬀerent depths than “Kuma”, resulting in more complex structures in
the ray space.
Finally, we show a comparison among the three cases with respect to
the computational time required for the recovery of one EPI. We used a
PC with a 3.20GHz Intel(R) Core(TM) i7 CPU and 3.0 GB main memory,
and developed the software using Matlab 2013a without parallelization.
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(a) “Fuzzy” ray sapce

(b) “Kuma” ray space

Figure 3.24: The performance comparison between two dictionaries
learned from diﬀerent training data sets
As for “Fuzzy” EPI, the orthogonal basis, the designed 2D Gabor dictionary [101], and the learned dictionary consume 1.03s, 69.89s and 12.62s,
respectively. As for “Kuma” EPI, the computational time of three candidates are 1.11s, 55.84s, and 12.64s respectively. Obviously, the orthogonal
basis requires the smallest computational cost but it produces the worst
reconstruction result. Compared to the 2D Gabor dictionary, the learned
dictionary requires less computational cost and achieves better reconstruction quality.

3.5

Summary and Discussion

In this chapter, the compressive acquisition model of ray space was ﬁrstly
mentioned. Afterwards, in the reconstruction part, based on the assumption that if a signal can be more sparsely represented in certain dictionary
it can be better reconstructed from incomplete sampled measurements, we
proposed two types of dictionaries. One is generated from tunning parameter values of Gabor function, and the other is generated from dictionary
learning method. Both of two dictionaries achieved better performance
in terms of sparse representation of EPI and reconstruction of ray space
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(a) original FVI

(b) DHT basis (21.97dB)

(c) 2D Gabor dictionary (24.39dB) (d) Learned dictionary (30.47dB)
Figure 3.25: “Fuzzy” FVI from reconstructed ray space by using diﬀerent
compressed matrices
than the orthogonal bases. The main reason is that the number of atoms
in dictionary is enlarged, and the features of EPI can be well grasped by
either 2D Gabor dictionary or learned dictionary.
In comparison between the two dictionaries, the 2D Gabor dictionary
is an implicit dictionary and it saves memory in storage because only
several parameters are necessary. In contrast, learned dictionary is an
explicit dictionary and it requires large memory to store a whole matrix.
However, dictionary learning method is much more eﬃcient and the size
of dictionary is more compact. Thus, if the reconstruction quality is only
taken into consideration, dictionary learning method is a better option.
However, if the reconstruction speed is taken into consideration, overcomplete dictionary, such as 2D Gabor and learned dictionary, have no
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(a) original FVI

(b) DHT basis (23.09dB)

(c) 2D Gabor dictionary(30.03dB) (d) Learned dictionary (34.62dB)
Figure 3.26: “Kuma” FVI from reconstructed ray space by using diﬀerent
compressed matrices
advantage at all compared to orthogonal basis, such as 2D DCT, although
the learned dictionary is better than the 2D Gabor dictionary.
For one thing, the size of overcomplete dictionary is larger, thus it
results in higher computation in reconstruction. For another thing, orthogonal basis also allows fast computing algorithm, which helps it to win
the game of running speed.
Therefore, we would like to adopt orthogonal basis as the compressed
matrix for fast running speed, and try to get improvement in reconstruction quality of ray space by modifying other parts in reconstruction procedure. This idea leads us to the next chapter where we will ﬁnd other
priori information of ray space and discuss the question in detail.
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Chapter 4
Reconstruction of Ray Space
by Statistically Weighted
Model
In the previous chapter, we have adopted sparse representation concept
to enhance the reconstruction quality of ray space from incomplete sampled measurement. Two designed dictionaries worked quite well because
sparser representation could be obtained based on the assumption that
sparsity was an important prior in ray space representation and reconstruction. However, considering practical application, the slow speed of
reconstruction by learning based method is not suitable and acceptable.
Therefore, in this chapter, we attempt to look the problem in another
perspective. In order to achieve better reconstruction quality and faster
reconstruction speed, we propose a statistically weighted model in the reconstruction of compressively sampled ray space. This model can explore
the structure of ray space data in an orthogonal basis, and integrate this
structure into the reconstruction of ray space. In the experiment, the proposed model can achieve much better reconstruction quality for both 2D
image patch and 3D image cube cases. Especially in a relatively low sensing ratio, about 10%, the proposed method can still recover most of the
low frequency components which are of more signiﬁcance for representation of ray space data. Besides, the proposed method is almost as good as
the state of the art technique, dictionary learning based method, in terms
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of reconstruction quality, and the reconstruction speed of our method is
much faster. Therefore, the proposed method in this chapter achieves better trade-oﬀ between reconstruction quality and reconstruction time, and
is more suitable in the practical applications.

4.1
4.1.1

Motivation and Key Point
Motivation

In the application of compressed sensing to the reconstruction of ray space,
a random sensing matrix is usually adopted, and recently, several works
have started to consider other optimized sensing strategies [96, 102]. In
this chapter, however, we still adopt random matrix as the sensing matrix.
Next, there are two options in the selection of compressed matrix. One
is an orthogonal basis, such as a DCT basis, and the other is an overcomplete dictionary, which can be carefully designed by tuning a variety of
parameters or learned from training data. Thus, a trade-oﬀ between eﬀectiveness and eﬃciency appears. The orthogonal basis-based method enjoys fast computation in reconstruction and the compressed matrix does
not rely on any training data. However, the reconstruction quality by
this method is not quite satisfying because the structure of basis is ﬁxed
and can not be adaptive to speciﬁc features of target signal. On the other
hand, the overcomplete dictionary is more widely and successfully adopted
in the application of compressed sensing to ray space because of the high
quality of reconstruction. In last chapter, a structured parametric overcomplete dictionary was designed to be integrated in compressed sensing,
and better reconstruction quality was achieved than the orthogonal basis. Furthermore, besides the work in last chapter, in paper [96, 102–104],
dictionary learning method was also proposed to replace orthogonal basis and signiﬁcant improvement of reconstruction quality was reported.
The standing point actually was that if one signal could be more sparsely
represented in certain dictionary, better reconstruction quality would be
expected. However, the performance by using dictionary learning-based
method heavily depends on similarity between the learned dictionary and
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the data that we want to reconstruct. To make things worse, as far as
we know, most works above have sacriﬁced the reconstruction speed to
get better reconstruction quality in the trade-oﬀ problem. However, slow
reconstruction speed has become a great limitation in further practical
application, especially in portable devices.
Therefore, the proposed method in this chapter is still based on an orthogonal basis (2D-DCT or 3D-DCT) for its fast speed in reconstruction,
and we attempt to enhance the reconstruction quality by considering other
prior information. In fact, it has to be noted that all the works mentioned
above (dictionary learning-based method) payed no attention to explore
the prior probability of each non-zero element in ﬁnal sparse solution. In
other words, each atom in the learned dictionary was deemed to have
the same probability to be selected in the reconstruction. One reasonable
explanation is that there is no structure in one learned dictionary and
the positions of non-zero elements in sparse representation by overcomplete dictionary almost show uniform distribution, thus the probability of
atoms in dictionary has almost no diﬀerence. However, the fact is changed
as an orthogonal basis (especially DCT basis) is adopted. Since ray space
data are natural signal, the non-zero coeﬃcients present clear amplitude
structure in frequency domain where the amplitude of low frequency components are larger and the amplitude of high frequency components are
smaller. This amplitude structure can be used in the adjustment of prior
information of each non-zero element in sparse solution, and better reconstruction quality can be expected.

4.1.2

Key Point

In order to employ this prior information, a modiﬁcation in reconstruction process is necessary. Usually, as mentioned in chapter 2, in the reconstruction of compressed sensing, most works resort to l0 norm optimization which could be approximated by Orthogonal Matching Pursuit
(OMP) [61] or plain-l1 norm optimization which is also referred as Basis
Pursuit (BP) [105]. Recently, the author in paper [106] has also proposed
to adopt a weighted matrix based on iterative method in the reconstruc–71–
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tion, named as re-weighted method. However, the core idea in that work
was to enhance the sparsity of solution, but other prior information still
remained untouched. Besides, this method is not suitable to high dimensional data and the weight that is iteratively generated is heavily relied
on the accuracy of sparse solution. In addition, the reconstruction will
be quite time-consuming as iteration is conducted many times. The proposed method is similar as the work in paper [107], but obvious distinctions
can be found in three major places at least. In the ﬁrst place, the work
in [107] was dedicated to the problem of compressed video, and the probability model was established by previous frame. In contrast, our model
is blind to target ray space, and is abstracted from the statistical property of training data that are totally diﬀerent from the target data. The
second diﬀerence is that in the work [107] the probability was based on
the position of non-zero elements in sparse solution while the probability
in our work has strong relation with the amplitude of coeﬃcients in DCT
domain. The last but not the least, in the work [107] the prior assumption
was that the position change of non-zero element in sparse solution was
quite smooth whereas in our proposal we believe the importance (energy
concentration) of diﬀerent non-zero elements in frequency domain is quite
varied and has certain structure.
Therefore, the key points in this chapter are basically two manifolds.
First of all, we propose a statistically weighted reconstruction model which
modiﬁes the prior probability of non-zero elements in sparse solution.
Thus, we can enhance the reconstruction quality, even better than dictionary learning-based method, while the reconstruction time is greatly
reduced. In the second place, diﬀerent from other methods of designing
weighted matrix, the proposed weighted matrix has strong relation with
amplitude of sparse coeﬃcient and we also present a solution to solve the
weighted l1 norm reconstruction.

–72–

Chapter 4. Reconstruction of Ray Space by Statistically Weighted
Model

4.2

Statistically Weighted Model Design

Before we present the proposed method, the reconstruction of ray space
is written as
x̂ = arg min k zP ×1 − ΨP ×N ΦN ×N xN ×1 k2l2 +λ k xN ×1 kl1 ,
x

(4.1)

where the sparse representation x̂N ×1 is ﬁrstly estimated from the measurements zP ×1 . Later, the signal ŷN ×1 is recovered by ŷN ×1 = ΦN ×N x̂N ×1 .
Please note that N is the dimension of processing unit of ray space and P
is the number of measurements for this processing unit. Normally, P < N
so that the acquisition is compressive one.

4.2.1

Weighted Matrix Design

In this subsection, the proposed model is ﬁrstly targeted to 2D image
patch, and further we extend the scope to 3D image cube.
The proposed model is a modiﬁcation of Eq. (4.1), and the target
signal yN ×1 corresponds to each non-overlapped 2D image patch of a ray
space. The key point of our model is the adjustment of prior probability
of each non-zero element in sparse solution. Normally, it is observed that
the amplitude of sparse representation of ray space in DCT domain shows
certain structure, where the high frequency components are always getting
smaller value while the low frequency components tend to have larger
amplitudes. However, in the conventional reconstruction method, such as
plain l1 optimization, it only minimized the sum of absolute value of each
non-zero element in sparse solution. Thus, high frequency components are
more likely to be kept as the non-zero elements in the sparse solution in
reconstruction process, and this is totally contradictory with the fact that
the low frequency components of an image are much more signiﬁcant than
the high frequency components in sparse representation. Therefore, the
modiﬁcation on the prior probability model is necessary.
We propose to design the corresponding weights to change the prior
probability for diﬀerent frequency coeﬃcients to encourage the low frequency components and to constrain the high frequency components in
optimization process. In the speciﬁc design of the weighted matrix, a
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statistics is conducted from training data, and hence we name the proposed model as statistically weighted model.
√
√
First of all, several N × N non-overlapped 2D image patches from
ray spaces are ﬁrstly prepared as a set of training data. Each 2D image
2D √
patch, y√
, is unfolded to be one column vector yN ×1 in the columnN× N
major scan order. These vectors are used to form the training signal
matrix YN ×L = [y1 , y2 , . . . , yL ], where L is the number of columns in YN ×L
and yi ∈ RN . Similarly, the coeﬃcients given by xN ×1 = Φ−1
N ×N yN ×1
are gathered to form XN ×L = [x1 , x2 , . . . , xL ]. Please note that Φ−1
N ×N
corresponds to 2D-DCT and we only conduct statistical operation on the
coeﬃcients of training data in 2D-DCT domain, and this is totally diﬀerent
from any other training methods.
Here, we illustrate the derivation of the matrix Φ−1
N ×N and ΦN ×N that
correspond to forward (analysis) and backward (synthesis) 2D-DCT for
2D √
the original image patch. The 2D-DCT of a 2D image patch, y√
, is
N× N
written as
2D √
T
√
√
√
√
√
√ = F√
x2D
N × N y N × N (F N × N ) ,
N× N

(4.2)

√
√
√ includes the coeﬃcients in 2D-DCT domain, F√
where x2D
N × N repN× N
resents 1D-DCT in the vertical direction, and (F√N ×√N )T represents 1DDCT in the horizontal direction. As illustrated in Figure 4.1, the equivalent representation is given by xN ×1 = Φ−1
N ×N yN ×1 , where xN ×1 corre2D
2D √
√
√
sponds to x N × N , and yN ×1 corresponds to y√
. In this case, Φ−1
N ×N
N× N
is generated by two 1D-DCT matrices by Kronecker product, written as
√
√
√
√
Φ−1
N ×N = F N × N ⊗ F N × N ,

(4.3)

where “⊗” is the Kronecker product. Similarly, ΦN ×N is given by
ΦN ×N = (F√N ×√N )T ⊗ (F√N ×√N )T .

(4.4)

Then, we take the averaged spectrum energy of each row of XN ×L as
the indication in the design of weighted matrix because each row of XN ×L
corresponds to the same frequency component in 2D-DCT domain for
diﬀerent sample patches, representing the statistical property of sparse
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Figure 4.1: The illustration of equivalence between two types of 2D-DCT
representation. Thus, we can obtain the statistically averaged value of
spectrum vector S T = [s1 , s2 , ...sN ]T , where
1∑ 2 1
si = (
x ) 2 , i ∈ [1, N ].
L j=1 i,j
L

(4.5)

Next, the weighted matrix W can be designed by adopting the inverse
value of the corresponding average spectrum, written as Wt,t = st1+² , t ∈
[1, N ], where ² is a very tiny constant to ensure the denominator not to
be zero. One example of the weighted matrix for the case of 2D image
patch is visualized in Figure 4.2. The weighted matrix W is reconverted
to original 2D frequency domain (horizontal and vertical) of image patch
in the order of column-major scan, where W1,1 is placed in the upperleft corner while W64,64 is placed in the bottom-right corner. Finally, the
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(a) Visualization

(b) Surface

Figure 4.2: Visualization and surface of the statistically-weighted matrix
for l1 norm optimization.(2D image patch, N = 64)
reconstruction by adopting the statistical weighted model can be written
as
x̂ = arg min k zP ×1 − ΨP ×N ΦN ×N xN ×1 k2l2 +λ k WN ×N xN ×1 kl1 , (4.6)
x

4.2.2

Solution of New Model

In the following, we present how to solve the optimization by the new
model. Since the elements along the diagonal of designed W are non-zero,
there exists the inverse of W , written as W −1 . Next, we introduce x0 that
satisﬁes x = W −1 x0 , and the solution estimation is equivalently written as
x̂ = arg min
k zP ×1 − DP0 ×N x0N ×1 k2l2 +λ k x0N ×1 kl1 ,
0
x

(4.7)

where DP0 ×N = ΨP ×N ΦN ×N WN−1×N . Note that Eq. (4.7) is equivalent to
Eq. (4.1). Therefore, both of the optimizations can be solved by same tool.
The only diﬀerence is that DP0 ×N is used in the optimization problem and
the ﬁnal result xN ×1 is obtained by compensation of WN−1×N to the solution
x0N ×1 . The whole procedure is illustrated in Procedure-1.
Based on the procedure mentioned above, we extend the target signal
to 3D cube of ray space. Since a ray space includes three dimensional data
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Procedure-1: The whole simulation procedure of compressively
sampling and reconstruction of ray space
Compressively sampling stage:
Input: A non-overlapped image patch from ray space, yN ×1 , Sensing
matrix ΨP ×N .
Output: The measurement zP ×1 is directly obtained by zP ×1 =
ΨP ×N × yN ×1 .
Reconstruction stage:
1: Weighted matrix design
1) Training data selection: YNtraining
from Stanford light ﬁeld
×L
archives,
√
√
2) Analysis compressed matrix generation: Φ−1
N ×N = F N × N ⊗
√
√
F N× N ,
training
3) Forward transform: XN ×L = Φ−1
,
N ×N YN ×L

4) Statistical operation on obtained coeﬃcients:
∑
1
[s1 , s2 , ...sN ]T , where si = ( L1 Lj=1 x2i,j ) 2 , i ∈ [1, N ],
5) Weighted matrix generation: Wt,t =
non-zero, ² can be ignored.

1
,t
st +²
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=

∈ [1, N ]. If st is

2: Solution of optimization
6) x0 is introduced to satisfy x = W −1 x0 .
the
problem
is
equivalently
presented
as
−1
0
2
arg minx0 k zP ×1 − ΨP ×N ΦN ×N WN ×N xN ×1 kl2 +
λ k x0N ×1 kl1
7) Final result: x̂ = W −1 x̂0 .

ST

x̂0

Thus,
=

4.3. Experimental Results
at least1 , if the redundancy in the third dimension is considered, the reconstruction quality will be enhanced. Similar as the 2D case, 3D extension
involves the vectorization of 3D cube and 3D-DCT matrix generation.
√
√
√
Non-overlapped cube with size 3 N × 3 N × 3 N is taken as the processing unit. The total number of pixel in one 3D cube is N , and the
3D-DCT matrix is generated from three 1D-DCT matrices by Kronecker
product, written as
T
T
T
√
√
√
√
√
√
Φ−1
N ×N = (F 3 N × 3 N ) ⊗ (F 3 N × 3 N ) ⊗ (F 3 N × 3 N ) .

(4.8)

As the compressed matrix is generated, each cube is unfolded as a vector
for the following procedure, which is the same as the 2D image patch case.

4.3
4.3.1

Experimental Results
Implementation of Sensing Process

Before presenting the experimental results, we demostrate the implementation in the sensing part. Since the DC component contains most of
the energy of ray space, it is captured individually in the sensing stage,
and the remaining AC components are multiplexed as measurements by
sensing matrix Ψ. Similar as previous subsection, we present the sensing
strategy of 2D image patch and 3D image cube respectively.
In the sensing process of a 2D image patch, a matrix C 2D is designed
to take the remaining AC parts out of the target signal. The matrix C 2D
is represented as CN2D×N = IN ×N − N1 EN ×N , where IN ×N is an identity
matrix and EN ×N is a matrix whose elements are all one. Thus, the whole
sensing procedure is formulated as
] [
]
[
1
dc
T
z1×1
·
1
1×N
N
=
· yN ×1 ,
(4.9)
zP ×1
Ψ̃P ×N CN2D×N
where ΨP ×N is a randomly generated matrix, and 11×N means one vector
whose elements are all one. The complete sensing ratio is deﬁned as r̃ =
1

We only take horizontal direction in consideration of angular resolution. Of course,
our work can be easily extended to process a 4D ray space with both horizontal and
vertical angular resolutions.

–78–

Chapter 4. Reconstruction of Ray Space by Statistically Weighted
Model
(P + 1)/N . However, as N is large, r is almost same as r̃. Therefore, in
the following experiments, we only take the AC components, zP ×1 , into
consideration, and the sensing ratio r = P/N, 0 < r < 1 is adopted.
In the sensing process of a 3D cube of ray space, similar sensing implementation is conducted. The only diﬀerence is that for 3D cube case,
we observe M DC components, where M is the number of angular images
in this cube. Kronecker product is adopted in the construction of sensing
matrix, and one matrix C 3D is also deﬁned to distinct the AC and DC
2D
3D
components, where C(N
M )×(N M ) = CN ×N ⊗ IM ×M . Therefore, for the 3D
cube case, the sensing procedure is formulated as
[
] [
]
1
dc
T
zM
·
1
⊗
I
M ×M
×1
1×N
N
=
· y(N M )×1 .
(4.10)
2D
ΨP ×(N M ) (CN ×N ⊗ IM ×M )
zP ×1
Thus, similar as 2D case, the complete deﬁnition of the sensing ratio is
r̃ = (P +M )/(N M ). However, we roughly adopt r = P/(N M ), 0 < r < 1
as the sensing ratio for in the following experiments.

4.3.2

Setups for Experiments and Parameter Selection

In this subsection, we present our experimental setups and parameter
selection. We use a PC with a 3.20 GHz Intel(R) Core(TM) i7 CPU and
3.0 GB main memory to develop the software using Matlab 2013a without
parallelization, where l1 Magic package [70] is adopted for obtaining sparse
solution in reconstruction. In the test, we take our own data base “Kuma”
ray space and another sequence “Knight” from the Stanford archive with
the resolution of 640×480×8. Both of the ray spaces are shown in Figure
4.3. In the acquisition, we adopt a random sensing matrix ΨP ×N , whose
entries are extracted from the Gaussian distribution, ψi ∈ N (0, σ 2 ), to
multiplex the AC components of ray space. Considering the training data
set for the weighted matrix generation, ﬁve sequences from the Stanford
archives [108] are selected, and each sequence includes 8 angular images
with the resolution of 640×480 from diﬀerent perspectives. In the 2D case,
we select 5000 random patches from each sequence to form the training
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(a) “Kuma” ray space

(b) “Knight” ray space

Figure 4.3: One perspective image for two testing ray spaces
data set. In the 3D case, we select 600 random cubes from each sequence
to form the training data set.
In the reconstruction, the parameter λ is set as 0.005, and the processing unit is selected as a 8 × 8 patch and a 8 × 8 × 8 cube for the 2D and
the 3D case, respectively. Next, we present the details for the selection of
parameter λ and patch size. In order to save page, we take 2D image case
as example.
In the ﬁrst place, we discuss the eﬀect of parameter λ, which plays
the role to balance two terms in Eq. 4.6. Two sensing ratios, r = 0.1 and
r = 0.5, were selected for “Knight” ray space. The processing unit was set
to 8 × 8 patches. We present the variety of reconstruction quality as the
value of λ is changed in Figure 4.4 (λ = 10−4 × 2i , where i ∈ [0, 15]). It
is found that the proposed method consistently outperforms the plain l1
optimization for a wide range of λ. Moreover, the reconstruction quality
is not so sensitive to the change of λ. The value λ = 0.005 is a good
choice for the proposed and plain l1 optimization methods. Therefore,
we took this value throughout the experiment in Section 4 for simplicity,
although the optimal λ might be slightly changed depending on dataset,
the weighted matrix W , and the size of processing units.
In the second place, we discuss the selection of the size of processing
units. The choices of processing unit size are unlimited, because the unit
can take any size. Therefore, we picked up several candidate sizes to ﬁnd
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(a) r = 0.1

(b) r = 0.5

Figure 4.4: The illustration of variety of reconstruction quality as λ is
changed for 2D image case (“Knight” ray space)
some tendencies. We used 2D patches whose sizes are 4 × 4, 8 × 8, and
16 × 16. The weighted matrices were computed from the dataset according to the three diﬀerent patch sizes. We took “Kuma” ray space, and
set λ to 0.005 and the sensing ratio r from 0.1 to 0.5. The reconstruction
quality is illustrated in Figure 4.5(a). Clearly, reconstruction quality of
the proposed method is consistently better than the plain l1 norm optimization. It is also observed that the smaller size (4 × 4) performs better
at low sensing ratio while the larger size (16 × 16) performs better at high
sensing ratio. The performance of 8 × 8 patch size is marginal between
them for the proposed method. The computational time is illustrated in
Figure 4.5(b). If the patch size is small, the total number of patches
increases. While the patch size is large, the computational cost for each
patch increases. It is observed from the graph that 8 × 8 achieved the
best balance between the number of patches and computational cost for
each patch, resulting in minimum computational cost in total. Therefore,
8 × 8 is a reasonable choice in terms of reconstruction quality and computational time. For the 3D cube case, we simply adopted 8 × 8 × 8 as an
example although there are numerous possibilities.
In the next subsection, we present the numerical results to illustrate
the eﬀectiveness and eﬃciency of the proposed model.
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(a) Reconstruction quality

(b) Computation time

Figure 4.5: The illustration of reconstruction quality and computation
time at diﬀerent patch size for 2D image case (“Kuma” ray space)

4.3.3

Numerical Results

In the ﬁrst place, the comparison between our proposal (Weighted-l1 ),
plain-l1 and the method from [106] (Iterative weight) are presented. (Please
note that as the implementation from [106], only two iterations (computation for sparse solution) are conducted, where the ﬁrst one is used to
generate the weighted matrix and the second one is used to get the ﬁnal sparse solution.) As this is a simulation work, we have obtained the
ray spaces as original data, and compressively sampling operation is conducted with diﬀerent sensing ratios from 0.1 to 0.5 (0.1 ≤ r ≤ 0.5). We
take Peak of Signal Noise Ratio (PSNR) value to evaluate the distortion of
each reconstruction method. The averaged PSNR value of the recovered
ray spaces at diﬀerent sensing ratios are presented in Figure 4.6. As for
the method in [106], the weight is heavily relied on the accuracy of sparse
solution. Thus, as sensing ratio is relatively low, the accuracy of initial
sparse solution is also low, and the improvement by the addition of weight
is quite limited. As sensing ratio increases, however, especially over the
ratio r = 0.3, the accuracy of the ﬁrst sparse solution becomes higher,
resulting in better performance than plain l1 norm optimization. For our
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(a) “Kuma” ray space
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(b) “Knight” ray space

Figure 4.6: The comparison of reconstruction performance at diﬀerent
sensing ratios for two ray spaces (2D case)
proposed method, it always has great enhancement in reconstruction quality for both testing ray spaces, compared to the other two candidates. The
main reason is that our proposal resorts to the statistical operation and
the most signiﬁcant part, low frequency components, for signal presenting can be recovered even in low sensing ratio. Afterwards, we present
the results for the 3D case in Figure 4.7. Since the method in [106] is
not suitable to high dimensional data, the comparison between our proposal and plain l1 optimization is illustrated, and obviously our proposal
has great improvement. In addition, it is also illustrated that the 3D cube
case is much better than the 2D patch case, because 3D cube case exploits
three dimensional redundancy.
Next, we compare the reconstruction time of diﬀerent methods and
diﬀerent types of processing unit. Similar as the previous comparison, the
sensing ratio is also selected from 0.1 to 0.5 with the increment of 0.1.
Please note that the running time is only regarded as the time to estimate
the sparse solution, because this part is the main computation in the whole
reconstruction process. The result of 2D case is presented in Figure 4.8.
Our proposed method can reduce the reconstruction time by about 25%.
Besides, for the method in [106], another computation for sparse solution
is required, and hence the reconstruction time is higher than the one by the
–83–

4.3. Experimental Results
40

36

Plain−L1 (3D)
Proposal (3D)

34
32
PSNR value

PSNR value

35

Plain−L1 (3D)
Proposal (3D)

30

30
28
26

25

24
20
0.1

0.2
0.3
0.4
Different sensing ratios

0.5

22
0.1

(a) “Kuma” ray space

0.2
0.3
0.4
Different sensing ratios

0.5

(b) “Knight” ray space

Figure 4.7: The comparison of reconstruction performance at diﬀerent
sensing ratios for two ray spaces (3D case)
plain l1 norm optimization. As the iteration is extended, the computation
time will also increase correspondingly. For 3D cube case illustrated in
Figure 4.9, the proposed method can still cut the running time by 10%
compared to the plain l1 method. The main reason for the reduction of
computational time comes that the addition of weighted matrix promotes
faster convergent speed in the optimization.
In the following part, we present the subjective evaluation of the reconstruction quality for both 2D and 3D case. For “Kuma” and “Knight”
ray spaces, they are compressively sampled at low sensing ratio 0.1 and
high sensing ratio 0.5, respectively. The subjective evaluations are shown
in Figure 4.10, 4.11. The second row of each ﬁgure is the close-ups
for comparison in detail. It is observed that the proposed method has
improved a lot compared to the conventional plain-l1 norm optimization
method in both 2D and 3D cases. Especially in the case of low sensing
ratio, the proposed method can still have an acceptable reconstruction
quality, because our method promotes the low frequency component that
is of great importance for ray space data.
Finally, the comparison between our proposed method and dictionary
learning-based method in terms of reconstruction quality and reconstruction time is presented, respectively. Here, we only present the result of
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Figure 4.8: The reconstruction time at diﬀerent sensing ratios for two ray
spaces (2D case)
3D case. For dictionary learning-based method, the set of training data is
selected as the same as the one for weighted matrix generation, and, for
simplicity, Method of Optimal Direction (MOD) [98] is adopted as learning method with 50 iterations. The size of dictionary is chosen as 64 × 128
with the redundancy of 2. The comparison of reconstruction quality is
illustrated in Figure 4.12. For “Kuma” ray space, dictionary learning
method has advantage in reconstruction quality while for the “Knight”
case, our proposal is better than dictionary learning method. The main
reason is that dictionary learning-based method relies heavily on the similarity between training and testing sets. While our proposed method
is based on statistical property of training set, thus it is more stable in
reconstruction of diﬀerent ray spaces. Next, the reconstruction time is
also presented in Figure 4.13, and we can clearly see that the proposed
method has great advantage over the dictionary learning-based method.

4.4

Summary and Discussion

In this chapter, a statistically weighted model was proposed to enhance
the reconstruction performance of compressively sampled ray space. The
basic idea was that the sparsity of signal only presented part of prior
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Figure 4.9: The reconstruction time at diﬀerent sensing ratios for two ray
spaces (3D case)
information of signal. In addition, the amplitude structure of non-zero
elements in DCT domain was also utilized in our method. A statistical
operation was conducted to design a weighted matrix that reﬂected the
amplitude structure, and the weighted matrix was further integrated in
the reconstruction process. We discussed 2D patch and 3D cube cases, and
the proposed method achieved better results than the conventional one for
both cases. In addition, the reconstruction time by proposed method was
also reduced, compared to the conventional methods.
Furthermore, another comparison between the proposed method in
this chapter and the dictionary learning-based method in the previous
chapter was also presented. Clearly, there was a trade-oﬀ in aspects of
reconstruction quality and reconstruction time between the two methods. For reconstruction quality, dictionary learning-based method still
had advantage because the dictionary was adaptively learned. However,
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for reconstruction speed, the statistically weighted model was much faster.
Therefore, if fast reconstruction time is required in practical application,
the statistically weighted model is a better choice.
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Figure 4.10: Comparison of reconstruction quality among diﬀerent methods (r=0.1).
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Figure 4.11: Comparison of reconstruction quality among diﬀerent methods (r=0.5).
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Figure 4.12: Comparison of reconstruction quality between proposal and
dictionary learning-based method
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Figure 4.13: Comparison of reconstruction time between proposal and
dictionary learning-based method
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Chapter 5
Conclusions
In this thesis, based on the main purpose at the ﬁrst beginning, we have
analyzed the problem of compressive acquisition and reconstruction of ray
space motivated by the huge data problem in sensing process. In addition,
the quantitative relationship between necessary number of measurements
and the ﬁnal reconstruction quality has been explored. Besides, two novel
proposals dedicated to enhancing reconstruction quality at ﬁxed sensing
ratios have been discussed in previous chapters.
However, due to the time and capability of the author, there are many
limitations of the current proposals. In addition, there are also several
interesting areas that are worthy of taking proceeding. Combining the
limitations and following directions, we point out the important future
works.

5.1

What is All About for Conclusion

At the beginning, we posed the question that how could we capture light
(ray space) rather than the projection light. Then, in order to describe
ray space, the plenoptic function was also introduced for parameterization
of ray space. After that, the conception of computational photography
and several typical applications of ray space were discussed. Thus, the
eﬃcient and eﬀective acquisition of a ray space was quite necessary. By
the conventional acquisition method, the acquired data of ray space were
quite huge, especially at the dense sampling rate. As the resolution of
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ray space increases, the data problem becomes more serious. In addition,
even the huge amount of data could be obtained, compression had to be
also conducted before data transmission and storage. Therefore, in the
acquisition of ray space, we need to integrate acquisition and compression
together for eﬃciently capturing a ray space. Fortunately, the theory of
compressed sensing provided substantial theoretical support for our work,
and the theory was also roughly introduced so as to enable readers to
better understand the following contents.
If the background of ray space and compressed sensing are regarded
as the soil for fertilizing seeds, which are our proposals, the related works
are regarded as the tools for cultivation. During the related works, the
most signiﬁcant tool, lp norm optimization for reconstruction of ray space
was introduced. In addition, the available systems of acquisition were also
discussed in detail so that our contributions could be presented naturally.
The ﬁrst contribution is related to the combination of sparse coding
and reconstruction of ray space. After establishing acquisition model and
obtaining compressively sampled measurements of ray space, we endeavored to reconstruct the ray space. Since compressed sensing states that a
signal can be recovered from the incomplete samples if the target signal is
sparse by itself or sparse in other domains. Thus, we proposed to reconstruct a ray space from compressively sampled measurements by exploring
sparsity of ray space. Two types of dictionaries were proposed. One was
carefully designed by using Gabor function, thus the generated atoms in
2D Gabor dictionary matched the features of EPI that were basic processing unit of ray space so that better reconstruction quality was achieved.
The other dictionary was adaptively developed by learning from a set of
training data, thus the atoms from dictionary learning could be shaped
to grasp the features of EPI, and hence the reconstruction quality was
further enhanced. However, the two dictionaries mentioned above sacriﬁced reconstruction speed to gain the reconstruction quality, and the slow
reconstruction speed became an obstacle for real time applications.
The second contribution attempted to handle the trade-oﬀ between
reconstruction quality and reconstruction time. We found that the amplitude structure of coeﬃcients of ray space in DCT domain could provide
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other priori information in the reconstruction, and we proposed to adopt
a weighted matrix to reﬂect the structure and to integrate the structure
in the reconstruction process. In addition, we provided a solution for
the new reconstruction process so that the previous optimization solver
could be reused. The simulation results showed that the proposed method
achieved better reconstruction quality than the bench mark. In the comparison between weighed model-based method and dictionary learningbased method, both methods achieved similar performance (much better
than the bench marks) in terms of reconstruction quality. However, the
weighed model-based method had great advantage in aspect of reconstruction speed. Therefore, the second contribution gave a better trade-oﬀ
between reconstruction speed and reconstruction quality.

5.2

What is Still Missing for Future Works

In this section, we pick up several points as the future works. These
points are either extension of the current work in the thesis or provide
other directions based on the current results.

5.2.1

Extensions of the Contributions

Since there are two main contributions in this thesis, we discuss the corresponding extensions respectively. In the ﬁrst place, we proposed to
integrate overcomplete dictionary (designed or learned) into the reconstruction. Thus, to develop or to search sparser representation of ray
space under other dictionary can be one extension of our proposal. As the
new dictionary is found, better reconstruction quality is expected. In the
second place, in order to achieve a better trade-oﬀ between reconstruction quality and reconstruction speed, we proposed a weighted model to
grasp the amplitude structure of ray space in DCT domain. However, this
weighed model is an oﬀ-line model, which means it is static model that has
been ﬁxed in reconstruction. If the model can be obtained dynamically
during the reconstruction, better reconstruction quality can be achieved,
although computational cost has to be slightly increased.
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5.2.2

Optimized Sensing Strategy

In this thesis, only the random sensing matrix was adopted in the simulation of compressive acquisition. The main reason was that random sensing
matrix had a high opportunity to have the RIP satisﬁed. However, random sensing matrix was not the optimized sensing matrix, and it was just
a general choice. Several researchers have started to explore an optimal
sensing strategy for compressive acquisition. Based on the technique of
incoherent dictionary learning, an incoherent sensing matrix can be also
learned, and better reconstruction result can be expected. In addition,
other model such as Gaussian Mixture Model (GMM) has been considered in sequential sensing in order to obtain current optimal measurement
based on the previous acquired measurement. Therefore, the research on
optimized strategy is an interesting and open topic for designing the most
suitable sensing matrix to compressively capture a ray space.

5.2.3

Parallel Computing by GPU

In recent years, the high performance computation by Graphic Processing
Unit (GPU) or General Purpose Graphic Processing Unit (GPGPU) has
attracted great attentions in numerous researching ﬁelds, because the parallel computing is well supported on GPU platform. Since the reconstruction of ray space is quite time consuming on CPU, GPU will be a great
alternative to accelerate the reconstruction speed of ray space. More importantly, our processing unit for the reconstruction is the non-overlapped
patch of ray space and these patches can be processed individually. Therefore, the processing can be easily transferred to the GPU platform, and
the real-time reconstruction on GPU can be possible.

5.2.4

Optical System Design

We put the optical system design in the ﬁnal part because it is the ﬁnal target of this research. “Demo or Die” is one popular sentence in engineering
area, thus a prototype for illustrating the theories, algorithms, and methods mentioned in the thesis is of great signiﬁcance for our research. As
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mentioned in Chapter 2, there have been several systems available, such
as coded aperture, camera array system, reﬂection mirror system, and etc,
for ray space acquisition. However, a more eﬀective, more eﬃcient, and
more stable optical system is always highly desired.

5.3

Summary

By mentioning the main work in this thesis and pointing the limitations
of the work and future directions, we come to the conclusion of this thesis.
However, the work is far from ﬁnished. Instead, the work has just started,
and there are more spaces for further improvement, more applications for
wider development, and more works for deeper involvement.
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