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   Analytical model developed by the authors, using three-dimensional Rigid-Body-Spring-Method 

(RBSM) combined with a three-phase material corrosion-expansion model, was verified against 

experiments in the case of multi-rebar corrosion. The experiments of beams having multi-rebars were 

carried out by the other researchers using electric corrosion tests. The applicability of the analytical model 

was confirmed in terms of crack patterns, surface crack width and internal crack propagation due to 

multi-rebar corrosion. Moreover, a mechanism of crack propagation in concrete due to multi-rebar 

corrosion was investigated and compared with the case of single-rebar corrosion analytically. As a result, it 

was found that rebar spacing strongly affects  crack patterns and crack propagation mechanism of concrete. 

Internal cracks are dominant rather than surface cracks and the propagation of internal cracks combined 

with surface cracks may cause de-lamination of the concrete cover. 
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1. Introduction 
 

   Cracking of concrete due to rebar corrosion is a 

major deterioration behavior in concrete structures 

and it accelerates deterioration as well as causes 

de-lamination of the concrete cover. Therefore, the 

study to clarify cracking behavior due to rebar 

corrosion has been done by many researchers1,2).  

   Cracking propagation resulting from rebar 

corrosion in the case of single rebar specimens have 

been clarified experimentally and analytically. For 

example, Tsutsumi et al (1995) clarified the cracking 

patterns depending on ratio of cover thickness and 

rebar diameter of the single rebar corrosion 

experimentally3), which is, if the concrete cover is 

thick, cracks propagate from rebar to concrete 

surface in the shortest path and to horizontal 

direction, and if the concrete cover is thin, cracks 

develop diagonally to concrete surface and cause a 

spalling of concrete cover.  In the analytical study, 

finite element method have been usually performed 

in which corrosion expansion model is combined to 

simulate cracking propagation due to rebar 

corrosion4).   

   The authors have also analyzed the crack 

propagation of the single rebar corrosion specimens, 

in which the RBSM analytical model combined with 

the three-phase material corrosion expansion model 

was developed to evaluate crack propagation 

behavior5). Properties of corrosion products such as 

initial thickness and elastic modulus were 

recommended for the analytical model. Some effects 

on crack propagation such as local corrosion models 

and penetration of corrosion products into cracks 

were clarified analytically. The analytical results 

were qualitatively and quantitatively confirmed with 

the testing results such as crack patterns, internal 

crack length and crack width.  

   Several researchers carried out experiment of 

multi-rebar specimens using electric corrosion tests 

to evaluate cracking propagation such as crack 

patterns and crack widths6,7) , in which internal cracks 

join together between rebars due to multi rebar 

arrangement. Some analytical models using finite 

element method have also been proposed to simulate 

crack pattern and crack width in the case of 
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multi-rebar corrosion7), in which internal cracks 

significantly develop inside concrete in the case of 

multi-rebar corrosion. However, a crack propagation 

mechanism and effects on cracking propagation due 

to multi-rebar corrosion have not been clarified in the 

available literature. 

   In this study, the analytical model developed by the 

authors was confirmed against experiments of 

multi-rebar corrosion specimens carried out by other 

researchers using electric corrosion tests6,7). The 

analytical model shows its applicability to simulate 

crack propagation of multi-rebar corrosion 

specimens in terms of crack patterns, surface crack 

and internal crack propagation. Additionally, an 

analytical parameter study was carried out for 

multi-rebar corrosion specimens with varied rebar 

spacing to investigate effect of rebar spacing on 

crack patterns, crack propagation, crack joining and  

surface deformation of concrete cover.  

 

 

2. Analytical method 
 

   The discrete method using Rigid-Body- Spring- 

Method (RBSM) combined with the three-phase 

material corrosion model was developed by the 

authors
5)

. The main contents of the analytical 

development are briefly described as follows.  
2.1. Three- dimensional RBSM 

   The RBSM developed by Kawai employs the 

discrete numerical analysis method
8)

. Analyses of 

concrete or concrete structures using the RBSM were 

conducted by Bolander and Saito
9)

, Ueda et al.
10)

, 

Nagoya university group
11) and  Nagai et al.

12)
. 

   The RBSM represents a continuum material as an 

assemblage of rigid particle elements interconnected 

by zero-length springs along their boundaries as 

shown in Fig. 1. In this study, three-dimensional 

RBSM is used
13)

. Each element has six degrees of 

freedom at the center points. The boundary between 

two elements is divided into triangles formed by the 

center and vertices of the boundary. At each center 

point of a triangle, three springs- one normal and two 

shear springs- are set. The analytical model is divided 

into elements using Voronoi random polygons. In a 

RBSM model, crack widths can be automatically 

measured during analysis so it is convenient to 

directly calculate the volume of cracks in the analysis. 

It is possible to simulate complicated problems using 

the three-dimensional RBSM model.  

 

 
Fig. 1. Voronoi particles definition of RBSM model 

 

2.2. Concrete and rebar material model 

   Fig. 2 shows the concrete material models that are 

used in the analysis.  

   The tensile behavior of concrete up to the tensile 

strength is modeled as linear elastic. A bilinear 

softening branch is assumed after cracking as shown, 

in which ft is tensile strength, GF is tensile fracture 

energy and h is distance between centers of the 

Voronoi elements. 

   In the compressive model, the stress-strain 

relationship is parabolic up to the compressive 

strength f’c. The initial stiffness, E, is Young’s 

modulus of concrete. After the peak, the softening 

branch exists until failure. GFc is compressive 

fracture energy and it is calculated as follows
14)

: 

cf88
Fc

G '. ⋅=
 

(1) 

   Normal springs are set to represent the tensile and 

compressive properties of concrete. Strain of the 

normal springs is defined as follows: 

h

∆n
ε =   (2) 

where ε is strain of the normal springs and ∆n is 

normal relative displacement of elements of those 

springs. 

   Tangential (shear) springs represent the shear 

transferring- mechanism of concrete. Strain of the 

shear springs is defined as follows: 

h

∆s
γ =   (3) 

where γ is strain of the shear springs and ∆s is shear  

relative displacement of elements of those springs. 

   The shear strength is assumed to follow the Mohr- 

Coulomb type criterion with the tension and 

compression caps, in which, c is cohesion and φ is 

internal friction and τ is shear stress. The 

shear-fracture criterion is expressed as follows
15)

: 
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Fig. 2. Concrete material model 

 

   
After the shear stress reaches the yield strength, the 

stress moves on the yield surface until the shear strain 

reaches the ultimate strain γu. The force in the shear 

spring is released and the local stiffness is set to zero 

when the shear strain exceeds the ultimate strain. The 

ultimate strain is set to 4000µ in this study.  

   The shear transferring capacity at the cracked 

interface changes according to the crack opening. In 

order to take account of this effect, the shear stiffness 

is reduced by using a function of the strain normal to 

the crack as shown in the shear-reduction model in 

Fig. 2b, in which G is the shear stiffness. Springs set 

on boundary behave elastically until stresses reach 

the τmax criterion or the tensile strength ft 
11)

. 

   Rebar is modeled as linear elastic in the analysis 

with the modulus of elasticity being 200 GPa. 

  The three-dimensional analysis can simulate 

complex problems
16) such as longitudinal local 

corrosion along the length of rebar, pitting corrosion 

along the length of the rebar as well as the spalling 

behavior of concrete surface due to rebar corrosion. 

In these cases, a two-dimensional analysis cannot 

simulate reasonably. 

 

2.3. Corrosion expansion model 

   In the RBSM analytical model, the expansion of 

corrosion products is modeled as shown in Fig. 3. A 

three-phase material model including rebar, 

corrosion products and concrete is applied. The merit 

of the model is that the properties of corrosion 

products such as thickness (H) and elastic modulus 

(Er) are directly assumed. 

 

  
Fig. 3. RBSM corrosion expansion model 

 
   The corrosion products layer is modeled by an 

elastic material model with unloading occurs to the 

origin. Due to nature of the corrosion process, we 

assume that internal expansion pressure is only 

activated in the normal direction, so strain is applied 

only to the normal springs located on the boundary 

between the corrosion products layer and the rebar. 

Strain in the corrosion product layer is determined
17)

: 

H

UU
= ε cor

cor

−
  (5) 

 

where Ucor is real increase of the rebar radius 

corresponding to confinement of the concrete and U 

is  free increase of the rebar radius due to rebar 

corrosion. 

   On the other hand, shear stiffness of shears springs 

of the corrosion products layer is set nearly zero in 

the analysis to simulate free sliding of corrosion 

products layer in  shear direction. 

   Normal stress distribution in the corrosion products 

layer is determined based on the linear stress-strain 

relationship. Increment of a normal stress in the 

corrosion layer at each analysis step is determined as 

follows: 
)∆ε(Eσ 0rcor −= ε∆∆    (6) 

in which, 
H

Ucor∆
ε∆ =  is  increment of total strain and 

H

U
0

∆
ε∆ =  is increment of initial strain. 

   The internal expansion due to rebar corrosion is 

simulated using the initial strain problem with 

increment of initial strain in each analysis step, in 

which ∆U is an increment of the free increase U and 

is input data in each analysis step. 

   In this study, values of corrosion products 

properties such as layer thickness (H) and elastic 

modulus (Er) are 1 mm and 500 MPa respectively as 

recommended in our previous study
5)

.  

   Regarding the distribution of corrosion products on 

rebar section, the local corrosion HALF model as 

shown in Fig. 4 is assumed in the analysis as 

discussed in the previous study
5)

 and observed in 

some tests 
18)

. 

 
Fig. 4. Local corrosion model 
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corrosion products into cracks was considered. This 

effect caused the degradation of corrosion products 

volume after crack initiation and propagation. This 

effect influenced the propagation of crack width as 

clarified in the previous study. In this paper, the 

penetration of corrosion products into cracks is not 

taken into account because this study focuses on the 

propagation of  crack pattern due to multi-rebar 

corrosion. 

   In the analysis, mesh sizes of the Voronoi particles 

are 5 mm in the cover thickness and 40 mm in the 

other areas. The another arrangement of the Voronoi 

particles was tried to confirm the similarity of the 

analytical results. 

 

 

3. Verification of analytical model  
3.1. Verification of crack patterns 

   The electric corrosion test results  carried out by   

Murakami et al
6)

 is used to verify crack patterns and 

surface crack width in the case of multi-rebar 

corrosion. Analyzed specimens are series S0 having 

3 D16 rebars with the setting dimensions shown in 

Fig. 5. The external rebars were labeled L,R and the 

internal one was labeled M in the specimens.  

 

 
Fig. 5. Specimens of series S0  (Murakami et al.) 

 

   Specimens were tested until average rebar 

corrosion ratios reached 10.2% (S0-10), 18.6% 

(S0-20) and 26.4% (S0-30). Before starting the 

electric corrosion test, the concrete compressive 

strengths were 31.6, 35.5 and 26.2 MPa 

corresponding to specimens with rebar corrosion 

ratios of 10.2%, 18.6% and 26.4%. After finishing 

the electric corrosion test, crack patterns were 

observed on the bottom surface of specimens and on 

the ends of specimens. Surface crack width along the 

external rebars was also measured for each case of 

rebar corrosion ratio. 

  3D-RBSM model of the specimen is shown in Fig. 6. 

Due to limitation of numerical computation, the 

specimen’s length is modeled as 100 mm in the 

analysis. Specimens are simply supported on the 

other side of the concrete cover as shown in Fig. 6c. 

   Concrete material properties used in the analysis 

are f’c=31.0 MPa, ft=1.92 MPa, E=26.2 GPa and 

GF=0.04 N/mm. 

 
Fig. 6. RBSM model of specimen S0 

     Fig. 7 and Fig. 8 shows crack patterns on bottom 

surface and beam ends in the analysis and the 

experiment respectively. Analytical surface cracks 

on bottom surface at rebar corrosion ratio 10.2% (in 

Fig. 7b) only appear along external rebars over the 

specimen length which totally agree with the test 

results shown in Fig. 7a.  

 
Fig. 7. Cracks on bottom surface  

 
Fig. 8. Cracks on beam end 

 

   On the beam ends, analytical cracks are obtained at 

rebar corrosion ratios as of 10.2%, 18.6 % and 26.4% 

and shown in Fig. 8b. There is no crack under M 

rebar on the concrete cover and cracks between  L,R 

rebars and  M rebar are dominant. Internal cracks 

propagate from the external rebars toward the 

specimen sides; the internal cracks reach specimen 

sides when the rebar ratio as 26.4% and they are 
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longer than the ones when the rebar ratio as 18.6%. 

Again, the analytical cracks appear agreement with 

the experimental ones shown in Fig. 8a.  

   Surface crack width along L, R rebar is also 

measured in the analysis. The propagation of surface 

crack against increase of rebar corrosion ratio is 

shown in Fig. 9. The analytical crack width also 

agree with the experimental one, in which surface 

crack width initiates after a particular value of rebar 

corrosion ratio and then rapidly increase 

corresponding to increase of corrosion ratio. 

 

 
Fig. 9. Surface crack width (along L, R rebar) 

 

3.2. Verification of internal crack 

propagation 
   The electric corrosion test results carried out by   

Admed et al
7)

 is used to verify propagation of internal 

crack in the case of multi-rebar corrosion.  

   In the experiment, internal strain is measured using 

a 70 mm long concrete embeddable fiber-optic strain 

sensor (FOSS) as shown in Fig.10. 

 
Fig. 10. Specimen dimension and FOSS set-up (Admed et al.) 

  

   With this set-up, the FOSS strain is directly 

proportional to internal crack width between the 

external rebar and the middle one. The concrete beam 

having three D16 rebars was accelerated by a 

corrosion test. The compressive strength of concrete 

was 40 MPa before the corrosion test. 

   3D-RBSM model of the specimen and a position to 

measure internal crack are shown in Fig. 11. 

Specimen’s length is also modeled as 100 mm. 

Concrete material properties used in the analysis are 

f’c=40.0 MPa, ft=3.35 MPa, E=32.3 GPa and 

GF=0.07 N/mm. A merit of RBSM model is that 

internal crack width can be directly obtained  during 

the analysis.  

 

   
Fig. 11. RBSM model of specimen 

 

 
Fig. 12. Analytical internal strain  

   Fig. 12 shows analytical strain against the 

experimental FOSS strain gauge’s values. The 

analytical FOSS strain is obtained by dividing the 

crack width (measured in the analysis) for the 

distance between the measuring pre-input elements, 

i.e. 70 mm. So, this is an average value in the analysis 

which is similar to the measurement way in the 

experiment. Rebar corrosion ratio is smaller than the 

results of Murakami’s test. The analytical strain 

shows reasonable agreement with the experimental 

value, that is internal strain initiates when rebar 

corrosion ratio around 1.5% and then it speedily 

propagate when the corrosion ratio increases. 
   The above verifications prove the applicability of 

the RBSM analytical model in simulation of crack 

propagation in the case of multi-rebar corrosion 

specimens. The applicability is shown qualitatively 

and quantitatively. 
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4. Effect of rebar spacing on crack 

propagation 
 

   In this part, a mechanism of crack propagation due 

to multi-rebar corrosion is discussed. 

   In order to investigate effect of rebar spacing on  

crack patterns in the case of multi-rebar corrosion, 

the specimen in the Murakami’s experiment is 

simulated again with varied rebar spacing 

dimensions which are varied from 40 mm to 200 mm 

as shown in Fig. 13. Other dimensions from rebars to 

specimen surfaces are kept constant to eliminate 

other effects caused by these factors
19)

. Specimen 

Sr-60 is the same as the specimen series S0. 

   Moreover, a specimen with single-rebar arranged 

in the middle of the specimen and the other 

dimensions are the same with specimen Sr-60 is 

simulated to compare its behavior with the 

multi-rebar corrosion specimens.  

 

 
Fig. 13. Specimens with varied rebar spacing 

 

 

 
Fig. 14. Surface deformation development     Fig. 14 shows bottom surface deformation of the 

specimens with varied rebar spacing at several rebar 

corrosion ratios.  In the single rebar specimen, the 

maximum deformation is at the middle of specimen 

which is coincide with the rebar position. With the 

increasing rebar corrosion ratio, deformed area is 

expanded and the surface deformation is increased. 

In the multi-rebar corrosion specimens, there are 

three types of surface deformation shape due to 

different rebar spacing at corrosion ratio of 1.9%. In 

specimen Sr-40, the maximum deformation is at the 

middle of specimen and then it develops with 

increase of corrosion ratio which is similar to the 

single-rebar corrosion specimen. In specimen Sr-60, 

the surface deformation is in a trapezium shape with 

the changing slope at the L,R rebar position. In 

specimen Sr-200, initially, surface is bent similar to 

the single-rebar corrosion case at each rebar position. 

With further increase of rebar corrosion ratio, surface 

deformation is increased and changed to a trapezium 
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shape with the changing slope at the L,R rebar 

position.  Then, the surface deformation increases 

and changes with a slope reduction at M rebar 

position. Furthermore, the value of  deformation in 

multi-rebar corrosion specimens is larger than the 

value of the single-rebar corrosion specimen. It is 

obviously understood that the crack propagation 

mechanism of the  multi-rebar corrosion specimens is 

different  from the one of the single rebar specimen. 

Regarding the width of the surface deformed area, in 

the case of Sr-40, it is noted that the surface 

deformation width seems to be 200 mm and no 

change although the rebar corrosion ratio increases. 

It is due to the propagation of internal cracks 

reaching the specimen width limitation as shown in 

this figure, i.e. 200 mm, in the early stage of rebar 

corrosion. So that, the width of deformed area did not 

expand more than 200 mm width.  

 

 
Fig. 15. Propagation of surface crack width (External and Middle)  

 
Fig. 16. Propagation of surface crack and internal crack 

 

   Fig. 15 shows propagation of surface crack width 

measured below L,R rebar (external surface cracks) 

and M rebar (middle surface crack) against increase 

of rebar corrosion ratio. In specimen Sr-40, the 

middle surface crack is dominant corresponding to 

the surface deformation shape. In specimen Sr-60 

and specimen Sr-200, external surface crack is 

dominant. The middle surface crack of Sr-60 

increases then keeps its width unchanged after 

corrosion rebar ratio of 1.5%. The middle surface 
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crack of Sr-200 rapidly increases after the initiation 

and then reduces its width at rebar corrosion ratio of 

2.5% due to the changing surface deformation at M 

rebar as shown in Fig. 14. The tendency of specimen 

Sr-40 is different from the one of Sr- 60 and Sr-200 

because due to the closer rebar spacing, specimen 

Sr-40 behaves similarly to the single-rebar specimen, 

in which the maximum surface crack opening is at 

the specimen centre. This behaviour can be 

understood from the surface deformation shown in 

Figure 14.a.    Fig. 16 shows propagation of surface crack width 

and internal crack width against increase of rebar 

corrosion ratio. Surface crack width is measured 

below L,R rebar of specimen Sr-60 and Sr-200 and 

below M rebar of Sr-40 and the single-rebar 

specimen. Internal crack width is measured between 

L,R rebar and M rebar in the multi-rebar specimens. 

In the single-rebar specimen, internal crack width is 

measured at the position as the same as the one in 

Sr-60. The diagrams showing crack measuring 

positions are also added in this figure for clarity. In 

the single-rebar specimen, surface crack width is 

larger than internal crack width. On the other hand, in 

the multi-rebar specimens, internal crack width is 

basically larger than the surface crack width. In the 

case of specimen Sr-40, surface crack width and 

internal crack width are almost the same. In the later 

stage of specimens Sr-60 and Sr-200, internal crack 

width is larger than the surface crack width. Surface 

crack width and internal crack width of  specimen 

Sr-40 are bigger than the ones of specimen Sr-60 and 

specimen Sr-200. Therefore, in the multi-rebar 

corrosion cases the propagation of internal cracks 

should be noted because internal cracks are not easy 

to observe in the maintenance process.    Fig. 17 represents the indication of crack width in 

the analysis using stress-crack width relationship. 

The colors (green, yellow and red) represent crack 

width values corresponding to the concrete tensile 

model, in which the range of red color corresponds to 

large cracks (larger than 0.15 mm width), the yellow 

one corresponds to 0.02 mm-0.15 mm wide cracks 

and the green one to minor cracks.    Fig. 18 shows crack development at  several rebar 

corrosion ratios for all specimens. For clarity, the 

specimens are shown upside down with the rebars on 

the top side. At rebar corrosion ratio about 0.5%, 

minor cracks occur around rebars. The minor cracks 

distribution are similar in specimen Sr-60, Sr-200 

and the single-rebar specimen. On the other hand, in 

Sr-40 specimen, minor cracks join between the 

rebars and distribute on the surface. The effect of 

rebar spacing is already observed for narrow rebar 

spacing case. At rebar corrosion ratio about 1%, 

internal cracks join together between L,R rebar and 

M rebar for small rebar spacing specimens (Sr-40, 

Sr-60). Then, they develop to larger cracks (red 

color). Surface cracks initiates along L,R rebar in 

specimen Sr-60 and specimen Sr-200 and along M 

rebar in specimen Sr-40 corresponding to the 

bending of surface. This means that internal cracks 

have already developed when visible surface cracks 

are observed. In specimen Sr-200, internal cracks 

become larger after the joining cracks between the 

rebars at corrosion ratio of 2.5%, the internal cracks 

are significant dominant in this case rather than 

surface cracks. In comparison with the single-rebar 

corrosion, the multi-rebar corrosion causes large 

internal cracks to be formed earlier, for example, at 

rebar corrosion ratio of 1.9%, there are significant 

amount of large cracks (red color) are formed in 

Sr-40 and Sr-60 rather than the ones of single rebar 

specimen. This is the effect of multi-rebar 

arrangement. That is, internal cracks propagate from 

each rebar to the horizontal direction, internal crack 

width increases due to the interference of cracks. 

Therefore, in the single rebar corrosion, the surface 

crack width is larger than the internal one but in the 

multi-rebar cases, the internal crack is larger than the 

surface one. 

 

 
Fig. 17. Indication of crack width  
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Fig. 18. Crack development     

   Deformation of specimens at rebar corrosion ratio 

5.3% are shown in Fig. 19, in which the specimen are 

shown upside down. Crack patterns are also 

understood from the deformation, because the 

deformation is occurred by the separation between 

rigid bodies in RBSM. Crack patterns on the beam 

ends are significantly affected by the rebar spacing. 

Surface cracks appears along M rebar in specimen 

Sr-40. Cracks also appears along L,R rebars in 

specimen Sr-40 but they are not dominant as the one 

along M rebar. In specimen Sr-60, surface cracks 

appear along L,R rebar. Surface cracks along M rebar 

do not propagate. In specimen Sr-200, the surface 

cracks behave similarly with the ones of specimen 

Sr-60. In specimens Sr-60 and Sr-200, the middle 

parts of cover concrete seem to be delaminated due to 

propagation of internal cracks between rebars and 

cracks along L, R rebars. 

 

 
Fig. 19. Specimen deformation at rebar ratio 5.3% (magnification= 5) 
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5. Conclusion 
  

The purpose of this study is to analyze crack 

propagation due to multi-rebar corrosion using the 

3D-RBSM analytical method, to investigate the 

effect of rebar spacing on to crack patterns, and to 

clarify a cracking mechanism of multi-rebar 

corrosion specimens. The following summary and 

conclusions were derived from the study. 

  

(1) The applicability of the analytical method was 

confirmed by the experimental results in terms of 

crack patterns, surface crack width and internal 

crack width propagation. 

(2) In the case of multi rebar-corrosion, internal 

cracks joined together between rebars and 

developed to large cracks earlier than the ones in 

the single-rebar corrosion.  

(3) Rebar spacing significantly affects the crack 

patterns and crack propagation in the case of the 

multi-rebar corrosion. 

(4) The dominant and the propagation of internal 

cracks tend to cause de-lamination of the 

concrete cover in the multi-rebar corrosion.  

(5) The cracking behavior derived in this study is 

based on some assumption mentioned in this 

study such as constant concrete cover 

parameters. In order to apply the outcome of this 

study to a general case of structure it is necessary 

to consider effects of other parameters. The 

outcome of this study may be useful for the 

maintenance process of an existing structure. 

That is, due to the difference of the rebar spacing, 

the internal damage situation may be different. 

So, the internal damage cannot adequately 

evaluate if the investigation is only based on the 

surface condition as being done in several current 

maintenance processes.  
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