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Abstract The present paper introduces a numerical

solution to shape optimization problems of domains in

which boundary value problems of partial differential

equations are defined. In the present paper, the finite

element method using NURBS as basis functions in the

Galerkin method is applied to solve the boundary value

problems and to solve a reshaping problem generated by

the H1 gradient method for shape optimization, which

has been developed as a general solution to shape opti-

mization problems. Numerical examples of linear elas-

tic continua illustrate that this solution works as well

as using the conventional finite element method.

Keywords Calculus of variations · Boundary value

problem · Shape optimization · Isogeometric analysis ·
NURBS · H1 gradient method

1 Introduction

Shapes of numerical models in 3D-CAD are defined us-

ing non-uniform rational B-spline (NURBS) functions.

On the other hand, for solving boundary value problems

of partial differential equations, C0 class functions are

used as the basis functions in the standard finite ele-

ment method. More precisely, polynomials of piecewise

lower-order in each finite element and non-smooth be-

tween finite elements are used to represent geometric

shapes, solution and test functions in the isoparametric
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finite element method. This difference becomes a seri-

ous problem in case slight difference in boundary shape

affects on cost functions. Even if in case a finite ele-

ment model is constructed automatically from a CAD

model[37], since the numerical result of the finite el-

ement model does not agree with the strict result of

the CAD model, this miss match becomes a barrier in

analyzing the strict optimal shape.

In order to avoid this miss match, Hughes et al.

[18,13] presented an isogeometric finite element method

in which the NURBS functions are used as the basis

functions of isoparametric elements in the finite ele-

ment method. A number of shape optimization methods

using the isogeometric finite element model have been

proposed. Wall et al. [40] demonstrated the numerical

solvability of a shape optimization problem formulated

by selecting the coordinates of control points as design

variables. They computed derivatives of cost functions

with respect to design variables using the chain rule

of differentiation and applied a standard optimization

algorithm to the subproblem constructed by the ob-

tained derivatives. Cho et al. [11,14] presented a nu-

merical method for computing the derivatives of cost

functions with respect to the coordinates of control

points by using the velocity field due to the variation of

each control point in the formulae of shape derivatives

for domain and boundary integrals. Seo et al. extended

the approach of shape optimization by selecting the co-

ordinates of control points as design variables to the

topology optimization problem using trimming spline

curves[33]. An approach of shape optimization using

the boundary integral equation method in isogeomet-

ric formulation was presented by Li et al.[27]. Appli-

cations of the isogeometric finite element method were

presented to vibrating membranes by Manh et al.[28],

and to photonic crystals by Qian et al.[42].
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On the other hand, viewing the shape optimization

problem as a nonparametric problem, in which map-

ping from an initial domain to a new domain is selected

as a design variable, the shape optimization problem

is found to be irregular because the regularity of the

shape derivatives of cost functions with respect to do-

main variation is less than the regularity required in

order to maintain the original regularity of the ini-

tial domain[10,38,9,8,46,45,31,16,39,17,15]. In order

to compensate for the lack of regularity of the shape

derivative, some methods were presented. Mohammadi

et al. proposed a method to remake smooth boundary

by using the Laplace operator on boundary[29]. An-

other method introducing the Tikhonov regularization

term in cost function was presented by Yamada et al.

in the level set approach[43]. Nagy et al. proposed a

method using a shape change norm in shape optimiza-

tion problems of elastic arches[30].

To secure the regularity, another method has been

developed by the authors by using the gradient method

in Hilbert space H1
(
Ω;Rd

)
for d ∈ {2, 3}-dimensional

domains Ω[2,4,5,22]. In this method, domain variation

is obtained as a solution to a boundary value problem

of an elliptic partial differential equation, such as a lin-

ear elastic problem defined in the original domain using

the Neumann condition with the negative value of the

shape derivative on the boundary. Since the Neumann

condition can be considered as a fictitious traction, we

called this method the traction method. This method

is similar to methods producing domain variations by

fictitious forces[7,44,32]. However, those methods are

formulated using parametric design variables of nodal

displacements, while the traction method is formulated

using non-parametric design variable of domain varia-

tion. Moreover, the traction method is basically differ-

ent from the method using the fictitious linear elastic

solution in which the shape derivative is used as the

Dirichlet condition[12]. The applications of the trac-

tion method to various shape optimization problems

in engineering are reported in [34,6,19,24,35,23,36,25,

26,20,21]. Moreover, we previously presented a simi-

lar method, referred to as the H1 gradient method,

for a topology optimization problem of density type[3].

Then, in the context of the H1 gradient method for the

topology optimization problem, we refer to the traction

method as the H1 gradient method for the shape op-

timization problem. The definition of the H1 gradient

method and the solution obtained using this method

are described herein.

Since the H1 gradient method is independent of the

numerical method used to solve the boundary value

problems, considering the applicability to CAD models,

we can choose the isogeometric finite element method
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0
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Fig. 1 Initial domain Ω0 and variation domain Ω (ϕ)
.

to use in solving the boundary value problems. In the

present paper, we present a numerical scheme to solve

shape optimization problems of linear elastic continua

using the isogeometric finite element method and nu-

merical result of the mean compliance minimization

problem for an example. By replacing the shape deriva-

tive with appropriate ones, the numerical scheme is ap-

plicable to various shape optimization problems.

2 Boundary value problem

Let us define an admissible set of design variable and a

set of solution to a boundary value problem.

2.1 Initial domain

Let Ω0 be a d ∈ {2, 3}-dimensional bounded and fixed

domain, as shown in Fig. 1. To define a boundary value

problem in Ω0, its boundary ∂Ω0 is required at least

to be a Lipschitz boundary, i.e. the W 1,∞ class. In the

present paper, we use the notation W s,p
(
Ω0;Rd

)
as

the Sobolev space for the set of functions defined in

Ω0, having value of Rd, and being s ∈ [0,∞] times dif-

ferentiable and p ∈ [1,∞]-th order Lebesgue integrable,

and call its smoothness W s,p class. In the present pa-

per, since we use boundary integral formulae for shape

derivatives in Eqs. (7) and (8), we assume the piecewise

C1 class, that is denoted by C1
pw class, for ∂Ω0 to define

the normal ν. We assume that ΓD0 ⊂ ∂Ω0 is the Dirich-

let sub-boundary as |ΓD0| > 0, that ΓN0 = ∂Ω0 \ Γ̄D0 is

the Neumann sub-boundary, and that Γp0 ⊂ ΓN0 is the

sub-boundary for the nonhomogeneous Neumann con-

dition. In the present paper, we use the |·| notation for

domain and boundary as the measure, (̄·) notation as

the closure, and \ as the set minus operator. Moreover,

we assume that Γp0 is of the C2
pw class to define the

curvature κ = ∇ · ν in Eq. (7).
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2.2 Set of domain mappings

Let ϕ : Ω0 → Rd be the domain variation from the

initial domain Ω0 belonging to W 1,∞ (
Ω0;Rd

)
because

of maintaining Lipschitz boundary in new domain, and

let

F (ϕ) = ϕxT =

(
∂ϕi

∂xj

)
∈ L∞ (

Ω0;Rd×d
)
, (1)

ω (ϕ) = detF (ϕ) ∈ L∞ (Ω0;R) (2)

be the Jacobi matrix and the Jacobian of ϕ with re-

spect to x ∈ Ω0, respectively. In the present paper, let

(·)x denote ∂ (·) /∂x. We define the Banach space for ϕ

using function composition ◦ for addition as follows:

Φ =
{
ϕ ∈ W 1,∞ (

Ω0;Rd
) ∣∣∣ ess inf

x∈Ω0

ω (ϕ) > 0

ϕ is C1
pw class on ∂Ω0 and C2

pw class on Γp0

}
, (3)

and the admissible set for ϕ as follows:

O =
{
ϕ ∈ Φ

∣∣∣ ∥ϕ− ϕ0∥1,∞ < 1
}
,

where ϕ0 is as identity mapping, e.g., ϕ0 (x) = x for

x ∈ Ω0. ∥ϕ− ϕ0∥1,∞ = ∥ϕ− ϕ0∥W 1,∞(Ω0; Rd) < 1 is

used so that ϕ ∈ O is a one-to-one mapping. We use the

notation Ω (ϕ) = {ϕ(x) | x ∈ Ω0, ϕ ∈ O}, Γp (ϕ) =

{ϕ(x) | x ∈ Γp0, ϕ ∈ O}, etc.

2.3 Linear elastic problem

As a boundary value problem, let us consider a linear

elastic problem encountered in engineering. Let D ⊃
Ω (ϕ) be a sufficiently large fixed domain, and let b,

p, and uD be fixed functions as D → Rd, denoting the

body force, traction, and given displacement, respec-

tively. Moreover, let C : D → Rd×d×d×d be an elliptic,

bounded function denoting the stiffness, i.e., there ex-

ists α, β > 0 such that

ξ ·Cξ ≥ α ∥ξ∥2 , |ξ ·Cη| ≤ β ∥ξ∥ ∥η∥

for all ξ,η ∈
{
ξ ∈ Rd×d

∣∣ ξ = ξT
}

in D. The linear

strain and Cauchy stress are denoted as follows:

E (u) =
1

2

(
∇uT +

(
∇uT

)T)
,

T (u) = CE (u) .

Let us set U = H1
(
Ω (ϕ) ;Rd

)
as the function space

for displacement to guarantee existence of an unique

solution to weak form of a linear elastic problem using

well-suited given functions, ν as the unit outer normal,

and write the linear elastic problem as follows:

Problem 1: Linear elastic problem For ϕ ∈ O,

find u ∈ U such that

−∇ · T (u) = bT in Ω (ϕ) ,

T (u)ν = p on Γp (ϕ) ,

T (u)ν = 0 on ΓN (ϕ) \ Γ̄p (ϕ) ,

u = uD on ΓD (ϕ) .

Setting the Lagrangian for Problem 1 as

LBV (ϕ,u,v) =

∫
Ω(ϕ)

(−T (u) ·E (v) + b · v) dx

+

∫
Γp(ϕ)

p · v dγ

+

∫
ΓD(ϕ)

{(u− uD) · T (v)ν + v · T (u)ν}dγ (4)

for u,v ∈ U , the solution u to Problem 1 is a stationary

point such that

LBV (ϕ,u,v) = 0

for all v ∈ U .

3 Shape optimization problem

Let us formulate a shape optimization problem. We call

f0 (ϕ,u) = −
∫
ΓD(ϕ)

(T (u)ν) · uD dγ

+

∫
Ω(ϕ)

b · u dx+

∫
ΓN(ϕ)

p · u dγ (5)

the mean compliance and

f1 (ϕ) =

∫
Ω(ϕ)

dx− c1 (6)

the constraint function for the domain measure, where

c1 is a positive constant such that f1 (ϕ) ≤ 0 for some

ϕ ∈ O.

Problem 2: Mean compliance minimization prob-

lem Let f0 (ϕ,u) and f1 (ϕ) be as defined in Eqs. (5)

and (6), respectively. Find ϕ, such that

min
ϕ∈O

{f0 (ϕ,u) | f1 (ϕ) ≤ 0, Problem 1,u ∈ U} .
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4 Shape derivative

In order to solve Problem 2 by a gradient-based method,

the Fréchet derivatives of the cost functions with re-

spect to the variation of the design variable are re-

quired. Let us φ denote variation of ϕ such that φ ◦
ϕ ∈ O. In the present paper, we use the ◦ notation

as φ ◦ ϕ to denote φ (ϕ (x)) for x ∈ Ω0. We refer to

the Fréchet derivative of f0 (ϕ,u) with respect to φ as

the shape derivative of f0, denoted as f ′
0 (ϕ,u) [φ] =

⟨g0,φ⟩, where ⟨ · , · ⟩ denotes the dual pair. Here, g0 is

referred to as the shape gradient for f0.

Since f0 is a functional of u, Problem 1 becomes

a constraint condition for f0. Then, we define the La-

grangian for f0 using Eq. (4) as

L0 (ϕ,u,v0) = f0 (ϕ,u) + LBV (ϕ,u,v0) .

Here, v0 ∈ U is used as the Lagrange multiplier with

respect to Problem 1 for f0. The shape gradient g0 can

be obtained using the stationary conditions of L0. The

condition for all variations v′
0 ∈ U of v0, such that

L0v0 (ϕ,u,v0) [v0′] = LBVv0 (ϕ,u,v0) [v
′
0] = 0

is equivalent to the condition that u is the solution to

Problem 2.

The stationary condition of L0 for all variations

u′ ∈ U of u such that

L0u (ϕ,u,v0) [u
′]

= f0u (ϕ,u) [u′] + LBVv (ϕ,u,v0) [u
′] = 0

is equivalent to Problem 3.

Problem 3: Adjoint problem for f0 For ϕ ∈ O
and the solution u to Problem 1, find v0 ∈ U such that

−∇ · T (v0) = bT in Ω (ϕ) ,

T (v0)ν = p on Γp (ϕ) ,

T (v0)ν = 0 on ΓN (ϕ) \ Γp (ϕ) ,

v0 = uD on ΓD (ϕ) .

By comparing Problem 3 with Problem 1, we obtain

the self-adjoint relation of v0 = u.

Here, we fix u and v0 with the solutions of Prob-

lems 1 and 3. Then, by using the formulae for shape

derivatives of domain and boundary integrals[39], we

have

L0ϕ (ϕ,u,v0) [φ] = f ′
0 (ϕ,u) [φ]

=

∫
∂Ω(ϕ)

{−T (u) ·E (v0) + b · (u+ v0)}ν ·φdγ

+

∫
Γp(ϕ)

p · {(∂ν + κ) (u+ v0)}ν ·φdγ

+

∫
∂Γp(ϕ)∪Θ(ϕ)

p · (u+ v0) τ ·φda

+

∫
ΓD(ϕ)

{
∂ν (u− uD) · T (v0)ν

+ ∂ν (v0 − uD) · T (u)ν
}
ν ·φdγ

= ⟨g0,φ⟩ , (7)

where κ = ∇ ·ν, Θ (ϕ) is the set of non C1 class points

on ∂Ω (ϕ), and τ is the outer tangent of Γp (ϕ)\Θ (ϕ),

if d = 3, at the same time, the normal of ∂Γp (ϕ)∪Θ (ϕ).

For f1, we have

f ′
1 (ϕ) [φ] =

∫
∂Ω(ϕ)

ν ·φdγ = ⟨g1,φ⟩ . (8)

5 H1 gradient method

The H1 gradient method is proposed as a method for

finding the variation of design variable, such as domain

variation or density, as a solution to the following prob-

lem.

Problem 4: H1 gradient method Let X be a

Hilbert space of H1 class in which the admissible set

of design function is included, and let b : X ×X → R
be a coercive bilinear form on X such that there exists

α > 0 that satisfies

a (y,y) ≥ α ∥y∥2X

for all y ∈ X. For gi ∈ X ′ (dual space of X) which is

a Fréchet derivative of cost function fi (x) at x ∈ X.

Find φgi ∈ X such that

a (φgi,y) = −⟨gi,y⟩

for all y ∈ X.

For the solutionφgi ∈ X to the H1 gradient method,

we have the following result.

Theorem 1: H1 gradient method For gi ∈ X ′,

there exists an unique solution φgi ∈ X to Problem 4.

Moreover, the solution φgi decreases fi.



Shape Optimization of Continua using NURBS as Basis Functions 5

Proof: By the Lax-Milgram theorem, there exists an

unique solution φgi ∈ X. Moreover, φgi is confirmed to

decrease cost function fi, as follows:

fi (x+φgi)− fi (x) = ⟨gi,φgi⟩+ o
(
∥φgi∥X

)
= −⟨φgi,φgi⟩+ o

(
∥φgi∥X

)
≤ −α ∥φgi∥2X + o

(
∥φgi∥X

)
. □

If we assume b ∈ Lq
(
D;Rd

)
, p ∈ W 1,q

(
D;Rd

)
and

uD ∈ W 2,q
(
D;Rd

)
for q > 2d, we have that u and v0

belong to W 2,q class without singular points such as

a crack or ∂ΓD (ϕ). W 2,q class functions are included

in the set of the C1 class functions from the Sobolev

embedding theorem. Moreover, since ∂Ω (ϕ) is W 1,∞

and C1
pw class, ν is L∞ and C0

pw class. Also, since Γp0

is C2
pw class, κ is L∞ and C0

pw class. Then, g0 and g1 in

Eqs. (7) and (8), respectively, belong to L∞ and C0
pw

class that is included in X ′.

In the shape optimization problem, H1
(
Ω (ϕ) ;Rd

)
is used for X. For the coercive bilinear form of X, we

use

a (φgi,y) = ca

∫
Ω(ϕ)

T (φgi) ·E (y) dx

+

∫
Γ1

{φgi · T (y)ν + y · T (φgi)ν}dγ (9)

in the present paper, where Γ1 ⊂ ∂Ω0, |Γ1| > 0, is a

prescribed sub-boundary on which the boundary vari-

ation is fixed, and ca is a positive constant to control

the magnitude of φgi in Problem 4.

The use of this method to solve Problem 2 is de-

scribed in the next section.

6 Solution to Problem 2

We use the following iterative method based on the se-

quential quadratic programming to solve Problem 2.

In this section, the shape optimization problem is as-

sumed to consist of m constraint functions fi ≤ 0 for

i ∈ {1, · · · ,m}. To determine the domain variation de-

creasing f0 while satisfying fi ≤ 0 for i ∈ {1, · · · ,m},
let us consider the following problem.

Problem 5: SQ approximation For ϕ ∈ O, let gi
be shape derivatives of fi for i ∈ {0, · · · ,m}, respec-

tively, and fi ≤ 0 for i ∈ {1, · · · ,m} are satisfied. Let

a ( · , · ) be given as in Eq. (9). Find φ such that

min
φ◦ϕ∈O

{
q (φ) =

1

2
a (φ,φ) + ⟨g0,φ⟩

∣∣∣
fi (ϕ,u) + ⟨gi,φ⟩ ≤ 0 for i ∈ {1, · · · ,m}

}
.

The Lagrangian of Problem 5 is defined as

LSQ (φ, λ1, · · · , λm)

= q (φ) +
∑

i∈{1,··· ,m}

λi (fi (ϕ,u) + ⟨gi,φ⟩)

where λi ∈ R for i ∈ {1, · · · ,m} are the Lagrange mul-

tipliers for the constraints. The Karush–Kuhn–Tucker

conditions for Problem 5 are given as

a (φ,y) +

⟨g0 +
∑

i∈{1,··· ,m}

λigi

 ,y

⟩
= 0, (10)

fi (ϕ,u) + ⟨gi,φ⟩ ≤ 0 for i ∈ {1, · · · ,m} , (11)

λi (fi (ϕ,u) + ⟨gi,φ⟩) = 0 for i ∈ {1, · · · ,m} , (12)

λi ≥ 0 for i ∈ {1, · · · ,m} (13)

for all y ◦ ϕ ∈ O.

Here, let φgi for i ∈ {0, · · · ,m} be the solutions to

Problem 4, and set

φg = φg0 +
∑

i∈{1,··· ,m}

λiφgi. (14)

Then, by putting φg of Eq. (14) for φ, Eq. (10) holds.

If all of the constraints in Eq. (11) are active, i.e. Eq.

(11) holds with the equality, we have

(⟨gi,φgj⟩)ij (λj)j = − (fi (ϕ,u) + ⟨gi,φg0⟩)i . (15)

If g1, · · · , gm are linearly independent, Eq. (15) has

a unique solution λi for i ∈ {1, · · · ,m}. Moreover, if

fi (ϕ,u) = 0 for i ∈ {1, · · · ,m}, we have

(⟨gi,φgj⟩)ij (λj)j = − (⟨gi,φg0⟩)i . (16)

Since Eq. (16) is independent of the magnitude of φg0,

· · · , φgm, (16) is used in the algorithm shown later for

the initial domain Ω0 that satisfies fi (ϕ,u) ≤ 0 for

i ∈ {1, · · · ,m}. For i ∈ {1, · · · ,m} such that λi < 0

in the solution λi to Eq. (15) or (16), putting λi = 0,

removing the constraint for fi from Eq. (15) or (16), and

resolving them, we have λi for i ∈ {1, · · · ,m} satisfying

Eq. (10) to (13).

The magnitude of φg, which means the step size

for domain variation and is evaluated with |φg|1,2 =∫
Ω(ϕ)

E (φg)·E (φg) dx, is adjusted by selection of ca in

Eq. (9) using criteria such as Armijo’s and Wolfe’s cri-

teria ensuring global convergence in the original shape

optimization problem[1,41]. Let

L (ϕ,λ) = f0 (ϕ,u) +
∑

i∈{1,··· ,m}

λifi (ϕ,u)
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be the Lagrangian for the original optimization prob-

lem, and let λi for i ∈ {1, · · · ,m} satisfy Eqs. (11)

through (13). A criterion for the maximum limit of

|φg|1,2 is given by Armijo’s criterion as

L (ϕ+φg, λ1, · · · , λm)− L (ϕ, λ1, · · · , λm)

≤ ξ

⟨
g0 +

∑
i∈{1,··· ,m}

λigi,φg

⟩
(17)

for a constant ξ ∈ (0, 1). The minimum limit of |φg|1,2
is given by Wolfe’s criterion as

µ

⟨
g0 +

∑
i∈{1,··· ,m}

λigi,φg

⟩

≤

⟨
g0 new +

∑
i∈{1,··· ,m}

λi newgi new,φg

⟩
(18)

using a constant µ such that 0 < ξ < µ < 1, where

(·)new means the function at ϕ+φg.

In order to ensure that fi (ϕ,u) ≤ 0 for i ∈ {1,
· · · , m} are satisfied at φg ◦ ϕ, we can add a routine

updating λi by λi new = λi + δλi for i ∈ {1, · · · ,m},
where δλi for i ∈ {1, · · · ,m} are determined by

(⟨gi,φgj⟩)ij (δλj)j = − (fi (φg ◦ ϕ))i , (19)

whereφg is of in Eq. (14) using old λi for i ∈ {1, · · · ,m}.

6.1 Algorithm

Combining the above considerations, we propose the

following numerical scheme. Let fi (ϕ,u) = 0 for i ∈
{1, · · · ,m} be satisfied for Ω0.

(i) Set Ω0, ca in Eq. (9), initial step size ϵ > 0 for

|φg|1,2, ex. ϵ = 0.01, parameters of Armijo’s and

Wolfe’s criteria ξ and µ such that 0 < ξ < µ < 1,

convergence rate ϵ0 > 0 for |φg|1,2, ex. ϵ0 = 0.001,

and k = 0.

(ii) Compute fi and gi for i ∈ {0, · · · ,m} at Ω0.

(iii) Solve φgi for i ∈ {0, · · · ,m} in Problem 4.

(iv) Solve λi for i ∈ {0, · · · ,m} as follows.

– Compute λi for i ∈ {1, · · · ,m} by Eq. (16) at

k = 0 or Eq. (15) at k > 0.

– If λi ≥ 0 for i ∈ {1, · · · ,m} is satisfied, pro-

ceed to the next step. Otherwise, remove the

constraints fi such that λi < 0, set λi = 0, and

resolve Eq. (16) at k = 0 or Eq. (15) at k > 0

until λi ≥ 0 for i ∈ {1, · · · ,m} is satisfied.

(v) Calculate φg by Eq. (14). If k = 0, modify ca such

that |φg|1,2 = ϵ. Compute fi for i ∈ {0, · · · ,m} at

Ω (φg ◦ ϕ).

Check terminal

condition.

Solve main and adjoint problems.

Compute cost functions and derivatives.

Input data.

Solve variations of design variables 

by the gradient method for each cost function.

Compute the Lagrange multipliers.

Tentatively update design.

Solve main and adjoint problems.

Compute cost functions and derivatives.

Check step-size.

Output data.

Yes

No

Yes

No

Update design.

Fig. 2 Schematic flow of algorithm.

– If fi ≤ 0 for the constraints such that λi > 0,

proceed to the next step.

– Otherwise, do the following. Set λi0 by λi for

i ∈ {1, · · · ,m}, and j = 0. (∗) By setting λij = 0

for λij < 0 and removing the constraint fi from

Eq. (19), solve for δλi for i ∈ {1, · · · ,m}. Set
λi = λi j+1 by λij + δλi for i ∈ {1, · · · ,m}. If
fi ≤ 0 for all i ∈ {1, · · · ,m} is not satisfied, set

j with j + 1, and return to (∗).
(vi) Compute gi for i ∈ {0, · · · ,m} at Ω (φg ◦ ϕ).

– If Eqs. (17) and (18) hold, proceed to the next

step.

– If Eq. (17) or (18) does not hold, update ca with

a larger or smaller value. Return to (v).

(vii) Let ϕk+1 = φg◦ϕk, Ωk+1 = Ω (ϕk+1), and λik = λi

for i ∈ {0, · · · ,m}, and judge the terminal condition

by |φg|1,2 ≤ ϵ0.

– If the condition holds, terminate the algorithm.

– Otherwise, replace k + 1 with k and return to

(iii).

In Step (vii), the operation of ϕk+1 = φg ◦ ϕk and

Ωk+1 = Ω (ϕk+1) is simple addition of displacements

φg to original domainΩ (ϕk). In the isogeometric frame-

work, this operation is performed by moving control

point locations. Although this operation is almost equiv-

alent to the case of using control point locations as de-

sign variables, the main difference is that the updates of

control points are not based on calculation of the sen-
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sitivity of the discretized model with respect to control

point locations.

7 Isogeometric finite element method

As explained in the introduction, we use the isogeomet-

ric finite element method to solve Problems 1, 3, and 4.

Let us review the isogeometric finite element method,

which is hereinafter used to solve Problem 1. Let

ā (u,v) = ⟨l,v⟩ (20)

be the weak form of Problem 1, where

ā (u,v) =

∫
Ω(ϕ)

T (u) ·E (v) dx

+

∫
ΓD(ϕ)

{u · T (v)ν + v · T (u)ν}dγ (21)

⟨l,v⟩ =
∫
Ω(ϕ)

b · v dx+

∫
Γp(ϕ)

p · v dγ. (22)

7.1 NURBS basic function

For k, n ∈ N and ξ1, · · · , ξn+k+1 ∈ R, ξi ≤ ξi+1, we

refer to bi,k : [ξi, ξi+k] → R such that

bi,0 (ξ) =

{
1 for ξ ∈ [ξi, ξi+1)

0 for ξ /∈ [ξi, ξi+1)
,

bi,pi (ξ) =
ξ − ξi

ξi+p − ξi
bi,p−1 (ξ)

+
ξi+p+1 − ξ

ξi+p+1 − ξi+1
bi+1,p−1 (ξ)

for p ∈ {2, · · · , k} as the k-th order B-spline basic func-

tion. Moreover, for k ∈ Nd, n ∈ Nd, ξi1, · · · , ξi ni+ki ∈
R such that ξij ≤ ξi j+1 for i ∈ {1, · · · , d}, w1,··· ,1,

· · · , wn1+k1,··· ,nd+kd
∈ R, we refer to ri1,··· ,id k1,··· ,kd

:

[ξ1 i1 , ξ1 i1+k1 ]× · · · × [ξd id , ξd id+kd
] → R such that

ri1,··· ,id k1,··· ,kd
(ξ)

=
ai1,··· ,id k1,··· ,kd∑

j1∈{1,··· ,n1} · · ·
∑

jd∈{1,··· ,nd} ai1,··· ,id k1,··· ,kd

where

ai1,··· ,id k1,··· ,kd
= bi1,k1 (ξ1) · · · bid,kd

(ξd)wi1,··· ,id

as the d-dimensional NURBS basic function for ξ ∈
[ξ1i1 , ξ1 i1+k1 ]× · · · × [ξdid , ξd id+kd

].

7.2 Isoparametric approximation

Let Ωh be a finite element approximation of Ω. As in

the formulation of isoparametric finite element, setting

Ξ = [ξ11, ξ1n1+k1+1]× · · · × [ξd1, ξdnd+kd+1],

xh : Ξ → Ωh is a shape approximation function, and

uh,vh : Ξ → Rd are approximation functions for u,v,

such as

xh (ξ) =∑
i1∈{1,··· ,n1}

· · ·
∑

id∈{1,··· ,nd}

ri1,··· ,id,k1,··· ,kd
(ξ)xi1,··· ,id ,

uh (ξ) =∑
i1∈{1,··· ,n1}

· · ·
∑

id∈{1,··· ,nd}

ri1,··· ,id,k1,··· ,kd
(ξ)ui1,··· ,id ,

vh (ξ) =∑
i1∈{1,··· ,n1}

· · ·
∑

id∈{1,··· ,nd}

ri1,··· ,id,k1,··· ,kd
(ξ)vi1,··· ,id ,

where xi1,··· ,id ,ui1,··· ,id ,vi1,··· ,id ∈ Rd are discretized

parameters for x,u, and v respectively. Moreover, we

have

∂ξri1,··· ,id,k1,··· ,kd
(ξ) =

(
∂ξx

T
h

)
∂xri1,··· ,id,k1,··· ,kd

(ξ) .

Then,

∂xri1,··· ,id,k1,··· ,kd
(ξ)

=
(
∂ξx

T
h

)−1
∂ξri1,··· ,id,k1,··· ,kd

(ξ) (23)

holds, where we refer to
(
∂ξx

T
h

)T
= (∂xhi/∂ξj)ij =

xhξT as the Jacobi matrix. Following the Galerkin method,

we substitute uh and vh into Eq. (20) and obtain

a (uh,vh) =∑
i1∈{1,··· ,n1}

· · ·
∑

id∈{1,··· ,nd}

∑
j1∈{1,··· ,n1}

· · ·
∑

jd∈{1,··· ,nd}

vi1,··· ,id ·
(∫

Ξ

T (ri1,··· ,id,k1,··· ,kd
(ξ))

·E (rj1,··· ,jd,k1,··· ,kd
(ξ))ωh (ξ) dξ

)
uj1,··· ,jd , (24)

⟨l,vh⟩ =
∑

i1∈{1,··· ,n1}

· · ·
∑

id∈{1,··· ,nd}

vi1,··· ,id

·
(∫

Ξ

ri1,··· ,id,k1,··· ,kd
(ξ) bωh (ξ) dξ

+

∫
∂Ξp

ri1,··· ,id,k1,··· ,kd
(ξ)pϖh (ξ) dγ

)
, (25)

where ωh (ξ) = detxhξT and

ϖh (ξ) = ωh (ξ)νξ ·
{(

xhξT

)−T
ν
}
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are Jacobians for domain and boundary measures, ∂Ξp

= {ξ ∈ Ξ | xh (ξ) ∈ Γp}, and νξ is the unit outer nor-

mal on ∂Ξp. Then, by setting

u =
(
u1,··· ,1 1, · · · , u1,··· ,1 d,

· · · , un1,··· ,nd d, · · · , un1,··· ,nd d

)T
,

v =
(
v1,··· ,1 1, · · · , v1,··· ,1 d, · · · ,

vn1,··· ,nd 1, · · · , vn1,··· ,nd d

)T
,

we obtain the following approximation equation for Eq.

(20):

v ·Ku = v · l, (26)

where K and l are defined according to Eqs. (24) and

(25), respectively. Equation (26) is solved under the

Dirichlet condition for u and for all v.

8 Numerical examples

We developed a program for shape optimization prob-

lems using the isogeometric finite element method. The

results obtained using this program are described here-

inafter.

8.1 Plate with a hole in plane stress

First, we analyzed a two-dimensional problem related

to a linear eleastic problem presented in [18]. Figure

3 shows the boundary conditions of the linear elastic

problem as well as the shape variation. The knot mesh,

control points, and basic functions used in this analysis

are shown in Fig. 4. Here, a plate with a hole, made

of a material having a Poisson’s ratio of 0.3, is loaded

with uniform traction p0 perpendicularly and 2p0 hor-

izontally. We used k1 = k2 = 2, n1 = 4, n2 = 3, and

the data in Figs. 4 and [18]. Figure 5 shows the result

for the mean compliance minimization problem of the

plate with a hole. The shape gradient g0 became uni-

form on the boundary of the hole (Fig. 5(b)), and the

mean compliance f0 decreases monotonically when the

domain measure constraint of f1 is satisfied.

8.2 Three-dimensional cantilever body

As a three-dimensional problem, we analyzed a three-

dimensional cantilever problem. Figure 6 shows settings

of the shape optimization problem. A linear elastic body

with a Poisson’s ratio of 0.3 is loaded by uniform trac-

tion p0 perpendicularly in the front plane under a con-

straint on the back plane. In the shape variation anal-

ysis using the H1 gradient method, we assumed the

p0

2p0
0 0

(a) B. C. for Probrem 1 (b) B. C. for Problem 4

Fig. 3 Shape optimization problem of a plate with a hole in
plane stress.
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(c) Basic functions

Fig. 4 Conditions for isogeometric finite element analysis for
a plate with a hole.

front plane and the center point in the back plane to

be fixed, and the back, top, and bottom planes are as-

sumed to be constrained in the normal direction. We

analyzed two cases: (1) a knot mesh of 2 × 2 × 2 (Fig.

6 (c)) and n1 = n2 = n3 = 5, and (2) a knot mesh of

16× 16× 16 (Fig. 6 (d)) and n1 = n2 = n3 = 19 using

k1 = k2 = k3 = 3 and w1,··· ,1, · · · , wn1+k1,··· ,n3+k3 = 1.

Figures 7 and 8 show the results obtained for Cases (1)

and (2), respectively. In both cases, the shape gradi-
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(a) |g0| of initial shape (b) |g0| of optimum shape
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(c) History of cost functions

Fig. 5 Results of Problem 2 for a plate with a hole with
|g0| = T (u) · E (v0) and history of cost functions. The color
indicates the shape derivative g0 = g0ν.

ent g0 became uniform on the boundary, and the mean

compliance f0 decreased monotonically when the do-

main measure constraint of f1 was satisfied. However,

in Case (1), after the shape shown in Fig. 7 (b), un-

natural shapes are generated. Observation of the un-

natural shapes reveals that the distortion at the wing

edges causes an error in the numerical solution to the

linear elastic problem, which leads to an error in the

shape derivative. On the other hand, since the converg-

ing phenomenon occurs in Case (2), the h-refinement

of the knot mesh is considered to be as effective as the

conventional finite element method for solving the sin-

gularity problem (Fig. 9).

9 Conclusion

In the present paper, we presented a numerical solu-

tion for shape optimization problems of domains in

which the boundary value problems of partial differ-

ential equations are defined. To solve the boundary

value problems and to solve a reshaping problem con-

structed by the H1 gradient method for the shape op-

timization problem, NURBS was used as basis func-

tions in the Galerkin method. The advantage of using

the isogeometric finite element method is that there is

no mismatch between the design and the evaluation of

p00

(a) B. C. of the linear elastic problem

0

(b) B. C. of shape variation

(c) Knot mesh of 2× 2× 2

(d) Knot mesh of 16× 16× 16

Fig. 6 Shape optimization problem of a three-dimensional
cantilever body.

performance. Numerical examples of linear elastic con-

tinua indicate that this solution is as appropriate as

the solution obtained by the conventional finite element

method. Based on the result for the cantilever contin-

uum, h-refinement of the knot mesh is as effective as the

conventional finite element method for solving problems

involving singularities.
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