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Calculated Statistical Characteristics of Atmospheric Radio Noise

T. Nakai

Summary

First the Poisson noise process is considered in which the pulses of rectangular form
with a constant duration are arriving at the times determined by Poisson’s distribution
law, and the average number of the observed pulses per second, the average duration of
the observed pulses per second and the probability of time length which is occupied by
the existence of the observed pulses in the noise process are deduced respectively. Next,
the deduced expressions of the parameters in Poisson’s noise process are applied to the
estimates of the same kind of parameters of a given voltage level of the envelope of the
atmospheric noise by limiting their utilities in the direction of smaller amplitude proba-
bilities at the high field strength levels, on an assumption of a crossing rate function of
the amplitudes of impulses in the atmospheric noise field at the input of the receiver.
And the expressions of the transformation factors (1) of the crossing rate (2) of the
probability and (3) of the crossing rate and the probability are obtained. And the
approximate range of the field strength or of the probability in which the expressions
obtained may probably hold is estimated in a later section of the paper.

1. Introduection

Ricet) has shown that the expected number of positive crossings of a given voltage
level of the envelope of random noise or of random noise plus a carrier is equal to the
bandwidth factor times the probability density of the envelope amplitudes. Watt and
Maxwell? have shown that this relationship does not hold in the direction of smaller
probability densities, in which the departure appears between the measured crossing rate
curve and the derived envelope crossing rate curve by multiplying an appropriate constant
by the measured probability density curve.

The auther has investigated the statistical properties of the small probability densities
at the high field strength levels. A particular reference has been given to the relations
(1) between two numbers of possitive crossings of a given voltage level of the envelope
of the atmospheric noise for different values of the bandwidth, (2) between two proba-
bilities for different values of the bandwidth when the envelope of the atmospheric
noise exceeds a given voltage and (3} between the number of positive crossings and
probability of a given voltage level of the envelope of the atmospheric noise for the same

bandwidth. The three relations will be deseribed in terms of the transformation factor
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(1) of the crossing rate, (2) of the probability and (3) of the crossing rate and the
probability, respectively.

At the first stage of the investigations, we have deduced the average number of the
observed pulses per second, the average duration of the observed pulses per second and
the probability of time length which is occupied by the existence of the observed pulses,
in the noise process in which the pulses of rectangular form with a constant duration
are arriving at the times spaced by Poisson’s distribution law. The three parameters are
respectively expressed by some functions of the average number of arrivals of the original
pulses per second times a constant duration of the pulses respectively.

At the second stage of the investigations, we have applied the three expressions of
the parameters deduced with respect to Poisson’s noise process to estimate the same
kind of parameters of a given voltage level of the envelope of the atmospheric noise, by
limiting their utilities in the direction of smaller amplitude probabilities at the high field
strength levels, where the interference between the IF response of the impulses at the
input of the receiver may bz negligibly small.

We have found from the results of the numerical calculations of the envelopz cros-
sing rate curves and the probability distributions of the amplitudes of the envelope of
the armospheric noise that (1) the transformation factor of the crossing rate is equal to
some power of a given bandwidth divided by a reference bandwidth, (2) the transforma-
tion factor of the probability is equal to some power of a given bandwidth divided by
a reference bandwidth and (3) the transformation factor of the crossing rate and the
probability is proportional to the reciprocal of a given bandwidth times a parameter of a
given crossing rate function of the peak amplitudes of the impulses.

The details will be described in the paper.

2. Properties of Poisson’s noise process

Let us assume a very long time interval T of the noise processes in which voltage
or current pulses of rectangular form have arrived at the spaced times obeying Poisson’s
distribution law. Now we assign v as the average number of the arrival of the pulses per
second and x as the time spacing between two successively arrived pulses. x is a random
variable and its probability density function is derived by differentiation of Poisson’s

distribution function as follows

Here we assume that the initially arrived pulses have all the uniform duration r. Then
we can see that the following hclds, that is, the probability that the spacing between two
successively arrived pulses exceeds the time length t is equal to the ratio of the average

number of the observed pulses per second against the average number of the arrived
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pulses per second. And so, the average
number R of the observed pulses per
second in the time interval T is from
the equation (1) as follows,

A ) P R=pe T wamnsrsnnssssnnnns (3)
T
: Ly Now, we take a reference time at
(O O SR : the instant of the beginning of an arbi-
t’l y t4 t} 4 ta trary pulse observed and take the

beginngs of successively arrived pulses

from early pulses to late ones as

Fig. 1. Poisson noise process
g P by, ta, g, seeeenennens

where i, x: and so on in Fig. 1 are the random variables satisfying the equation (1).
When an observed pulse is the same one as an arrived pulse with the duration of =, the

condition

is required. Then the probability of the above specified case is

)

f petTy dx1:€"ur .................... A s Akl e (5)

™
as is derived from the equation (1). Generally, the conditions where an observed pulse
is one of the k-multiple pulses of which each is the pulse resulted from the overlappings
of £ successively arrived pulses, are expressed as

) < T, X ( T, serreeeacs . < Ty T < xx < GLINe s e (6)

and so the probability of the case in hand is given by the following expression

f f v f vk exp {—V (2 +xg+ + o0 iy tax) ydxyday - - dxie dxr
T o o
— {1—3-”7') k=lep—tT .uvuees T I T T LI T s (7)
And summing up the probabilities, as is shown in the equation (7), ranging over all the

positive integral numbers of %, the followiog equation holds,

E (1—e¥T) b tag T =] eunnnseen serrsasvissivasavess (B)
k=1

By multiplying R on each side of the equation (8), the following expression is obtained,
[ee]
R=R 3 (1—eg V) k—teg=¥Teriiiunnis A R R (9)
k=1

in which each term on the right side expresses the average number per second of the
k-multiple pulses observed in the time interval T, which is expressed as follows

Ri=R(1—e  T)k—TegT trrrrrenirnsnsartnonsnssnnns (10)
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Now, the duration of a 4 -multiple pulse is expressed by the following expression
o T O T . 4 DT o I R T T I P IPII (11)
where the following conditions must hold
0<ae<Tr 't 5=1, 9, vevey =1 rrovessssenensonmasens (12)
and each of the z¢s is an independent random variable for each other and satisfying the
equation (1). Therefore, the average duration of all the £ -multiple pulses is expressed

as follows,

"
k—1] veexp(—vay) »xsdxs v
J" +r:{(lr-—1:(uir— 1;‘3:‘,, )+1}r ------- (13)

=3 T
5=1fﬂb-exp(—yx.\-) day

From the equations (10) and (13), the sum of all the durations of the 4 -multiple pulses

is expressed as follows

RiTi=Re- V" (1—e~T) :.Vs{ (E—1) (:1-; _1i—;—rr-'7)+1} T W S A BT (14)

Furthermore, the sum of all the durations of the observed pulses per second in the time
interval considered now, that is, the probability of time length occupied by the existence

of the observed pulses P is as follows,

\-', RL’”"-(1—1-’—'/"“_’{”"_1}( 1 = LH_T)"‘ 1}7 ................ (15)

p =1 S o

P

The above equation is simplified by a short calculation as follows

,where the multiplifying factor of R on the right side of the equation (16) expresses the
average duration t of all the observed pulses per second in the noise processes considered
now, that is,

1—pg7

T e (17)

And the probability of time length occupied by the existence of the observed pulses in
the noise processes considered now is as follows, from the equations (3) (16), and (17)

P:R‘—T'—:I—B_DT ..................................... ['18)

1-‘:

3. Statistical properties of the atmospheric noise

Here, we will assume a peak amplitude property of the impulses in the atmospheric
noise field at the input of the receiver, and the characteristics of the bandpass filter of
the receiver, in order to make use of the analitical results obtained in chapter 2 and to
derive the statistical properties of the amplitudes of envelope of the atmospheric noise at
the output of the receiver.

At first it may be commonly accepted that a disturbance in the atmospheric noise

field at the input of the receiver has the same effect as an impulse on the response of a
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narrow band receiver at the output. Then we will assume that the number » of possitive
crossings of a given voltage level v of the amplitudes of impulses in the atmospheric
noise field at the input is given as follows,

n:( %,)"' ............................ T (19)

where

A : the voltage level exceaded just by one impulse per second

r : the constant parameter that characterizes the crossing rate function
The above assumption is thought to be a reasonable deduction from the measured en-
velope crossing rate curves of the atmospheric noise in a very low and low frequencies.

Next, though the bandwidth of a receiver is usually determined by a resonance
characteristic curve of the multi- tuned resonance circuits, it may be assumed without
the loss of generality that the bandwidth used is determined by the frequency difference
between 3-db points of the resonance characteristic curve of a single-tuned circuit. Then
the waveform of the envelope voltage generated at the output of the receiver may be
expressed as follows,

D P s e Ry TPy (20)

when an impulse is applied at the input of the receiver, where

B : a bandwidth between 3-db points of the receiver response curve

Gy: a receiver gain at a reference frequency

Then, when the waveform of the envelope voltage generated at the output by an
impulse of the amplitude v arrived at the input of the receiver, is sliced by a given
voltage level v, the duration of the sliced part of the waveform of the envelope is given

as follows, from the eqation (20)

A A T S ——
=g 1R ( 24113(,',}1;) 21

Now, when the waveforms of the envelope voltage generated independent of each
other at the output are sliced by a given voltage level v, for all the impulses in the
field of atmospheric noise at the input of the receiver and a simple arithmetical sum of
all the durations of the sliced parts of the envelope waveforms is obtained, the average
duration of a given voltage v, may be expressed as follows, from the equations (19) and
(21)

= 2 —1 ,
7 (vs, B, 1) :fz; P e log"(—Zﬁl;—Cw)dp (0, n)+ervenes (22)
o/ 2nBfo
ey S B e (
dp (o, m) =~ T (2 ) dw (23)

where
nn : an expected number per second that exceeds over the least measurable
amplitude of the impulses
We are now at the stage of applying the analitical results obtained in chapter 2 to
express some parameters in the statistical variations of the envelope amplitudes of the
atmospheric noise by making use of the expressions described in this chapter. When
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the average number of the arrived pulses per second v and its duration r in the equations
(3), (16) and (17) are substituted by the average number of the impulses exceeding a
given voltage level per second in the field of the atmospheric noise at the input of the
receiver as is shown by the expression (19), and the average duration of the independently
sliced parts by the given voltage level of all the impulse responses at the output of the
receiver, as is shown in the equation (22), the following three expressions are re-
spectively obtained,
the envelope crossing rate of a given voltage of the atmospheric noise

R(ve, B, 1) :(—E—)—rexp{n(—:;— )_r?(pm B, r)} .............. (24)

the probability of time length that the envelope amplitudes of the atmospheric

noise exceed over a given voltage level
p(vo, B, 7) =1—exp {_ (%—)-T?Ql‘n, B, T)} .................. (25)

the average duration of the parts of which the envelope amplitudes of the
atmospheric noise exceed over a given level

. - ‘P_ e
wlve, B, 1) = - exp{ ( A ) Wi T)} ................ (26)

(3) el (2) "o 57}

Now, the three expressions may well be thought to be the accurate expressions of the

statistical parameters considered respectively, when limiting the usabilities of the expres-
sions to the small probabilities of the envelope amplitudes at the high field strength levels

where the interference between the IF responses of the impulses may negligibly be small.

4. Results of numerical calculations

4. 1 Envelope crossing rate curves

Figs. 2 and 3 were obtained from the results of the numerical calculations of the
expressions (19) and (24). The upper curve in Fig. 2 shows the crossing rate curve of
the impulse amplitudes in the field of the atmospheric noise at the input of the receiver.
And the lower curve shows the envelope crossing rate curve of the atmospheric noise.
The reference level of the field strength in the abscissa is taken at the voltage exceeded
by just an impulse at the input per second, and the receiver gain is assumed so that the
two curves fit at the higher field strength levels. Fig. 3 shows the calculated envelope
crossing rate curves of the atmospheric noise for a few values of the bandwidth for a
constant value of the parameter r. Here we will pay much attention to the properties
of the calculated envelope crossing rate curves at the higher field strength levels.

Fig. 4 shows the way of the voltage dependance of the ratio of the positively
crossing rate of a given voltage level of the envelope for a few values of the bandwidth,
to the positively crossing rate of the same level of the envelope for a 1000 ¢/s band-
width. Now, we will estimate the mean of the values of the ratio of two crossing rates,
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as is shown by the flat portion of the curve for each value of the bandwidth ratio in
Fig. 4. The means of the ratios considered now are plotted against the ratio of the
value of the bandwidth to a 1000 ¢/s bandwidth in Fig. 5. It will easily be seen that
the plots are on a straight line of which the slope is equal to the value of the parameter
r.  Accordingly, a simple power law holds for the mean of the values of ratio of the
two crossing rates between two different values of the bandwidth, or plainly speaking,

the transformation factor of the crossing rate, that is,

the transformation factor of the crossing rate
= (bandwidth/loﬂo) L G N Yo I A C ey N S (27)

4. 2 Amplitude probability distribution curves

Fig. 6 was obtained from the results of numerical calculations of the equation (25).
Attention is again paied to the high field strength levels. The reference level of the
field strength in the abscissa is taken at the voltage level exceeded by just an impulse
in the atmospheric noise field.

Fig. 7 shows the way of the voltage dependence of the ratio of the amplitude proba-
bility of a given voltage level of the atmospheric noise envelope for a few wvalues of

9?? the bandwidth ratio, to the amplitude
. probability of the same level of the

atmospheric noise envelope for a 1000
i flrameton. F=l.4 ¢/s bandwidth. Now, we will estimate
the mean of the values of the ratios
of the two probabilities, as is shown
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ratio.  The means of the ratio considered

now are plotted against the ratio of the value
of the bandwidth to a 1000 ¢/s bandwidth
in Fig. 8. It will easily be seen that the

L 0 I ¢

plots are on a straight line of which the

slope is equal to the value of the parameter
r minus one. Accordingly, a simple power
law holds for the mean of the values of the
ratio of the two probabilities of the atmo-

o
—

spheric noise envelope between two different
values of the bandwidths, or speaking simply
the transformaiton factor of the probability,
that is,

the transformation factor of the probability
= (bandwidth/1000) 7™t «eevveinennnnn, (28)
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4. 3 Crossing rate curves and ampli-

tude probability distribution
Fig. 8. Ratio of two probabilities for

different bandwidth against the CUEYES

IR & Due to the results of numerical calculations
of the expression (26), Fig. 9 shows the way of the voltage dependence of the average
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to the probability divided by the number of the positive crossings of the voltage level
considered now of the envelope. On the other hand, Fig. 10 shows the amplitude
probability distribution curve and an appropriate constant times the calculated envelope
crossing rate curve. It can readily be seen from the fits of the two curves that the
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the expected number of the
positive crossings of the
envelope, or the transfor-
mation factor of the proba-
bility and the crossing rate

obeys a simple power law,

the transformation factor between the probability and the crossing rate

= (K/bandwidth times parameter r)
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5. HExamination of the results

Now, we can easily see that the expression (27) of the transformation factor of the
crossing rate holds in the levels of the field strength at which the interference between
the IF responses of the impulses in the atmospheric noise field at the input is very
small at the output of the receiver, where the envelope crossing rate curve is about the
same as the crossing rate curve of the amplitudes of the impulses. Then, the envelope
crossing rate curve for a given bandwidth B;, may be expressed as follows,

= (M%J .
And the envelope crossing rate curve for another given bandwidth Bs may be expressed
as follows
—
7, (?l;:iquA) .................................... (31)
where n; and s are the numbers of the positive crossings of given voltage levels ©; and
ve of the envelope respectively.

When the numbers n, and n: express the number of the positive crossings of the

same voltage of the envelope, it may esaily be seen that the following relation holds in

view of the equation (20).

TN e B st e i b . 2
3 2, (32)
Accordingly, the transformation factor of the crossing rate is expressed as follows,
e N e s et T b T az
n ( B, ) (33)

which is nothing but the expression (27).

Next let us assume that the expression (29) of the transformation factor between the
probability and the crossing rate is true, then we can derive the expression (28) of the
transformation factor of the probability. According to the assumption, for a given
bandwidth B,

n Pl O 5 T N R R R R R T R R R R ERCI

18, " F P =
and for another bandwidth B;

n el A o T T S T R R O T T S S LU

}_1;;'ng2 (35)

By making use of the equations (29), (33), (34) and (35), the required expression is

derived as follows
PE | BN e s e
()
Lastly it is necessary to estimate the accuracies of the expressions (24), (25) and (26),

respectively showing the crossing rate, the probability and the average duration of a
given voltage level of the atmospheric noise envelope. It may be thought that the
accuracies now considered commonly depend on the degree of the interference between
the IF responses of the impulses in the atmospheric noise field at the input of the
receiver. The degree of the interference may be larger unproportionately to the value
of the ratio of the crossing rate of the envelope to the crossing rate of the impulses for
a given voltage level, that is, from the equations (24) and (19)

Ry, B, 1) ...... e N
o (37)



24

And the following equation is easily derived from the equations (19), (24) and (25)

e B B B e o a8
plog B, 1) =1—— R SN SR (38)

The right side of the above equation (38) expresses the ratio of the decreased number
of the observed pulses to the number of the arrived original pulses, which may well be
said to define the degree of interference between the IF responses of the impulses.
Accordingly we may be able to estimate the accuracies of the equations (24), (25} and
(26) by the value of the left side of the equation (38), or the value of the amplitude
probability of the envelope. But it may be inferred that the inaccuracies of three
expressions considered now are less than the value of the probability of the amplitudes
of the envelope for a given voltage level.

Next, it is necessary to consider the way of derivation of the equations (27), (28)
and (29) and specify the approximate range of the field strength or of the probability in
which the equations are true. For the three expressions the ranges considered now can
be estimated from the range of the flat portions of such curves for given values of the
bandwidth and the parameter r, as is shown in Fig. 4, 7 and 9.  After all, it may be
said that the range of the field strength levels now requested is from about 10 percent
to 0.001 in terms of the probability of the envelope. Furthermore the range seems to

exceed the lower limit of the probability with the increase of the value of the parameter r.

6. Conclusion

We have got the expressions for the three kinds of transformation factors respectively,
and a rough estimation of the expected errors of the expressions. We think that the
expressions of the transformation factors will remain to hold, even when exceeding over
the range of the bandwidth considered in this paper, but we mean soon in future to
define the usable range of the expressions of the transformation factors by numerical
calculations of the amplitude probability distributions, the envelope crossing rate curves
and the average duration curves in the questioned range of the bandwidth.

The many parts of the numerical calculations were made with the electronic computor

NEAC-2203 at Nagoya university.
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