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Calculated Statistical Characteristics of Atmospheric Radio Noise 

T. Nakai 

Summary 

First the Poi~son noise process is considered in which the pulses of rectangular form 

with a constant duration are arriving at the times determined by Poisson's distribution 

law, and the average number of the observed pulses per second, the average duration of 

the observed pulses per second and the probability of time length which is occupied by 

the existence of the observed pulses in the noise process are deduced respectively. Next, 

the deduced expressions of the parameters in Poisson's noise process are applied to the 

estimates of the same kind of parameters of a given vo ltage level of the envelope of the 

atmospheric noise by limiting their utilities in the direction of smaller amplitude proba­

bilities at the high field strength levels, on an assumption of a crossing rate function of 

the amplitudes of impulses in the atmospheric noise field at the input of the receiver. 

And the expressions of the transformation factors (1) of the crossing rate (2) of the 

probability and (3) of the crossing rate and the probability a re obtained. And the 

approximate range of the f ield strength or of the probability in which the expressions 

obtained may probably hold is estimated in a later section of the paper. 

1. Introduction 

Ricer1) has shown that the expected number of positive crossings of a given voltage 

level of the envelope of random noise or of random noise plus a carrier is equal to the 

bandwidth factor times the probability density of the e nvelope amplitudes. Watt and 

Maxwell'2) have shown that this relationship does not hold in the direction of smaller 

probability densities, in which the departure appears between the measured crossing rate 

curve and the derived envelope crossing rate curve by multiplying an appropriate constant 

by the m easured probability density curve . 

The auther has investigated the statistical properties of the small probability densities 

at the high field s trength levels. A particular reference has been g iven to the relations 

(l ) between two numbers of possitive crossings of a given voltage l evel of the envelope 

of the atmospheric noise for different values of the bandwidth, (2) between two proba­

bilities for different values of the bandwidth when the envelope of the atmospheric 

noise exceeds a given voltage and (3) between the number of posit ive crossings and 

probability of a g ive n voltage level of the envelope of the atmospheric noise for the same 

bandwidth. The three relations will be described in terms of the transformation factor 
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(1) of the crossing rate, (2) of the probability and (3) of the crossing rate and the 

probability, respectively. 

At the first stage of the investigation s, we have deduced the average number of the 

observed pulses per second, the average duration of the observed pulses per second and 

the probability of time length which is occupied by the existence of the observed pulses, 

in the noise process in which the pulses of rectangular form with a constant duration 

are arriving at the times spaced by P oisson's di stribution law. The three parameters are 

respectively expressed by some functions of the average number of arrivals of the original 

pulses p er second times a constant duration of the pulses respectively. 

At the second stage of the investigations, we have applied the t hree expressions of 

the parameters deduced with respect to Poisson's noise process to estimate the same 

kind of parameters of a given voltage l evel of the envelope of the a tmospheric noise, by 

limiting their utilities in the direction of s:naller amplitude probabilities at the high field 

strength levels, where the interference between the IF response of the impulses at the 

input of the receiver may b:! negligibly small. 

We have found from the results of the numerical calculations of the envebpe cros­

s ing rate curves and th e prob.'lbility distributions of the am;:Jiitudes of the envelope of 

the armospheric noise that (1) th e transformation factor of th e crossing rate is equal to 

some power of a given bandwidth di vided by a reference bandwidth, (2) the transforma­

tion factor of the probability is equal to some power of a given ba ndwidth divided by 

a reference bandwidth and (3) the transformation factor of the crossing rate and the 

probability is proportional to th e r eciprocal of a given bandwidth times a parameter of a 

given crossing rate function of the peak amplitudes of the impulses . 

T he details will be described in the paper . 

2. Properties of Pois3on's noise process 

Let us assume a very long time interval T of the notse processes 111 which voltage 

or current pulses of r ectangula r form have arrived at the spaced times obeying Poisson's 

distribution law. Now we assign v as the average number of the arrival of the pulses per 

second and x as the time spacing b etween two successively arrived pulses. x is a random 

variable and its probability density function is derived by differ e ntiation of Poisson's 

distribution function as follows 

q ( t) ==ve- •·~ · · · · · · · · · • · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (1) 

and Poisson's distribution function is 

J~q(x) dx==e-n .. ........ .. ................. .. ..... (2) 

H ere we assume that the init ially arrived pulses h ave all the uniform d uration T. Then 

we can see that the foll owing hc lds, that is , the probability that the spacing between two 

successively arrived pulses exceeds the time length r is equal to the ratio of the average 

number of the observed pulses per second against the average number of the arrived 
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pulses per second. And so, the average 

number R of the observed pulses per 

second in the time interval T is from 

the equation (1 ) as follows, 

Fig. 1. Po isson noise process 

R =ve-•·• · · · · · · · · · · · · · · · · · · (3) 

Now, we take a reference time at 

the instant of the beginning of an arbi­

trary pulse observed and take the 

beginngs of successively arrived pulses 

from early pulses to late ones as 

where x ., :r2 and so on in Fig. 1 are the random variables satisfying the equation (1). 

When an observed pulse is the same one as an arrived pulse with the duration of r , the 

condition 

x 1 ) r · · · · - · · ·· · · · · · · ·- · · · · · · · · · · · · · · · ·· · · · · · · · · · · · · (4) 

is required. Then the probability of the above specified case is 

00 J ve-vx, dx, =e-v• ........................... - .. . . (5) 
T 

as 1s derived from the equation (1). Generally, the conditions where an observed pulse 

is one of the k-multiple pulses of which each is the pulse resulted from the overlappings 

of k successively arrived pulses, are expressed as 

x1 ( r, x2 ( r, · · · · · · · · ··, X t-1 ( r, r ( x,. ( o. · · · · · · (6) 

and so the probability of the case in hand is given by the following expression 

oo T T 

J J ··· ·J vt exp{-v(x1 +x2 + ·· ·· +x~:-1 +x~:) }dx1 d:x2 · · ··dx~c-1 dx~c 
T 0 0 

= (1-e-VT) k-l,e-VT . • .. • •. • • • •. • • .. • • • • • • ... • (7) 

And summing up the probabilities, as is shown in the equation (7) , ranging over all the 

positive integral numbers of k, the followiog equation holds, 

c 
:E (1-e-I'T) k-l,e-VT=11•• •• • • • • •• • • • • ••••• • •••• •• •• •• (8) 

k=1 

By multiplying R on each side of the equation (8) , the following expression is obtained, 

00 

R= R :E (1-e-vT)k-•,e-v• . · · · · · · · · · · · · · ·· · · · · · · · · · ·· · (9) 
k=1 

m which each term on the right s ide expresses !the average number per second of the 

k multipl e pulses observed in the time interva l T, which is expressed as f ollows 

R,=R (1-e-''')A-• ·e-'' ' · · ··· · ·· · ··· · · ·· · · · · ·· · ··· ·· (10) 
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Now, the duration of a k - multiple pulse is expressed by the following expression 

n = r,+x2+····+XA-1+<· · ····· · ·····• •••••• •• •••••• {11) 

where the following conditions must hold 

0 -,.x, r : s= l , 2, · · · · , k-1 · · · · · · · · · · · · · · · · · · · · · · (12) 

and each of the x; s is an independent random variable for each other and satisfying the 

equation (1). Therefore, the average duration of all the k multiple pulses is expressed 

as follows, 

From the equations (10) and (13) , the sum of all the durations of the k multiple pulses 

1s expressed as follows 

Rt<•·= Re-vr (1-e-•'r) .~-• { (k-1) ( 1 - e-"r -)+ 1} r · · · · · · · · · · · · · · · · · · (14) 
"'' 1-e-''• 

Furthermore, the sum of a ll the d urations of the observed pu lses per second in the time 

int erval considered now, that is, the probability of time length occupied by the existence 

of the observed pulses P is as follows, 

p = -:s Re-''r {1-e- "r)•-•{ (k -1l (....!...- e- ""-=-)+1}, 
k=1 "' 1- e-"' 

(15) 

The ab ove equation is simplified by a short calculation as follows 

1-e- H p = R• le'-vr .................................... " (16) 

,where the multiplifying factor of R on the right s ide of the equation (]6) expresses the 

average duration • of all the observed pulses per second in the noise p rocesses considered 

now, that is, 

1-e-VT 
r = lle-vr- ........................................ (17) 

And the probability of time length occupied by the existence of the observed pulses in 

the noise processes considered now is as follows, from the equations (3) (16), and (17) 

p = RT = l-e-vr · · · · · • • • · · · · · • · · · · · • · · · · · · · · · · · · · · · · · (18) 

3. Statistical properties of the atmospheric noise 

H ere, we will assume a peak amplitude property of the impulses in the atmospheric 

noise field at the input of the receiver, and the characteristics of the bandpass filter of 

the receiver, in order to make use of the anali tical results obtai ned in chapter 2 and to 

derive the statistical properties of the amplitudes of envelope of the atmospheric noise at 

the output of the receiver. 

At first it may be commonly accepted that a disturbance in the atmospheric noise 

field at the input of the receiver has the same effect as an impulse on the response of a 
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narrow band rece iver at the output. Then we will assume that the number n of possitivc 

crossings of a giv..:n voltage level v of the amplitudes of impulses m the atmospheric 

noise field at the input is givtn as fo llows, 

( v ) - ·· n == A · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (19) 

where 

A : the voltage level exce~ded just by one impulse per second 

r : the constant parameter that characterizes the crossing rate function 

The above assumption is thought to be a reasonable deduction from the measured en· 

velope crossing rate curves of the atmospheric noise in a very low and low frequencies. 

N ext, though the bandwidth of a receiver is usually determined by a resonance 

character istic curve of the multi tuned resonance circuits, it may be assumed without 

the loss of generality that the bandwidth used is determined by the frequency difference 

between 3 db points of the resonance c haracteristic curve of a si ngle tuned circui t. Then 

the waveform of the enve lope voltage generated at the output of the receiver may be 

expressed as follows, 

E (t ) =2·•/JCce-"'nt · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · • (20) 

when an impulse is applied at the input of the r eceiver, where 

B : a bandwidth between 3 db points of the receiver response c urve 

Go: a receiver gain at a reference frequency 

Then , when the waveform of the envelope voltage generated at the output by an 

impulse of the amplitude v arrived at the input of the receiver, is sliced by a g iven 

voltage level v 0 , the duration of the sliced part of the waveform of the envelope is given 

as follows, from the e qation (20) 

r ==- "1
13

• log , ( 2lt~'G·ov) .......................... (21) 

Now, when the waveforms of the envelope voltage generated independent of each 

other at the output are s liced by a given voltage level v 0 for all the impu lses in the 

field of atmospheric noise at the input of the receiver and a simple arithmetical sum of 

all the durations of the s liced parts of the envelope waveforms is obtained, the average 

duration of a given voltage v0 may be expressed as follows, from the equations (19) and 

(21 ) 

- ( lJ J"" -1 ( Vo ) 1' Vn, , r ) = - _- • Jog t - --- dp (V, n) .. • •"" (22) 
Vo/z-::DGo .. /J 2 .. /JCnv 

dp (v, n ) = n~ • ~ ( ~-rr-l dv .................... (23) 

where 

n,,. an expected number per second that exceeds over the least measurable 

amplitude of the impulses 

We are now at the stage of applying the analitical resu lts obtained in chapter 2 to 

express some parameters in the statistical variations of the e nvelope amplitudes of the 

atmospheric noise by making use of the expressions described in this chapter. When 
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the average number of the arrived pulses per second v and its duration r in the equations 

(3), (16) and (17) are substituted by the average number of the impulses exceeding a 

given voltage level per second in the field of the atmospheric noise at the input of the 

receiver as is shown by the expression (19) , a nd the average duration of the independently 

s liced parts by the g iven voltage level of a ll the impulse responses at the output of the 

receiver , as is shown m the equation (22) , the following three expressions are re · 

spectively obtained, 

the envelope crossing rate of a given voltage of the atmospheric noise 

( v )-r { ( v )-r_ } R (vo, B, r ) == "A exp - A T (vo, 8, r) ••••••••••••• 0 (24) 

the probability of time length that the envelope amplitudes of the atmospheric 

noise exceed over a g iven voltage level 

p(vo, 8, r ) == 1-exp {- ( ; rrr(1•0, B, r)} ............. · · .. · (25) 

the average duration of the parts of which the envelope amplitudes of the 

atmospheric noise exceed over a given level 

1-exp{-( ~ r rr(v0 , B, r)} 
-:--......-=::---;-"-::---"7"=--------=--- 0 •• 0 0 0 0 0 0 0 0 0 •••• (26) 
(.;) rexp{- ( ~ ) rdvo, B,rl} 

w(vo, B, r) 

Now, the three expressions may we ll be thought to be the accurate expr essions of the 

statistical parameters considered respectively, when limiting the usabilities of th e expres­

s ions to the small probabilities of the envelope amplitudes at the high field strength levels 

where the interference between the IF responses of the impulses may negligibly be small. 

4. Results of numerical calculations 

4. 1 Envelope crossing rate curves 

Figs. 2 and 3 were obtained from the r esults of the numerical calculations of the 

expressions (19) and (24) . The upper curve in Fig. 2 shows the crossing ra te curve of 

the impulse amplitudes in the field of the atmospheric noise at the input of the receiver. 

And the lower curve shows the envelope crossing rate curve of the atmospheric noise. 

The reference level of the field strength in the abscissa is taken at the voltage exceeded 

by just an impulse at the input per second, and the receiver gain is assumed so that the 

two curves fit at the higher field strength levels . Fig. 3 shows t he calculated envelope 

crossing rate curves of the atmospheric noise for a few values of the bandwidth for a 

constant value of the parameter r. Here we will pay much attention to the properties 

of the calculated envelope cr ossing rate curves at the higher field strength levels. 

Fig. 4 shows the way of the voltage dependance of the ratio of the positively 

crossing rate of a given voltage level of the envelope for a few va lues of the bandwidth, 

to the positively crossing rate of the same level of the envelope for a 1000 c/s band­

width. Now, we will estimate the mean of the values of the ratio of two crossing rates, 
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as is shown by the flat portion of the curve for each va lue of the bandwidth ratio m 

Fig. 4. The means of the ratios considered now are plotted agains t the ratio of the 

value of the bandwidth to a 1000 c/s bandwidth in Fig. 5. It will easily be seen that 

the plots are on a straight line of which the s lope is equal to the value of the parameter 

r. A ccordingly, a simple power law holds for the mean of the values of ratio of the 

two crossing rates between two differe nt values of the bandwidth, or p lain ly speak ing, 

the transformation factor of the crossing rate, that is, 

the transformation facto r of the crossing rate 

= (bandwidth/ 1000) r • • · • • • • · • · • · • · • · · · · · • • • · • · • · • • • · (27) 

4. 2 AmpJitude probability distribution curves 

Fig. 6 was obtained from the results of numerical calculations of the equation (25) , 

Attention is again paied to the hig h field strength levels . The reference level of the 

field strength in the abscissa is taken at the voltage level exceeded by jus t an impulse 

in the atmospheric noise field . 

Fig. 7 shows the way of the voltage de pendence of the ratio of t he amplitude proba­

bility of a given voltage level of the atmospheric noise envelope for a few values of 
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ratio. The means of the ratio considered 

now are plotted against the ratio of the value 

of the bandwidth to a 1000 c/ s bandwidth 

in Fig. 8. It will easi ly be seen t ha t the 

plots are on a straight line of which the 

slope is equal to the value of the parameter 

r minus one. Accordingly, a simple powe r 

law holds for the mean of the values of the 

ratio of the two probabilities of the atmo­

spheric noi se envelope between two different 

values of the bandwidths, o r speaking s imply 

the transformaiton factor of the probabi lity, 

that is, 

the transformation factor of the probability 
- (bandwidth/1000) r-l •.••••••. •.• • • •• (28) 

4. 3 Cr ossing rate curves and ampli ­

tude probability distribution 

curves 

parameter ,. 
Due to the results of numerical calcula tions 

of the express ion (26) , Fig. 9 shows the way of the voltage dependence of t he average 

duration of which the atmospheric noise envelope exceeds a given voltage, which is equal 

to the probability divided by the number of the positive crossings of the voltage level 

considered now of the envelope. On the other hand, Fig. 10 shows the amplitude 

probability distribution curve and an appropriate constant times the calcu lated envelope 

crossing rate curve. It can readi ly b e seen from the fits of the two curves that the 

probability is equal to the constant times 

the expected number of the positive 

crossings of the envelope in the majority 

parts of the voltage levels now consider­

ed and the departure appears in the 

directions of very small probabilities at 

the very h igh fi eld strength levels. It 

may easily be inferred from F igs. 9 and 

10 that the multiplying con stant is equal 

to the mean of the average durations in 

the flat portion of the average duration 

curve, as is shown in Fig. 9 for the 

values of the bandwidth 1000 c/s. 

The means of the average durations 

now considered are plotted in Fig. 11 
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The plottings for a speci­

fied value of the parameter 
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approximately equal to mi­

nus one. On the other hand, 

the plottings for a specified 

value of the band width in 

Fig. 12 are on a straight 

line of which the slope is 

approximately equal to mi­

nus one. After all, the 

mean of the probability to 

the expected number of the 

positive crossings of t he 

envelope, or the transfor­

mation factor of the proba­

bility and the crossing rate 

obeys a simple p ower law, 

that is , 

the transformation factor between the probability and the cross ing rate 

= (K/bandwidth times parameter r) · · · · · · · · · · · · · · · · (29) 
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5. Examination of the results 

Now, we can easily see that the expression (27) of the transformation factor of the 

crossing rate holds in the levels of the field strength at which the interference between 

the IF responses of the impulses in the atmospheric noise field at the input is very 

small at the output of the receiver, where the e nvelope crossing rate curve is about the 

same as the crossing rate curve of the amplitudes of the impulses. Then, the envelope 

crossing rate curve for a given bandwidth B~, may be expressed as follows, 

( 
v )-r 

721 - 2rcB
1
G

0 
A • • • · · • • • · · • · • · · • · · · · · · · • • • • • • · · · • · · · (30) 

And the envelope crossing rate curve for another given bandwidth Bz may be expressed 

as follows 

( v )-r llz z.,BzGo A . ........... . ....................... (31) 

where n 1 and n2 are the numbers of the positive crossings of given voltage levels u, and 

u2 of the envelope respectively. 

When the numbers n, and n2 express the number of the positive crossings of the 

same voltage of the envelope, it may esai ly be seen that the following relation ho lds in 

view of the equation (20) . 

v, == Bz ............•. . ...... .... .... . ..•. · · · · (32) 
v2 8 1 

Accordingly, the transformation factor of the crossing rate is expressed as follows, 

~~ := ( :: ) T ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' (33) 

which is nothing but the expression (27) . 

N ext let us assume that the expression (29) of the transformation factor between the 

probability and the crossing rate is true, then we can derive the expression (28) of the 

transformation factor of the probability. According to the assumption, for a given 

bandwidth B 1 

r';;, == K p, ...... .................. . ... .. ..... . .. (34) 

and for another bandwidth Bz 
72 ~ == K Pz · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (35) rBz 

By making use of the equations (29) , (33) , (34) and (35) , the required expression ts 

derived as follows 

~~ == ( ~: r-· ....... ......................... (:J6) 

Lastly it is necessary to estimate the accuracies of the expressions (24) , (25) and (26) , 

respectively showing the crossing rate, the probability and the average duration of a 

given voltage level of the atmospheric noise envelope. It may be thought that the 

accuracies now considered commonly d epend on the degree of the interference between 

t he IF responses of the impulses in the atmospheric noise fi eld at the input of the 

recetver. The degree of the interference may be larger unproportionately to the value 

of the ratio of the crossing rate of the envelope to the crossing rate of the impulses for 

a given voltage level, that is, from the equations (24) and (19) 

R(v0 , 8, r) .....•. , ...•.•......••..•.. • .•...... (37) 
n (v) 
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And the following equation ts easily derived from the equations (19) , (24 ) and (25) 

I' (vo, B, r ) = 1- R (llo, (_3) ,__I) · · · · · · · · · · · · · · · · · · · · (38) 
II V 

The right side of the above equation (38) expresses the ratio of the decreased number 

of the observed pulses to the number of the arrived original pulses, which may well be 

said to define the degree of interference between the IF responses of the impulses. 

Accordingly we may be able to estimate the accuracies of the equations (24) , (25) and 

(26) by the value of the left side of the equation (38) , or the value of the amplitude 

probability of the envelope. But it may be inferred that the inaccuracies of three 

expressions considered now are less than the value of the probability of the amplitudes 

of the envelope for a given voltage level. 

Next, it is necessary to consider the way of derivation of the equations (27) , (28) 

and (29) and specify the approximate range of the field strength or of the probability in 

which the equations are true. For the three expressions the ranges considered now can 

be estimated from the range of the flat portions of such curves for given values of the 

bandwidth and the parameter r, as is shown in Fig. 4, 7 and 9. After all, it may be 

said that the range of the field strength levels now requested is from about 10 percent 

to 0.001 in terms of the probability of the envelope. Furthermore t he range seems to 

exceed the lower limit of the probabil ity with the increase of the value of the parameter r. 

6. Conclusion 

We have got the expressions for the three kinds of transformation factors respectively, 

and a rough estimation of the expected errors of the expressions. We think that the 

expressions of the transformation factors will remain to hold, even when exceeding over 

the range of the bandwidth considered in this paper, but we mean soon in future to 

define the usable range of the expressions of the transformation factors by numerical 

calculations of the amplitude probability distributions, the envelope crossing rate curves 

and the average duration curves in the questioned range of the bandwidth. 

The many parts of the numerical calculations were made with the electronic computor 

NEAC 2203 at Nagoya university. 
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