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DISTRIBUTINONS OF PULSE DURATION IN THE POISSON NOISE 

AND ATMOSPHERIC NOISE 

Taketosi NAI<i\1 

Abstract 

.'\ simple model is taken for the time ~cries of p ulses of t·ectangulat· form re~ulted 

from amp!ifying, and limiting the atmo~pheric noise envelopes sliced a t a given voltage 

level. This model is the Poisson noise process in which the original pulses '' ith a con

stant duration arc arriving a t the time spacings determined b y the Poisson distribution 

l.tw. The probability density function and distribution fu nction of durat ion .tiC de

rived by the method of the characteristic fun ction for the K-multiple pulses and all 

the observed pulses in the Poisson noise process. These functions are characterized by 

the product of the average number per second and the constant durat ion of the 

original pulses. For the case of the time series or pulses of rectangular form, when 

the a tmospheric noise cllvclopcs exceed a g iven voltage level, the dLtratiun of the ori

gina l pulses is a random variable, and an accurate derivation of the distribution 

function of duration has not b ee11 obtained. In this case, the effects of overlapp ings 

between the original pubes on the di~tribution of dura tion of the original pulses can 

be approximately estimated with respect to the values of the product of the average 

duration and the average number of the original pulses per second. 

1. Introduction 

The detailed structure of the atmospheric radio noise can be most completely 

described by such amplitude fun ctions and the time functions as the amplitude prob

ability distribution and the crossing ra te distribution of the atmospheric noise envelopes, 

and a lso by the distr ibution of pulse duration and the distribution of spacing between 

pulses when the atmospheric noise envelopes exceed a given voltage level. Now, it 

should be noted that the practical measuremen ts of all the required parameters rel a ted 

to various distributions described as above arc made for the same time series of pu lses 

of rectangular form resulted fmm amplifying and limiting the atmospheric noise 

en velopes sliced at a given voltage level. 

The author investigated the noi~c processes as a simple model for such time series 

of pulses of rectangular form. whrn the ori~inal pulses with a constant duration a rc 

arriving at the times spaced by the Poisson distribution law, and for it were deduced 



20 

the average number of the observed pulses per second, the probability of ti me length 

which is occupied by the existence of the observed pulses and the average d uration of 

the ol.Jscrved pu lses per second. Thereafter proceeding from the above, we deduced 

the distribution of pube duration for the Poissun noise process. The method is as 

follows. VVc deduced the probability density function of duration of the K-multiple 

pu lses by the method of the cha,·actcristic function, and a lso the distribut ion fu nctio n 

of dura tion of the K-multiple pulses. And by summi ng the distribution; of duration 

of the K-multiplc pulses multiplied by a weigh ting function for eac!J value of K, 

over a ll the integral numbers of K, we obtained the distribution function of duration 

of all the observed pulses for the noise process under consideration, and by the 

differentiation of the function , we obtained the probability dcliSity fu nct ion of duration 

of all the observed pulses. D ue to the theoretical expression derived, the theoret ical 

cu rves of the distribution of duration of all t he observed pulses have been calculated 

for various values of the average number of th e original pulses per seco:1d times the 

constant duration of the orig inal pulses. 

For the practical time se ries of pulses of rectangular form when the atmospheric 

noise envelopes are sl iced at a g iven voltage level, the duration of the original pulses 

should not be consid ered to be constant, but a rand om variable. In this case, an 

accurate d eduction of the distribution funct ion is very di fficult. And for the present, 

the only reasonable appmximation of the observed distribution of duration for the 

a tmosphe,-ic noise envelopes may be given by the distribution of duration of the 

observed pulses for the Poisson noise process with the average number of th e original 

pulses per second times the aver age duration of the original pulses when the atmospheric 

noise envelopes exceed a given voltage level. 

The details will be described in the paper. 

2. Properties of K multiple pulses 

2. 1 Average number per second 

The author has a I ready reported on some properties of the Poisson no1sc 

processes elsewhere. 11 And a brief ex planation of them wi ll be given here. The 

Poisson noise process is defined as the noise process in which the original pulses of 

constant durat ion r a nd constant amplitude a a i-e arriving a t times de termined by the 

Po isson d istribution law. ~ow let it be that v indicates the average number of the 

arr iving pulses per second, and x is a random variable tha t obeys the Poisson distri

bution law, and so its probability clensit y function P (.x:) is g iven as follows, 

P ix) = v cxp(-vx) · · · · · · · · · · 

The observed tim e series of pubes of rect:111~ular form fot- the noise process 

under consideration arc· such as shown in Fi~. I , which arc result ed by limiting the 

observed time series of pulses at the original amplitude of the pulses. I\ow we take a 
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r------------------ --- -- ·- - -----·-- --· 

Fig. 1. Poisson noi se p rocess 

reference ti me <1l the instant of the beginnin g of a n arbitrary pu lse observed and take 

the l>eg innings of successively arrived pulses, from early pulses to late ones as 

and x 11 x 2, •..••• a nd so on in Fig. I arc the random variables satisfying the equation (! ) . 

For the time ser ies of pulses as described above, the duration of a K-multiple 

pulse r" is expressed by the following expression 

(21 

where the following conditions must hold, 

0 S:: x., r , s I , 2, ········ ·, K-1 (3J 

and each of the x.'s is an independent random variable for each other and satisfies 

the equation ( I ) , a nd of course ' " is a random variable. And the average number 

of the K multip le pu lses per second RK is g iven as follows,IO 

(4) 

where R is the average number of all the observed pulses per second for the noise 

process under consideration. 

2. 2 Probability de nsity function of duration of K - multiple pulses 

Let us now obtain the probability density function of d uration of the K-multiple 

pulses obser ved in a very long time interval T by the method of the characteristic 

function. The duration of the K-multiple pulse is expressed by the right side of the 

equation (2) and a random variable. Each of x..'s which appear in the equation (2) 

satisfies the inequalit ies (3) respectively and is an independent random variable 

satisfying the equation ( I ) . And so its probability density function is g iven by 
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v c -l·:rs 

P (x,) = I - c- •·r (5) 

whi ch holds for carh of the x,'s an d its charartcr i, t ic f unc tion IS g tvcn by 

1\Lr. (j v) -I r (.'!.· .• ) • ci"'· dx. (6 ) 

-00 

When we tra nsform the equa tion (2 ) as fo llows, 

)' T,;: - T .1'1 + .T~ + ········· + .1·K - I (7 ) 

y or '" r is t he sum of (K - 1) independ ent random varia b les and its characteristic 

fu nc tion is g iven b y 

K - 1 
Mu( j v) = II Mx8 (jv) 

S I 
(8) 

which is the prod uc t of the (K - I ) character is tic fu nctions of x.. A !so the proba b ili t y 

d ensit y fu nct ion of d urm ion of the K m ult iple pulses Ph (y) is the F ou rier transform 

of the characteristic f unction, t hat is, 

+oo 

P 1dyl= 2~I l\10 (jv) e-J•Y dv (9) 

By m ak ing use or the eq uat ions (5) a nc! ffi), the equa t ion (8 ) 1s transform ed as 

follows, 1 ha t is, 

K - 1 

M v(jv) =( I -~ .,.,.) " I (v- j v ) K - 1 { } 

K - 1 
1- e-("- J•l ' (10) 

Then , by subst ituting the a bove equa t ion in to the in tegran d on the right side of the 

eq ua ti on (9) , the proba bilit y density fu nction becomes 

+oo 

I y K - 1 I e }V'I { } K - 1 
P K(y)=-2 " (I vr) if·· l (- . K l . 1- e- C"-J•J• d v 

r: - e v - JV 
(II ) 

H ere in the a bove equa tion by letting 

v - j v = p (12) 

a nd m ulti plying ex p (vy) each side of the eq ua t ion (II ) , the fallowing equation 1s 

obta ined, 

- j 
e•'Y•Pn (y)= 2rr 

ll + j oo 
y K I I (J- e-P') K I 

( J ----,,::-;;_~/(--,-1 l )K - 1 • ci>Y • el y - e ") 
v- j oo 

( 13) 

\Vhen we take p, a gen era l complex nu mber , the integra l on the r ight s ide of the 

equa tion (13) is nothi n~ but t he Bromwich - Wag ner in tegral in the pla in of the com p lex 

n um ber p . By d eveloping the in tegrand of the com plex integra l on the r ig ht side of 

the eq uat ion (13) due to the binomial theorem the equa tion is tran sformed in to 

v..f. j oo 
_ j y K 1 K I J e (y-tlT)p 

2'-. • ( J - e""'•'"rc:-)'"K'=""I • ~ ( - J )" c K I 
n 0 K-1 n P 

j.;-j oo 

d p (14) 
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where each term of the right side has the pole of degree (K - 1) at the ongu1 p , 0 . 

And so the probabilit y density fun ction of the K multiple pulses is expressed by 

( 15) 

where C indicates the binomial coefficient a nd (s) above the addition s1gn indi-
K-1 n 

ca tes the maximum positive integer of n and is smaller than y/r:. 

2. 3 Distribution function of duration of the K multiple rmlscs 

Whe n we assign Y to the duration of the K mult iple pulses, it is of course the 

1 a ndom variable dete rmined by the equation (7). N ow, le t it be that 

(m + l ) r (16) 

where m IS a g iven positive real number a nd sat isfies th<' following inequalities, 

(S-l)r mr Sr (K-l ) r ( 17) 

Then the proba bilit y that the pulse durat ion Y 1s less than (m 1 l ) r is obtained by 

the intrgration of the equation (15) as follo ws, 

(m 1- J)r m-

jP,. (Y) ·dY I P,_ ly) ·ely 

m• 
v"l { cJ ...,..-...,..,-..,.-,;-;--....,.-,,---,;~~ t,· 1 o e-• " • y" -2 d y- .. . .. . 

(K - 2) ! (1 - e-• ' )" 
0 

mo m ;--

C J e-•·v(y-r)" - 2 dy + C J e-'" (y-2r)"-2 dy -
K 1 I , l< 2 2 

2
, 

mT 

+ (- l ) S 1 C j e-•v · ( y sr+ r ) K 2 dy+ (- l}s 
K-J S 1 IS l ! ' I< 

Furthermore, by taking 

y - tr X; (t = O, I , ·· ·······, s) 

mT 

C I e-•y • ( y-s~} " 2d y 
1 S Sr 

(19) 

(18) 

for each integral on the right side of the equa ti on (!8) , a nd making usc of the 

formula of indefinite integ ral 

a I .r" • e•x dx 
Cf'X ~\ I n ! xn - r 

r._,O (- ) ~" • (n -r}! ar (20) 

the equatiO!l ( 18) is transformed into a more simplified form, that 1; 

V K - 1 s 
(I = e-• ' ! "- J 

~ ( . I ) t • C e-•t r • 
t 0 K 1 t 

~mr - tr ) K 2 r} 
(K -2 - r ) ! v'" 

(21 ) 
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3. Distribution of duration of aJI the observed pulses 

The equation (21 ) derived as above ~hows the probability that the durations or 

K multiple pulses in the time int erval under consideration arc less than the time length 

(m + I ) r. Accordingly, the probability thnt the durations of all the observed pulses 

arc less than (m+l ) r in the same time interv<1 1, is clearly given by 

( m t ] ) r mr 

f P (Y) ·dY= ~ ~K ·f PK (y ) ·dy 
K ~ l R 

T 0 

(22) 

w here RK / R is the ratio of the average number of the K multiple pulses to that of 

all the observed pulses per second. And for the case of (m + I ) •r Kr, the following 

relation always holds 
m r 

f PK ()' ) . ely = I t23) 
0 

And the probability density funct ion of duration of all the observed pulses for the 

time interval under consideration, P (Y ) is obtained by differentiation of the equation 

(22) with respect to the variable m~, that Js, 

"" R P {Y) = 2..;- K_ . PK (y) 
K - 1 R 

(24) 

Now, for the purpose of deriv ing the accurate expression of calculable form f'or 

the distribution function and the probabilit y density function of duration of all the 

observed pulses which arc given by the equations (22) and (24) , we will proceed to 

manipulate the equation (22) by making usc of the equations (2), (15) and (24) . After 

some manipulation of the equation (22) , the distribution function of duration o f all 

the observed pulses is tt·ansformed into the following form 

(m t lh m +I 

f P (Y) dY = .:8 (1 - e-•r) . e_,,. 
K - 1 

T 

mT 
oo (5 ) Y/TJ ( - ) K 2 + .:8 ~ (- I J». vK- t . C . -.I="~ ,- . e-• (T+•l dy 

I< m +2 n 0 K l n (K - 2) . 
0 

(25) 

where (m) indicates the positive integer which satisf ies the following inequalities 

m (m) m - 1 (26) 

At this stage, proceeding along the li ne of thought that we will change the order 

of the addition s ig n with respect to K and n in the second term on the right side of 

the equation (25), and divide it into two parts, each of which corresponds to n 0 

and n 1 respectively, and simplify each part individually, making use of the mathe

matical formulas 

PT 

J v (v ) )'· ·c-•u .cJy = r!{l - e- ••',.s~ (p;~} (27) 
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n + l nT :r"~ ( I 1-.r)c' ( l.rJ < "') (28) 

\\t' f'inaJly a rrives at the f'oJlo\\'ill~ CXprCSSIOII f'or the dis tribution function of' duration 

of all the observed pulses. 

(m+l)r 
m +1 f P (Y) clY :S ( I -c-' r) " 1. c-• r 
K 1 

m 1 ( + m v' · c- • r- :S c-•·• I 

r m 1 

+ 2..:: (- 1)" . 
ll 1 

:n m n 

s 0 \ 

c-• ('"')' 
n! 

+ n2..;1 ~, 0 (- ! )" 

lt ) }"+Jv< (m - n)\_"' t I 
n -t- 1 t 

s + n • (s + n - 1) ! 
s ! 

(29) 

And the probabili ty density function of duration of a ll the observed pulses ts ob

tained by the differentiation of the equation (29) , with respect to m<, tha t is 

m1 II • e-1' (" 1)7 [ + 2._, (-] )" • I ll 
n 1 11 • 

{ }

,, l 

(m - n)v T 

II e - 1' ( 11< I ) T 

I )" t . n I 

+ { }' n -1 • ~. c -(m-n)• r (m - n) liT (30) 

which also corresponds to the equation (24) . 

Fig. 2 sh ows the calculated curves of the 

distributions of durations of all the observed 

pulses for the Po isson noise process due to the 

expression (29), where the abscissa indicates 

the time length in the unit of the duration of 

the orig inal pulses T and the ordin ate indicates 

the log- log probability b y which the durat ions 

of the observed pulses exceed the a bsc issa, and 

the parameter on the curves indi cates various 

values of the average number of the original 

pulses per second times the constant duration 

of the origi na l pulses. 
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4. Distribution of puis<> durut iou for the atmospheric noi,:-e envelopes 

Now, \\e will consider the beha\ ior or t he pulse durations nhen the a tmospheric 

noise envelope~ C'\Cced a given voltage level. As the writer did else'' herc,lll let us 

assume again that the peak amplitud e distribution of the impulses in the <~tmospheric 

noise fi e ld <~ t the inpu t or the rece iver is represented b) a po,,·e,· f unc tio n of the 

voltage level a nd the impulse response, i. c. the wavef01111 of the envelope voltage 

generated by <.n impulse of a unit ;unpl itudc may he expressed at the output of the 

receiver as folio \Is, 

E (t ) - 2rrBG 0 cxp ( rrBt) (31 ) 

where B is the bilndwidth between 3 db points of the rrccivcr response curve a nd G0 

is the receiver gain a t a reference fregucncy. And the probability dens it y fun ction of 

peak amplituclr of tlw impulses'' is given as follo\\'s, 

P fv ) = 
llm 

r 
A 

(32) 

where ,\ is the voltage level cxcccdccl just by one impulse per second, r IS the con· 

slant parameter and n,, is an expected number per second that exceed s the least 

mcasurablc amplitude of the impulses. Now, because the pulse d u ration r when the 

impulse response of a given amplitude v exceeds a given voltage v 0 is given by the 

equation (31 ) as follows, 

-1 \' Vn ) r = - B log , -2 B(-, -rr rr Jo v • 
(33) 

the distribution function of dura t ion of t he pulses when the atmospheric noise envelopes 

exceed a g iven voltage level, Q (r ) m ay be expressed as fo llows, 

Q (r ) = J"' l • Ar • ( Av ) ,. 1 • dv (34) 
~ •exp ~;-. B 11"' 
2-. 13Go 

Of course, we consider the above distribution of duration of the pulses to be origi nal 

01· imaginary, at the stage before the e ffec ts of in terference between the successively 

arr iving impulse responses result in the observed beha vior of the pu lse dura tions at 

the output of the receiver. Such an original distribution of pulse duration changes 

depending on the values of the parameter r which characterizes the peak am plitude 

ditsribution of the impulses. G enera ll y, the durations of original pulses when the 

atmospheric n0ise e nvelopes exceed a given voltage leve l change ran doml y and the 

accurate distribu tion of pulse dura tion for th is case has not yet been obtained. And 

t his problem may be very difficult to solve. 

On the basis of the analysis as described above, for the Poisson noise process wit h 

a constant du1ation of the original pulses, it may be stated as fo llows. The observed 

d istribution of pulse duration of the a tmospheric noise envelopes at a given voltage 
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level may be a s lightly transformed one from the original distribution of pulse duration, 

''hen the average number ol pulses prr second times the average duration ol the 

ot iginal pulses is small. And \\ith the increase of the product undct considcr.ll ion, 

the oi>s•-rved distrilnnion or the pttbe duration may be l.tq~cly tran$furmed from the 

original distriiJution. For the latter case, if the average number of the originnl pulses 

per second times the average duration or the original pulses is obtained, when the 

atmospheric noise envelopes exceed a given voltage level, the distribution ol pulse 

duration calc ulated with this va lue by the equation (29) is expected to express a rea 

sonable approximation for the observed distribution of duration of the pulses. 

5. Conclusion 

We have derived a p h ysically sa tisfac tory expression of the distribution of duration 

of pulses for the Poisson noise process as described in the paper. For the case of the 

atmospheric noise envelopes, the behaviors of pulse duration arc very complex and 

the accurate express ion of the d istribution function has not been obtained. I n future, 

we think it very in teresting if a comparison is made between the observed distribution 

and the original distribution and the calculated distribution d ue to the expression (29) 

when the atmospher ic noise cnvcloprs exceed a g iven volt age lrvel. 
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